MEASURE -VALUED BRANCHING DIFFUSIONS:
IMMIGRATIONS, EXCURSIONS AND LIMIT THEOREMS

ZENGHU LI aAND Tokuzo SHIGA

1. Introduction.

Measure-valued branching diffusion processes (MBD processes) have been extensively
studied concerning various problems such as ergodic behaviors [2],[17], sample path
properties [4],[24], historical processes [5],[9], entrance laws [7] and so on.

In the present paper we focus upon the immigration structure of the MBD process and
discuss the following problems: The first is to characterize the immigration structure
associated with a given MBD process. We do this by establishing a one to one corre-
spondence between immigration diffusion processes of the MBD process and entrance
laws of its basic Markov process. The immigration process is ordinarily determined by
an immigration measure supported by the state space of the basic process. However,
when the basic process is an absorbing Brownian motion in a smooth domain (in this
case we call the associated MBD process a super absorbing Brownian motion or simply
a super ABM following Dynkin), the immigration structure consists of two parts, one is
a measure supported by the interior domain and the other is a measure supported by the
boundary. In particular, the latter one involves excursions of the absorbing Brownian
motion from the boundary.

Secondly we discuss the immigration diffusion process of the super ABM over (0, ),
for which we derive a stochastic partial differential equation (an SPDE). When the
immigration measure has compact support, so does the immigration process. We shall
present a limit theorem for the range of the immigration process.

The third one is to discuss central limit theorems of immigration processes. Assuming
that the basic Markov process is a Lévy process in R%, one can observe a “clustering-
diffusive dichotomy” in the central limit theorems. More precisely, if the symmetrization
of the basic process is recurrent, then the limiting Gaussian field is spatially uniform,
while if the symmetrization is transient, the limiting Gaussian field is spatially fluctu-
ating.

1.1. MBD processes. Given a locally compact seperable topological space S, let
Co(S) be the Banach space of continuous functions vanishing at infinity equipped with
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the supremum norm. Note that if S is compact, Cy(5) coincides with C'(.5), the totality
of continuous functions on S. Let Mp(S) denote the the space of finite Borel measures
on S equipped with the topology of weak convergence. Throughout this paper we use
wu(f) to denote the integral of the function f relative to the measure p.

Let (T3)i>0 be a strongly continuous conservative Feller semigroup on Cy(.S), and
let A be the strong generator of (T}) defined on D(A) C Cy(S). Let C([0,00), Mp(S))
be the space of all continuous paths from [0,00) to Mp(S) with the coordinate pro-
cess denoted by (w)i>¢ and the natural filtrition (G,G;). To every u € Mp(S) there
corresponds a unique probability measure P, on C([0,00), Mp(S)) such that for each

f € D(A), t
M) = wilf) = (H) = [ wi(anas, 1=, (1.1)

is a (G;)-martingale starting at 0 with quadratic variation process

(M(f))e =/O ws(f*)ds,  t>0. (1.2)

The probability measure P, is the distribution on C([0, 00), M (S)) of the MBD process
(X¢,P,) driven by (1}) with state space Mp(S). See [11] or [27] for the above results.

In this paper we do not assume the conservativeness of the basic driving semigroup
(T;). We shall discuss the MBD processes in a broader state space rather than Mp(5),
which is formulated by introducing a reference function given by

Condition [A]. p € D(A) is a bounded strictly positive function and there is a constant
c > 0 such that Typ < cp for all 0 <t < 1.

Let M,(S) denote the space of Borel measures ;1 on S satisfying p(p) < oo, and let
C,(S) denotes the space of continuous functions f € Cy(S) such that |f| < const.p. We
topologize M,(S) by the convention: p, — p in M,(S) if and only if pu,(f) — u(f)
for all f € C,(S5). Under the condition [A], the state space of the MBD process can
be enlarged to M,(S). In this case the MBD process is characterized by a martingale
problem on space C([0,00), M,(S), the M,(S))-valued continuous path space; see e.g.
[20]. The MBD process can also be characterized by the Laplace functional of its
transition law: Let C,(S)T denote the subspace of non-negative elements of C,(S).
Then

Pexp{-X¢(f)} =exp{-u(Vif)}, [eC,(9)", (1.3)

where P, denotes the conditional expectation given X¢ = u, and V; f is the mild solution

of the evolution equation
oV, f 1 9
= AV, f — =

Vof = [

(1.4)



More precisely, V; f is the unique bounded positive solution of the integral equation

t
Vif = Tyf — %/O T J[(Vof)2)ds, 20, €Ch(S)", (1.5)

We here introduce some further notations for the later use. C,(S) stands for the
subspace of C,(S) whose elements have compact supports. If S = D is a smooth
domain in the d-dimensional Euclidean space R?, we use the superscript ‘m’ to indicate
the order of continuous differentiability, e.g., C}(D)", CZ(D). D(R?) = C°(R?), and
D' (R%) is the space of Schwartz distributions on D(R?).

1.2. Immigration processes. Let the MBD process (X, P,) be fixed. Following [19]
and [30], we introduce the notion of an immigration process.

Definition 1.1. An M,(S)-valued diffusion process (Yz, Q,,) is called an immigration
diffusion process of the MBD process (X¢,P,) if (Yi)i>0 under Q, and (X; + Y3)1>0
under P, x Qo have identical laws in C([0,00), M,(S)) for every p € M,(S).

By Definition 1.1, the transition law {Q, : p € M,(S)} is uniquely determined by
{P,:pe M,(S)} and Qq. In the sequel, we call (Y, Q,,) simply an immigration process
of (X;,P,) instead of an immigration diffusion process since we are only concerned
with diffusion processes in this paper. Furthermore we impose the following technical
condition:

Condition [M1]. The first moment Qo{Y:(p)} is finite for every t > 0.

Definition 1.2. A family of o-finite measures (ki)i=o on S is called a locally p-
integrable entrance law of (Ty) if Kryt = kK.Ty for all vt > 0, and if the integral

f(f ks(p)ds is finite for all t > 0.

It is easy to check by equation (1.5) that for a locally p-integrable entrance law (k)
of (T}), we have

o+ (Vi) = lim_ we(Vif)

1 (1.6)

= (f) — 5/0 ki—s(Vsf)?)ds, t>0,feC,(S)".

In particular, if (x¢) has the form x; = mT; for some measure m € M, (S), where

1
p1 = [, Tspds, then ro+ (Vi f) = m(Vif).

Our first result establishes a one to one correspondence between the immigration
processes of a given MBD process and the entrance laws of its basic semigroup.



Theorem 1.1. If (Y;,Q) is an immigration process of the MBD process (X¢, P,,)
satisfying [M1], then there exists a unique locally p-integrable entrance law (k¢) of (Tt)
such that

Q, exp {-Yi(f)} = exp{ ~ (i) - | ﬁo+(st)dS},
t>0,f€C,(9)T,ue My(S).

(1.7)

Conversely, for each locally p-integrable entrance law (ki) of (T3), there is a unique
immigration process (Y, Q) of (X¢,Py) such that (1.7) and [M1] are fulfilled.

