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Abstract

The fluctuation limit of a measure-valued immigration process with small
branching rate is considered, which gives the solution to a Langevin type
equation driven by a distribution-valued process with independent incre-
ments.

1. Measure-valued immigration process. Let E be a locally compact metric space. Let
Co(FE) denote the set of continuous functions on E that vanish at infinity. Suppose
that & = (Q, F, Fi, &, Py) is a Markov process with Feller transition semigroup (P;):>o,
that is, P, maps Co(FE) to itself and is strongly continuous in ¢ > 0. Let A denote the
strong generator of (P;);>¢ with domain D(A) C Cy(E). We choose a strictly positive
reference function p € D(A) satisfying Ap € C,(E), where C,(E) denotes the set of
functions f € Cy(F) satisfying |f| < const - p. Then there is some $ > 0 such that p
is a (-excessive function for the semigroup (P;);>0. Let D,(A) be the set of functions
f € D(A)NC,(E) with Af € C,(E). The subsets of non-negative elements of the
function spaces are indicated by the superscript ‘*’, e.g. C,(E)". For example, if £ is
a Brownian motion on R%, we may set p(z) = e~ |*! for |z| > 1, where | - | denotes the
Euclidean norm.

Let M,(E) denote the space of o-finite measures p on (E, B(E)) such that pu(f) :=
[ fdp < oo for all f € C,(E). The topology of M,(E) is defined by the convention:



pi — p if and only if pg(f) — p(f) for all f € C,(E). Let ¢ be a continuous function
on E x [0,00) given by

oz, 2) = c(x)2® + /oo(e_w — 14 zu)ym(z,du), =€ E,z>0, (1.1)
0

where ¢ > 0 is a bounded, continuous function on E and (u A u?)m(z,du) is a bounded
kernel from E to (0,00). We consider a Dawson-Watanabe superprocess X with pa-
rameters (£, ¢); see e.g. Dawson (1993). X is an M,(E)-valued Markov process with
transition semigroup (Q¢)s>0 determined by

[ e Qundy) = e (-p(Vid)}, f € C(E)" (1.2)
M,(E)

where V; f denotes the unique positive solution of the evolution equation

Vi () + / ds /E (0 Vef (1) Prsla,dy) = Pif(z), t>0,c B (13)

Let KC,(P) be the set of entrance laws k = (k¢)¢>0 for the underlying semigroup
(P;)i>0 that satisfy fol ks(p)ds < oco. For any k € IC,(P) we set

Sy, f) = ralf) — / ds /E oy Vef (1)r—s(dy), > 0,f € Co(E)T.  (14)

Theorem 1.1. The formula

t
/ e_”(f)Qf(,u,dV) = exp{ — Iu(‘/;f) — / ST(K,, f)dr}, f S Cp(E)+, (15)
M, (E) 0

defines a transition semigroup (QF)i>0 on M,(E).

Proof. Since p is a (-excessive function for £, we can define a Borel right semigroup
(Ty)¢>0 on E by T,f(z) = e Plp(x) 1 P(pf)(z); see Sharpe (1988). Let ¢(z,2) =
p(z)1p(x, p(x)z) — Bz and let n(x,du) be the image of m(x,du) under the mapping
u +— p(z)u. It is easy to check that (u A u?)p(z)~tn(z,du) is a bounded kernel from E
to (0,00) and % has the representation

V(z,2) = =Bz + c(z)p(x)2* + /Ow(e_zu — 1+ zu)p(x) 'n(z,du).

Let U f be the solution to

Uuf(a) + / s /E S Usf @) Trsla,dy) = Tof(z), t>0,0€ B, (L6)
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Then (Ui)i>o is the cumulant semigroup of a Dawson-Watanabe superprocess with
state space M (FE), the totality of finite Borel measures on E. Define the finite measures
(nt)t>0 on E by n:(f) = e Ptri(pf). Tt is easy to check that (1;)s~¢ is an entrance law
for (Tt)tZO- Let

ST (n, f) = /ds/w,Uf ii—e(dy).

By Theorem 3.2 of Li (1996), there is a Markov process with state space M (E) and
semigroup (R}):>0 given by

/ e "R} (n, dv) = eXp{ — (U f) = /t Sy (n, f)dr}-
M(E) 0

be the image of (R});>0 under the mapping u(dz) — p(z) u(dz) from

G)izo0
) to M,(E). Then we have

Let (
M(E
/| (E)e_”(f)G?(u,dV)zexp{—u(pUt(p‘lf))— / Sfm,p—lf)dr}. (1.7)

From (1.6) it follows that

o)V~ ) () + / s [E 6y pW) T (0~ ) ()
— Bp(@)Us (0~ f) ()]e PE P, (,dy) = e PP f (),

or equivalently,

pU @) + [ s [ 60U NP ) = P
Therefore, we have pU;(p~1f) = V,f. By (1.3) and (1.6) one checks that
St (n, f) = lin 0 (Ue—rp ™ f) = lin n(p~ Vier f) = lgfge_ﬂ%r(%_rf) = Si(r, ).

