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Introduction

Continuous-state branching processes (CB-processes) and continuous-state branching pro-
cesses with immigration (CBI-processes) constitute important classes of Markov process-
es taking values in the positive (= nonnegative) half line. They were introduced as prob-
abilistic models describing the evolution of large populations with small individuals. The
study of CB-processes was initiated by Feller (1951), who noticed that a diffusion pro-
cess may arise in a limit theorem of Galton—Watson discrete branching processes; see also
Aliev and Shchurenkov (1982), Grimvall (1974) and Lamperti (1967a). A characteriza-
tion of CB-processes by random time changes of Lévy processes was given by Lamperti
(1967b). The convergence of rescaled discrete branching processes with immigration to
CBI-processes was studied in Aliev (1985), Kawazu and Watanabe (1971) and Li (2006).
From a mathematical point of view, the continuous-state processes are usually easier to
deal with because both their time and state spaces are smooth, and the distributions that
appear are infinitely divisible. For general treatments and backgrounds of CB- and CBI-
processes, the reader may refer to Kyprianou (2014) and Li (2011). In the recent work of
Pardoux (2016), more complicated probabilistic population models involving competition
were studied, which extend the stochastic logistic growth model of Lambert (2005).

A continuous CBI-process with subcritical branching mechanism was used by Cox et
al. (1985) to describe the evolution of interest rates and has been known in mathematical
finance as the Cox—Ingersoll-Ross model (CIR-model). Compared with other financial
models introduced before, the CIR-model is more appealing as it is positive and mean-
reverting. The asymptotic behavior of the estimators of the parameters in this model was
studied by Overbeck and Rydén (1997); see also Li and Ma (2015). Applications of
stochastic calculus to finance including those of the CIR-model were discussed system-
atically in Lamberton and Lapeyre (1996). A natural generalization of the CBI-process
is the so-called affine Markov process, which has also been used a lot in mathematical
finance; see, e.g., Duffie et al. (2003) and the references therein.

A strong stochastic equation for general CBI-processes was first established in Daw-
son and Li (2006). A flow of discontinuous CB-processes was constructed in Bertoin and
Le Gall (2006) by weak solutions to a stochastic equation. Their results were extended
to flows of CBI-processes in Dawson and Li (2012) using strong solutions; see also Li
(2014) and Li and Ma (2008). For the stable branching CBI-process, a strong stochastic
differential equation driven by Lévy processes was established in Fu and Li (2010). The
approach of stochastic equations has played an important role in recent developments of
the theory and applications of CB- and CBI-processes.

The purpose of these notes is to provide a brief introduction to CB- and CBI-processes
accessible to graduate students with reasonable background in probability theory and s-
tochastic processes. In particular, we give a quick development of the stochastic equa-
tions of the processes and some immediate applications. The proofs given here are more
elementary than those appearing in the literature before. We have made them readable
without requiring too much preliminary knowledge on branching processes and stochas-
tic analysis.

In Section 1, we review some properties of Laplace transforms of finite measures on
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the positive half line. In Section 2, a construction of CB-processes is given as rescaling
limits of Galton—Watson branching processes. This approach also gives the physical in-
terpretation of the CB-processes. Some basic properties of the processes are developed
in Section 3. The Laplace transforms of some positive integral functionals are calculat-
ed explicitly in Section 4. In Section 5, the CBI-processes are constructed as rescaling
limits of Galton—Watson branching processes with immigration. In Section 6, we present
reconstructions of the CB- and CBI-processes by Poisson random measures determined
by entrance laws, which reveal the structures of the trajectories of the processes. Several
equivalent formulations of martingale problems for CBI-processes are given in Section 7.
From those we derive the stochastic equations of the processes in Section 8. Using the s-
tochastic equations, some characterizations of local and global maximal jumps of the CB-
and CBI-processes are given in Section 9. In Section 10, we prove the strong Feller prop-
erty and the exponential ergodicity of the CBI-process under suitable conditions using a
coupling based on one of the stochastic equations.

These lecture notes originated from graduate courses I gave at Beijing Normal Uni-
versity in the past years. They were also used for mini courses at Peking University in
2017 and at the University of Verona in 2018. I would like to thank Professors Ying Jiao
and Simone Scotti, who invited me to give the mini courses. I am grateful to the partic-
ipants of all those courses for their helpful comments. I would also like to thank NSFC
for the financial supports. I am indebted to the Laboratory of Mathematics and Complex
Systems (Ministry of Education) for providing me the research facilities.



1 Laplace transforms of measures

Let #[0,00) be the Borel o-algebra on the positive half line [0,00). Let B[0,00) =
b0, 00) be the set of bounded Borel functions on [0, c0). Given a finite measure £ on
[0, 00), we define the Laplace transform L,, of i by

LH()\):/ e u(dw), A>0. (1.1)
[0,00)

Theorem 1.1 A finite measure on [0, 00) is uniquely determined by its Laplace transform.

Proof. Suppose that ;i1 and ji, are finite measures on [0, c0) and L, (\) = L,,, () for all
A>0.Let# = {x+— e : )\ >0} and let £ be the class of functions ' € B0, c0)
so that

[ Femn = [ Feu)

[0,00) [0,00)

Then % is closed under multiplication and .’ is a monotone vector space containing
. Tt is easy to see o(.#) = 2[0,00). Then the monotone class theorem implies
Z D bo(H#) = B|0,00). That proves the desired result. O

Theorem 1.2 Let {1, } be a sequence of finite measures on [0,00) and A — L(\) a
continuous function on [0, 00). If lim,_, L, (\) = L(\) for every A\ > 0, then there is a
finite measure pu on [0, 00) such that L, = L and lim,,_,, j1,, = jt by weak convergence.

Proof. We can regard each 1, as a finite measure on [0, col, the one-point compactification
of [0, 00). Let F,, denote the distribution function of x,,. By Helly’s theorem we infer that
{F,} contains a subsequence { F,,, } that converges weakly on [0, co] to some distribution
function F'. Then the corresponding subsequence {,, } converges weakly on [0, co] to
the finite measure ;4 determined by F'. It follows that

pl0,00] = lim 41, [0, 00] = lim 41, [0, 00) = lim Ly, (0) = L(0). (1.2)

Moreover, for A > 0 we have

/ e p(dr) = lim e piy, (d)
[0,00]

k—o00 [O,oo]

= lim e iy, (dz) = L(N), (1.3)
k—o00 [0,00)
where e > = () by convention. By letting A — 0+ in and using the continuity of
L at A = 0 we find p[0, 00) = L(0). From this and we see pu is supported by [0, 00).
By Theorem 1.7 of Li (2011, p.4) we have lim,,_,, p,, = p weakly on [0, o). It follows
that, for A > 0,

/ e pu(dz) = lim e i, (dz) = L(N).
[0,00)

k—o0 [0,00)
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Then L, = L. If p, does not converge weakly to y, then F;, does not converge weakly
to I, so there is a subsequence { F},, } C {F},} that converges weakly to a limit G # F.
The above arguments show that GG corresponds to a finite measure on [0, oo) with Laplace
transform L = L, yielding a contradiction. Then lim,,_,, f,, = p weakly on [0, 00). O

Corollary 1.3 Let piy, jio, . . . and i be finite measures on [0, 00). Then p,, — p weakly if
and only if L, (\) — L, (\) for every A > 0.

Proof. If ji,, — p weakly, we have lim,_,o, L, (A\) = L,(\) for every A > 0. The
converse assertion is a consequence of Theorem|[I.2] 0

Given two probability measures p; and po on [0, 00), we denote by p; X o their
product measure on [0, 00)2. The image of p1 X o under the mapping (x1, ) — 1 + 9
is called the convolution of p; and 9 and is denoted by p; * o, which is a probability
measure on [0, 00). According to the definition, for any F' € B[0, co) we have

/[‘;),oo) F(z)(uy * p2)(dz) = /[O,oo) i (day) /[0700) F(z1 + xg) pro(das). (1.4)

Clearly, if & and &, are independent random variables with distributions j; and g on
[0, 00), respectively, then the random variable &; + &, has distribution jiq * po. It is easy
to show that

Lm*uz(A) = LMl (/\)LM()‘)J A Z 0. (15)

(n—1)

Let 1*° = §, and define ;1" = u* * 1 inductively for integers n > 1.

We say a probability distribution p on [0, 00) is infinitely divisible if for each integer
n > 1, there is a probability 1., such that o = g, In this case, we call p,, the n-th root of
1. A positive random variable £ is said to be infinitely divisible if it has infinitely divisible
distribution on [0, 00). Write ¢ € . if A — () is a positive function on [0, co) with
the Lévy—Khintchine representation:

Y(A) = hA + / (1 —e)(du), (1.6)

(0,00)

where b > 0 and [(du) is a o-finite measure on (0, co) satisfying

/ (I Aw)l(du) < oo.
(0,00)

The relation ¢ = — log L,, establishes a one-to-one correspondence between the functions
¥ € . and infinitely divisible probability measures y on [0, 00); see, e.g., Theorem 1.39
in Li (2011, p.20).



2 Construction of CB-processes

Let {p(j) : j € N} be a probability distribution on the space of positive integers N :=
{0,1,2,...}. Itis well-known that {p(j) : j € N} is uniquely determined by its generat-
ing function g defined by

=Y p(),  ld <L
=0

Suppose that {&,,; : n,i = 1,2,...} is a family of N-valued i.i.d. random variables with
distribution {p(j) : j € N}. Given an N-valued random variable x(0) independent of
{&..:}, we define inductively

z(n—1)

Z iy m=1,2.... 2.1)
Here we understand 5, , = 0. Fori € Nlet {Q(i,j) : j € N} denote the i-fold
convolution of {p(j) : j € N}, that is, Q(4,j) = p*(j) fori,j € N. For any n > 1 and
{io, 41, ,in—1 = 1,7} C Nitis easy to see that

P(x(n) = j|2(0) = ig,x(1) =1, ,x(n — 1) = z’n,l)
_ P(x(gl) Ei = j‘x(n 1) = in_1>
p( T -) -0

Then {z(n) : n > 0} is an N-valued Markov chain with one-step transition matrix
Q = (Q(i,7) : 1,7 € N). The random variable z(n) can be thought of as the number
of individuals in generation n of an evolving population system. After one unit time,
each individual in the population splits independently of others into a random number of
offspring according to the distribution {p(j) : j € N}. Clearly, we have, for : € N and
2 <1,

ZQ i,§)2 = Zp*z =g(2)". (2.2)

Clearly, the transition matrix () satisfies the branching property:

Q(ir + 2, ) = Q(ir, -) * Q(iz, *), i1,02 € N. (2.3)
This means that different individuals in the population propagate independently each oth-
er.

A Markov chain in N with one-step transition matrix defined by (2.2)) is called a
Galton—Watson branching process (GW-process) or a Bienaymé—Galton—Watson branch-
ing process (BGW-process) with branching distribution given by g; see, e.g., Athreya and
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Ney (1972) and Harris (1963). The study of the model goes back to Bienaymé (1845) and
Galton and Watson (1874).

By a general result in the theory of Markov chains, for any n > 1 the n-step transition
matrix of the GW-process is just the n-fold product matrix Q™ = (Q"(4,j) : 4,7 € N).

Proposition 2.1 Foranyn > 1 and i € N we have
N QU =gm(2), <1, (2.4)
j=0

where g°"(z) is defined by g°"(z) = g o g°" V() = g(¢°" Y (z)) successively with
g°°(2) = z by convention.

Proof. From (2.2)) we know (2.4) holds for n = 1. Now suppose that (2.4)) holds for some
n > 1. We have

[e.9]

QL)) =

J=0 J

Q(i, k)Q" (k, j)’

NE
NE

0

T

0

(i, k)g*" (2)" = gD (2)".

NE
IS

i

0
Then (2.4) also holds when n is replaced by n + 1. That proves the result by induction. [J

It is easy to see that zero is a trap for the GW-process. If ¢’(1—) < oo, by differenti-
ating both sides of (2.4) we see the first moment of the distribution {Q" (4, j) : j € N} is
given by

> iQ (i, g) = ig'(1-)". (2.5)
Jj=1

Example 2.1 Given a GW-process {z(n) : n > 0}, we can define its extinction time
7o = inf{n > 0: z(n) = 0}. In view of (2.1), we have z(n) = 0 on the event {n > 7,}.
Let ¢ = P(1y < oo|z(0) = 1) be the extinction probability. By the independence of
the propagation of different individuals we have P(ry < oo|z(0) = i) = ¢' for any
1=20,1,2,.... By the total probability formula,

¢ = ) Ple(l) = jlz(0) = YP(rp < oofz(0) = 1, (1) = j)

M

0

J

M

Il
o

P (&1 = j)P(m < oolz(1) = j) = Zp(j)qj = g(q).

J

Then the extinction probability ¢ is a solution to the equation z = g(z) on [0, 1]. Clearly,
in the case of p(1) < 1 we have ¢ = 1 if and only if > 2, jp(j) < 1.



Now suppose we have a sequence of GW-processes {zx(n) : n > 0}, k = 1,2,...
with branching distributions given by the probability generating functions g, k = 1,2, . ...
Let zx(n) = k7 'zi(n). Then {zx(n) : n > 0} is a Markov chain with state space
E :={0,k7', 2k~ ...} and n-step transition probability Q7 (z, dy) determined by

| e Qe =g Az 2.6
Ey

Suppose that {7} is a positive sequence so that 7, — oo increasingly as k& — oo. Let
|7kt ] denote the integer part of ~,t. Clearly, given z;(0) = x € Ej, for any t > 0 the
random variable z(|yxt|) = k~'x(|yxt)) has distribution Q" (z, -) on Ej, determined
by

/ e QU (2, dy) = exp{—aui(t, V)}, @7
Ey,
where

vk(t, A) = —klog g; " (e 7). (2.8)

We are interested in the asymptotic behavior of the sequence of continuous time pro-
cesses {zx(|t]) : t > 0} as k — oo. By (2.8)), for v, (i — 1) <t < v, i we have

'Uk(ta )‘> = Uk(%;l L’thL)‘) = Uk(lykil(i - 1)? )‘)

It follows that

[vxt]
ve(t, A) = v(0,0) + D [or( "5 A) — (G = 1), M)
7j=1
[ &t
= A- kZ log g’ (e7*/*) — log gp/ ! (e "]
L%t ‘
= A= kZlog 9e(g777 e g™ ()]
L’thJ - ‘
= A=%D dul—klog g V(e M)
j=1
[vt] -
= A= ) Al (= 1), )
j=1
e Lwwt]
== [T ol s, 2.9)
0
where
or(2) = ki, log [gk(e_z/k) ez/k], z > 0. (2.10)
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It is easy to see that

dr(2) = ki log [1 + (k’yk)’lqgk(z) ez/k}, (2.11)

where

ék(z) = k’yk[gk(efz/k) — e’z/k]. (2.12)

The sequence {¢;} is sometimes easier to handle than the original sequence {¢j,}. The
following lemma shows that the two sequences are really not very different.

Lemma 2.2 Suppose that either {q@k}ior {ggk} is uniformly bounded on each bounded
interval. Then we have: (i) lim ;o |ok(2) — ék(2)| = O uniformly on each bounded
interval; (i) {¢y} is uniformly Lipschitz on each bounded interval if and only if so is

{on}-
Proof. The first assertion follows immediately from (2.11)). By the same relation we have

3 (2) = [94(2) + k' di(2)] /" >0

1+ (k”yk)—lczgk(z) ex/k

Then {¢}} is uniformly bounded on each bounded interval if and only if so is {¢, }. That
gives the second assertion. U

By the above lemma, if either {¢;} or {¢} is uniformly Lipschitz on each bounded
interval, then they converge or diverge simultaneously and in the convergent case they
have the same limit. For the convenience of statement of the results, we formulate the
following condition:

Condition 2.3 The sequence {ggk} is uniformly Lipschitz on [0, a] for every a > 0 and
there is a function ¢ on [0, 00) so that ¢y(z) — ¢(z) uniformly on [0, a] for every a > 0
as k — oo.