Next we give a martingale characterization to the immigration process. Let D,(A)
={f e D(A): f,Af € C,(S)}. By Lemma 2.6 of the section 2, the limit ko4 (f) :
= lim._, g+ kc(f) exists for all f € D,(A). Recall the notion of martingale measure from
[31]. Then we obtain

Theorem 1.2. Let (Y;,Q,) denote the immigration process associated with the lo-
cally p-integrable entrance law (ki) given by (1.7). Then there is a unique orthogo-

nal martingale measure M (dsdz) on [0,00) X S having quadratic variation measure
(M) (dsdz) = dsYs(dz) such that

Yi(f) - Yolf) = / [Yo(AS) + ros ()]ds + / /S f(x)M(dsdz), feDy(4). (18)

Moreover it holds that

Yi(f) - Yo(Tof) = / ro(f)ds + / /S Ty o f(@)M(dsde), feCy(S).  (19)

1.3. Excursion laws of MBD processes. In this paragraph we present some construc-
tion for the immigration process by integration of excursion paths by means of Poisson
random measures, which has been developed in [29]. It was shown in [7] that for a
locally p-integrable entrance law (k¢) of (T}),

/ (1- D) Ku(dv) = ro- (Vif), [ € Cy(S), (1.10)
M, (S)\{0}

defines an entrance law (K¢):~o of the MBD process (X;,P,). By a general theory
of Markov processes, there is a o-finite measure Px on W, (S) := C((0,00), M,(S))
such that under P g the coordinate process (w;)¢>o is a Markov process with the same
transition law as (X, P,) and one dimensional marginal distributions (K)¢>o. Indeed,
it holds that for Px-almost all w € W,j’(S), wy — 0 ast — 07 and w; = 0 for all
t>o(w): =inf{t > 0:w; =0} (cf. (3.5)).

Let N(dsdw) be a Poisson random measure on [0,00) x W (S) with intensity ds x
P (dw). Define a measure-valued process (Y;)¢>0 by

t
Yt:// wy_ o N (dsdw). (1.11)
0 JWS(S)
4



Theorem 1.3. The process (Y:)i>o defined by (1.11) is an M,(S)-valued diffusion that
is equivalent to the immigration process with initial value 0 with transition function
given by (1.7).

In order to obtain a more explicit form of the right hand side of (1.7), let us consider
the following condition.

Condition [E|. FEvery locally p-integrable entrance law (k¢) of (T;) has the form ky =
m1, t > 0, for some measure m € M, (S).

We remark that the condition [E] is satisfied in the following two cases:

(i) (T3) is conservative and p is replaced by a constant ¢ > 0;

(ii) (Ty) is the semigroup of a Brownian motion in R? and p € C2(R%)* T satisfies
p(x) = el for |z| > 1.

By Theorem 1.1, under the condition [E], (Y;,Q,) is an immigration process of the
MBD process if and only if there is some measure m € M,, (S) such that

Q, exp {—Yi(f)} = exp {—H(th) - /0 m(st)dS} ,
t>0,feC,yS)T,ue My(S).

(1.12)

It would be intuitively plausible that the immigration measure m appearing in (1.12)
gives the distribution of the location where the immigrants enter. To justify this in-
tuition we introduce a space of excursion paths of the MBD process and discuss some
excursion laws on this space. Let z € S be fixed. We call w € C(]0,00), Mp(S5)) an
Mp(S)-valued excursion starting at x if

(i) wo =0, o(w) > 0 and w; = 0 for all t > o(w),

(ii) wy (1) twy — 6, ast — 0.

Let W£E(S) be the totality of all excursion paths starting at z, and let W¢(S) =
UzesWE(S). (G,G:) stands for the natural filtration of W€(S). We then have some
excursion laws on We(S):

Theorem 1.4. There is a unique o-finite kernal A*(dw) from S to G such that

(i) x — A* is continuous;

(i) A" is supported by WE(S);

(i11) A*[w;(1)] — 1 ast — 0; and

(iv) (We(S),G,Gi, wi, A¥)>0 is a Markov process with the same transition laws as
the MBD process X.

Let N(dt,d(z,w)) be a Poisson point process on S@W¢(S) := {(z,w) : x € S,w €
WE(S)} with characteristic measure m(dz)A®(dw). Set

t
E_Q:// wi—sN(ds, d(z, w)). (1.13)
0 JS®We(S)



The intuitive meaning of the expression (1.13) is quite clear. At each occurrence time
of the Poisson point process, an (x,w) is chosen randomly according to the measure
m(dz)A*(dw), so w is an excursion path starting at z, after that this path grows up
as a path of the MBD process. Summing up all those excursion paths we get the
immigration process:

Corollary 1.5. The process (Y;)i>0 defined by (1.13) is a diffusion realization of the
immigration process with initial value 0 and with transition function given by (1.12).

1.4. Super absorbing Brownian motions. In this paragraph, we let (7}) be the tran-
sition semigroup of an absorbing Brownian motion in a smooth domain D. In this case
(T;) does not satisfy the condition [E], unless D = R%. Indeed for each # € 9D there
corresponds an extremal entrance law (x7) defined by

ki (f) =DIf(z),  fe€Co(D)nCH(D), (1.14)

where D := % denotes the inward normal derivative operator at the boundary. (It is
known that T; f € Co(D)NCY(D) for f € Co(D)NCY(D), e.g. [13], p.65, so that (1.14)
is well defined.) In this case the condition [E] is replaced by

Lemma 1.1. Suppose either of the following two conditions:

(i) D is bounded;

(i) D = H? := {(x1,--- ,xa) € R : 21 > 0} and p(z) = p1(x1)p2(22) - - pa(Ta),
where p; € C3((0,00))™F such that py(z) = x for 0 <z <1 and = e~ % for x > 2, and
po € CZ(R)T such that pa(z) = e~ 12! for |z| > 1.

Then every locally p-integrable entrance law (ki) of & has representation

ke = mT; +/ l(dz)ky (1.15)
oD

for some m € M,, (D) andl € Mr(0D).
By virtue of Theorem 1.1 we have accordingly

Theorem 1.6. Suppose either of the two conditions of Lemma 1.1. Then (Y;,Q,,) is
an immigration process of X satisfying [M1], if and only if

Quexp (Y1)} = exp { ~n(Wif) = [ (V) + (DV. )] ds}.
t>0,u€ My(D), f €C2(D),

(1.16)



for some m € M,, (D) and l € Mr(0D).