Returning to (1.7) we have G} = QF. O

In the sequel, a Markov process Y with semigroup (QF):>0 will be called a measure-
valued immigration process with parameters (A, ¢, k). We can show that the immi-
gration process has a right continuous realization if x; = vP; for some v € M,(E).
However, the right continuity of the process in the general case still remains open.

2. Fluctuation around the excessive measure. Let (A, ¢) be given as the above. Suppose
that v € M,(F) is a purely excessive measure for the semigroup (P;)¢>o. Then there
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is k € K,(P) such that v = [;° ksds; see Dynkin (1980). Let {Y; : ¢ > 0} be an
immigration process with parameters (A, ¢, k). Let SJ(E) denote the set of all signed-
measures (1 on E such that p+~ € M,(E). We define the process {Z; : t > 0} in S} (E)
by Z; = Y; —~. Then we have a.s.

Elexp{—Z,++(f)}|Zs : 0 < 5 <7]

— e |~ Z0p) (- n) - | Sl .

where .

/ () | s (B(Va))ds
/ () - / ds / T (V) du

0

/Ot Su(k, f)du

(f - Pof) - /0 AS(Vaf) = Prsd (Vo f))ds

A - Vif) - /O (Vi f))ds.

That is, {Z; : t > 0} is a Markov process with transition semigroup (7*);>0 given by

/SP(E) VDT (pu, dv) = exp{ —u(Vif) + /Ot’y(gb(st))ds}. (2.1)

3. A small branching fluctuation limit theorem. For concreteness, we assume that
E = R?% and A is a differential operator. For any § > 0 let ¢g(x,2) = ¢(z,0z) and
let by be a continuous function on R? which is bounded, positive and bounded away
from zero. Assume that by | 0 boundedly as 6 | 0. Let (Pf);>0 denote the transition
semigroup defined by

P =Poen{ - | t ba(e)ds 160 (3.1)

Suppose that v € M, (RY) is an excessive measure for the semigroup (P,);>o. Then it is
a purely excessive measure for (P{);>0, and hence v = [~ x%ds for some s’ € K,(P?).
Suppose that {Y,? : ¢+ > 0} is an immigration process with parameters (A — bg, ¢g, k%)
and Y = ~. We define the fluctuation process {Z¢ : t > 0} by

Z) =071y —4], t>0. (3.2)
Our aim is to obtain the limiting distribution of the process {Zf : t > 0} as § — 0

and to show that the limit is a generalized Ornstein-Uhlenbeck process. Observe that
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do(x,z) | 0 as # | 0, that is, under the rescaling (3.2) the branching rate goes to
zero. This sort of fluctuation limit was studied by Gorostiza (1996) for a special type
of (non-immigration) superprocesses.

From the discussions in the last section we know that {Z¢ : ¢ > 0} is a Markov
process with Z§ = 0 and with semigroup (RY);>¢ determined by

/ DR (41, dv) = exp{ —u(BV (£/0)) + / 7(¢(9‘G9(f/9)))d8}7 (3.3)
57 (R9) 0
where (Vf)tzo is defined by

t
Ver@)+ [ ds [ ool VIF)PL (o.dy) = PLS(a), (3.4)
0 R
Lemma 3.1. If fo — f € C(R?)T boundedly as 6 | 0, then 0V?(fs/0) — P;f boundedly
as 6 | 0.

Proof. By (3.4) we have Vf f(z) < P,f(z) and hence 0V, (fy/0)(x) < P, f(z) for all
t >0 and 2 € R% On the other hand, (3.4) is equivalent to

+ / ds | [06(s. VEF(4)) — bo@)VE f (@) Pr—s(r, dy) = Pof (z).
0 R4

Then we have

OV (£4/0) / ds / (65, V2 (f0/0) ()

—bo(y)V{ (fo/0) ()] Prs(z, dy) = P fo(x).

Since the second term on the left hand side goes to zero as 6 | 0, we have OV, (fy/0) —
P, f boundedly as 6 | 0. [

Let S(RY) be the space of infinitely differentiable, rapidly decreasing functions all
of whose derivatives are also rapidly decreasing. Let S’(R?) denote the dual space of
S(R%). Then we have the following fluctuation limit theorem.