Proposition 2.4 Suppose that Condition is satisfied. Then the limit function ¢ has
representation

o(2) _bz+cz2+/ (e =1+ zu)m(du), = >0, (2.13)
(0,00)

where ¢ > 0 and b are constants and m(du) is a o-finite measure on (0, 00) satisfying
/ (u A u?)m(du) < oo.
(0,00)

Proof. For each k > 1 let us define the function ¢, on [0, k| by
Or(2) = kvelgr(1 — z/k) — (1 — z/k)). (2.14)
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From (2.12)) and (2.14) we have
Oh(z) = me ML —gie™M)], 220,
and

O(2) = ml —gp(1—2/k)],  0<z<k

Since {¢y} is uniformly Lipschitz on each bounded interval, the sequence {¢}} is u-
niformly bounded on each bounded interval. Then {¢} } is also uniformly bounded on
each bounded interval, and so the sequence { ¢y, } is uniformly Lipschitz on each bounded
interval. Let a > 0. By the mean-value theorem, for k£ > a and 0 < z < a we have

Or(2) = dr(2) = ke [ge(e™™/*) — ge(1 = 2/k) — e /* +(1 = 2/k)]
= kyelgn(ne) — 1(e™*/* =1+ z/k),
where
l—a/k<1-—2z/k<mn <e k<.
Choose ko > a so that e~ 2¢/%0 < 1 — a/ky. Then e 2%/* < 1 — a/k for k > ko and hence

Welgh(m) =11 < sup wlgp(e™™*) = 1] = sup /" |4 (2)].
0<z<2a 0<2<2a

Since {¢}} is uniformly bounded on [0, 2a], the sequence {vi|g.(m) — 1| : k > ko}

is bounded. Then limy_,o |¢x(2) — ¢r(2)| = 0 uniformly on each bounded interval. It
follows that limg_,o, ¢x(2) = ¢(z) uniformly on each bounded interval. Then the result
follows by Corollary 1.46 in Li (2011, p.26). U

Proposition 2.5 For any function ¢ with representation li there is a sequence {&k}
in the form of (2.12) satisfying Condition[2.3]

Proof. By the proof of Proposition it suffices to construct a sequence {¢} with the
expression that is uniformly Lipschitz on [0, a] and ¢x(z) — ¢(z) uniformly on
[0, a] for every a > 0. To simplify the formulations we decompose the function ¢ into
two parts. Let ¢g(2) = ¢(z) — bz. We first define

Yo = (1 +2c)k + / u(1 — e ™)ym(du)
(0,00)

and
gox(2) = 2+ k™1 yg o (k(1 = 2)), 2] < 1.
It is easy to see that z — gg x(2) is an analytic function satisfying g (1) = 1 and

d?’L

-— 0)>0 > 0.
dz"‘qo’k( ) >0, n-=z



Therefore gox(-) is a probability generating function. Let ¢ ; be defined by (2.14) with
(ks g) replaced by (Yo.x, go.x)- Then ¢ (2) = ¢o(z) for 0 < z < k. That completes the
proof if b = 0. In the case b # 0, we set

ne) =5 (14 ) +5(1-)

Let 71, = |b| and let ¢ (z) be defined by (2.14) with (vx, gx) replaced by (71, 91.x)-
Then

P1x(2) = bz + (|b| —b)2?

Finally, let 7, = Yo + 71 and gx = v ' (Yoxgox + 71.491.%)- Then the sequence ¢y (2)
defined by (2.14) is equal to ¢ x(z) + ¢1 x(2z) which satisfies the required condition. [

Lemma 2.6 Suppose that the sequence {¢;,} defined by (2.12)) is uniformly Lipschitz on
0, 1]. Then there are constants B, N > 0 such that vy, (t,\) < \eP! for every t, \ > 0
and k > N.

Proof. Let by := ¢,(0+) for k > 1. Since {¢} is uniformly Lipschitz on [0, 1], the

sequence {by} is bounded. From (2.12) we have b, = y;[1 — g},(1—)]. By (2.3) and (2.12)
it is not hard to obtain

bk; [Vxt]
[ vk ey = 1oy = a(1-2)

Yk

Let B > 0 be a constant such that 2|by| < B for all k > 1. Since 7, — oo as k — oo,
there is V > 1 so that

b\ /B B\ /B
05(1——k> (1+—) <e, k=N.
Vi 2%k
It follows that, fort > 0and & > N,
/ yQ,EW’“tJ (z,dy) < wexp {B|wt]/w} < zeBl
Ex
Then the desired estimate follows from (2.5) and Jensen’s inequality. ]

Theorem 2.7 Suppose that Conditionholds. Then for every a > 0 we have vi(t, \) —
some vy(\) uniformly on [0,a]* as k — oo and the limit function solves the integral
equation

A)=A— /Ot o(vs(N))ds, At > 0. (2.15)
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Proof. The following argument is a modification of that of Aliev and Shchurenkov (1982)
and Aliev (1985). In view of (2.9), we can write

t
ok(t,A) = A+ ex(t, \) — / Be(ve(s, A))ds, (2.16)
0
where

ern(t,N) = (t = v " [wt)) dr (e (g Lt )L A)) -

By Lemma [2.2] and Condition 2.3 for any 0 < ¢ < 1 we can choose N > 1 so that
|or(2) — ¢(2)] < efork > Nand 0 < z < aeP? It follows that, for 0 < ¢t < a and
0<Ax<a,

lew(t, M| < 5t o (o Lt ] V)| < v M, (2.17)
where

M=1+ sup |¢(z)]

0<z<aeBa

Forn >k > N let

Kk,n(t7 >‘) = sup ’Un(su)\) - Uk(su)‘)|'

0<s<t

By (2.16) and (2.17) we obtain, for 0 < ¢ <aand 0 < A\ < q,

Kn(tA) < (30" + 42 )M + / Be(00(5,0)) — Bu(vn(s,A)[ds
< ()M + 2ea+ / 60005, X)) — Bu(va(s, ) ds

t
< (71;1+7;1)M—|—25a+L/ K (s, N)ds,
0

where L = supg<,<, .z [¢'(2)]. By Gronwall’s inequality,
Kt A) < (" + 9 )M + 2ea]exp{Lt}, 0<t A <a

Then v (t, \) — some v;(\) uniformly on [0, a]? as k — oo for every a > 0. From (2.16)

we get (2.15). O

Theorem 2.8 Suppose that ¢ is a function given by (2.13). Then for any A > 0 there
is a unique positive solution t — vi(\) to (2.15). Moreover, the solution satisfies the
semigroup property:

Urit(A) = vr 0 0 (A) = v, (v (N)), Tt A > 0. (2.18)
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Proof. By Proposition there is a sequence {¢;} in form (2.12) satisfying Condi-
tion Let vi(t, \) be given by and (2.8). By Theorem [2.7) the limit v;(\) =
limy,_, o vk (£, A) exists and solves . Clearly, any positive solution ¢ +— v;(\) to
is locally bounded. The uniqueness of the solution follows by Gronwall’s inequal-
ity. The relation (2.18) is a consequence of the uniqueness of the solution. 0

Theorem 2.9 Suppose that ¢ is a function given by (2.13). For any A > 0lett — v,(\) be
the unique positive solution to (2.15). Then we can define a transition semigroup (Q+)+>0
on [0,00) by

/ e Qyu(z,dy) = e~ TN, A>0,2>0. (2.19)
[0,00)

Proof. By Proposition there is a sequence {g?)k} in form (2.12) satisfying Condi-
tion 2.3} By Theorem [2.7| we have vy, (t, \) — v;()\) uniformly on [0, a]? as k — oo for
every a > 0. Taking x;, € Ej, satisfying x;, — = as k — oo, we see by Theorem [I.2]
that defines a probability measure Q;(x, dy) on [0, 00) and limy_, Q,E%” (g, ) =
Q+(x,-) by weak convergence. By a monotone class argument one can see that Q;(z, dy)
is a kernel on [0, c0). The semigroup property of the family of kernels (Q;):>o follows

from (2.18)) and (2.19). O

Proposition 2.10 For every t > 0 the function \ — vy(\) is strictly increasing on [0, o).

Proof. By the continuity of ¢ — v;(\), for any Ay > 0 there is ¢y > 0 so that v;(\g) > 0
for 0 < ¢ < ty. Then implies Q;(z,{0}) < 1forz > 0and 0 < t < tg, and so
A = vy(A) is strictly increasing for 0 < ¢ < t¢,. By the semigroup property we
infer A — v;(A) is strictly increasing for all ¢ > 0. O

Theorem 2.11 The transition semigroup (Q:)>o defined by (2.19)) is a Feller semigroup.

Proof. For A > 0 and x > 0 set ey(x) = e **. We denote by %, the linear span of
{ex : A > 0}. By Proposition the operator (), preserves %, for every t > 0.
By the continuity of ¢ — wv;()\) it is easy to show that t — @Q.e,(x) is continuous for
A > 0and x > 0. Then t — Q,f(z) is continuous for every f € % and = > 0. Let
Co[0, 00) be the space of continuous functions on [0, c0) vanishing at infinity. By the
Stone—Weierstrass theorem, the set %, is uniformly dense in Cy[0, 00); see, e.g., Hewitt
and Stromberg (1965, pp.98-99). Then each operator @); preserves Cy[0,00) and ¢ —
Q. f(x) is continuous for x > 0 and f € Cy[0,00). That gives the Feller property of the
semigroup (Q;)¢>o- O

A Markov process in [0,00) is called a continuous-state branching process (CB-
process) with branching mechanism ¢ if it has transition semigroup (Q:):>o defined by
(2.19). It is simple to see that (Q;);>¢ satisfies the branching property:

Qt(xl + X2, ) = Qt(xb ) * Qt(:lj?a ')7 ta T1,T2 2 0. (220)
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The family of functions (v;)¢>¢ is called the cumulant semigroup of the CB-process. Since
(Qt)tzo is a Feller semigroup, the process has a Hunt realization; see, e.g., Chung (1982,
p.75). Clearly, zero is a trap for the CB-process.

Proposition 2.12 Suppose that {(x1(t), #!) : t > 0} and {(z2(t), F?) : t > 0} are two
independent CB-processes with branching mechanism ¢. Let x(t) = x1(t) 4+ x2(t) and
Fy = o(F} UZF?). Then {(x(t), F) : t > 0} is also a CB-processes with branching
mechanism ¢.

Proof. Lett > r > 0 and for ¢ = 1,2 let F; be a bounded ﬁj—measurable random
variable. For any A > 0 we have

P [FlFQ oz (t) ] - P [Fl e M1(t) } P [F2 e Aw2(t) }
=P [Fl e 1(r)ve—r(A) ] P [F2 o 2(Mvi—r() ]
= P[P Fpe W],

A monotone class argument shows that
P [F ef/\x(t) ] —P [F efx(r)vz_,«()\) }

for any bounded .%#,-measurable random variable F'. Then {(z(t),.%;) : t > 0} is a
Markov processes with transition semigroup (Q¢):>o. 0

Let D[0, 00) denote the space of positive cadlag paths on [0, c0) furnished with the
Skorokhod topology. The following theorem is a slight modification of Theorem 2.1 of
Li (2006), which gives a physical interpretation of the CB-process as an approximation
of the GW-process with small individuals.

Theorem 2.13 Suppose that Condition |2.3| holds. Let {x(t) : t > 0} be a cadlag CB-
process with transition semigroup (Q,);>o defined by 2.19). For k > 1 let {zx(n) : n >
0} be a Markov chain with state space Ey := {0,k™1, 2k ...} and n-step transition
probability Q}(x, dy) determined by 2.6). If z;,(0) converges to x(0) in distribution, then
{ze(|t]) : t > 0} converges as k — oo to {x(t) : t > 0} in distribution on D[0, c0).

Proof. For A > 0 and z > 0 set ey(z) = e **. Let Cy[0, 00) be the space of continuous

functions on [0, 0o) vanishing at infinity. By (2.7), (2.19) and Theorem [2.7]it is easy to
show

lim sup |Q,£7’“”e)\(x) — Quea(z)| =0, A > 0.

Then the Stone—Weierstrass theorem implies

lim sup [QF f(2) — Quf(2)] =0, € Cyl0,00).

By Ethier and Kurtz (1986, p.226 and pp.233-234) we conclude that {z([yxt]) : ¢t > 0}
converges to the CB-process {x(¢) : ¢ > 0} in distribution on D|0, 00). O
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For any w € DI0, 00) let 7o(w) = inf{s > 0 : w(s) or w(s—) = 0}. Let Dy[0, c0)
be the set of paths w € D[0, c0) such that w(t) = 0 for ¢ > 79(w). Then Dy|0, 00) is
a Borel subset of D[0, c0). It is not hard to show that the distributions of the processes
{z&(|t]) : t > 0} and {x(¢t) : t > 0} are all supported by Dy[0, c0). By Theorem 1.7
of Li (2011, p.4) we have the following:

Corollary 2.14 Under the conditions of Theorem[2.13) the sequence {z,(|yt]) : t > 0}
converges as k — oo to {x(t) : t > 0} in distribution on D0, 00).

The convergence of rescaled GW-processes to diffusion processes was first studied by
Feller (1951). Lamperti (1967a) showed that all CB-processes are weak limits of rescaled
GW-processes. A characterization of CB-processes by random time changes of Lévy
processes was given by Lamperti (1967b); see also Kyprianou (2014). We have followed
Aliev and Shchurenkov (1982) and Li (2006, 2011) in some of the above calculations.

Example 2.2 For any 0 < « < 1 the function ¢(\) = AT can be represented in the
form of (2.13)). In particular, for 0 < o < 1 we can use integration by parts to see

du
—Au
-1+ A
/(O,oo) <e i U) ute
dv

:)\Ho‘/ e V14w
(0,oo)< )U2+a

_ i+ e =1+ °°+/ (1—e)dv
ATy " Jom (LFa)ols

Alte I dv

gl s
1+« av® |, (0,00) s

— M}\1+Oz
a(l+ ) '

Thus we have
1+a _ Ol(l + a) —\u du
NS fo, ¢ T A A0 (2.21)

Example 2.3 Suppose that there are constants ¢ > 0, 0 < a < 1 and b so that ¢(2) =
ezt 4+ bz, Let ¢2(t) = at and ¢°(t) = b1 (1 —e~) for b # 0. By solving the equation

%vt()\) = —cvy (N — buy (), vo(A) = A
we get
—bt
u(\) = ¢ A t>0,A>0. (2.22)

1/a?

[1+ cqb(t)A]
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3 Some basic properties

In this section we prove some basic properties of CB-processes. Most of the results p-
resented here can be found in Grey (1974) and Li (2000). We here use the treatments in
Li (2011). Suppose that ¢ is a branching mechanism defined by (2.13)). This is a convex
function on [0, c0). In fact, it is easy to see that

¢'(2) =b+2cz + / u(l—e ™ )m(du), z >0, (3.1)
(0,00)

which is an increasing function. In particular, we have ¢/(0) = b. The limit ¢(0c0) :=
lim, . ¢(2) exists in [—00, 00| and ¢'(c0) := lim, o, ¢'(z) exists in (—oo, co|. In par-
ticular, we have

¢ (00) :=b+2c- 00+ / um(du) (3.2)
(0,00)

with 0 - oo = 0 by convention. Observe also that —oo < ¢(o0) < 0 if and only if
¢'(00) <0, and ¢(00) = oo if and only if ¢'(c0) > 0.

The transition semigroup (Q;);>o of the CB-process is defined by (2.15) and (2.19).
From the branching property (2.20), we see that the probability measure Q¢(z,-) is in-

finitely divisible. Then (v;);>¢ has the canonical representation:

vi(A) = A +/ (1 —e™)l,(du), t>0,\>0, (3.3)

(0,00)

where h; > 0 and [;(du) is a o-finite measure on (0, co) satisfying

/ (I Au)l(du) < oo.
(0,00)

The pair (h, ;) is uniquely determined by (3.3)); see, e.g., Proposition 1.30 in Li (2011,
p.16). By differentiating both sides of the equation and using (2.15) it is easy to find

hy —|—/ uly(du) = 21)15(0—0—) =e t>0. (3.4)

Then we infer that /,(du) satisfies

/ uly(du) < oo.
(0,00)
From (2.19) and (3.4)) we get

/ yQi(x, dy) = z e, t>0,z>0. (3.5)
[0,00)

We say the branching mechanism ¢ is critical, subcritical or supercritical according as
b=20,b>0orb <0,respectively.
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From (2.15]) we see that ¢t — v;(\) is first continuous and then continuously differen-
tiable. Moreover, it is easy to show that

%vt()\) = —¢(N), A>0.

By the semigroup property v;1s = vs 0 vy = v; o vs we get the backward differential
equation

0
avt()\) = —p(vi(N)), vo(A) = A, (3.6)
and forward differential equation
T =~ (), () = A 6)
a (o = 8/\Ut y Vo = A. .

The corresponding equations for a branching process with continuous time and discrete
state were given in Athreya and Ney (1972, p.106).