1.5. An SPDE for an immigration process of the super ABM over (0,00). Applying
Theorem 1.6 to D = (0, 00) we see that every immigration process (Y;,Q,,) of the super
ABM on (0, 00) can be expressed by

Q. exp {~Yi(f)} = exp {—mvtf) - / m(Vof) + DoV ] ds} ,
t>0,pu € My((0,00)), f € C3((0,00)),

(1.17)

for some m € My, ((0,00)) and ¢ > 0, where DoV, f = 2V, f(0%). Recall that the
reference function p € CZ((0,00)) has been chosen such that p(z) = z for 0 < z < 1
and = e~ ® for x > 2. Then it indeed holds that M, ((0,00)) = M,((0,00)). It is
well-known that the sample path of the super Brownian motion over R has a continuous
density, which solves an SPDE, cf. [20]. One should expect analogous results for the
immigration process of the super ABM over (0, 00). Here we obtain

Theorem 1.7. Let (Y;, Q) be an immigration process of the super ABM defined by
(1.17). Then there exists a continuous two parameter process Yi(x), (t,x) € (0,00) X
(0,00) such that Yi(dz) = Yi(xz)dz and Y (0%) = 2¢ for all t > 0 Q,,-almost surely.
Moreover the density process Yi(z) solves the following SPDE:

1 d
—Yt = V(@)W 5A*l@<x)+mé;)—c66, (1.18)

where Wt(x) is a time-space white noise, A* denotes the adjoint operator of the Lapla-
cian in (0,00) with Dirichlet boundary condition at 0, and 0|, is the derivative of the
Dirac §-function with test functions C3,.([0,00)) := {f € C?([0,)) : f(0) = 0 and
supp(f) is bounded }. More precisely, the equation (1.18) should be understood in the
sense of distribution, i.e.

/OOOY; dx—/ f(x)Yo(dx) = // VY () f ()W (x)dsdz

(1.19)
_// Y(z) f" (z)dsdz + tm(f) + ctf'(0)

for every f € C?,([0,0)).

1.6. A limit theorem for the range of the immigration process of the super ABM over
(0,00). It is well-known that a super Brownian motion over R% has compact support
property and the distribution of the total range up to extinction can be seeked explicitly,
cf [18]. We here present a limit theorem for the range up to time ¢ of the immigration
process of the super ABM as t — oo. For p € M,((0,00)), S(p) = supp(p) stands for
the support of u.
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Theorem 1.8. Let (Y;,Q,) denote an immigration process given by (1.17). Then
S(Y:) is bounded for all t > 0 Qg-almost surely if and only if both S(u) and S(m)
are bounded. In this case, let R; denote the range of (Y;) up to time t > 0, i.e.,
Ry = Up<s<tS(Xy), and let Ry = sup{zx > 0 : © € R;}. Then t=1/3R, converges in
distribution as t — oo, and the limit distribution is the so-called Fréchet distribution
(cf. [14]) given by F(z) = e (z>0), where

:i%(F9ﬁﬁgy®>3<a+wanmmo. (1.20)

1.7.  Clustering-diffusive dichotomy in the central limit theorems for immaigration
processes. In this paragraph, we assume that (7}) is the transition semigroup of an
irreducible Lévy process in R? acting on Co(R?). We fix a 3 > 0 and a nontrival
function ¢ € C,(RY)*. Define the reference function p by

p(x) = Gpo(z) = /000 e P Ty p(z)dt. (1.21)

It is obvious that p satisfies the condition [A], so we have an MBD process X associated
with (7}), which we shall call a super Lévy process.

Let (Y, Q,,) be an immigration process of the super Lévy process X given by (1.12).
We are concerned here with central limit theorems for this immigration process. These
provide us a new example of “clustering diffusive dichotomy” since the recurrence of
symmetrition of the basic process yields spatial uniformity, while the transience yields
spatial fluctuation. The dichotomy phenomenon is often observed in the study of inter-
acting particle systems, cf. [15], [23], etc. We first assume

m = cA, (¢ > 0, A = Lebesgue measure on Rd) (1.22)

Theorem 1.9. i) If the symmetrized Lévy process is transient, then the distribution of

Yy —tm

Zt = \/E s

under Qg converges as t — oo to that of a centered Gaussian field Z over R® with
covariance functional:

t>0, (1.23)

Cov(Z(f), Z(9)) = 5 MfGg).  f.g€ DR, (1.24)

where G is the potential operator of the symmetrized Lévy process.



i) If the symmetrized Lévy process is recurrent, there exists an h(t) such that t = h(t) —|j
o0 ast — oo, and the distribution of

Yy —im

. ok t>0, (1.25)

under Qg converges as t — oo to that of n- X\, where n is a centered Gaussian random
variable with variance c.

In Theorem 1.9 we assumed (1.22), which makes the proof extremely simple since
m is an invariant measure of the basic Markov process. However, the dichotomy result
does not really depend on the immigration measure. Next we consider a more general
immigration measure in the case where (7}) is a Brownian semigroup. Assume that

m(dz) = y(z)A(dz), (1.26)

where v is a locally bounded measurable function satisfying

lim 7~ 2%y(rz) = a(z) (1.27)
r—00
uniformly in # € S9! := {x € R? : || = 1} for a constant o > 0 and a nontrival

continuous function @ on S~ 1. Let Ag denote the surface element of S%~! for d > 2
and Ag = 6; + d_; for d = 1. Then Ag(1) = 27%21'(d/2)~'. Define the constants cq,
d:1727"'7 by

Fa+1/2) 1 ~1/2
=— 1 7 2 —r)¥dr ford=1
Cd 20t 3) /0 r ( r)*drig(a) for ,
20-2 (v + 1)
e S f =9 1.28
7T2(O[ + 1) )\S(a’) or d ) ( )
207 M (e + d/2)
= (1t a) As(a) for d > 3.

Let
h(u) = cu®™/? for d =1,

= cou®Tlogu for d =2, (1.29)

= cqu®tt for d > 3.

Normalizing (Y;), we define the centered D’(R¢)-valued process

Yo — [y mTsds
h(u)

ZM = . u>0,t>0. (1.30)

Then we have our second central limit theorem as follows.
9



Theorem 1.10. As u — oo, any finite dimensional distributions of (Z,f“))t>0 under
Qo converge to those of the D'(RY)-valued centered Gaussian process (Zi)io that is
characterized by

i) for d =1, Zy = m\, where (n)i>o0 is a continuous centered Gaussian process
with covariance Ensny = k(s,t), where k(t,t) = $t2T3/2, ¢ >0 and

Lot uet it — s+ s(2 — v)uw]®
t) = ys2(at)) / / 4 dudv, t>s>0; 1.31
/{(87 ) i o Jo (t — s+ QSUU)OH-l/? uav, S ) ( )

with
-1

y=273/2(20/ + 3) (/01 22 — T)adr) ; (1.32)

it) for d =2, Z, = m\, where (1) are independent centered Gaussian random variables
with En? = L1,
iii) for d > 3, (Z;) are independent D' (R?)-valued centered Gaussian random vari-

ables with
ta—i—l

COV(Zt(f);Zt(g)) - 2

where G denotes the potential operator of the Brownian motion.

