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Abstract. We prove a central limit theorem for the critical super Brown-
ian motion, which leads to a Gaussian random field. In the transient case
the limiting field is the same as that obtained by Dawson (1977). In the
recurrent case it is a spatially uniform field. We also give a central limit the-
orem for the weighted occupation time of the super Brownian motion with
underlying dimension number d < 3, completing the results of Iscoe (1986).
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1. Introduction

Limit theorems constitute an important part of the branching process theory. It
is always interesting to find conditions under which a non-degenerate limit law exists.
Since Galton-Watson processes are unstable, people have derived limit theorems for
them through devices such as modifying factors, conditioning, immigration, etc. A
unified treatment of the limit theory of Galton-Watson processes is given in Athreya and
Ney (1972). Some of the above mentioned techniques have also been used in the measure-
valued setting to get limit theorems for Dawson-Watanabe superprocesses. See e.g.
Evans and Perkins (1990) and Krone (1995) for some limit theorems of the conditioned
superprocesses. Indeed, the superprocess provides a richer source for limit theorems.
A well-known result of Dawson (1977) is that, if the underlying motion is a transient
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symmetric stable process, the critical continuous superprocess started with the Lebesgue
measure converges to a non-trivial steady state. It was also shown in Dawson (1977)
that that the steady random measure has an interesting spatial central limit theorem
which leads to a Gaussian random field. Some central limit theorems for the weighted
occupation time of the super stable process were proved in Iscoe (1986). Clearly, these
results have no counterparts in Galton-Watson processes. In the recurrent underlying
motion case, the superprocess exhibits local extinction and there is no central limit
theorem on the lines of Dawson (1977) and Iscoe (1986).

In this paper we prove a central limit theorem for the super Brownian motion which
covers both the transient and recurrent underlying motions. We show that the renor-
malized super Brownian motion converges to a limiting Gaussian random field if it is
properly started. In the transient case, the covariance kernel of the Gaussian field is
given by the potential kernel of the underlying motion as in Dawson (1977). In the
recurrent case, the Gaussian field is spatially uniform. We also give a central limit the-
orem for the weighted occupation time of the super Brownian motion with underlying
dimension number d < 3, completing the results of Iscoe (1986).

2. Limit theorem for the super Brownian motion

Let (P;);>0 denote the semigroup of a standard Brownian motion in R¢. We fix a
strictly positive, twice continuously differentiable function p on R? with p(z) = e~|®!
for |z| > 1, where | - | denotes the Euclidean norm. Let C,(R?) be the space of all
continuous functions on R? bounded by const - p. Dually, M, p(Rd) denotes the space of
Borel measures p on R? such that u(f) := [ fdu < oo for all f € C,(R?). Suppose that
M,(R?) is endowed with the topology defined by the convention: gy — g if and only if
pk(f) — u(f) for every f € C,(RY). The superscripts “+” are used to denote subsets
of positive members of function spaces; e.g. C,(R?)T. Let (V;):>0 be the semigroup of
nonlinear operators on C,(R?)* defined by the evolution equation

Vit@)+ g [ s [V @PPsedn) = Pifta) (2.1)

By a critical continuous super Brownian motion we mean a diffusion process X =
(W, G, G, Xt,Q,) with state space M,(R?) such that

Quexp{—Xu(f)} = exp{—p(Vif)}, 20, € C(RY". (2.2)

Let S9! = {z : x € R?, || = 1} be the unit sphere and \;y_; be the surface area on
S9=1 for d > 2. We introduce the following condition:

[A] Let a > 0 and let h = h(z) be a locally bounded positive Borel function on R€.
When d = 1, assume that

lim |z|"**h(z) = a, lim 2| 72“h(z) = b,



where @ > 0 and b > 0 are constants with a +b > 0. When d > 2, assume that

lim 7~ 2*h(rz) = y(x)

— 00
uniformly on x € S?~!, where 7 is a continuous function on S%~! with A\g_;(y) > 0.

Let S(R?) be the space of rapidly decreasing, infinitely differentiable functions on
R? whose all partial derivatives are also rapidly decreasing, and let S’(R%) be the dual
space of S(R?). The central limit theorem consists in finding the constants aq(t) > 0
such that .

R(f) = aal®) " [Xu(F) — ARP)], f € SR, (2.3)

converges in distribution as ¢ — oo. For a measure . € M, (R?) and a non-negative Borel
function h = h(z) on RY, let p;, denote the measure such that py,(dz) = h(z)u(dz). Let
X be the Lebesgue measure on R?.