Proposition 3.1 Suppose that A > 0 and ¢(\) # 0. Then the equation ¢(z) = 0 has no
root between \ and vi(\) for every t > 0. Moreover, we have

A
/( | P(z)*dz =t, t > 0. (3.8)
v (X

Proof. By we see ¢(0) = 0 and z — ¢(z) is a convex function. Since ¢()\) # 0
for some A\ > 0 according to the assumption, the equation ¢(z) = 0 has at most one root
in (0, 00). Suppose that A\g > 0 is a root of ¢(z) = 0. Then implies v;(\g) = A for
all t > 0. By Proposition [2.10] we have v;(\) > Ao for A > Xg and 0 < v,(\) < g for
0 < A < Ap. Then A > 0 and ¢(\) # 0 imply there is no root of ¢(z) = 0 between A and

v (). From (3.6) we get (3.8)). O

Corollary 3.2 Suppose that ¢(zy) # 0 for some zy > 0. Let 0y = inf{z > 0: ¢(z) > 0}
with the convention inf () = co. Then lim,_,, v,(\) = 0y increasingly for 0 < X\ < 0y and
decreasingly \ > 0.

Proof. 1In the case 6, = oo, we have ¢(z) < 0 for all z > 0. From (3.6) we see
A = vy(A) is increasing. Then (3.6) implies lim;_,, v;(A) = oo for every A > 0. In the
case 0y < oo, we have clearly ¢(6y) = 0. Furthermore, ¢(z) < 0 for 0 < z < 6, and
®(z) > 0 for z > 6. From (3.7) we see v:(6y) = 6, for all ¢ > 0. Then (3.8)) implies that
limy o v4(A) = 6 increasingly for 0 < A < 6, and decreasingly A > 6. O
Corollary 3.3 Suppose that ¢(zo) # 0 for some zy > 0. Then for any x > 0 we have

tlim Qi(z,) = e 5y + (1 — e )5,

—00

by weak convergence of probability measures on |0, >|.
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Proof. The space of probability measures on [0, oc] endowed the topology of weak con-
vergence is compact and metrizable; see, e.g., Parthasarathy (1967, p.45). Let {¢,,} be any
positive sequence so that ¢, — oo and @y, (z,-) — some Q. (z, -) weakly as n — oo. By
(2.19) and Corollary for every A > 0 we have

/ e Qo(z,dy) = lim e M Q:, (x,dy)
[0,00]

n—oo [0,00]

= lim e ®tn(N) = =200
n—oo
It follows that
Qoo(z,{0}) = lim e M Quo(z,dy) = e w00

A—00 [0,00]

and

Qoo(z,{00}) = lim (1—e M) Qu(x,dy) =1 —e .
A—0 [07001
That shows Qo (7, ) = e72% §5 + (1 — e72%)d,,, which is independent of the particular
choice of the sequence {t,, }. Then we have Q,;(z, ) — Q(z, ) weakly ast — co. [

A simple asymptotic behavior of the CB-process is described in Corollary[3.3] Clearly,
we have: (i) 6y > 0 if and only if b < 0; (ii) 6y = oo if and only if ¢'(c0) < 0. The
reader can refer to Grey (1974) and Li (2011, Section 3.2) for more asymptotic results on
the CB-process.

Since (Q;):>o is a Feller transition semigroup, the CB-process has a Hunt process
realization X = (0, .7, %, z(t), Q.); see, e.g., Chung (1982, p.75). Let 7y := inf{s >
0: z(s) = 0} denote the extinction time of the CB-process.

Theorem 3.4 For every t > 0 the limit v; =Tlimy_,o, v4(A) exists in (0, 00]. Moreover,
the mapping t — v, is decreasing and for any t > 0 and x > 0 we have

Q{170 <t} = Q.{z(t) = 0} = exp{—2v,}. (3.9)

Proof. By Proposition the limit o, =1lim)_, ., v;(\) exists in (0, oo] for every ¢ > 0.
For ¢t > r > 0 we have

Uy :TAlim U (Vp—r(A)) = 0 (04—r) < Dy (3.10)
— 00
Since zero is a trap for the CB-process, we get (3.9) by letting A — oo in (2.19). 0

For the convenience of statement of the results in the sequel, we formulate the follow-
ing condition on the branching mechanism, which is known as Grey’s condition:

Condition 3.5 There is some constant 0 > 0 so that

&(z) > 0for z > 0 and /00 $(2)'dz < c0.
0
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Theorem 3.6 We have v, < oo for some and hence all t > 0 if and only if Condition[3.5|
holds.

Proof. By (3.10) it is simple to see that 0y =1limy_,o, v:(A) < oo for all ¢ > 0 if and only
if this holds for some ¢ > 0. If Condition [3.5]holds, we can let A\ — oo in (3.8) to obtain

p(z) Mdz =t (3.11)
and hence 7; < oo for ¢ > 0. For the converse, suppose that v; < oo for some ¢t > 0. By
(3.6) there exists some § > 0 so that ¢(6) > 0, for otherwise we would have v; > v;(\) >
A for all A > 0, yielding a contradiction. Then ¢(z) > 0 for all z > 6 by the convexity of

the branching mechanism. As in the above we see that (3.11]) still holds, so Condition[3.3]
is satisfied. [

Theorem 3.7 Let v =|lim; ,, 0; € [0, 00|. Then for any x > 0 we have

Q.{10 < 00} = exp{—z0}. (3.12)

Moreover, we have v < oo if and only if Condition holds, and in this case v is the
largest root of ¢(z) = 0.

Proof. The first assertion follows immediately from Theorem By Theorem [3.6] we
have v, < oo for some and hence all ¢ > 0 if and only if Condition holds. This is
clearly equivalent to o < oco. From (3.11) we see © is the largest root of ¢(z) = 0. 0

Corollary 3.8 Suppose that Condition holds. Then for any x > 0 we have Q{19 <
oo} = 1ifand only if b > 0.

By Corollary and Theorem we see 0 < 6y < v < oo. In fact, we have
0 <6y = v < oo if Condition [3.3holds and 0 < §y < © = oo if there is 6 > 0 so that

#(2) > 0 for z > 0 and / $(2)"'dz = c0.
9
Proposition 3.9 Foranyt > 0and X\ > 0 let v;(\) = (0/ON)vi (). Then we have
¢
vy(N) = eXp{ — / gb'(vs()\))ds}, (3.13)
0

where ¢ is given by (3.1).

Proof. Based on (2.15]) and (3.6) it is elementary to see that

0 , 0 0 / /
Evt(/\) == 5@%0\) = —¢'(v:(A))vy(A).

It follows that

0 4, 0
2 [log ()] = ef0) ™ 2f(3) =~/ (1),
Since vy(A) = 1, we get (3.13). O
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Theorem 3.10 Let ¢)(z) = ¢'(z) — b for z > 0, where ¢’ is given by (3.1). We can define
a Feller transition semigroup (Q°)s>o on [0, 00) by

/ e Qb(z,dy) = exp { — zvp(N\) — /t ¢6(US(A))ds}. (3.14)
[0,00) 0

Moreover, we have Q%(x,dy) = e 2~ yQ;(x, dy) for x > 0 and
Q:(0,dy) = ¢"[hedo(dy) + yli(dy)],  ty>0. (3.15)

Proof. In view of (3.5)), it is simple to check that Q%(z, dy) := " x~yQ;(x, dy) defines
a Markov transition semigroup (Q%);>0 on (0, 00). Let ¢;(\) = e” v;(\) and let ¢j()\) =
(0/0N)q:(\). By differentiating both sides of (2.19) we see

/ e M Qf(:z;, dy) = exp{—zvi(\) }q;(N), x>0,1>0.
(0,00)

From (3.3) and (3.13) we have

/)\:btht f)\ultd — ex 5
d = e [ eruan] e { = [ o0,

Then we can define Q°(0, dy) by (3.15)) and extend (Q?);>¢ to a Markov transition semi-
group on [0, c0). The Feller property of the semigroup is immediate by (3.14). O

Corollary 3.11 Let (Q%);>0 be the transition semigroup define by (3.14). Then we have
Q°(0,{0}) = €® hy and Q¥(z,{0}) = 0 fort > 0 and x > 0.

Theorem 3.12 Suppose that T > 0 and x > 0. Then Po7(dw) = z7 e z(w,T)
Q. (dw) defines a probability measure on (S, #r). Moreover, the process {(z(t), %) :

0 < t < T} under this measure is a Markov process with transition semigroup (Q?)>q

given by (5.14)

Proof. Clearly, the probability measure P27 is carried by {z(T) > 0} € .#r. Then we
have P27 {z(t) > 0} = 1 forevery 0 <t < T. Let 0 < r <t < T. Let F be a bounded
Z,-measurable random variable and f a bounded Borel function on [0, c0). By and
the Markov property under Q,,

P [Ff((t)))

T Q,[F fOetr )
v e Qu[Ff(x(t))x(t)]
= 27" Q [Fa(r)Qy_,f(a(r))]
= PI[FQ f(x(r))].

bt

where we have used the relation Q°_ (z,dy) = e 27 'yQ;_,(z, dy) for the third equality.
Then {(z(t), %) : 0 <t < T} under P%7 is a Markov process with transition semigroup

(Q1)izo- O
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Recall that zero is a trap for the CB-process. Let (Q);):>o denote the restriction of its
transition semigroup (Q;):>o to (0, 00). For a o-finite measure 4 on (0, co) write

23 (dy) = /( R
0,00

A family of o-finite measures (k;);~o on (0, c0) is called an entrance rule for (Q3):>o if
keQy . < kyforallt >r > 0and k,QF_, — Ky asr — t. We call (k;);>0 an entrance
law if k,Q)7_, = Kk, forallt > r > 0.

The special case of the canonical representation (3.3) with A, = 0 for all t > 0 is
particularly interesting. In this case, we have

ve(\) = / (1 — e ) ,(du), t>0,A>0. (3.16)
(0,00)
From this and (2.19) we have, fort > 0 and A > 0,

| ey =tmat [ 1oy,
(0,00) (0,00)

x—0
Then, formally,

I, = lim r1Qu(x, ). (3.17)

Theorem 3.13 The cumulant semigroup (v;):>o admits representation (3.16) if and only
if ¢'(00) = oo. In this case, the family (1;);~o is an entrance law for (Q3)i>o.

Proof. By differentiating both sides of the general representation (3.3)) we get
vy(A) = hy + / we ™ [ (du), t>0,A>0. (3.18)
(0,00)

From this and (3.13)) it follows that

b= i) =esp{ - [ t o0.)as .

Then we have ¢'(c0) = oo if hy = 0 for any ¢ > 0. For the converse, assume that
¢'(00) = oo. If Condition [3.5| holds, we have o, < oo for ¢ > 0 by Theorem S0
h: = 0 by (3.3). If Condition[3.5]does not hold, we have v; = oo by Theorem [3.6] Since

¢'(00) = o0, by (3.18) and (3.13) we see hy = v;(c0) = 0 for ¢ > 0. If (v;):>0 admits the
representation (3.16)), we can use (2.18)) to see, fort > r > 0and A > 0,

— e M) (du) = — e wi—rQY ] (dy
[, = = [ o ()

(0,00)
— [ o) [ a-eeredu).
(0,00) (0,00)
Then (I;);~0 is an entrance law for (QF);>o. O
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Corollary 3.14 If Condition[3.5holds, the cumulant semigroup admits the representation
(3.16) and t — v, = 1,(0, 00) is the unique solution to the differential equation

d
0= —0@), >0 (3.19)

with singular initial condition vy, = oo.

Proof. Under Condition [3.5] for every ¢t > 0 we have v, < oo by Theorem[3.6] Moreover,
the condition and the convexity of z +— ¢(z) imply ¢'(00) = oo. Then we have the
representation by Theorem[3.13] The semigroup property of (v;);>o implies U, =
vs(y) for s > 0 and ¢ > 0. Then ¢ — ¥, satisfies (3.19). From (3.11) it is easy to see
Uo+ = o0o. Suppose that ¢ — u, and ¢ — v, are two solutions to (3.19) with uy; =
Vg4 = 00. For any € > 0 there exits ¢ > 0 so that u; > v. for every 0 < s < 4. Since
both t — wu,y; and t — vy, are solutions to (3.19), we have u,; > v,y for ¢ > 0 and
0 < s < 0 by Proposition 2.10] Then we can let s — 0 and ¢ — 0 to see u; > v; for
t > 0. By symmetry we get the uniqueness of the solution. U

Theorem 3.15 If 6 := ¢/(c0) < oo, then we have, fort > 0 and A\ > 0,

v (N) =e PN+ /t e 0 ds/ (1 — e " ==MN)m(du), (3.20)
0 0,00
that is, we have (3.3)) with "
hy=e% 1, = /t e mQe ds, t>0. (3.21)
In this case, the family (1;);>o is an ent;(')ance rule for (Q%)>o.

Proof. If § := ¢/(0c0) < 00, by (3.2) we must have ¢ = 0. In this case, we can write the
branching mechanism into

H(N) = 6A +/ (e™ —1)m(dz), A>0. (3.22)

(0,00)
By (2.15)) and integration by parts,

t t
v (\) e = )x—i—/ Svg(N) e ds—/ B(vs(N)) e ds
0 0
t
= )\—l—/ e’ ds/ (1 — e = Mym(du).
0 (0,00)

That gives (3.20) and (3.21). It is easy to see that (;);~¢ is an entrance rule for (Qf):>o-
UJ

Example 3.1 Suppose that there are constants ¢ > 0, 0 < a < 1 and b so that ¢(z) =
cz'™® 4 bz. Then Condition [3.3|is satisfied. Let ¢°(¢) be defined as in Example By
letting A — oo in we get v, = ¢ Ve gt (+)7V/* for t > 0. In particular, if
a = 1, then (3.16) holds with

e u
l;(du :—exp{— }du, t>0,u>0.
o(du) c?q;(t)? cqi (t)
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4 Positive integral functionals

In this section, we give characterizations of a class of positive integral functionals of the
CB-process in terms of Laplace transforms. The corresponding results in the measure-
valued setting can be found in Li (2011). For our purpose, it is more convenient to start
the process from an arbitrary initial time » > 0. Let X = (,.%,.%,.,2(t),Q,.) a
cadlag realization of the CB-process with transition semigroup (Qt)tzo defined by -
and (2.19). For any ¢t > r > 0 and A > 0 we have

Q.. exp{—A\z(t)} = exp{—zu,(\)}, 4.1)

where 7 — u,.(\) := v;_.(\) is the unique bounded positive solution to
t
+ / d(us(N))ds = A, 0<r<t 4.2)
Proposition 4.1 For {t; < --- <t,} C[0,00) and {\1,...,\,} C[0,00) we have

Qr,:p €xXp { Z )‘ .Z' 1{7‘<tj } = eXp{_xUJ(T)}’ 0 S r S tnu (43)

where r — u(r) is a bounded positive function on |0, t,| solving
tn n
r —I—/ o(u(s))ds = Z ANilirst;y- (4.4)
T ]:1

Proof. We shall give the proof by induction in n > 1. For n = 1 the result follows
from (@.1)) and (4.2). Now supposing @.3) and (#.4) are satisfied when n is replaced by
n — 1, we prove they are also true for n. It is clearly sufficient to consider the case with
0<r<t; <--- <t,. By the Markov property,

Q. exp { - il ij(tj)}
- Q. :Qr,x(exp { -y ij@j)}\%,h)]

J=1
n

= Qr,x -e—:c(t1))\1 Qr,x ( exp { B Z /\jx(tj)}‘ﬁr,h)}

=2

=Q,z _e—a:(t1)>\1 chx(tl) (exp { — zn: )\jl’(t]‘)})}

— Q. exp { —a(t)h — :c(tl)w(tl)},

where r — w(r) is a bounded positive Borel function on [0, ¢,,] satisfying

tn n
+ / dw(s))ds =Y Nlg<y. (4.5)
r =2
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Then the result for n = 1 implies that
Q. exp { - Z /\jx(tj)} = exp{—xu(r)}
j=1
with 7 — u(r) being a bounded positive Borel function on [0, ¢,] satisfying

Setting u(r) = w(r) for t; < r < t,, from (4.5) and (4.6) one checks that r — u(r) is a
bounded positive solution to (4.4) on [0, ¢,,]. O

Theorem 4.2 Suppose that t > 0 and i is a finite measure supported by [0,t]. Let s —
A(s) be a bounded positive Borel function on [0, t|. Then we have

Q. eXp{ - /M A(s)x(s)u(ds)} =exp{—zu(r)}, 0<r<t, 4.7)

where r +— u(r) is the unique bounded positive solution on [0, t] to

/¢ %—ngw» (48)

Proof. Step 1. We first consider a bounded positive continuous function s — A(s) on
[0, t]. To avoid triviality we assume ¢ > 0. For any integer n > 1 define the finite measure
iy, on [0, t] by

Z“ — 1)t/2", kit /2" Okt jan (ds) 4 p({t})3:(ds).
By Proposition 4.1| we see that
Q. exp { - / /\(s)x(s)un(ds)} = exp{—xu,(r)}, (4.9)
[r1]
where 7 — u,(r) is a bounded positive solution on [0, t] to
t
+ / d(un(s))ds = / A(S) pn(ds). (4.10)
r [r.t]

Let vn( ) = u,(t —r) for 0 < r < t. Observe that ¢(z) > bz > —|b|z for every z > 0.
From (4.10) we have

vWﬂzéﬂﬁ@mwﬁj[ﬂw®Ms
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< sup A(s)p[0,t] + ]b|/vn

0<s<t

By Gronwall’s inequality it is easy to show that {v,, } and hence {u,,} is uniformly bound-
ed on [0,t]. Let ¢,(t) = ¢t. Forany 0 < s < tlet ¢,(s) = ([2"s/t] + 1)t/2", where
|2"s/t]| denotes the integer part of 2"s/t. Then s < ¢,(s) < s+ t/2". It is easy to see
that

[ ﬂf(S)Mn(dS) =) t]f(qn(S))M(dS)

for any bounded Borel function f on [0,¢]. By the right-continuity of s — A(s) and
s — z(s) we have

lim A(8)py,(ds) = A(s)p(ds
Jim [ (a9 /[ Aoputas)
and
lim [ Aa)m(ds) = [ Ms)a(s)n(ds)
[rt] [r,t]

From we see the limit u(r) = lim,, o, u,(r) exists and (.7) holds for 0 < r < ¢.
Then we get (4.8) by letting n — oo in (4.10).