AfGg), f,g€DR?), (1.33)

Finally let us remark that in the special case a = 0 and a(z) = 1, we have

4 1
cd:ﬁfordzl, =5 ford=2, =1 ford>3, (1.34)

and (1.31) turns into

K(s,t) = (t4 )32 = (t—5)*? =35/t —s|, t>s>0. (1.35)

=%

The rest of the paper is organized as follows: Section 2 contains the proofs of The-
orems 1.1 and 1.2. The proofs of Theorems 1.3, 1.4 and Corollary 1.5 are given in
Section 2. Super ABMs are discussed in Section 3, where the proofs of Lemma 1.1 and
Theorems 1.6 through 1.8 are given. Theorems 1.9 and 1.10 are proved in Section 5.
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2. Immigration processes.

For an immigration process Y = (Y%, Q,,) given by Definition 1.1, we set

Ji(f) = —log Qoexp ~Yi(f), f€Cp(S) . (2.1)

For a o-finite measure K supported by M,(S) \ {0}, we define a modification of the
Laplace functional as in [7],

Ric(f) = / (1— e D) K (dw), (2.2)
M, (S)\{0}

under a subsidiary condition
/ I1Av(p)K(dv) < oo. (2.3)
M, (S)\{0}

Let S := S U{A} denote the one point compactification of S if it is not compact, and
let S = S if it is compact. Denote by C(S)** the space of strictly positive continuous
functions on S. Choose a countable dense subset C of C(S)™* containing all positive
integers, and let H = {gp : g € C}. It follows from Lemmas 2.1 — 2.4 below that any
immigration process of the MBD process satisfying the condition [M1] is characterized
by formula (1.7), which proves the former part of our Theorem 1.1. The converse
assertion of Theorem 1.1 is a consequence of Theorem 1.3, which will be proved in
section 3. The following Lemma 2.1 is a modification of Lemma 2.3 of [7], the proof is
omitted since it is quite similar to the one given in [7].

Lemma 2.1. Suppose that K,, n = 1,2,---, is a sequence of o-finite measures on
M,(S)\ {0} satisfying (2.3). If
Ry, (f) = R(f), [eH, (2.4)
and if
liminf R(p/n) =0 and liminf R(np)/n =0, (2.5)

then there exists a unique o-finite measure K on M,(S) \ {0} satisfying (2.3) such that
Ry (f) = R(f) for all f € H.

11



Lemma 2.2. Suppose thatY = (Y3, Q,,) is an immigration process of the MBD process,
and that Ji(f) is given by (2.1). Then there is a family of non-negative functionals (1)
on C,(S)" such that

Ji(f) = /Ot L(f)ds, feC,(8)*,t>0. (2.6)

Proof. The Chapman-Kolmogorov equation implies that
Trpt(f) = J(f) + L (Vif),  feCu(S)F, rt=0. (2.7)

Then for every f € C,(S)", Ji(f) is non-decreasing in ¢t > 0. Fix M > 0 and choose a
constant ¢ such that Tip < cpforall 0 <t < M. Let 0 < c; <di <co<dy < - <
cn < dp < M, and let o(n) = >_;_,(dy — ¢x). Using (2.7) one can show by induction
that

n

Z [Jdk (f) - JCk (f)] < Ja(n) (CIO)' (28)

k=1

Because, for n =1 (2.8) follows from (2.7). Assuming that it is true for n — 1, by (2.7)
we have

n

k=1
<Jom-1)(cp) + Ja,(f) = Je,. (f)
SJO'(’I’L—].)(CP) + Jdnfcn (Va(n—l)(cp))
SJO'(TL)(Cp)7
which proves (2.8) for all n > 1. By Definition 1.1, Y;(¢p) — 0 as t — 0 Qp-almost

surely. Thus by (2.1),
Ji(ep) — 0 ast— 07, (2.9)

Then the absolute continuity of J;(f) in ¢t > 0 follows by (2.8) and (2.9). O

Lemma 2.3. Under the condition of Lemma 2.2, there is a family of o-finite measures
(Kt)tso supported by M,(S) \ {0} such that

t
Ji(f) = / ds/ (1-— e_”(f))Ks(dl/), fecrs)t,t>o, (2.10)
0 M, (S)\{0}

and that
/ Ko (dp)P (X € dv) = Kyag(dv), 7t > 0. (2.11)
M, ()\ (0}

12



Proof. By Lemma 2.2, there is a null set N C (0, 0c0) such that for all s € N¢ and f € H,

Is(f) = lim r! [Jstr(f) = Js(f)]

r—0t
= lim+ 11— exp —J,. (Vi f)]
r—0
Seting
K (dv) = r7'Qo {Py, (X, € dv)},
we get

I(f) = lim (1 —exp —v(f)) K (dv).
r=0% /M, (5)\{0}

Since lim,, . J¢(p/n) = 0 by (2.1), we can enlarge the Lebesgue null set N and assume
lim,, o Is(p/n) = 0 for all s € N°. By Jensen’s inequality, for 0 < § < ¢,

/ CL(f)ds = Js(Vis ) < QolYa(Vies )} (2.12)

It is easy to see that lim, .., n~'V,.(np) = 0, so applying the dominated convergence
theorem together with Fatou’s lemma to (2.12) we see that,

t t
/ liminf n~'I,(np)ds < lim inf/ n~1I,(np)ds = 0.
0 0

n—oo n—oo

Thus Lemma 2.1 is applicable to I for almost every s > 0, and .J; has representation
(2.10). Now (2.7) implies that for r,¢ > 0 and f € C,(S)T,

/ dS/ <1 — e_V(f)> Kt+s(dy)

0 M, (S)\{0}

:/ ds/ (1 - e_”(th)> K(dv).
0 M, (S)\{0}

By Fubini’s theorem there are null subsets N and N(s) of (0,00) such that

/ (1 - e_V(f)> Kpps(dv) = / (1 - e—VWtf)) Ky (dv)  (2.13)
M, (5)\{0} M, (5)\{0}

for all s € N¢, t € N(s)¢ and f € H. For f € C,(S)", the right side of (2.13) is contin-
uous in ¢, so we can modify the definition of (K};);~¢ to make (2.11) be satisfied. [
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Lemma 2.4. Under the condition of Lemma 2.2, (J;) has the representation

Ji(f) = /0 v+ (Vaf)ds, (2.14)

where (k) is a locally p-integrable entrance law of the basic process §.