Theorem 2.1. Suppose that [A] is satisfied with o > 1/2 for d = 1 and o > 0 for
d>2. Fort >0 let

a1 (t)? =2 4y ()2 = t%logt and aq(t)? =t ford > 3.

Suppose that Xo = Ap. Then the distribution of X, converges as t — oo to that of a
centered Gaussian variable X in S’'(R?). If we set

r 1/2 !
27T 0
20 (v + 1)
02 = TMW),
2N+ d/2
g = ;de / ))\d,l('y) ford >3,

then for d < 2 the covariance of Z is given by Cov (Z(f),Z(g)) = oa\(f)A(g), and
for d > 3 it is given by Cov (Z(f),Z(g)) = 0a\(fGg), where G denotes the potential
operator of the Brownian motion.

The following result was proved in Li-Shiga (1995): Suppose that h satisfies [A]. Then

Pih(z) < const - (1 + |z|?>*)t%, (2.4)
and as t — o0,
2T (e +d/2 o o
Pn(e) = ZEOR D 5L+ o). (2.5)

(We understand that \o(y) = a+b.)
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Lemma 2.1. Let f € S(RY)* and let

t
Aq(t, f) = / ds [ [Psf(x)]*P_sh(x)dx.
0 Rd
Then as t — 00,

Ag(t, ) =oa M (f)?aq(t)? + o(aq(t)?) ford <2
=0 \(fGfaa(t)? + o(aq(t)?) ford> 3.

Proof. Note that the Brownian transition density g:(z,y) = g:(z — y) satisfies the fol-
lowing relation:

9s(,9)9t(T, 2) = Got)(s41) (@, (ty + 52) /(5 + 1)) gs14(y; 2)- (2.6)

Using this one finds that

At D) = [ [P+ 220002 £y

Changing the variables and using dominated convergence we have

) 1
hm ta+1/2A1(t f)

ly — 2?
—tlirgo 2\/—/ dT/RQ ta\/—Pt(l r/2)h( ) P{ - T}f(y)f(z)dydz

:%:1/2)(@%»(1’)2/0 r2(1 4 r/2)%dr,

where we have used (2.4) and (2.5) in the last equality. Similarly, setting s = 17" we
have

tiff)lo tal AZ( f)

d P, h
taootalogt/ S/RAL t=s/2 (

) 1 o +z — 2|?
= Jim /0 ar /R 2 Pt[l_l/zmh<y7> exp{— U }f(y)f(z)dydz

IO D s o

)gzs(y,Z)f(y)f(z)dydz




Note that |Psf|| < (1 A s~%?2) . const. By (2.4),
=« /]Rd [Psf(2))>Py_sh(x)de <t~ y f(z)Ph(z)dz - (1 A s~Y?) - const
< /Rd F@)(A + |z[**)dz - (1 A s~2) - const.
Since [Ps f]? is rapidly decreasing, using the dominated convergence two times we have
lim t= At f)
/ ds /Rd [Py f(2))? Jim t7P,_ h(x)de

2"‘F (a+d/2)
27‘(‘d/2 )\dl / dS/Rde

for d > 3. The lemma is proved. [

Proof of Theorems 2.1. For f € S(RY)T let f; = aq(t)~'f. From (2.1) and (2.2) it
follows that

Qe {-Xn}=ew s [(a [ VawPrdwal @

where

2

2 _ 2 ° 2 1 ° 2 98
[Vs fi] [Ps ft] Psft/o P [(Vfe)"]dr + 1 (/0 Py [(Vi-ft) ]d7”> . (2.8)
By (2.1) we have V,.f; < P, f:, and hence

/O P (Ve f)Hdr < / P (Pf))dr < ag(t) P, / P fldr (29)

Under the hypotheses of the theorem we have

s t
—1/ P, flldr < ad(t)—l/ (1 AT=9/2)dr — 0
0

0

as t — oco. Combining (2.7) — (2.9) and Lemma 2.1 gives
. 5 1
i Qs exp {~ (1)} = exp { GCulr?},

where Cy(f)? = o4\(f)? for d < 2 and = og\(fGf) for d > 3. Then the assertions
follow as the limit theorems in Iscoe (1986). [
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3. Limit theorem for the weighted occupation time