Step 2. Let By[0, 00) be the set of bounded Borel functions s — A(s) for which there
exist bounded positive solutions 7 + u(r) of such that holds. Then B0, cc)
is closed under bounded pointwise convergence. The result of the first step shows that
By[0, 00) contains all positive continuous functions on [0, ¢]. By Proposition 1.3 in Li
(2011, p.3) we infer that By[0, 00) contains all bounded positive Borel functions on [0, ¢].

Step 3. To show the uniqueness of the solution to (4.8), suppose that r — v(r) is
another bounded positive Borel function on [0, ] satisfying this equation. Since z — ¢(z)
is locally Lipschitz, it is easy to find a constant K > 0 such that

u(r) = v(r)| < / 6(u(s)) — 6(v(s))lds
< K/ lu(s) — v(s)|ds.
Let U(r) = |u(t — r) — v(t — )| for 0 < r < t. We have
r)gK/O U(s)ds, 0<r<t.

Then Gronwall’s inequality implies U(r) = 0 for every 0 < r < ¢. O

Suppose that u(ds) is a locally bounded Borel measure on [0,00) and s +— A(s)
is a locally bounded positive Borel function on [0, c0). We define the positive integral
functional:

Alr,t] .= /[ ) A(s)z(s)p(ds), t>r>0.
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By replacing A(s) with OA(s) in Theorem 4.2/ for § > 0 we get a characterization of the
Laplace transform of the random variable A[r, ¢].

Theorem 4.3 Let t > 0 be given. Let A > 0 and let s — 0(s) be a bounded positive
Borel function on |0,t]. Then for 0 < r <t we have

¢
Q. exp{ — Az(t) — / H(S)x(s)ds} = exp{—zu(r)}, 4.11)
where 1 +— u(r) is the unique bounded positive solution on [0, t] to
¢
/ o(u(s))ds = A +/ 0(s)ds. (4.12)

Proof. This follows by an application of Theorem[4.2]to the measure i(ds) = ds+d;(ds)
and the function \(s) = 1y;<;0(s) + L=y A O

Corollary 44 Let X = (Q,.7%,.%;,x(t),Q.) be a Hunt realization of the CB-process
started from time zero. Then we have, for t, \,0 > 0,

¢
Q. exp { — Az(t) — 9/ x(s)ds} = exp{—zv(t)}, (4.13)
0
where t — v(t) = v(t, \, 0) is the unique positive solution to
%v(t) =0 ¢(v(t), v(0) =\ (4.14)

Proof. By Theorem[#.3|we have (#.13)) with v(¢) = u;(0), where r — w;(r) is the unique
bounded positive solution on [0, ¢] to

/¢ Jds = A+ (t — 6.

Then 7 +— v(r) := w;(t — r) is the unique bounded positive solution on [0, t] of

/ d(v(s))ds = A+ 0. (4.15)

Clearly, we can extend (4.13) to all » > 0 and the extended equation is equivalent with
the differential equation (.14). The uniqueness of the solution follows by Gronwall’s
inequality. 0

Corollary 4.5 Let X = (Q,.7%, %, x(t), Q) be a Hunt realization of the CB-process
started from time zero. Then we have, fort,6 > 0,

t
Q. exp{ - 0/ x(s)ds} = exp{—xv(t)}. (4.16)
0
where t — v(t) = v(t, 0) is the unique positive solution to
0
Tty =0 —0(o(1), v(0) =0, @.17)
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Corollary 4.6 Lett > 0 be given. Let ¢y and ¢ be two branching mechanisms in form
2.13) satisfying ¢1(z) > ¢2(2) for all z > 0. Let t — v;(t) be the solution to (4.14)) or
4.15) with ¢ = ¢;. Then vi(t) < vq(t) forall t > 0.

Proof. Fix t > 0 and let u;(r) = v;(t — r) for 0 < r < t. Then r — wuy(r) is the unique
bounded positive solution on [0, ¢] of

/<b1 ))ds = A+ (t — )8

and r — us(r) is the unique bounded positive solution on [0, t] of

)+ [ ontatsnds =r+ [ 10+ gts).

where g(s) = ¢1(u2(s)) — ¢2(uz(s)) > 0. By Theorem 4.3 one can see u;(r) < us(r)
forall 0 <r <t.

Recall that ¢/ (00) is given by (3.2)). Under the condition ¢/(c0) > 0, we have ¢(z) —
00 as z — 00, o the inverse ¢~ (6) := inf{z > 0: ¢(2) > 0} is well-defined for § > 0.

O

Proposition 4.7 For 0 > 0 let t — v(t, 8) be the unique positive solution to (4.17). Then
limy oo v(t,0) = 00 if ¢'(00) < 0, and limy_,oo v(t,0) = ¢~ 1(0) if ¢'(c0) > 0

Proof. By Proposition 2.10|we have Q,{z(t) > 0} > 0 forevery > 0 and ¢ > 0. From
(4.16) we see t — v(t,0) is strictly increasing, so (0/0t)v(t,0) > 0 for all § > 0. Let
v(00,0) = limy_,o, v(t,0) € (0,00]. In the case ¢'(c0) < 0, we clearly have ¢(z) < 0
for all z > 0. Then (0/0t)v(t,0) > 6 > 0 and v(oc0, #) = oo. In the case ¢'(c0) > 0, we
note

0
P(v(t,0)) =6 — av(t,@) <0,
and hence v(t,0) < ¢~*(6), implying v(c0, ) < ¢~1() < oo. It follows that
= thrn aa v(t,0) =6 — tlirn o(v(t,0)) =0 — Pp(v(oc0, ).

Then we have v(oo,0) = ¢ 1(0). O

Theorem 4.8 Let X = (0, F,. %, x(t),Q.) be a Hunt realization of the CB-process
started from time zero. If ¢'(c0) > 0, then for x > 0 and 0 > 0 we have

Qo { ~0 [ alo)ish = expl-07'0)
and

Qx{ | atons < oo} — exp{-261(0)},

where 71(0) = inf{z > 0: ¢(2) > 0}. If ¢'(c0) < 0, then for any x > 0 we have

af [[rom<} -
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Proof. In view of (4.16), we have

Q. exp{ 9 /O h x(s)ds} — lim exp{~zv(t,0)}.

Then the result follows from Proposition
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5 Construction of CBI-processes

Let {p(j) : j € N} and {q(j) : j € N} be probability distributions on N := {0,1,2,...}
with generating functions ¢ and h, respectively. Suppose that {&,; : n,i = 1,2,...}
is a family of N-valued i.i.d. random variables with distribution {p(j) : 7 € N} and
{N, : n =1,2,...} is a family of N-valued i.i.d. random variables with distribution
{q(3) : 7 € N}. We assume the two families are independent of each other. Given an
N-valued random variable y(0) independent of {¢,,;} and {7, }, we define inductively

y(n—1)
y(n) = > &ui+ n=12.... (5.1)
=1

This is clearly a generalization of (2.1)). For ¢ € Nlet {Q(¢,j) : 7 € N} denote the i-fold
convolution of {p(j) : j € N}. Let

For any n > 1 and {ig,- - ,i,-1 = ¢,j} C N we have

P(y(n) = i[y(0) = io,y(1) = i1, y(n = 1) = i)
y(n—1)

k=1

Then {y(n) : n > 0} is a Markov chain with one-step transition matrix P = (P(i,j) :
i,7 € N). The random variable y(n) can be thought of as the number of individuals
in generation n of a population system with immigration. After one unit time, each of
the y(n) individuals splits independently of others into a random number of offspring
according to the distribution {p(j) : j € N} and a random number of immigrants are
added to the system according to the distribution {¢q(j) : 7 € N}. It is easy to see that

> P(i.j) =g(2)'h(z), |z <L (5.2)
=0

A Markov chain in N with one-step transition matrix defined by (5.2)) is called a
Galton—Watson branching process with immigration (GWI-process) or a Bienaymé—Galton—
Watson branching process with immigration (BGWI-process) with branching distribution
given by g and immigration distribution given by h. When h = 1, this reduces to the GW-
process defined before. For any n > 1 the n-step transition matrix of the GWI-process is
just the n-fold product P = (P"(i,7) : 1,5 € N).

Proposition 5.1 Foranyn > 1 and i € N we have

h(go(j_l)(z)), |z| < 1. (5.3)

> P(i5)F =g ()
Jj=0 1

n

J
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Proof. From (5.2) we see (5.3) holds for n = 1. Now suppose that (5.3)) holds for some
n > 1. We have

[e.9]

an+llj iiPZk‘Pn/{Ij)

=0 7=0 k=0
=) _P(i,k)g" () [ rlg™(
k=0 j=1
= 96" @Al ) [T o
7=1
n+1
= g™ ) [ rlg™ ' (2)).
j=1

Then (5.3)) also holds when 7 is replaced by n + 1. That gives the result by induction. [J

Suppose that for each integer £ > 1 we have a GWI-process {yx(n) : n > 0} with
branching distribution given by the probability generating function g, and immigration
distribution given by the probability generating function hy. Let zx(n) = yx(n)/k. Then
{zx(n) : n > 0} is a Markov chain with state space Ey := {0,1/k,2/k, ...} and n-step
transition probability P;'(x, dy) determined by

n

)\yPn dy) = )\/k f)\/k 54
/E k (2, dy) = g¢" H ). (5.4)

Suppose that {7, } is a positive real sequence so that v, — oo increasingly as & — oo. Let
|7kt | denote the integer part of ~y,t. In view of (5.4), given z;(0) = x € E}, the random
variable z;(|yxt]) = k~'yx(|t]) has distribution P."*")(z, ) on Ej determined by

| e pi )
FEp
' [vxt]

= g e T hulol M)

"~ Lyxt]
= exp {zklog grlt (oM )} exp { Z log hui.(g (e_A/k))}
7 lkt) "~
= exp { — zog(t, A) — /0 Ui (vg (s, /\))ds}, (5.5)
where vy, (t, \) is given by and
Ur(2) = = log hi(e*™). (5.0)
For any z > 0 we have
Ui(z) = =i log [1 — %;11/31@(2)}’ (5.7)
where
Ur(2) = W[l — hy(e7*/™)]. (5.8)
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Lemma 5.2 Suppose that the sequence izﬂk} is uniformly bounded on each bounded in-
terval. Then we have limy_, o |x(2) — ¥(2)| = 0 uniformly on each bounded interval.

Proof. This is immediate by the relation (5.7)). U

Condition 5.3 There is a function 1 on [0,00) such that Vy(z) — (z) uniformly on
0, a] for every a > 0 as k — .

Proposition 5.4 Suppose that Condition is satisfied. Then the limit function 1) has
representation

W(z) = Bz +/ (1—e™)v(du), z >0, (5.9)

(0,00)

where 5 > 0 is a constant and v(du) is a o-finite measure on (0, 00) satisfying
/ (1 Auw)r(du) < oco.
(0,00)

Proof. 1t is well-known that ¢/ has representation if and only if e™¥ = L, is the
Laplace transform of an infinitely divisible probability distribution i on [0, 00); see, e.g.,
Theorem 1.39 in Li (2011, p.20). In view of , the function ), can be represented
by a special form , so e¥* = [, is the Laplace transform of an infinitely divisible
distribution y; on [0,00). By Lemma and Condition we have ¢,(z) — ¥(2)
uniformly on [0, a] for every a > 0 as k — oo. By Theorem there is a probability
distribution g on [0, 00) so that y = limy_,+, px weakly and e = L,,. Clearly p is also
infinitely divisible, so ¢ has representation (5.9). O

Proposition 5.5 For any function 1) with representation 1} there is a sequence {1;;{} in
the form of (5.0)) satisfying Condition

Proof. This is similar to the proof of Proposition[2.5|and is left to the reader as an exercise.
O

Theorem 5.6 Suppose that ¢ and i) are given by (2.13)) and (5.9), respectively. For any
A > 0lett — vi(\) be the unique positive solution to (2.15)). Then there is a Feller
transition semigroup (P;);>o on [0, 00) defined by

/[0700) e Py(x,dy) = exp{ — zvg(N) — /Otw(vs()\))ds}. (5.10)

Proof. This follows by arguments similar to those in Section 2. 0
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If a Markov process in [0, c0) has transition semigroup (F;);>o defined by (5.10), we
call it a continuous-state branching process with immigration (CBI-process) with branch-
ing mechanism ¢ and immigration mechanism 1. In particular, if

/ uv(du) < oo, (5.11)
(0,00)
one can differentiate both sides of (5.10) and use (3.4)) to see
t
/ yPy(x,dy) = ze " +4(0) / e "% ds, (5.12)
[0,00) 0
where
P'(0) =7 +/ uv(du). (5.13)
(0,00)

Proposition 5.7 Suppose that {(y,(t),4}) : t > 0} and {(y2(t),%?) : t > 0} are two
independent CBl-processes with branching mechanism ¢ and immigration mechanisms
1 and 1y, respectively. Let y(t) = yi(t) +ya(t) and 9, = o (4! U9G?). Then {(y(t),%,) -
t > 0} is a CBI-processes with branching mechanism ¢ and immigration mechanism

Y =11 + o

Proof. Lett > r > 0 and for: = 1, 2 let F; be a bounded positive %j—measurable random
variable. For any A > 0 we have

P[iFe™] = P[F e P[Fe 0]

:P[Flexp{_yl vtr / ¢1Us }:|

-P[erXp{—yz( o (V) — / wzws(mdsH

:p{m@exp{ Yo (A / e H

As in the proof of Proposition [2.12} one can see {(y(t),%;) : t > 0} is a CBI-processes
with branching mechanism ¢ and immigration mechanism ). O

The next theorem follows by a modification of the proof of Theorem [2.13

Theorem 5.8 Suppose that Conditions and |5.3| are satisfied. Let {y(t) : t > 0}
be a CBI-process with transition semigroup (P,);>o defined by . For k > 1 let
{z1(n) : n > 0} be a Markov chain with state space Ey := {0,k™%, 2k, ...} and n-
step transition probability P}'(z,dy) determined by (5.4). If zt(0) converges to y(0) in
distribution, then {zy(|t]) : t > 0} converges to {y(t) : t > 0} in distribution on
D[0, 00).

The convergence of rescaled GWI-processes to CBI-processes have been studied by
many authors; see, e.g., Aliev (1985), Kawazu and Watanabe (1971) and Li (2006, 2011).
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Example 5.1 The transition semigroup (Q%);>¢ defined by (3.14) corresponds to a CBI-
process with branching mechanism ¢ and immigration mechanism ¢;,.

Example 5.2 Suppose that ¢ > 0,0 < o < 1 and b are constants and let ¢(z) = cz' T +
bz. Let v;(\) and ¢2(t) be defined as in Example Let § > 0 and let ¢(z) = Bz*. We
can use (5.10)) to define the transition semigroup (P;):>¢. It is easy to show that

/ e_)\y 'Pt(x’ dy) = . B/ca e_"m}t()\)7 A > 0.
[0,00) [1+ cqb(t)A]
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6 Structures of sample paths

In this section, we give some reconstructions of the type of Pitman and Yor (1982) for the
CB- and CBI-processes, which reveal the structures of their sample paths. Let (Q;)¢>0 be
the transition semigroup of the CB-process with branching mechanism ¢ given by (2.13).
Let (Qf)i>0 be the restriction of (Q;):>o on (0,00). Let D[0,00) denote the space of
positive cadlag paths on [0, c0). On this space, we define the o-algebras &7 = o({w(s) :
0<s<oo})and & = o({w(s) : 0 < s < t})fort > 0. For any w € DJ[0, 00) let
To(w) = inf{s > 0 : w(s) or w(s—) = 0}. Let Dy[0, co) be the set of paths w € D[0, c0)
such that w(t) = 0 for t > 79(w). Let D1][0,00) be the set of paths w € Dy[0, c0)
satisfying w(0) = 0. Then both Dy[0, c0) and D;[0, 00) are .o/ -measurable subsets of
D[0, 00).