Proof. Combining (2.1) and (2.10) we get

t
Quexp—Yi(f) = exp {—Mf) s - e—”<f>>Ks<dv>} . 21)
0 M (S)\{0}
By Theorem 1.3 of [7], the above (K}) can be expressed as follows.
/ (1 —e"UNKy(dv) = Ko+ (Vi f) + / (1 - e—”o+<th>> F(dn),  (2.16)
M (S)\{0}

where (k¢) is a locally p-integrable entrance law of (7;) and F' is a o-finite measure
on the set of locally p-integrable entrance laws of (7;). We shall see that the diffusion
assumption on Y forces F' = 0. It follows from (2.15), (2.16) and the condition [M1]
that for each t > 0 and f € C,(S)",

Qi) =fas [ K

t (2.17)
= [ [retn+ [omian) as <
0
Fix a > 0, and notice that ¢ := T,p € D(A). Using the condition [A] one sees
lim. (1—e @O K(dv) = ko (¢) + / (1 - e_’7°+(¢)> F(dn)
0T M, (5)\{0} (2.18)
=kKa(p) -l—/ (1 - e_""‘(p)> F(dn) < oc.
Now we claim that
! 1
o—Yi(9)_o—Yo(0) _/ ) [Ys(—A(b-i- 1) - n0+(¢)} s
0 (2.19)

t
+/ ds/e—Ys(¢) <1 _e—no+(¢)) F(dn)
0

14



is a Q,-martingale. To see this it is enough to prove that for each G € o{Y, : 0 < s < r},
Q. {1Ge*Yt(¢)} is a differentiable function of ¢ with continuous derivative

Q. {1G [Yt(—Agb + %(zg?) — Koy (@) — / (1 — e—no+(¢)> F(dn)} e—Yt(qb)} _
By Markov property and (2.15),
Q,u {lge_yt(d)) }

=Q, {10 exp {—YT(Vtrgb) — /OtT ds /M o) (1 — e*V(cﬁ)) Ks(dl/)}}

is continuously differentiable as a function of ¢, so it suffices to calculate the right
derivative:

hm e Q, {1G [e—Yt+s(¢>) _ e—Yt(¢):| }
— El_i%lJr g_lqu {1G [e—Yt(Vsd)) _ e_Yt(qS)i| } (220)

+51_1>%1 e~ Q“{l e Yi(Ved) [exp{—/jds/(l—e”(d’)) Ks(du)}—l}}.

Then (2.18) and the dominated convergence theorem yields the desired result.

If Yi(¢) is continuous, then by applying It6’s formula to (e_YS(‘i’))2 = e 2Y:(®) one
sees that the martingale (2.19) has quadratic variation process

t
/ 0—2Ya(®) {YS(&) + / (1 — 2e7m0+(?) 4 e‘2”0+(¢’)) F(dn)} ds.
0

Using [t0’s formula again one sees,

e—3Yt(¢) — e_SYO((ﬁ)
! 3
=martingale + 3/ e 3@ |V (—Ap + — %) + Koy (6)] ds
. 2 (2.21)

t
+3/ ds/e—3Ys(¢) <e—2770+(¢) _ e—n0+(¢>)> F(dn)_

Comparing (2.19) and (2.21) we see the increasing process

/ds/ 3Y(¢>) 1_e—no+(¢)> F(dn), t>0,

is a continuous martingale, which forces FF = 0. [J

Next we proceed to the proof of Theorem 1.2 which gives a martingale characteriza-
tion for the immigration process. The following two simple properties of the set D,(A)
will be useful.

15



Lemma 2.5. i) For each f € D,(A), the the limit ko4 (f) = limy_,o+ K¢ (f) exists.
ii) For each f € C,(S) there is a sequence { f,,} in D,(A) such that p= f,, converges
asn — oo to p~Lf boundedly and pointwise.

Proof. 1) Let a > 0 be large enough so that
Tip <e%p for 0 <t <1 (2.22)
For f € D,(A) let h=af — Af. Then we have
f= / e *Tghds. (2.23)
0

Using (2.22) and (2.23) one sees easily

lim x(f) = /000 e “rs(h)ds < o0. (2.24)

t—0t

ii) For any f € C,(S) one can check that f, :=n fon_ T, fds satisfies the require-
ments. [

Proof of Theorem 1.2. As in the proof of Lemma 2.4, for f € D,(A)",

t
Nxfﬁze‘””)—e‘nﬁk—/m6”“”{KA—Af+~%fﬁ—ﬁndf)ds (2.25)
0

is a martingale with quadratic variation process

(N(f)) = /O e~2Y-(NY, (f2)ds. (2.26)

Then
MM%zmﬂ—%m—AD%MHmeMS (2.27)

is a martingale with quadratic variation process
t
<an5/EWm& (2.28)
0

Note that for f € C,(S)™, there is a sequence {f,,} from D,(A)" such that p=1 f,, — pf
boundedly and pointwisely as n — oo. In view of this fact together with (2.27) and
(2.28), there exists a unique orthogonal martingale measure M (dsdz) such that

//f M(dsdz),  fe€Cy(S),



and that .
(M(f), M(g))s = / Ya(fo)ds,  f.g€ Cp(S),

so (1.8) holds. Next we prove (1.12). To simplify the presentation we assume Yy = 0,
modifications to the general situation are trivial. A routine computation based on (1.7)
shows that for any ¢ > 0 and f,g € C,(S)",

t

Qu{Ye(f)} = w(Tef) + | rs(f)ds,

S—

Qu{Y: ()i (f)} = //is(g)ds/o va(f

+ dS/ Hu r— ngt sf)
0

%

Using these one sees that for f € D,(A)",

Qo{ / Yt(f)Ys(Ag)ds} / / ~ ko (g)]ds
+ / s / Ty f 1Ty g — g)))du

QuiYi(f)Mi(g)} = / s / ka(9Ths f)du

Let t; = it/n for i = 0,1,2,---, and n = 1,2,---. By the continuity of (7;) and the
Markov property of (Y, Qo)

Qo {Yt / /Tt s9(z dex)}
= lim ZQO {Y;(f) [ / Tt_tig@:)M(dsdx)}

= lim ZQO {Y} Mt (Tr—t,9) — Mtifl(Tt_tig)}}

n—oo

and

nh—{r;oz {QO Yo, (Th—t, f)Me, (Ti—1,9) } — Qo {Y;f (Tt 1f)Mti71(Tt_tig)}
ZRILII;OZ/ / o (Ti—s fTi—1,9)du

t
:/ dS/ ’fu(Tt—Sth—Sg)du
0 0

(2.29)
17



It is easy to see that

Qo V /Tt (@ dsdx} /ds/ bu(Ty—s f)? (2.30)

Summing up (2.27) — (2.30) one gets

Qo [m(f)—/ - ds—/ JE=C dsdx)} o,

yielding (1.12). O

3. Excursion laws of MBD processes.

We first give the proof of Theorem 1.3 which asserts that the process (Yt)tzo defined
by (1.11) is a diffusion realization of the immigration process starting at 0. The method
used in the following is essentially the same with the one of [29], that is, to combine
a semi-continuity argument with some moment estimates. Suppose that the Poisson
random measure N(dsdw) is defined on a probability space (£2,.4,Q). We start by
some estimates for the moments of the immigration process.

Lemma 3.1. For each M > 0 and each f € D,(A)", there exists a constant C(M, f) >
0 such that for all0 <r <t < M,

Q { (Yt(f) — Y (f) - /Tt Hs(f)d8)4} < (t—r)*C(M, f). (3.1)

Accordingly, for each f € D(A) N C,(S)T, the process (Yi(f),t > 0) has a continuous
modification.