In this section we give a central limit theorem for the weighted occupation time
process of the super Brownian motion with underlying dimension number d < 3. This
completes the results of Iscoe (1986). The weighted occupation time process {Y; : ¢ > 0}
is defined as

t
= [ x(pas. Fec,m (3.1
0
By Iscoe (1986), the distribution of Y;(f) is determined by
Quexp {—Yi(f)} = exp {—p(Usf}, (32)
where U, f is the solution to
1t '
vy / ds [ [Uaf@)]2Prs(a, dy) = / P, f(x)ds. (3.3)
0 R 0

For d <3 and t > 0 let by(t) > 0 be defined by bg(t)? = t*T37%/2 and let

Ti(f) = balt)? / X.(f) ~ AhP.f)]ds, e S'(RY). (3.4)

Theorem 3.1. Suppose that [A] is satisfied with « > 1/2 ford =1, a > 0 for d = 2,
and o > 1/2 for d = 3. Let Xo = Ap. Then the distribution of Yy converges ast — oo
to that of a centered Gaussian variable Y in S'(RY). Let

~22(a+d/2)Aia(v) 1 92— d/2 ! ! ru " du
Kq = 1Td/2,d /0 s ds/O dr/o 1_s+r—|—u )

Then the covariance of Z is given by Cov (Z(f), Z(g)) = ka\(f)A(g)-
Lemma 3.1. Let f € S(RY)* and let

Bylt, f) = /Ot ds /Rd [/0 Prf(a;)dsrPt_sh(:z;)dx.

If d < 3, then as t — o0,

Bq(t, f) = £aA(f)?ba(t)® + o(ba(t)?).

Proof. Using the relation (2.6) one checks that

By, f) /ds/dr/du/RdPts 2) P f(2) Py f(z)dz
/ds/ dr/ dU/RQd w(t,s,ru) ugizz)

Iru(y, 2) f(y) f(2)dydz,




where w(t, s,r,u) =t — s + ru(r +u)~!. Changing the variables we have

+7rz
) =t d/d/ P Y
tf t/ / r U tw(lsru)(r_i_u)

Ges(r+w) (Y, 2) f(y) f(2)dydz

t° 2-d/2 / / du / uy +1rz
= d d —_— Piviisruh
(27rt)d/2/0 s s 0 " o (r+u)d? Jgaa ! (1sru) r+u

() f(z) eXp{ — %}dydz.

For s, r and u from (0,1) we have 1 — s <1 — s+ ru(r +u)~! < 1. Then for d < 3 we

have . . .
o d
O</ 32_d/2d3/ dr/ 1—s+ r Y < 00.
0 0 0 T—I-u (T‘I’U)d/z

By dominated convergence we get the result. [

Proof of Theorems 3.1. For f € S(RY)*T let f; = by(t)~1f. Observe that by (3.3) we

have . . . )
| Pt gotar < [ Ps_r[( / Puftdu) ]dr
<[ n { [ v uftdu]dr / 1Py f

<const - / dr/ s—ufedu - bg(t)™ / 1A u2dy
0

<const - / Py frdu - the(t) " / 1 A ud?du.
0 0

Under the hypotheses of the theorem we have

t
tbd(t)l/ (LA u=¥?)du — 0
0

as t — 0o. Then the assertions follow by similar arguments as Theorem 2.1. [

There are similar central limit theorems for the weighted occupation time process with
underlying dimension number d > 4. The modifying factors should be by(t)? = t**!logt
and by(t)? = t**! for d > 5. Indeed, as in the proof of Lemma 3.1 one checks that

uy +rz
tf—t/dS/ dT/ du/de w(tstru)(g_FU)

Gr+u(y, 2) f(y) f(2)dydz.
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Set g(2) = f(2)(1 + |2]**). By (2.4) we have immediately

o uYy +rz
" / Pw@,st,r,u)h( )gm (4, 2)f(y) f(=)dydz < const - A(FPysug)
R2d r+u

For d > 5 we have

/ dr/ M fPriug)du = AM(GfGg) < oc.
0 0

Then by dominated convergence, as t — o0,

2T (o +d/2)Na—1(7)

27 d2(1 + ) A(fG[)?ba(t) + o(ba(t)?).

Bd(tv f) =

The calculations for d = 4 seems more involved and is left to the interested reader.
Unfortunately, it seems that the above calculations do not lead to the results of Iscoe
(1986), who proved central limit theorems for d > 3 and a = 0.
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