Theorem 6.1 Suppose that ¢'(c0) = oo and let (1;)i~o be the entrance law for (QF)i>o
determined by (3.16). Then there is a unique o-finite measure Ny on (D[0,00), <)
supported by D1]0, 00) such that, for) < t; <ty < --- < t,and x1,2s,...,x, € (0,00),

No(w(t1) € dzy, w(ty) € dx, ..., w(t,) € dzy,)
= U (d21)Qy,—y, (w1, dx2) - - Qf (w01, day). (6.1)

Proof. Recall that (Q?)>0 is the transition semigroup on [0, o) given by (3.14). Let X =
(D0, 00), o, o, w(t), Q,) be the canonical realization of (Q;):>o and Y = (D]0, c0),
o, oy, w(t), QL) the canonical realization of (Q?)>¢. For any T' > 0 there is a probabil-
ity measure PJ" on (D[0, 00), <7) supported by D; [0, 00) so that

Po [F({w(s) : s 2 0)G({w(T +5) : s = 0})]
= QIF({w(s) : 5 > 0)Qum)G({w(s) : s > 0})],

where F' is a bounded «7r-measurable function and G is a bounded .%7-measurable func-
tion. The formula above means that under P}” the random path {w(s) : s € [0,T]}
is a Markov process with initial state w(0) = 0 and transition semigroup (Q?);>o and
{w(s) : s € [T,00)} is a Markov process with transition semigroup (Q;);>o. Then
Corollaryimplies Po(w(s) = 0) = Q%0,{0}) = Oforevery 0 < s < T. Let
Ny (dw) = e w(T) " Lpwr)»0y Py (dw). We have

NoT (w(s1) € day, w(ss) € dag, ..., w(sm) € dam, w(T) € dz,
w(ty) € dyr, w(tz) € dy, ..., w(ty) € dyy)
- le (O7 dxl) 22—81 (Il? dx2) U ng—sm,1 (xm_17 dxm)Qg—‘—sm (l‘m, dZ)

eibT Zﬁl@h*T(’Z? dyl)@tgftl (ylv dyQ) T Qtnftn_l (yn717 dyn)
= Q2 (0,dxy)ay  wy -~ Q) (Tm1, dgn) 2, T Q- (T, d2)

Sm—Sm—1

e T 27 Qu (2, dy1) Quo—ty (Y1, dy2) ++* Qu—ty (Y1, dYn)
= s, (dz1)Q5, g, (w1, dxa) - QF 5 (T, d2n) Q7 (¥, d2)
Qt1—T(Za dyl)QtQ—tl (yh dyQ) ce Qtn—tn71(yn—17 dyn)> (6.2)
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where 0 < s1 < -+ <8, <T <ty < -+ <tpandxy,...,Tm, 2,Y1,--.,Yn € (0,00).
Then for any 7} > Ty > 0 the two measures Ny'* and N coincide on {w € D;[0, c0) :
1o(w) > T1}, so the increasing limit Ny := limp_,q Ng’T exists and defines a o-finite
measure supported by D;[0, o). From we get (6.1). The uniqueness of the measure
Ny satisfying follows by the measure extension theorem. 0

The elements of D [0, co) are called excursions and the measure Ny is referred to as
the excursion law for the CB-process. In view of (3.17) and (6.1), we have formally, for
0<t;<ty<---<tpandxy,9,...,2, € (0,00),

No(w(t1) € doy, w(tz) € dxg, ..., w(t,) € dx,)
= ili% x_ngl (ﬂf, dxl)Qtog—tl ('Tl? de) s Ql?n—tn,1 (xﬂ_l? dxn)

= hH(l) ' Qu(w(ty) € doy, w(ty) € dag, ..., w(t,) € dzy,), (6.3)
T—>

which explains why Ny is supported by D, [0, co).

From (6.1) we see that the excursion law is Markovian, namely, the path {w(t) :
t > 0} behaves under this law as a Markov process with transition semigroup (Q5):>o-
Based on the excursion law, a reconstruction of the CB-process is given in the following
theorem:

Theorem 6.2 Suppose that ¢/(c0) = oo. Let z > 0 and let N, =Y .2, ,,, be a Poisson
random measure on D|0, c0) with intensity zNo(dw). Let Xy = z and for t > 0 let

X7 = / w(t)N.(dw) = " wi(t). (6.4)
DJ0,00) i=1

For t > 0 let Y7 be the o-algebra generated by the collection of random variables
{N.(A) : A € o}. Then {(X7,97) : t > 0} is a CB-process with branching mech-
anism o.

Proof. Ttis easy to see that { X7 : ¢ > 0} is adapted relative to the filtration {¢4; : t > 0}.

We claim that the random variable X/ has distribution Q;(z,-) on [0, 00). Indeed, for
t = 0 this is immediate. For any ¢ > 0 and A > 0 we have

Pexp{-AX7}] = exp{ . /D L —eAw(t))No(dw)}
_ exp{ . /(O’Oo)u - e-wt(du)} — exp{—20(\)}.

By the Markov property (6.1), for any ¢ > r > 0 and any bounded .7,-measurable
function H on D[0, co) we have

/D L (e O N )

_ / H(w)(1 — M) N (duw).
DJ[0,00)
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It follows that, for any bounded positive .o7.-measurable function F' on D0, 00),

A e

~elon{- [ [rw )]

- exp{ z / (1- eF<wHw<t>)NO(dw)}

= exp{ z (1—eF® )No(dw)}
DJ0,00)
- exp { / e (1- e Aw®) )Ng(dw)}
DJ0,00)

- exp{ Z/DOOO (1- )No(dw)}

“exp{ — 2z e Flw) (1 — emw(rve—r(Y) )Ng(dw)}
DJ0,00)

= exp{ — z/ (1 e F'(w) g=w(r)vi—r(Y) )No(dw)}
DJ0,00)

=P {exp{ — /D[O,oo) [F(w) 4+ ve—r (N w }
- P {exp{ - /D - F(w)Nz(dw)} ~exp{ - vt_r()\)Xf}]

Clearly, the o-algebra &7 is generated by the collection of random variables

exp{ -/ . F(w)szw)},

where F' runs over all bounded positive .o7.-measurable functions on D[0,00). Then
{(X},97) : t > 0} is a Markov process with transition semigroup (Q;)s>o- O

The above theorem gives a description of the structures of the population represented
by the CB-process. From (6.4) we see that the population at any time ¢ > 0 consists of
at most countably many families, which evolve as the excursions {w; : i = 1,2,---}
selected by the Poisson random measure N,(dw). Unfortunately, this reconstruction is
only available under the condition ¢'(c0) = co. To give reconstructions of the CB- and
CBI-processes when this condition is not necessarily satisfied, we need to consider some
inhomogeneous immigration structures and more general Markovian measures on the path
space. As a consequence of Theorem|[6.1] we obtain the following:

Proposition 6.3 Let 5 > 0 be a constant and v a o-finite measure on (0, c0) such that
f(o ) uv(du) < oo. If B > 0, assume in addition ¢'(c0) = oc. Then we can define a

o-finite measure N on (D[0, 00), <) by

N(dw) = SNg(dw) +/ v(dz) Q. (dw), w € D[0,00). (6.5)

(0,00)
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Moreover, for 0 < t; <ty < - - <t,and x1,xs,...,z, € (0,00), we have

N(w(t1) € dzy, w(tz) € deg, ..., w(t,) € dx,)
= Ht1 (dajl)Q;—tl (x17 d$2) e Q(t)n—tn,1 (a’:n—lv dxn)a (66)

where

Hidy) = pl(dy) + [ vdnQile.dy) y>0

(0,00)

Clearly, the measure N defined by (6.5)) is actually supported by Dy[0, c0). Under
this law, the path {w(t) : t > 0} behaves as a Markov process with transition semigroup
(Q)+>0 and one-dimensional distributions (H}):o.

Theorem 6.4 Suppose that the conditions of Proposition are satisfied and let N be
defined by (6.5). Let p be a Borel measure on (0,00) such that p(0,t] < oo for each
0 <t < oo. Suppose that N = Y2, §(s,.w;) is a Poisson random measure on (0, 00) x
D[0, 00) with intensity p(ds)N(dw). Fort > 0 let

Y, = / / w(t — s)N(ds,dw) = Z w;(t — s;) (6.7)
(0,¢] 4 D[0,00) 0<s; <t

and let 9, be the o-algebra generated by the random variables {N((0,u] x A) : A €
0,0 < u < t}. Then {(Yy, %) : t > 0} is a Markov process with inhomogeneous
transition semigroup (P, ;)i>r>0 given by

/[o,oo) e Py(z,dy) = exp { — zvp_p(N) — w(vts()\))p(ds)}, (6.8)

(rt]
where the function 1 is given by (5.9).

Proof. From (6.7) we see that {Y; : ¢ > 0} is adapted to the filtration {¥, : ¢t > 0}. Let
t > r >wu > 0andlet I be a bounded positive function on D|0, co) measurable relative
to <7, _,. For A > 0, we can use the Markov property to see

Plov{ =, VR 00—

= [exp { / )1 {s<u} + Aw(t — s)| N(ds, dw)
0,t] J/ D[0,00)

— exp { / (dS / (1 e Flw)lfscuy g—Awlt—s) )N(dw)}
(0,4] D[0,00)

= exp { - / p(ds) / (1- e P aguy g=wlt=s) )N(dw)}
(0,r] DJ0,00)

cexp{ — p(ds) (1 —e 0= )N(dw)
(r] D[0,00)
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= exp { / p(ds) / (1- e F)ls<uy )N(dw)}
DJ0,00)
- exp { / p(d / e Ml esuy (1 — emwlt=2) )N(dw)}
(0,r] DJ0,00)
. exp{ / p(d / (1 _ e w(t—s) )N(dw)}
(r,t] DJ[0,00)
= exp { / p(ds) / (1- e Fw)ls<uy )N(dw)}
(0,7] DJ[0,00)
- exp { / ,0 / efF(w)l{sgu} (1 _ e*”t—v‘(/\)w(rfs) )N(dU))}
(0,r] DJ0,00)
: exp{ — / p(ds)/ (1—ev )Ht_s(dw)}
(rt] (0,00)

= exp{ - / p(ds)/ (1- e P ecuy gmvr=—r(Mu(r=s) )N(dw)}
(0,7] DJ[0,00)
exp { 5 [ o) [ a-e iy
(r,t] (0,00)

/H] o(ds) /(Om)u -Gy ()}

_ {exp{ Or/ooo W)L jye) + 01 T(A)w(r—s)}N(dS,dw)H

e - / {m )+ /Ooo)u - e Oy ofas) |
efoo{ <[ [, romnm)

o~ [ vt}

(r]
Then {(Y;,%,) : t > 0} is a Markov process in [0, 00) with inhomogeneous transition

semigroup (P,.;);>r>0 given by (6.8). -

Corollary 6.5 Suppose that ¢'(co) = oo. Let f > 0 and let Ng = Y °, O(s, ;) be a
Poisson random measure on (0,00) x D|0, c0) with intensity fdsNo(dw). Fort > 0 let

:/(O’t] /Dmm)w(t—s)Nﬁ(ds,dw): S wilt - si)

0<S7; St

and let 9 be the o-algebra generated by the random variables {Nz((0,u] x A) : A €
Ay, 0 < u <t} Then {(Y;?,%4) : t > 0} is a CBI-process with branching mechanism
¢ and immigration mechanism ) defined by 1Vg(\) = S\, A > 0.

Corollary 6.6 Let v be a o-finite measure on (0,00) such that f(o 00) uv(du) < oo. Let
N, = 372, 0(siw) be a Poisson random measure on (0,00) x D0, 00) with intensity
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dsN, (dw), where

N, (dw) :/ v(dz) Qg (dw). (6.9)
(0,00)
Fort > 0 let
Y = / / w(t — s)N,(ds, dw) = Z w;(t — s;)
(O’t] D[0,00) 0<s; <t

and let G} be the o-algebra generated by the random variables {N,((0,u] x A) : A €
Sy, 0 < u < t}. Then {(Y},9}) : t > 0} is a CBI-process with branching mechanism
¢ and immigration mechanism 1, defined by

U, (\) = /(0 )(1 — e "My(du), A>0. (6.10)

The transition semigroup (P, ;);>,>o defined by is a generalization of the one
given by (5.10); see also Li (1996, 2003) and Li (2011, p.224). A Markov process with
transition semigroup (P.;);>,>¢ is naturally called a CBI-process with inhomogeneous
immigration rate p. In view of (6.7), the population {Y; : ¢ > 0} consists of a countable
families of immigrants, whose immigration times {s; : ¢ = 1,2, - - - } and evolution trajec-
tories {w; : i = 1,2,---} are both selected by the Poisson random measure N (ds, dw).
The processes constructed in Corollaries 6.5 and [6.6|can be interpreted similarly.

Theorem 6.7 Suppose that 6 := ¢'(00) < oo. Let z > 0 and let N, = > "% 8, w:) be
a Poisson random measure on (0,00) x D[0, co) with intensity z e~%* dsN,,(dw), where
N, is defined by (6.9) with v = m. Fort > 0 let

X7 =ze +/ / w(t — s)N,(ds, dw) (6.11)
(0,4 / D[0,00)

and let 97 be the o-algebra generated by the random variables {N,((0,u] x A) : A €
Ay, 0 < u < t}. Then {(X7,%7) : t > 0} is a CB-process with branching mechanism
o.

Proof. Let Z; = X} — ze~%" denote the second term on the right-hand side of (6.11). By

Theorem [6.4| we infer that {(Z;,%7) : t > 0} is a Markov process with inhomogeneous
transition semigroup (F7;):>r>0 given by

¢
/ e PZ(z,dy) = exp { —xv_(N) — Z/ U (Vs (X)) €72 ds},
[0,00) r

where 1, is defined by (6.10) with v = m. Lett > r > « > 0 and let F' be a bounded
positive <7, _,-measurable function on D0, c0). For A > 0 we have

P {exp{ - /(O,u] /D[o,oo) F(w)N,(ds,dw) — /\Xf}]
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=P :exp{ — /(OM /D[O’Oo) F(w)N,(ds, dw) — Aze—“—AZtH
=P :exp{ — /M /D - F(w)N.(ds,dw) — A\ze }
o -z -2 [t e s}
P p{ - /( / PN (s du) - A}
e { — o2, - I [ o) e s}
= P[exp{ /(Ou /[ F(w)N.(ds, dw) — ve_p(N)Z, — 2™ vt_r(/\)H

elen{= [ ], reniessn o))

where we have used (3.20). Then {(X/,%7) : t > 0} is a CB-process with transition
semigroup (Q;):>o defined by (2.19). O

Theorem 6.8 Suppose that § := ¢/(00) < co. Let § > 0 and let Ng = > "7 | 0(s,.w;) be a
Poisson random measure on (0, 00) x D[0, 00) with intensity 361 (1 —e~%%) dsN,,(dw),
where N, is defined by with v = m. Fort > 0 let

=p36! / / w(t — s)Ng(ds, dw) (6.12)
(0,¢] J/ D[0,00)

and let 9 be the o-algebra generated by the random variables {Nz((0,u] x A) : A €
Ay, 0 < u <t} Then {(X] 94) : t > 0} is a CBI-process with branching mechanism
¢ and immigration mechanism g defined by 1Vg(\) = S\, A > 0.