Proof. Recall that wy = 0 for ¢ < 0 by convention. First note that
t t
Yi(f) — Yl f) / ol f)ds = / [, oal) = (PN s,
r 0 JW, ()

where N (dsdw) = N(dsdw) — dsP g (dw). By a moment calculation of Poisson random
measures, we get

Q{{Y;(f)—ffr(f)—/:ns(f)dsr}
= [t = a0 s 3| [ P {lan-a(5) = (0
[t [ () Ko+ [ [
+3Uds/PK{|w” — |}Ktsdu /ds/ Ktsdu)}

2

(3.2)

2



Recall the moment estimate of the MBD process from [20],
Pulwi(f) = p(HIF < 24| fllu(Tef) + 20| T2 f = fI)?,

Pyulwi(f) = u(HI
<const. [t*[|f|P(Tef) + I fIP(Tef)? + w(ITef = f1)?] -
Then using (1.10) together with Lemma 2.2 of [20] one can easily get

[ PR ) < i)

Mp(S)\{0}

[ R <30 )
M, (S)\{0}

Substituting these estimates into (3.2) we get (3.1). O

Proof Theorem 1.3. Take an increasing sequence of P x-measurable sets Wp(n)(S) of
W (S) such that Up2, W, (S) = WS (S) and P (W, (S)) < oo for all n, and set

t

VA / / wi— s N(dsdw). (3.3)

0 Jw,(s)
Note that p € D(A) N C,(S)*. By the same way as for (3.2) one sees easily
Q {Y;(n)( Y™ (p / ds/ wi—s( PK(dw)}
W™ (S)
t
= [as [ () = v £ Prcldw)
0 W™ ()

+3 {/Ot ds /Wp<”>(s) lwe—s(f) — wr_s(f)|2PK(dw)r

<Q lYt(p) Y. (p) - /Tt Fats(p)dsr
<C(M, p)(t —r)?,

(3.4)

for all n and 0 < r < t < M, from which it follows that Y;(n)(p) has a continu-
ous modification. However, by the expression (3.3), }7;(”) (p) is left continuous since

N([0, M] x W,gn)(S)) < oo for every finite M. Thus it follows that Y;(n)(p) is indeed
continuous in t > 0 Q-almost surely.
We here notice that (3.3) together with the continuity of Yt(") (p) for all n > 1 implies
that
lim wy(p) =0  for Pg-almost all w € W (5), (3.5)

t—0t
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thus w; is an M,(S)-valued continuous function of ¢ € (—o0,00) for Pg-almost all
w e WF(S).

Since Y;(p) is the increasing limit of the sequence Yt(n) (p), it is lower semi-continuous.
Now by Lemma 3.1, Y;(p) admits a continuous modification Y;(p), which clearly satisfies

Y;:(n)(p) < ﬁ(p) < }N/t(p), for allt > 0,

Q-almost surely. By (3.4), {Y;(p) — ﬁ(")(p) :n=1,2,---} is a tight family in the space
C([0,00),R) converging to the zero process, so that for each M > 0,

sup [Vilp) — Vi(p)| < sup |Vil(p) — V" (p)| — 0
0<t<M 0<t<M

in probability under Q. Therefore Y;(p) = Y;(p) for all t > 0 Q-almost surely, that is,
Y;(p) is a continuous process.

Now let f € C,(S)" be fixed. Then g :=cp— f € C,(S)T for some ¢ > 0. Notice
that by (1.11) both Y;(f) and Y;(g) are lower semi-continuous functions of ¢ and

Yi(f) +Yi(g) = cYilp)

is continuous in ¢. This implies that Y;(f) and Y;(g) are continuous in ¢, which yields
the M, (S)-valued continuity of Y;. [

Next we prove Theorem 1.4. By Dynkin’s result in [7] for each x € S,

/ (1- 0 Kf(av) = Vif(a), € ColS) (3.6)
M, (S)\{0}

defines an entrance law (K[)¢~o of the MBD process (X, P,,) with state space M,(S).
Thus there is a o-finite measure A on space W, (S) := C((0,00), M,(S)) such that,
under A”, the coordinate process (w;)s>o of W,F(S) is a Markov process with the same
transition probability as (X, P,) and one dimensional marginal distributions (K7 )s>o.
It can be checked easily that x — A® satisfies the requirements (i) and (iii) of Theorem
1.4. Accordingly what we need to show is that A” is supported by W¢. To see this
we rely upon Perkins’s result in [25] which asserts that a conditional MBD process is a
modified Fleming-Viot diffusion.

In the following Lemmas 3.2 — 3.5, we assume that A is the generator of a strongly
continuous conservative Feller semigroup. Let M?'(S) denote the subspace of M,(S)
comprising Borel probability measures on S. Fix r > 0, and let Q(r) = C([0, 7], M*(S))
with canonical process (Xt)()gtgr and natural filtration (ﬁt)ogtgr. Then for each h €

20



C([0,7],(0,00)) and fi € M'(S), there is a unique probability measure P, 5, on Q(r)
such that for each f € D(A),

V() = Xo(f) — Alf) — /0 X(Af)ds, 0<t<r (3.7)

is a (ﬁt, P 4,n)-martingale starting at 0 with quadratic process

W)= [ 0t [ - K0P s 0<e<n (38)

(Xt, F, P i,n) defines a time-inhomogeneous diffusion process which is called a modified
Fleming-Viot diffusion.
Let (X¢,P,) be an Mp(S)-valued MBD process associated with the generator A. It
is well-known that the total mass process X;(1) is equivalent to the one-dimensional
d? s

diffusion (Zt,f)uu)) in [0,00) generated by Sz ;. Hereafter we assume (2, P 1)) is

realized on the canonical space Q := C([0, 00), [0, 00)) with the natural filtration (F, F;).
Lemma 3.2. (/25], Theorem 3) For every Fr-measurable function F(&.), every Fr-
measurable function G(z.) and every p € Mp(S)\ {0}, it holds that

P, {F(X.(1)X.)G(X.(1)); X, (1) > 0}

8 A ) (3.9)
= Pﬂ(l){G(z.)Pﬂ,z.F(X.); Zp > 0} O

We shall also need the following fact concerning the entrance law (K7), which follows
from (3.6) immediately.