Theorem 3.2. The finite-dimensional distributions of {Z? : t > 0} converges as 6 | 0
to those of the S'(RY)-valued Markov process {Z; : t > 0} with Zy = 0 and with
semigroup (R} )i>0 determined by

/ “ﬁmwu@%ww{maﬂ+/vweﬁww®} feSMRY, (3.5)
S’ (R4) 0

where ¢(—iPsf) is given by (1.1) with z replaced by —iPsf(x).
Proof. For 0 <ty < --- <ty and fi, -, fn € S(R?) set

0 0
WO =+ VO (VO ),
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where V,;(e)f(a:) = 0V2(f/0)(z). Using (3.3) inductively we get

n n tj—tj—1
G
Bop{ - Y200 e { X [ 20w nas). @
j=1 j=1"0
By Lemma 3.1 it can be proved inductively that

W — hji= fi+ Pyt (Fra1 + o+ Poo—t f)

boundedly as # — co. Returning to (3.6) we get

Jim Eexp{ -2 %, <fj>} = exp { > / S 7(¢(Pshj))d8}-
e j=1 j=2"0

As in Iscoe (1986), it follows that the finite-dimensional distributions of {Z¢ : ¢ > 0}
converge to those of the S’(R%)-valued Markov process {Z; : t > 0} with Zy = 0 and
with transition semigroup (R} ):>o. U

For the special branching mechanism ¢(z,2) = c(x)22, Li (1998a) proved that the
family {Z¢ : t > 0} is tight in the space C([0,00),S’(R%)) and hence the fluctuation
limit {Z; : t > 0} has a continuous realization. For the one-dimensional immigration
process with general branching mechanism, a fluctuation limit theorem was given in Li
(1998b) where the tightness follows from the convergence of the corresponding transition
semigroups. However, the tightness problem for {Z? : ¢+ > 0} in the general setting is
still unsolved.

By Bojdecki and Gorostiza (1991; p. 1139), if {Z; : t > 0} is a cadlag Markov process
with transition semigroup given by (3.5), then it solves the Langevin type equation

dZt - A*tht + th,

where A* is the adjoint of A and {W; : t > 0} is an S'(R%)-valued martingale with
independent increments given by

Eexp {i(Wi(f) = Wr(f)]} = exp{(t — r)y(o(—if))}, t=>r=0,
where ¢(—if) is given by (1.1) with z replaced by —if(x).
4. General Ornstein-Uhlenbeck process. Now we fix A and ¢ as the above. Let ¢ be a
function on R? x R with the representation

o(z,2) = —c(z)2? +/ (e —1 —izu)m(z,du), = cR%zcR,

— 00



where ¢ € C(R?)™ and (|u|A|u|?)m(z, du) is a bounded kernel from R? to (—oo, c0). It is
more natural to consider the Langevin equation driven by an S’(R¢)-valued martingale
{L; : t > 0} which has independent increments determined by

Eexp {i[Li(f) = Lo (f)]} = exp{(t —r)v(e(f))}, t=r=0. (4.1)

Let 11 (z, 2) = ¢(x, z) and let

0
o(x,2) = / (e® — 1 — zu)m(z,du), ze€R%z>0.

— 00

Suppose that we have two independent cadlag Markov processes {Z} : t > 0} and
{Z2 .t > 0} whose transition semigroups are given by Theorem 3.2 with parameters
(A, 1,7) and (A, 1)9,7), respectively. Let Z; = Z} — Z2 for t > 0. It is easy to check
that {Z; : t > 0} is a generalized Ornstein-Uhlenbeck process which by definition is the
solution to the Langevin equation

dZt - A*tht —|‘ st,

where {L; : t > 0} is an S’'(R%)-valued martingale with independent increments deter-
mined by (4.1). This gives an interpretation for the generalized Langevin equation in
terms of the measure-valued immigration process.

5. Fluctuation of a stationary process. Suppose that v € M,(FE) is a purely excessive
measure for (P;);>o represented as v = [~ ksds for k € K,(P). One may check that
the semigroup (QF)+>o defined by (1.5) has a stationary distribution Q% with Laplace
functional

[ ernguan —ew{ <an+ [Tt recEr. 6
M, (E) 0

Moreover, if u(Pip) — 0 as t — oo, then Qf (i, ) — Q5% as t — co.
Let (R})t>0 be given by (3.5). If u(Pyp) — 0 as t — oo, then R} (u,-) — RL as
t — oo, where RY is a stationary distribution of (R} );>o determined by

[S,(Rd) eI RY (dv) = exp { /OOO 7(¢(—iPsf))d8}, f e SRY). (5.2)

If we start from a stationary immigration process with one-dimensional distribution Q%5
given by (5.1) and take the fluctuation limit as in section 3, we get a stationary S’(R%)-
valued Markov process with semigroup (R} ):>o and one-dimensional distribution RY.
That is, the small branching limit and the long time limit are interchangeable to some
extent.
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