Proof. Let Z, denote the second term on the right-hand side of (6.12)). By Theorem [6.4]

the process {(Z;, ¥, ) t > 0} is a Markov process with inhomogeneous transition semi-
group (Prﬁ,t)tZTZU given by

/m’oo) My Pﬁ (x,dy) = exp{ — zv,_ () = B5! /Tt U (Vs (A))(1 — e_és)dS},

where 1), is defined by (6.10) with v = m. Fort > 0 and A > 0, we can use Theorem[3.15]

to see
t t t s
/ vs(\)ds = A / e % ds + / ds / e (Vs_u(N))du
0

= / —5Sds+/ ds/ e i (Vr—s—u (X)) du
= M1 —e +/0 ds/s e 0= 4 (v—y(N))dus



= A1 —e™) / du/ =) Y (V—u(N))ds

= M1 - _5t) +0° / (1-— )@Dm(vt_u(/\))du. (6.13)
0
Lett > r > u > 0 and let F' be a bounded positive <7, ,-measurable function on
DI0,00). The
B
{exp{ / F(w)Ng(ds, dw) — \Y; H
(0,u] D[Ooo
=P {exp { F(w)Ng(ds,dw) — AB6~H(1 — e ™) — )\Zt}]
(0,u] D[O o)
= {exp{ F(w)Ng(ds,dw) — A3~ (1 — e_&)H
0,u] D[Ooo
exp{ )\)Zr B~ / Ym(vi—s(A)) (1 — e‘ss)ds}
= {exp{ F(w)Ng(ds,dw) — AB5 (1 e_&)}]
(0,u] D[O o)
exp{ — vy 74()\)Y + v (M) BT — e_‘w)}
- exp { B6~ 1 ¢m(vt,r,s()\))(1 - e_‘s(’”’s))ds}
0
= {exp { F(w)Ng(ds,dw) — A3~ (1 — e_&)}]
Ou] DJ[0,00)
exp{ — v T(A)Yﬁ + 86 1 o=0(t= T)(l _ e—&r)}
t—r
exp {ﬁé (1 —en) / e wm@t_r_s(x))ds}
exp{ B6~ 1/ U (Vs_r—s(A))(1 — € 5(T+s))ds}
0
=P exp{ / Nﬁ (ds, dw) — A3~ (1 — e5<”>)}]
(0,u] ¥ D[0,00)
- exp { o Y = 857 [ e ()1~ e_gs)dS}
=P exp{ / Ng (ds, dw)
(0,u] ¥ D[0,00)
t—r
— v, (NP — 5/ vs()\))dsH,
0
where we used (6.13]) for the last equality. That gives the desired result. U

Since the CB- and CBI-processes have Feller transition semigroups, they have cadlag
realizations. By Proposition A.7 of Li (2011), any realizations of the processes has a
cadlag modification. In the case of ¢/(c0) = oo, let (X7,%7), (Y, %)) and (Y}, 4) be
defined as in Theorem [6.2] Corollary [6.5] and Corollary [6.6] respectively. In the case of
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¢'(00) < oo, we define those processes as in Theorem[6.7} Theorem|6.8]and Corollary [6.6]
respectively. In both cases, let V; = X7 + Y + Y and %, = (97 U¥ U%Y). Ttis not
hard to show that {(Y;,%;) : t > 0} is a CBI-process with branching mechanism ¢ given
by and immigration mechanism ¢ given by (5.9).

The existence of the excursion law for the branching mechanism ¢(z) = bz + cz?
was first proved by Pitman and Yor (1982). As a special case of the so-called Kuznetsov
measure, the existence of the law for measure-valued branching processes was derived
from a general result on Markov processes in Li (2003, 2011), where it was also shown
that the law only charges sample paths starting with zero. In the setting of measure-valued
processes, El Karoui and Roelly (1991) used to construct the excursion law; see also
Duquesne and Labbé (2014). The construction of the CB- or CBI-process based on a
excursion law was first given by Pitman and Yor (1982). This type of constructions have
also been used in the measure-valued setting by a number of authors; see, e.g., Dawson
and Li (2003), El Karoui and Roelly (1991), Li (1996, 2003, 2011) and Li and Shiga
(1995).
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7 Martingale problem formulations

In this section we give several formulations of the CBI-process in terms of martingale

problems. Let (¢, ) be given by (2.13) and (5.9), respectively. We assume (5.11) is
satisfied and define )'(0) by ( - Let 02 [0, oo) denote the set of bounded continuous

real functions on [0, co) with bounded continuous derivatives up to the second order. For
f € C?[0,00) define

Lf(z) = cxf’(z) + 1’/ [f(@+2) = f(z) — 2f'(2)]m(d2)

(0,00)

+ (8 —bx)f'(x) +/ [f($ +z)— f(xﬂv(dz). (7.1)

(0,00)

We shall identify the operator L as the generator of the CBI-process.

Proposition 7.1 Let (P,);>o be the transition semigroup defined by (2.19) and (5.10).
Then for any t > 0 and \ > 0 we have

/ €W3@ﬂw=€“ﬁ/®/‘BMM—wﬁmﬂwﬂxwl (1.2)
[0,00) 0 [0,00)

Proof. Recall that v;(\) = (0/0\)v,(N\). By differentiating both sides of (5.10) we get

/ ye Pz, dy) = / e ¥ Py(x, dy) {xvt / P (vs(A))vi(N)ds
[0,00) [0,00)
From this and (3.7) it follows that

gt 10,00) e Py, dy) = {x_“t( )+ Ut(A))]/ )e A Py(z, dy)
= [m( /Ooo)eyPtmdy)

]
/ W (vs(A S()\)ds e Py(xz, dy)
]

[0,00)

/ e ¥ Py(z,dy)
0,00)

+ (A / P (vs(N))vh(N)ds 4)00) e VA Py(z,dy)
= [ o)~ pO)e A ).

That gives (7.2)). 0J

Suppose that (2,%,%,, P) is a filtered probability space satisfying the usual hypothe-
ses and {y(¢) : ¢ > 0} is a cadlag process in [0, 00) that is adapted to (¥, );>o and sat-
isfies P[y(0)] < oco. Let C%(]0, 00)?) be the set of bounded continuous real functions
(t,z) — G(t,z) on [0, 00)* with bounded continuous derivatives up to the first order rel-
ative to ¢t > 0 and up to the second order relative to z > 0. Let us consider the following
properties:
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(1) Forevery T'> 0 and A > 0,

T—t

exp { —vr—t(N)y(t) — w(vs()\))ds}, 0<t<T,

0

is a martingale.

(2) Forevery A > 0,

1) = e { = u0) + [0 - solas). e o

is a local martingale.

(3) The process {y(¢) : t > 0} has no negative jumps and the optional random measure

No(ds, dz) = Z 1{Ay(3)¢0}5(57Ay(3))(d8, dz),

s>0

where Ay(s) = y(s)—y(s—), has predictable compensator No(ds, dz) = dsv(dz)+
y(s—)dsm(dz). Let Ny(ds,dz) = Ny(ds,dz) — Ny(ds,dz). We have

o(0) = y(0) + 2070+ ')~ | ' J(s2)ds 4 WO)L

where {M¢(t) : t > 0} is a continuous local martingale with quadratic variation
2cy(t—)dt and

t
M4(t) = / / 2Ny(ds, dz), t>0,
0 J(0,00)

is a purely discontinuous local martingale.

(4) For every f € C2[0, 00) we have
FOl6) = F(0)+ [ Erly(s))ds + Tocal mart 7.3
(5) Forany G € C**([0, 50)2) we have
Gt 9(0) = G0.9(0) + [ [G1(5:9(5)) + LG5 y(5))] s + local mart. (7

where L acts on the function z — G(s, ).

Theorem 7.2 The above properties (1), (2), (3), (4) and (5) are equivalent to each other.
Those properties hold if and only if {(y(t),%,) : t > 0} is a CBI-process with branching
mechanism ¢ and immigration mechanism 1.
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Proof. Clearly, (1) holds if and only if {y(¢t) : t > 0} is a Markov process relative to
(%,)+>0 with transition semigroup (P;):>( defined by (5.10). Then we only need to prove
the equivalence of the five properties.

(1)=-(2): Suppose that (1) holds. Then {y(t) : t > 0} is a CBI-process with transition
semigroup (P;):>o given by (5.10). By (7.2) and the Markov property it is easy to see that

i) = e 0+ [ ) = y(s)o] e ds 75)
is a martingale. By integration by parts applied to
200 =0 ana W) = e { [ -soiash  ao)
0
we obtain

dH,(\) = e ) dW,(\) + W (N)d e O = T (\)dY;()).

Then {H,(\)} is a local martingale.
(2)=(3): For any A > 0 let Z;(\) and W;(\) be defined by (7.6). We have Z,(\) =
H(M\)W(A\)~! and so
AZ,(N) = W) MHL() — Zo- (W) — S\l an

by integration by parts. Then the strictly positive process t — Z;(\) is a special semi-
martingale; see, e.g., Dellacherie and Meyer (1982, p.213). By It6’s formula we find
t — y(t) is a semi-martingale. Now define the optional random measure Ny(ds, dz) on
[0,00) x R by

No(ds,dz) = Y Liay(e)200s.aq(s (ds, d2),

s>0

where Ay(s) = y(s) — y(s—). Let Ny(ds,dz) denote the predictable compensator of

No(ds,dz) and let Ny(ds,dz) denote the compensated random measure; see, e.g., Del-
lacherie and Meyer (1982, p.375). It follows that

y(t) = y(0) + U(t) + M(t) + M(t), (7.8)

where t — U(t) is a right-continuous adapted process with locally bounded variations,
t — M¢(t) is a continuous local martingale and

t— MAt) = /Ot/RzNO(ds,dz)

is a purely discontinuous local martingale; see, e.g., Dellacherie and Meyer (1982, p.353
and p.376) or Jacod and Shiryaev (2003, pp.84-85). Let {C(¢)} denote the quadratic
variation process of { M¢(t)}. By Itd’s formula,

Zi0) = Zo(A\) — A / Zo-()dy(s) + 5V / Z,_(NdC(s)
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/ / e " —1 4 2\) Ny(ds, dz)

/Z (N)dU (s )+%A2/OtZS_()\)dC(s)

/ / e™** —1 + 2\) Ny(ds, dz) + local mart. (7.9)

In view of and we get
[y(s—=)p(N) — (N)]ds = =AU (s) + %)\QdC’(s) +/ (e™ —1+ 2\) Ny(ds, dz)
R

by the uniqueness of canonical decompositions of special semi- martingales see, e.g.,
Dellacherie and Meyer (1982, p.213). By substituting the representations (2.13)) and (5.9)
for ¢ and ) into the above equation and comparing both sides we find

dC(s) = 2cy(s—)ds, dU(s) = [¢'(0) — by(s—)]ds
and
No(ds, dz) = dsv(dz) 4 y(s—)dsm(dz).

Then the process t — y(t) has no negative jumps.
(3)=(4): This follows by It6’s formula.
(4)=(5): Fort > 0 and k£ > 1 we have

G(t,y(t)) = 0)) + > [G(tAj/ky(t A GG+ 1)/k))
" — Gt Ak y(t A IR))]
+Z (tA G+ kytA (G +1)/k)

— Gt Nj[Ry(tA(G+1)/E))],

where the summations only consist of finitely many nontrivial terms. By applying (4)
term by term we obtain

o tAG+)/k

Gl.y(0) = GOy0)+ Y |

j=0 Y tNi/k

FIGLEN Iy + ) [ G0N K+ )
= G(E A3k, y(s)) = 2GL(E A /R y(s)) | m(d2)

+/(0700) [G(t A gk y(s)+ z) — Gt /\j/k?,y(S))] V(dZ)}ds

{w ()Gt A G y(s))

0 (J+1)/k
+Z/t (s, y(t A (G + 1)/k))ds + My(t),

j=0 JtAi/k
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where { M} (t)} is a local martingale. Since {y(t)} is a cadlag process, letting k& — oo in
the equation above gives

Gt y(t) = G(O,y(O))Jr/O {GQ(S,y(S)H 16— by(s)|G(s,y(5))

()G 0(9) +u(s) [ [Glols) +2)

(0,00)

— G(s,y(s)) = 2G5, y(s)) | m(d)
+ /(0700) [G(s, y(s) + 2) — G(s, y<s))} u(dz)}ds +M(t),

where { M (t)} is a local martingale. Then we have ((7.4).
(5)=-(1): For fixed T" > 0 and A > 0 we define the function

T—t

Gr(t,x) = exp{ —vr_¢(N)x — w(vs()\))ds}, 0<t<T,x>0,

0

which can be extended to a function in C1%([0, 00)?). Using (3.6) we see
d
0r(t.a) + LGr(ta) =0, 0<t<Tw>0,

Then (7.4) implies that ¢ — G(¢tAT, y(tAT')) is alocal martingale, and hence a martingale
by the boundedness. O

Corollary 7.3 Let {(y(t),%;) : t > 0} be a cadlag realization of the CBI-process satis-
fying P[y(0)] < oco. Then for every T' > 0 there is a constant Cp > 0 such that

P| sup y(t)] < Cr{P[y(0)] +¢'(0) + VPO)] + VI (0)}.

0<t<T

Proof. By the above property (3) and Doob’s martingale inequality we have

P| sup [y(t) = y(0)]

0<t<T

gT¢’(O)+P[|b[/OTy(s)ds] +P[ sup \Mfl}

0<t<T

T T
—I—P{/ / zNO(ds,dz)} +P{/ / zNo(ds,dz)}
100 0 (1’00)

[ sup / / ZNO (ds,dz) ]
0<t<T (0,1]

S N
+or /(LOO) zy(dz)+2P[ /0 y(s)ds /(1,oo> zm(dz)]
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+2{P[T /M 2u(d2) + /0 C(s)ds /(07” ZZm(dz>Hl/2.

Then the desired inequality follows by simple estimates based on (5.12). U

Corollary 7.4 Let {(y(t),%,) : t > 0} be a cadlag realization of the CBI-process sat-
isfying P[y(0)] < oo. Then the above properties (3), (4) and (5) hold with the local
martingales being martingales.

Proof. Since the arguments are similar, we only give those for (4). Let f € C?[0, 00) and
let

ﬂﬂﬂzf@@h—ﬂmmriéLﬂM@M& £>0.

By property (4) we know {M(¢)} is a local martingale. Let {7,,} be a localization se-
quence of stopping times for { M (¢)}. For any ¢ > r > 0 and any bounded %,-measurable
random variable F', we have

tATh

p{ [t nn - o) - [ Litwenas| r

0

= P{[tram) - r0) - [ rwenes] £},

In view of (7.1), there is a constant C' > 0 so that |L f(x)| < C(1 + ). By Corollary[7.3|
we can let n — oo and use dominated convergence in the above equality to see { M ()}
is a martingale. O

Note that property (4) implies that the generator of the CBI-process is the closure of
the operator L in the sense of Ethier and Kurtz (1986). This explicit form of the gener-
ator was first given in Kawazu and Watanabe (1971). The results of Theorem were
presented for measure-valued processes in El Karoui and Roelly (1991) and Li (2011).
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8 Stochastic equations for CBI-processes

In this section we establish some stochastic equations for the CBI-processes. Suppose that
(¢), 1) are branching and immigration mechanisms given respectively by and
with v(du) satisfying condition (5.11). Let (P;);>o be the transition semigroup defined
by (2.19) and (5.10). In this and the next section, for any b > a > 0 we understand

b %)
[l
a (a,b] a (a,00)

Let { B(t) } be a standard Brownian motion and { M (ds, dz, du)} a Poisson time-space
random measure on (0, 00)? with intensity dsm(dz)du. Let {n(¢)} be an increasing Lévy
process with 17(0) = 0 and with Laplace exponent ¢)(z) = —log P exp{—=zn(1)}. We
assume that {B(t)}, {M(ds,dz,du)} and {n(¢)} are defined on a complete probability
space and are independent of each other. Consider the stochastic integral equation

y(t) = y(0) + / V2ey(5—)dB(s) — b / y(s—)ds

t poo (s=) _
+/ / /y zM (ds, dz, du) + n(t), (8.1)
o Jo Jo

where M (ds, dz, du) = M (ds, dz, du) — dsm(dz)du denotes the compensated measure.
We understand the forth term on the right-hand side of (8.1 as an integral over the set
{(s,z,u) : 0 < s <t0< 2z < 00,0 < u < y(s—)} and give similar interpretations
for other stochastic integrals in this section. The reader is referred to Ikeda and Watanabe
(1989) and Situ (2005) for the basic theory of stochastic equations.

Theorem 8.1 A positive cadlag process {y(t) : t > 0} is a CBI-process with branching
and immigration mechanisms (¢, 1)) given respectively by (2.13)) and (5.9) if and only if

it is a weak solution to (8.1)).