Lemma 3.3. Fort >0, A >0 and f € Cy(S),

2\
1—e W) p(fKE(dr) = T, f(x). O (3.10)
/MF(S)\{0}< ) (DK (dv) 24t
Lemma 3.4. Forr >0,n>0 and f € D(A),
lim lim A* { sup |wi(f) — @a(f)| > nywr # 0} = 0. (3.11)
b—0t a—0+ a<t<b
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Proof. Using (3.9), Markov property and Chebyshev’s inequality we have for 0 < a <
b<r,

Aw{ sup [G0(f) = Gal)] > meor # o}

a<t<b

A~

:/ Kgf(dy)f’l,(l) {P,;7z_ [ sup ]Xt(f) —v(f)] > 77} D Zr—a > O}
M(S)\{0} 0<i<b—a

2 ~ . b—a
<— K (dv)Py,y { Py
n Jm(s)\{o}

Xt(]Af])ds;zr_a > O] }

"’_/ K:(dV)Pu(l) {pﬁ,z. [ sup | My(f)| > 77/2} CZp_q > 0}
M(S)\{0} 0<t<b—a

We denote the last two terms by I; and Is, respectively. Using
f’z{zt > 0} =1- e_2z/t,
and (3.10) we get

2
B [ (1 e ) Krn)|Afl|o - o
M(S)\{0}

N
4

=—I||Af]|(b—a) — 0 asa— 07 and b — 07,
rn

For I, we use a martingale inequality to see that

e [ KR {Po (D2 > 0]}

where

b—a
B, |Mya(f)] < / B, Xy Afl)ds + Bo | Koa(f) — 5(F)]
<AFIIb = @) + H(Ty_alf — F(2)) + 2(f - F(@)]).

Therefore,
I < %HAfH(b— a) + % [To|f — f(x)|(z) + Talf — f(z)|(z)] =0

as a — 07 and b — 0T, completing the proof. [J
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Lemma 3.5. For A*-almost all w,

lim w,(1)=0 and lm W =4, (3.12)

t—0+ t—0+
so A" is supported by WE.
Proof. By (3.10)

/ v(1)?K*(dv) = a.
MF(S)\{0}

P. { sup zf} < 4(2* + 2b),

0<t<b

Since it holds that

we obtain

a<t<b

A® { sup wy(1) } < /MF(S)\{O} 4 [v(1)? +v(1)t(b — a)] KZ(dv) = 4b,

hence the first assertion follows. For the second assertion note that for 0 < b < r and
n >0,
w{ sup foul) - @) > i, # 0

0<t<b

~ lim Ax{ sup i (f) — F(@)] > mw, # o}

a—0t a<t<b

(3.13)
< lim A" { sup [y(F) — wa( )] > n/2 w, # o}
+ lim A*{|wq(f) — f(z)| > n/2;w, # 0}.

a—0t
Using (3.10) we have
lim A" {[a(f) — f(2)| > n/2;wr # 0}

a—0t

= lim (1 - e_2”(1)/(r_“)> K7 (dv)
a=0F J{ o ()= (@) >n}

<ty [ (1= e W) b f — f)) K ()
MF ($)\{0}

a—0T

2
= lm ST~ f(a)|(@) = 0

then the desired assertion follows from (3.11) and (3.13). O

For a non-conservative (7;), the proof can be reduced to the conservative situation
in the following way. Extend (T;) to a conservative semigroup (7;) on the enlarged
state space S = S U {A} by adding an extra point A as a trap. For (7;) we denote the
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associated cumulant semigroup and the entrance law by (V;) and (K7¥), respectively.
Obviously V;f(z) = Vi f(x) holds for = € S if f(A) =0, so K¥ is indeed the restriction
of K¥ to Mp(S). Then it is easy to see that (wy, A®) is equivalent to (w|s, A®). Since
A? is supported by W72, it is obvious that A® is supported by W<.

Finally, we show the unigeness assertion of Theorem 1.4.

Lemma 3.6. Any o-finite measures A*, x € S, satisfying the requrements (i) — (iv) of
Theorem 1.4 s uniquely determined.

Proof. Since w0, — 8, as r — 01, by the continuity of (V;) we have for A®-almost all w,
Jim " (Viesf) = Vif(z), € Co(S)".
By Markov property, for each » > 0 and € > 0,
Jim A% fwg (1); |5 (Vies f) = Vef ()] < g ws(1) < e}
> lm A" {ws(Tr—s1); [ (Vies f) = Vef(2)] <& ws(1) <e}
= lm A® {wr (1); s (Ve-s f) = Ve (@) < e,ws(1) < e}
=A"{w, (1)},
hence by the condition (iii) we see
T A7 {uy (1); 0, (Vi) — Vef ()] < ey <€} = 1.
Using this and Markov property again we get
A (1- e )
= tim A7(1 = exp {~w, (Ve o)} s e (Via f) = Vif ()] < e,0(1) < <)

s—0+
< Osup a" ' (1 —exp{—alVif(x) +¢]})
Tim A7 (g (1): s (Vo f) — Vil ()] < 2, 0,(1) < €}
— Vif(z) as e — 0.

A similar argument applies to get
A (1) 2 Vi),

thus the marginal distributions of A” is uniquely determined. Therefore the unigeness
of A* follows. [J

Proof of Corollary 1.6. This is almost the same with that of Theorem 1.3, and therefore
omitted. [J
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4. Super absorbing Brownian motions.
In this section we discuss immigration processes of super ABMs. Let us first give the
proofs of Lemma 1.1 and Theorem 1.6 as follows.

Proof of Lemma 1.1 and Theorem 1.6. Let D be a bounded smooth domain in R? and
let (T;) be the semigroup of an absorbing Brownian motion in D acting on Cy(D).
Suppose (k¢) is a p-locally integrable entrance law of (7). Noting that k1(p) < oo
we introduce a time inhomogeneous Markov semigroup (T )o<s<t<1 and a probability

entrance law (R¢)o<t<1 of (1)) by

T3 f(x) = [Ti—sp(@)] " Tos[fTi-ep) (), (4.1)

and
Re(f) = m1(p) ™ ke (fT1-ep)- (4.2)

Since T, f € Co(D) N CY(D) for f € Co(D) NCH(D) (cf. [13], p.65), T7 f is extended to
a continuous function on D such that

Ty f(2) = Ki_ () 'R{_o(fTai—ep)  for z € OD. (4.3)

Choose r,, — 01 such that v := lim, &, defines a probability measure v on D. By
(4.1) — (4.3)

/‘it(f) :Ht(P)Rt(f[Tl—tp]_1>
- / (A=) [Tap(2)) " Tof (2) + / (d2) W3 ()] w2 (),
D

oD

(4.4)

which proves Lemma 1.1 in the case that D is bounded. When D is unbounded, the
limit 7 := lim,, &, defines a probability measure v on D U {oo}. But for D = H? we
claim that

T f(x) — 0 as|z| — oo for z € D. (4.5)

Once (4.5) is proved, Lemma 1.1 follows for D = H? in the same way as above. Note
that

d
T f(z) = /Hd [9e(x1 = y1) — el +y0)) [ [ e (@i = v:) F(w)dyn - - dya, (4.6)

=2

where )
gi(z) = e ™2 2 eRt>0.

V2rt
Then it holds that for ¢ < a < b < d,

b d -
|w1|iinoo ) gi(r — y)dy (/ ge(w — y)dy> =0, (4.7)
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so that for 0 < c<a<b<d,

b

lim [gt(w—y)—gt(:ery)]dy(/ [gt(w—y)—gt(:ery)]dy) = 0.

xr— 00

Since T1_p is a bounded strictly positive continuous function on H?, (4.5) follows from
(4.1), (4.6) and (4.7).