Proof. Suppose that the positive cadlag process {y(t)} is a weak solution to (8.1). By
It6’s formula one can see {y(t)} solves the martingale problem (7.3). By Theorem
we infer that {y(¢)} is a CBI-process with branching and immigration mechanisms given

respectively by (2.13) and (5.9). Conversely, suppose that {y(¢)} is a cadlag realization
of the CBI-process with branching and immigration mechanisms given respectively by

(2.13) and (5.9). By Theorem the process has no negative jumps and the random
measure

No(ds, dz) = Z 1{Ay(5)>0}5(57Ay(5))<d8, dZ)

s>0

has predictable compensator

No(ds,dz) = y(s—)dsm(dz) + dsv(dz).
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Moreover, we have
1) = y0) +t{5+ I uu<du>} - [ outs-ras

+ Me(t / / ZNQ ds,dz),

where Ny(ds,dz) = Ny(ds,dz) — Ny(ds, dz) and ¢ — M¢(t) is a continuous local mar-
tingale with quadratic variation 2cy(t—)dt. By Theorem III.7.1" in Tkeda and Watanabe
(1989, p.90), on an extension of the original probability space there is a standard Brown-
ian motion { B(t)} so that

= /0 V2cy(s—)dB(s)

By Theorem II1.7.4 in Ikeda and Watanabe (1989, p.93), on a further extension of the
probability space we can define independent Poisson random measures M (ds,dz, du)
and N (ds, dz) with intensities dsm(dz)du and dsv(dz), respectively, so that

// 2No(ds, dz) = /// NI (ds, dz, du) + // N(ds, d2)

Then {y(t)} is a weak solution to (8.1). O

Theorem 8.2 For any initial value y(0) = = > 0, there is a pathwise unique positive
strong solution to (8.1)).

Proof. By Theorem [8.1]there is a weak solution to (8.1)). Then we only need to prove the
pathwise uniqueness of the solution; see, e.g., Situ (2005, p.76 and p.104). Suppose that
{x(t) : t > 0} and {y(t) : t > 0} are two positive solutions of with deterministic
initial states. By Theorem both of them are CBI-processes. We may assume z(0)
and y(0) are deterministic upon taking a conditional probability. In view of (5.12)), the
processes have locally bounded first moments. Let ((t) = x(t) — y(¢) for ¢ > 0. For each
integer n > 0 define a,, = exp{—n(n+1)/2}. Then a,, — 0 decreasingly as n — oo and

an—1
/ 2tz = n, n > 1.
an,

Let  — g, () be a positive continuous function supported by (a,,, a,,_1) so that

an—1
/ gn(x)dz =1

and g,(z) < 2(nx)~! forevery z > 0. Forn > 0 and z € R let

= /Olz dy /Oy gn(x)dz



Then f,,(z) — |z| increasingly as n — oco. Moreover, we have |f/(z)| < 1 and

0 <[21fn(2) = |zlgn(]2]) < 2/n. (8.2)

For z,( € R itis easy to see that

(€ 2) = fulQ) = 2£ (O S [falC+ 2) = ful O + [2/1(O] < 2]z].

By Taylors expansion, when z{ > 0, there is 1 between ¢ and ¢ + 2 so that

ICI1fn(C + 2) = £ulQ) = 2f1 (O] < [CIF7(m)]22/2 < nll f ()] 2*/2 < 2.

where we used (8.2)) for the last inequality. It follows that, when z{ > 0,

[CI1fn(C +2) = fulQ) = 2/ (O < (2l2¢]) A (2%/n) < (1 +2c))l2] A (2°/n)]. (8.3)
From (8.1) we have

() = —b/g ds+\/_/ (Va(s) — vy())dB(s)

z(s—)
/ / / 21qc(s— >0}M (ds,dz, du)
—/ / / Zl{c(s,)<0}M ds,dz,du).
0 Jo z(s—)

By this and It6’s formula,
F(C0) = falc —b/f ds+c/ PN [Vals) - Vyls) ) ds
# [ coiomads [ I +2) = FlCls) — 2CsNIm@s
= [ coniaads [ 160 ~ ) Flcls)) + (el Ime

4+ mart.

Taking the expectation in both sides of the above and using (8.2) and (8.3]) we see

PL£,(C(O)] < £u(C(0)) + [0 / 1C(s)]1ds + en(t), 8.4)

where

en(t) = 2en™ 't +/O (14 2P[|¢(s)]])ds /OOO[Z A (n™2%)]m(dz).

Clearly, we have lim,, ., €, (t) = 0. Then letting n — oo in (8.4) we get

P(lx(t) — y(t)] < |+|b\/ le(s) — y(s
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If 2(0) = y(0), we have P[|z(t) — y(t)|] = 0 by Gronwall’s inequality, and so P{z(t) =
y(t)} = 1fort > 0. Then P{z(t) = y(t) for t > 0} = 1 by the right continuity of the
processes. That gives the pathwise uniqueness for (8.1). 0J

We can give a formulation of the CBI-process in terms another stochastic integral
equation weakly equivalent to (8.1)). Let {M(ds,dz,du)} and {n(s)} be as in (8.1). Let
{W(ds, du)} be a Gaussian time-space white noise on (0, c0)? with intensity dsdu. We
assume {W (ds,du)}, {M(ds,dz,du)} and {n(s)} are defined on a complete probability
space and are independent of each other. Consider the stochastic integral equation

mw:mwvﬁffwﬁmmwwlhym

t poo (s=) .
+/ / /y zM (ds, dz, du) + n(t). 8.5)
o Jo Jo

The reader may refer to Li (2011, Section 7.3) and Walsh (1986, Chapter 2) for discus-
sions of stochastic integration with respect to Gaussian time-space white noises.

Theorem 8.3 A positive cadlag process {y(t) : t > 0} is a CBI-process with branching

and immigration mechanisms (¢, 1)) given respectively by (2.13) and (5.9) if and only if
it is a weak solution to (8.5)).

Proof. Suppose that {y(t)} is a CBI-process with branching and immigration mechanisms
given respectively by and (5.9). By Theorem 8.1] the process is a weak solution to
(8.1). By El Karoui and Méléard (1990, Theorem II1.6), on an extension of the probability
space we can define a Gaussian time-space white noise W (ds, du) with intensity dsdu so
that

/Ot Vy(s—)dB(s) = /Ot /0y<s_> W (ds, du).

Then {y(¢)} is a weak solution to (8.5). Conversely, suppose that {y(¢)} is a weak so-
lution to (8.5). By Itd’s formula one can see {y(t)} solves the martingale problem (7.3).
By Theorem (7.2 we infer that {y(¢)} is a CBI-process with branching and immigration
mechanisms given respectively by (2.13) and (5.9). O

Theorem 8.4 Suppose that {y,(t) : t > 0} and {y2(t) : t > 0} are two positive solutions
to (8.3) with P{y1(0) < y2(0)} = 1. Then we have P{y,(t) < y2(t) forallt > 0} = 1.

Proof. Let ((t) = y1(t) — ya(t) for t > 0. For n > 0 let f,, be the function defined as in
the proof of Theorem[8.2] Let h,,(z) = f,(z V 0) for z € R. Then h,(z) = z4 :== 2V 0
increasingly as n — oo. From ({8.5)) it follows that

y1(s—)

) = O =0 [ (s +vVae [ [ i Wids.au)

2(s—)
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y2(s—)
~Vae / / L¢(sy<oy W (ds, du)
y1(s

0
0o yl(S )
// Licsys0y2M (ds, dz, du)
0 Jo

28)

t ) y2 s— _
—// / Lic(s—y<oyzM (ds, dz, du).
0 y1(s—)

Since h,(z) = 0 for z < 0, by 1td’s formula we have

+

[e=]

() = — AHM)M>®wawwMHW
+ [ el >wb/ (Rl C(5=) 4 2) = ha((5)
— 2B (¢(s=)) midz) - C&ﬁhmqwﬂfémhdd&ﬁ—@
— hn(C(s=)) + zh;(g(s—))] m(dz) + local mart.
= = [ BN ads e [ R ds
# [ csmas [ el +2) = ue(s-))
—zh! (C(s—))} m(dz) + local mart.

For any k& > 1 define 7, = inf{t > 0 : {(t); > k}. Taking the expectation in the above
equality at time ¢ A 7, and using (8.2)) and (8.3) we have

Plbn(c(t A )] < P | [ cls)udts| 42,00,
where
_ . P tATE B d o) 1 d .
en(t) =2en™ "t + {/0 (14 2¢(s—)+) 3}/0 (z An"z%)m(dz)
Then we let n — oo to obtain
P[C(tATk)+]§|b|P[/ " (s +ds] <|b|/ C(s A7) ]ds.
0

By Gronwall’s inequality, for each ¢ > 0 we have

Plyr(t A7) — 42t Amr)) 4] = PIC(EATE) 1] = 0.

By letting £ — oo and using Fatou’s lemma we see P[(y;(t) — y2(t))+] = 0 for ¢t > 0,
and so P{y;(t) < ys(t) forall t > 0} = 1 by the right continuity of the processes. O

Theorem 8.5 For any initial value y(0) = x > 0, there is a pathwise unique positive
strong solution to (8.9).
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Proof. By Theorem 8.3|there is a weak solution {y(¢)} to (8.3). The pathwise uniqueness
of the solution follows from Theorem [8.4] Then {y(¢)} is a strong solution to (8.3). See,
e.g., Situ (2005, p.76 and p.104). 0J

From (8.1) or (8.5) we see that the immigration of the CBI-process {y(t)} is repre-
sented by the increasing Lévy process {n(¢)}. By the Lévy-It6 decomposition, there is a
Poisson time-space random measure { N (ds, dz)} with intensity dsv(dz) such that

t o]
= [t +/ / zN(ds,dz), t>0.
0o Jo

Then the immigration of {y(¢)} involves two parts: the continuous part determined by
the drift coefficient 3 and the discontinuous part given by the Poisson random measure
{N(ds,dz)}.

Now let us consider a special CBI-process. Let c,q > 0,b € Rand 1 < a < 2 be
given constants. Let { B(¢)} be a standard Brownian motion. Let {z(¢)} be a spectrally
positive a-stable Lévy process with Lévy measure

Y(dz) = (a — )I(2 — a) 'z 7z, z2>0

and {n(t)} an increasing Lévy process with 7(0) = 0 and with Laplace exponent ). We
assume that {B(t)}, {z(¢)} and {n(t)} are defined on a complete probability space and
are independent of each other. Consider the stochastic differential equation

=/ 2cy(t—)dB(t) + 3/ aqy(t—)dz(t) — by(t—)dt 4+ dn(t), (8.6)

Theorem 8.6 A positive cadlag process {y(t) : t > 0} is a CBI-process with branching
mechanism ¢(z) = bz + cz* + qz* and immigration mechanism 1 given by (5.9) if and
only if it is a weak solution to (8.6).

Proof. Suppose that {y(t)} is a weak solution to (8.6). By Itd’s formula one can see
that {y(¢)} solves the martingale problem associated with the generator L defined
by with m(dz) = agy(dz). Then {y(¢)} is a CBI-process with branching mecha-
nism ¢(2) = bz + cz* + ¢z and immigration mechanism ¢ given by (5.9). Conversely,
suppose that {y(¢)} is a CBI-process with branching mechanism ¢(z) = bz + cz? +
¢z* and immigration mechanism ¢ given by (5.9). Then {y(¢)} is a weak solution to
(8.1) with {M (ds,dz,du)} being a Poisson random measure on (0, c0)® with intensity
aqdsy(dz)du. Let us assume ¢ > 0, for otherwise the proof is easier. Define the random
measure { Ny(ds,dz)} on (0, 00)? by

No((0,4] x B) = /// Ly >0}1B(\/W8_)>M(ds,dz,du)

1/aq
+ / / / 1{y(s,):0}1B(Z)M(dS, dz, d’LL)

It is easy to compute that { Ny(ds, dz)} has predictable compensator

R R
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(v — 1)dsdz
Lryier—or ]
/ / fys—)=0p1p(z )F(2 )
/ / ] (a—1)dsdz
a( 02— a)zl+e’
Thus { Ny(ds, dz)} is a Poisson random measure with intensity dsy(dz); see, e.g., Theo-
rem II1.7.4 in Ikeda and Watanabe (1989, p.93). Now define the Lévy processes

// 2Ny(ds,dz) and n(t) ﬂt—l—// zN(ds,dz),

where No(ds, dz) = Ny(ds, dz) — Ny(ds, dz). It is easy to see that
t t o]
/ Voaqy(s—)dz(s) = / / YV aqy(s—) zNy(ds, dz)
0

// / W (ds, dz, du).

Then {y(t)} is a weak solution to (8.6). O

Theorem 8.7 For any initial value y(0) = x > 0, there is a pathwise unique positive
strong solution to (3.6)).

Proof. By Theorem|8.6]there is a weak solution {y(¢)} to (8.6), so it suffices to prove the
pathwise uniqueness of the solution. We first recall that the one-sided a-stable process

{z(t)} can be represented as
t 00 5
:/ / zM (ds, dz),
0 Jo

where M (ds, dz) is a Poisson random measure on (0, o0)? with intensity ds~y(dz). Let

:/Ot/ole(ds,dz) and ZQ(t):/Ot/loon(dS,dZ)-

Since t +— 25(t) has at most finitely many jumps in each bounded interval, we only need
to prove the pathwise uniqueness of

= /2cy(t—)dB(t) + Y aqy(t—)dz(t) — by(t—)dt
—a Ha—1DI(2 - a) Y agqy(t—)dt + dn(t) (8.7)

Suppose that {z(t)} and {y(t)} are two positive solutions to (8.7) with deterministic
initial values. Let (y(t) = ¢/x(t) — ¢/y(t) for 0 < § < 2 and ¢ > 0. Then we have

AG(t) = VEa(t—)AB(E) + YaTa(t—)dr(t) — DG (t—)di
—a Ha =102 - a) " ¢/agl(t—)dt
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For n > 0 let f,, be the function defined as in the proof of Theorem By 1t6’s formula,

falGa(®) = FuG(0)) + / FUC (5—))Ca(s—)2ds — b / F1(G(5-)) (5—)ds
—oﬂ(a—l) (2-a) %/a_/f (Cu(5—))Cals—)ds

v / s | )+ {agCal(s—)z) — fulGi(s—))
— agla(s— ) ' (Ci(s ))}y(dz)jtlocalmart. (8.8)

For any k& > 1+ z(0)
we have |(;(t—)| <k,

(GO < IGUE)+[GE) = Gt=) <k + Vagk.

By Taylor’s expansion, there exists 0 < £ < z so that

[fa(Ci(5=) + /aqla(s—)2) — fulCi(5-)) — /aqla(s—)zfh(Ci(s—))]

27 (ag)” fI(Ci(s—) + ¢/aqCa(s—)E)Cals—)?2?

27 ) VEfI(C(s—) + ¢/aqla(s—)E)|Ci(5—) + ¢/agla(s—)E|2>
n- (aq)2/a\/_z

where we have used (8.2)) and the fact (;(s—)(,(s—) > 0. Taking the expectation in both
sides of (8.8) gives

Vy(0)let 7, = inf{s > 0: x(s) > kory(s) > k}. For0 <t < 7
[e

o(t—=)| < Vk and

[VARVAN

Pl (Gt AT))] < PU(G0))] + b / (16105 A 7)1 ds + 2ent

Yag W“f/ ds/

Now, if 2(0) = y(0), we can let n — oo in the inequality above to get

Plla(t A7) —y(t A7)l < 0] /0 Plla(s A7) —y(s A 7i)llds.

Then P[|z(t A1) —y(t A1i)|] = 0 for ¢ > 0 by Gronwall’s inequality. By letting & — oo
and using Fatou’s lemma we obtain the pathwise uniqueness for (8.6). 0

Example 8.1 The stochastic integral equation (8.5]) can be thought as a continuous time-
space counterpart of the definition (5.1I)) of the GWI-process. In fact, assuming p =
E(&,1) < oo, from (5.1) we have

y(n) —y(n—1) = ZEM— — (1= @y(n —1) + 1. (8.9)
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It follows that

n y(k-1) n n
y(n) —y(0) =D > (Gi—m) == yk—1)+> m (810
k=1 i=1 k=1 k=1

The exact continuous time-state counterpart of (8.10) would be the stochastic integral

equation
// / M(ds, dg, du) — /Otby(S)dSJrn(t), 8.11)

which is a typical special form of (8.5)); see Bertoin and Le Gall (2006) and Dawson
and Li (2006). Here the £’s selected by the Poisson random measure M (ds, d¢, du) are
distributed in a i.i.d. fashion and the compensation of the measure corresponds to the
centralization in (8.10). The increasing Lévy process ¢ — 7(t) in (8.11)) corresponds to the
increasing random walk n — Y ,_ 1 in . The additional term in involving
the stochastic integral with respect to the Gaussian white noise is just a continuous time-
space parallel of that with respect to the compensated Poisson random measure.

Example 8.2 The stochastic differential equation captures the structure of the CBI-

process in a typical special case. Let 1 < a < 2. Under the condition ;1= E(&; 1) < oo,
from (8.9) we have

y(n—1)

yn)—yn—1) = Yy —D 3~ (1 y(n—1) +

i=1 \ y(n - 1)

Observe that the partial sum on the right-hand side corresponds to a one-sided «-stable
type central limit theorem. Then a continuous time-state counterpart of the above equation
would be

Vaqy(t—)dz(t) — by(t)dt + 5dt, t >0, (8.12)

where {z(t) : ¢ > 0} is a standard Brownian motion if & = 2 and a spectrally positive
a-stable Lévy process with Lévy measure (o — 1)I'(2 — ) 12717 *dz if 1 < o < 2. This
is a typical special form of (8.6).

Example 8.3 When a = 2 and 8 = 0, the CB-process defined by (8.12) is a diffusion
process, which is known as Feller’s branching diffusion. This process was first studied by
Feller (1951).

Example 8.4 In the special case of a = 2, the CBI-process defined by (8.12) is known in
mathematical finance as the Cox—Ingersoll-Ross model (CIR-model), which was used by
Cox et al. (1985) to describe the evolution of interest rates. The asymptotic behavior of
the estimators of the parameters in the CIR-model was studied by Overbeck and Rydén
(1997). In the general case, the solution to is called a a-stable Cox—Ingersoll-Ross
model (a-stable CIR-model); see, e.g., Jiao et al. (2017) and Li and Ma (2015).
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As a simple application of the stochastic equation (8.1)) or (8.5), we can give a sim-
ple derivation of the joint Laplace transform of the CBI-process and its positive integral
functional. The next theorem extends the results in Section 4.

Theorem 8.8 Let Y = (Q,.7,.%,,y(t),P,) be a Hunt realization of the CBI-process.
Then fort, \,0 > 0 we have

P { < u) =0 [ woas) = e { —nu) - [ vatenash

where t — v(t) = v(t, \, 0) is the unique positive solution to (4.14).

Proof. We can construct the process {y(t) : ¢ > 0} as the solution to (8.1) or (8.3) with
y(0) =x > 0. Let

Consider a function G = G(t, y, z) on [0, o0)® with bounded continuous derivatives up to
the first order relative to ¢ > 0 and z > 0 and up to the second order relative to x > 0. By
1td’s formula,

G(t,y(t), z(t)) = G(0,y(0),0) + local mart.—i—/0 {G’(s y(s), z(s))
+y(s)GL(s,y(s), 2(s)) + [B = by(s)]G (s, y(s), 2(s))
+eu(s)G (3. 9(5), () + (o) / [ (5,4(5) + 2,2(5))

—G(s,y(s), 2(s)) — 2G, (s, y(s), 2 ds
/ ds/ )+ 2, 2(5)) — G(s,y(s), z(s )i|l/(d2)
We can apply the above formula to the function
Gr(t,y,z) = exp { —v(T —t)xr — 0z — i ) ¢(v(s))ds}.

Using (4.14) we see t — Gr(t AT,y(t AT),z(t AT)) is a local martingale, and hence
a martingale by the boundedness. From the relation P,[Gr(t,y(t), 2(t))] = Gr(0,x,0)
with 7' = ¢ we get the desired result. 0

The existence and uniqueness of strong solution to (8.1]) were first established in Daw-
son and Li (2006). The moment condition (5.11)) was removed in Fu and Li (2010). A
stochastic flow of discontinuous CB-processes with critical branching mechanism was
constructed in Bertoin and Le Gall (2006) by using weak solutions of a special case of
(8.1). The existence and uniqueness of strong solution to were proved in Fu and Li
(2010) and those for (8.5]) were given in Dawson and Li (2012) and Li and Ma (2008). The
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results of Bertoin and Le Gall (2006) were extended to flows of CBI-processes in Daw-
son and Li (2012) and Li (2014) using strong solutions. Although the study of branching
processes has a long history, the stochastic equations (8.1, and were not estab-
lished until the works mentioned above.

A natural generalization of the CBI-process is the so-called affine Markov process; see
Duffie et al. (2003) and the references therein. Those authors defined the regularity prop-
erty of affine processes and gave a number of characterizations of those processes under
the regularity assumption. By a result of Kawazu and Watanabe (1971), a stochastically
continuous CBI-process is automatically regular. Under the first moment assumption, the
regularity of affine processes was proved in Dawson and Li (2006). The regularity prob-
lem was settled in Keller-Ressel et al. (2011), where it was proved that any stochastically
continuous affine process is regular. This problem is related to Hilbert’s fifth problem; see
Keller-Ressel et al. (2011) for details.
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9 Local and global maximal jumps

In this section, we use stochastic equations of the CB- and CBI-processes to derive sev-
eral characterizations of the distributions of their local and global maximal jumps. Let us
consider a branching mechanism ¢ given by (2.13). Let { B(t)} be a standard Brownian
motion and {M (ds,dz,du)} a Poisson time-space random measure on (0, 00)® with in-
tensity dsm(dz)du. By Theorem for any x > 0, there is a pathwise unique positive
strong solution to

z(t) = x+/ot V2cx(s—)dB(s) —b/otx(s—)ds

t poo px(s—)
—i—/ / / zM (ds,dz, du). 9.1)
0 JO 0

By Theorem 8.1] the solution {z(t) : ¢ > 0} is a CB-process with branching mechanism
¢.Fort > 0andr > 0 let

t poo  px(s—)
Nr(t):/o/ /o M (ds,dz, du),

which denotes the number of jumps with sizes in (7, 00) of the trajectory ¢ — z(t) on the
interval (0, t]. By (3.5 we have

PN = m(r, 0P| [ a(o)as] = a1 i o),

where b=1(1 — e™) = ¢ for b = 0 by convention. In particular, we have P{N,(t) <
oo} = 1. For r > 0 we can define another branching mechanism by

¢, (2) = bpz + c2* + / (e =1 + zu)m(du), (9.2)
0
where
b, = b+/ um(du).

For § > 0lett — wu(t, #) be the unique positive solution to (4.17). Let t — wu,(¢, ) be the
unique positive solution to

%u(t, 0) =6 — ¢ (u(t,0)), u(0,6) =0. 9.3)

The following theorem gives a characterization of the distribution of the local maximal
jump of the CB-process:

Theorem 9.1 Let Ax(t) = x(t) — x(t—) fort > 0. Then for any r > 0 we have

Px{ max Az(s) < r} = exp{—zu, (1)},

0<s<t

where u,(t) = u,(t, m(r,o0)).
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Proof. Let M,(ds,dz,du) and M"(ds,dz,du) denote the restrictions of M (ds,dz, du)
0 (0,00) x (0,7] x (0,00) and (0, 00) X (r,00) x (0, 00), respectively. We can rewrite
(9.1)) into

xt)::JH—/Ot\/mdB /// M, (ds, dz, du)

t
—/ bw(s—)ds%—// / zM"(ds,dz, du),
0 o Jr Jo

where the last term collects the jumps with sizes in (r, c0) of {x(t)}. Let {x,(¢)} be the
unique positive strong solution to

nt) = 2= [ bntsmyds+ [ VBB

///W) N (ds, dz, du).

Then {z,(t)} is a CB-process with branching mechanism ¢,. Let 7, = inf{s > 0 :
Ax(s) > r}. We have z,(s) = z(s) for 0 < s < 7, and

{ﬁgm(s)gr} = {// /x(s "(ds, dz, du) = o}
:{/// M (ds, dz, du) = o}.

Since the strong solution {x,.(t)} is progressively measurable with respect to the filtra-
tion generated by {B(¢)} and {M,(ds,dz,du)}, it is independent of { M"(ds, dz, du)}.
Then {M"(ds, dz, du)} is still a Poisson random measure conditionally upon {x,.(t)}. It
follows that

P f s aets) < b= oo { = miroo) [ jas}]

Then the desired result follows by Corollary 4.4] O

Corollary 9.2 Suppose that the measure m(du) has unbounded support. Then we have,
asnr — oo,

Px{ max Ax(s) > 7‘} ~ b (1 — e "Ym(r, 00).

0<s<t

Proof. Recall that t — u(t,0) is defined by (4.17) and ¢ — w,.(t, 6) is defined by (9.3). It
is easy to see that u(t,0) = u,(t,0) = 0. Moreover, by (4.17) we have

0 0 0 0

a0 u(t,0) =1 —b=u(t,0), g7

5 u(0,0) = 0.
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We can solve the above equation to get

O b0y = b (1 — ot
6)gu(t,O)—b (1—e), (9.4)

where b1(1 — e™) = ¢ for b = 0 by convention. Similarly we have

o — pl(q _ abet
aeur(t,()) b, (1 —e™"). 9.5)

By Theorem [9.1]it follows that

Px{ max Az(s) > 7"} =1 — exp{—au,(t,m(r,00))},

0<s<t
For r > ¢ > 0, we have obviously ¢ < ¢, < ¢,. By Corollary [4.6| we see
ug(t, m(r,00)) < u,(t,m(r,00)) < u(t,m(r,c0)).

It follows that

1 — exp{—zu,(t,m(r,00))} < Px{ max Ax(s) >r

< 1 — exp{—zu(t,m(r,c0))}.

By (9.4) and (9.5), as r — oo we have

1 — exp{—zu(t,m(r,00))} ~ zu(t,m(r,o0))

~ zb7 (1 — e "Ym(r, 00),

and
1 — exp{—zuy(t,m(r,00))} ~ zu,(t,m(r,o0))
~ ab (1 — e "")m(r, 00).
The proof is completed as we notice lim,_,, b, = b. 0J

We can also give some characterizations of the global maximal jump of the CB-
process. Let ¢, 1(0) := inf{z > 0 : ¢.(z) > 0} for § > 0. It is easy to see that
¢ (m(r,00)) — 0asr — oo if and only if b > 0. Let ¢/(co) be given by (3.2). By
Theorems (4.8 and 0.1l we have:

Corollary 9.3 Suppose that ¢'(00) > 0. Then for any r > 0 with m(r, c0) > 0 we have

P, { sup Aa(s) <1} = exp{-a6; " (m(r, 00))}.

s>0

Corollary 9.4 Suppose that b > 0 and the measure m(du) has unbounded support. Then
asr — oo we have

Pm{ sup Az(s) > 7’} ~ b~ m(r, 00).

s>0
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The results on local maximal jumps obtained above can be generalized to the case of a
CBI-process. Let (¢, 1) be the branching and immigration mechanisms given respectively

by (2.13) and (5.9) with v(du) satisfying (5.11). Let {y(¢) : t > 0} be the CBI-process
defined by (8.1) with y(0) = = > 0. For r > 0 let

Ue(2) =Bz + /07‘(1 — e *"u(du).

Based on Theorem 8.8] the following theorem can be proved by modifying the arguments
in the proof of Theorem 0.1}

Theorem 9.5 Let Ay(t) = y(t) — y(t—) for t > 0. Then for any r > 0 we have

Px{ max Ay(s) < r}
—exp{ o 0) - vl o)t - | t i (9)ds .
where u, () = un (£, m(r, 0)).

The results given in this section were adopted from He and Li (2016). We refer the
reader to Bernis and Scotti (2020) and Jiao et al. (2017) for more careful analysis of the
jumps of CBI-processes. In particular, the distributions of the numbers of large jumps
in intervals were characterized in Jiao et al. (2017). The analysis is important for the
study in mathematical finance as it allows one to describe in a unified way several recent
observations on the bond markets such as the persistency of low interest rates together
with the presence of large jumps.
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10 A coupling of CBI-processes

In this section, we give some characterizations of a coupling of CBI-processes constructed
by the stochastic equation (8.5). Using this coupling we prove the strong Feller property
and the exponential ergodicity of the CBI-process under suitable conditions. We shall
follow the arguments of Li and Ma (2015). Suppose that (¢, 1)) are the branching and
immigration mechanisms given respectively by and with v(du) satisfying
(5.11)). Let (P;)¢>0 be the transition semigroup of the corresponding CBI-process defined

by (2.19) and (5.10).

Theorem 10.1 If {xz(t) : t > 0} and {y(t) : t > 0} are positive solutions to (8.5
with P{x(0) < y(0)} = 1, then {y(t) — x(t) : t > 0} is a CB-process with branching
mechanism ¢.

Proof. By Theorem|[8.4)we have P{x(t) < y(¢) forallt > 0} = 1. Let z(¢) = y(t) —z(¢).
From (8.5) we have

A1) = z(O)+\/2_C/t /y(s_)W(ds,du) —b/otz(s—)ds
/ / / NI(ds, dz, du)
= +\/_// W (ds, x(s )+du)—b/0tz(s—)ds
/ / / N(ds, dz, #(s—) + du),

where W (ds, z(s—) + du) is a Gaussian time-space white noise with intensity dsdu and
M (ds, dz, z(s—)+du) is a Poisson time-space random measure with intensity dsm/(dz)du.
That shows {z(t)} is a weak solution to with n(t) = 0. Then it is a CB-process with
branching mechanism ¢. U

Forz > O0Oandy > 0, let {z(¢) : t > 0} and {y(¢) : t > 0} be the positive strong
solutions to (8.5) with 2(0) = x and y(0) = y. This construction gives a natural coupling
of the CBI-processes. Let 7(z,y) = inf{t > 0 : z(t) = y(t)} be the coalescence time of
the coupling. The distribution of this stopping time is given in the following theorem.

Theorem 10.2 Suppose that Condition [3.5 holds. Then for any t > 0 we have
P{r(z,y) <t} = P{y(t) = z(t)} = exp{—|z — ylt:}, (10.1)

where t — v, is the unique solution to (3.19) with singular initial condition vy, = oc.

Proof. 1t suffices to consider the case of y > = > 0. By Theorem the difference
{y(t) — z(t) : t > 0} is a CB-process with branching mechanism ¢. By Theorem [3.4] the

probability P{7(z,y) <t} = P{y(t) = x(¢)} is given by (10.1). O
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Theorem 10.3 Suppose that Condition 3.5 holds. Then fort > 0 and x,y > 0 we have
1Py, ) = Py, ) [lvar < 2(1 — e ") < 2| — g, (10.2)

where || - ||var denotes the total variation norm.

Proof. Let {x(t) : t > 0} and {y(¢) : t > 0} be given as above. Since {y(t) — z(t) :

t > 0} is a CB-process with branching mechanism ¢, for any bounded Borel function f
on [0, c0), we have

|Ff(x) = Pof(y)l

[PLf (1)) = PLf(y(t))]]
[If( (1)) = F W) Ly any]
P(If @)+ 1f GOy 2]

2 71P{y(t) — x(t) # 0}

2| FII(1 = eI,

where the last equality follows by Theorem Then we get (10.2) by taking the supre-
mum over f with || f|| < 1. O

IAIA A

By Theorem [10.3] for each ¢t > 0 the operator P, maps any bounded Borel function
on [0, 00) into a bounded continuous function, that is, the transition semigroup (F):>o
satisfies the strong Feller property.

Theorem 10.4 Suppose that b > 0. Then the transition semigroup (P;);>0 has a unique
stationary distribution 1 given by

L,(\) = exp { - /OOO ¢(US(A))d3} = exp { - OA zgi dz}, (10.3)

and Py(z,-) — n weakly on [0, 00) as t — oo for every x > 0. Moreover, we have
| tan) =50, (104
[0,00)
where Y'(0) is given by (5.13).

Proof. Since b > 0, we have ¢(z) > 0 for all z > 0, so t — v;(\) is decreasing. By
Corollary [3.2) we have lim;_,« v;(\) = 0. From (3.6) it follows that

t e,
/0 ¢ = [ B

In view of (5.10), we have
lim e Py(x,dy) = exp { - / w(vs()\))ds}

_ exp{—/: L),

By Theorem [1.2] there is a probability measure 7 on [0, 0o) defined by (10.3). It is easy to
show that 7 is the unique stationary distribution for (P;);>o. The expression (10.4) for its
first moment follows by differentiating both sides of (10.3)) at A = 0. O
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Theorem 10.5 Suppose that b > 0 and Condition holds. Then for any x > 0 and
t > r > 0we have

1P, ) = n(-)llvar < 2 + 570/ (0)], €777, (10.5)
where 1) is given by (10.3).

Proof. Since ) is a stationary distribution for (P;);>¢, by Theorem one can see

1Pz, ) = () = H /[ (Pt ) = P ()
Ptl';' _Pt s ) ||var d
s/{o’m)n (#,) = Pu(y, ) lwri(cly)

< 2'Ut/[ )Im—yln(dy)
0,00

< 25, / (z + y)n(dy)
[0,00)

= 2[z + b~ (0)]wy,

var

where the last equality follows by (10.4). The semigroup property of (v;):>o implies
U, = vy (0,) for any t > r > 0. By (3.4) we see 7, = v;_,(7,) < "~ ,.. Then (10.5)
holds. 0

The result of Theorem was used to construct flows of CBI-processes in Dawson
and Li (2012). Clearly, the right-hand side of decays exponentially fast as ¢t — oo.
This property is called the exponential ergodicity of the transition semigroup (F;);>o. It
has played an important role in the study of asymptotics of the estimators for the a-stable
CIR-model in Li and Ma (2015).
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