Now Theorem 1.6 is immediate since by (1.5) for every ¢t > 0 and f € Co(D)NC*(D),
kg (Vif) =DV, f(2) holds for z € 0D. [

Next we give the proof of Theorems 1.7. Let (Y;, Qo) be the immigration process of
the super ABM over (0, c0) given by (1.19). By Theorem 1.2, for each f € C,((0,00))",
Qo-almost surely,

Vi) = [ i) +e (n)ds+ [ [ G g@irasan, g

where M (dsdx) is an orthogonal martingale measure on [0, 00) x (0, 00) with quadratic
variation measure (M)(ds,dz) = Ys(dz)ds and (k{) is the entrance law of the ABM in
(0, 00) defined by

2
k{(dz) = kf(x)dz = 4/ —tge_wQ/Qtdx, t>0,2>0. (4.9)
T
Let b e
200) = [ [ pestwpaasan) (4.10)
o Jo
and let . -
Yi(y) = Zi(y) +/ U pi—s(x,y)m(dz) + cry_(y)| ds, (4.11)
o LJo
where

pe(z,y) = ge(r —y) —g(x+y), tax,y>0,

By a stochastic Fubini theorem, Y;(dz) = Y;(x)dx holds Qg-almost surely. (See e.g.
32]).

Now we prove Theorem 1.7 by a series of lemmas. Since the arguments are quite
similar to those given in [20], we here present only an outline. Recall that p is a
function in C3(0,00)™" such that p(x) = x for 0 < z < 1 and = e~ * for x > 2. The
proof of the following Lemma 4.1 is omitted since it is quite elmentary.
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Lemma 4.1. For M >0 and n > 0 there is a constants C(n, M) > 0 such that

M 00
/ ds/ gs(x —y)?e"™dy < C(n, M) - "™ (4.12)
0 0

forx >0, and

/ds/ 1oty =2) = prslo = 2] dz (4.13)
<CO,M)- (Vt—r+y—z|) - (" +e"")
for0<r<t<M and x,y > 0. [
Lemma 4.2. For M >0 and n > 0 there is a constants C(n, M) > 0 such that

Qu{Zu(2)?"} < C(n, M) - e (4.14)
for0 <t < M and x > 0. Moreover,

Qo{Zi(2)*} =0  asz—0%. (4.15)

Proof. Since m € M,((0,00)), it is easy to check that for each M > 0 there exists
C(M) > 0 such that

M o)
| as [ ntmian <con e (4.16)
0 0
for all x > 0. Moreover it holds that

sup/ %(r)ds = lim /ig(x)ds =2 (4.17)

x>0 .J0 z—0+t

for all ¢ > 0. Now notice that

Qo{Zi(2)?} = / Qo{Ya(p? (. )}ds
(4.18)

,)) + erd(2)] du.

from which (4.15) follows. Next note that (4.14) holds for n = 1 by (4.16) — (4.18).
Assuming that (4.14) holds for n < m we shall show it for n = 2m, which will yields
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(4.14) for all n. Under the induction assumption, we have Qo{Y;(x)?*™} < C(m, M )-e™*.
Then by making use of Burkholder-Davis-Gundy’s and then Hélder’s inequalities,

Qo{Z:(x)*™} < Cy(2m, M) - Qq {/Ot ds/pf_s(x,y)Ys(y)dy} 2m

t 0 t 0o 2m—1
§01(2m,M)-Qo/ ds/ pi_o(z,y) Y2 ™ (y)dy - U dS/ p?_s(w,y)dy}
0 0 0 0

<Cy(2m, M) - &*™*,

thus (4.14) holds for n = 2m. O

Proof of Theorem 1.7. Using Lemma 4.1 with a similar argument as in the proof of
(4.14), we get that

Qof|Ze(y) — Z,(@)[*"} < C(n, M) - ("7 + ™) (Vi—r + [y — )" (4.19)

for 0 <r <t < M and x,y > 0. Therefore, {Z;(x) : t > 0,z > 0} has a continuous
modification vanishing as * — 0% by (4.15), hence {Y;(z) : ¢ > 0,z > 0} has a contin-
uous modification satisfying Y;(0%) = 2¢ by (4.17). Tracing the arguments of [20] one
can define a time-space white noise Wt( ) on an extension of the original probability

space such that M(dsdz) = /Y, (z)W,(z)dsdz. Then by (1.11) the density process
{Yi(z):t>0,2 > O} satlsﬁes the SPDE (1 21). O

Now we proceed to the proof of Theorem 1.8. Let us start with the following nonlinear
equation:

(1) = Fug,(t,z) — 2ut,2)? + 36?1, 00 (x), t>0, >0,
0,z) = f(z), x>0,

u(t,0) =0, t>0,
(

u(t, ) is uniformly bounded on each finite time interval.

e

(4.20)

Lemma 4.3. For bounded non-negative f € Cu((0,00)) N C1([0,00)), the equation
(4.20) has a unique solution in C%1(]0,00) x [0,00)) N CH2((0,00) x [(0,00) \ {a}]).

Proof. Recall that (T;) denotes the transition semigroup of the absorbing Brownian
motion in (0,00). It is known that the evolution equation

t
u(t,z) =Ty f () +/ Ti—s [%921[(1’00) - %u(s)2 (x)ds, t=>0, (4.21)
0

has a unique positive solution u(¢, z) bounded on each finite time interval; see [12], [16],
etc. Then it is a routine task to check that u(-,-) € C%1([0, 00) x [0, 00)) NC2((0, 00) x
[(0,00) \ {a}]) and it solves (4.20), we omit the details. [
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Hereafter we denote by u®(¢,x;6) the solution to (4.20) with f = 0. Then it holds
that

0 <u(t,z;0) <0, t>0, x>0, (4.22)
and that
a’u(a’t,ax;0) = u'(t, z;a?0), t>0, 0<z<1; (4.23)
see [16], [18].
Lemma 4.4. The limit
u(t,z) = elim u®(t, z;0) (4.24)

ezists in C%1([0,00) x [0,a)) N CL2((0,00) x (0,a)) and it satisfies

ug(t, ) = %um(t,x) — %u(t,:/r:)2 t>0, 0<z<a,
u(0,z) =0, 0<z<a, (4.25)
u(t,0) =0, t >0,

Moreover u®(t,x) has the following scaling property:

a’u®(a*t,ax) = u'(t,z), t>0,0<z<1. (4.26)

Proof. Let 0 < b < a and let g°(z,y) denote the transition density of the absorbing
Brownian motion in (0,b). Then u®(t, x; ) satisfies

1 t b
u(t, x;0) = —5/ dS/ 9i% o (2, y)u(s, y; 0)*dy
0 (4.27)

——/ —gt S(x,b)u(s,b; 9)2d3,

so u®(t, ) satisfies the same integral equation. Using this one checks that u®(t,z) is in
C%1(]0,00) x [0,a)) N CH2(]0,00) x (0,a)) and it satisfies (4.25). The scaling property
(4.26) follows from (4.23). O

Lemma 4.5. The limit
u(z;0) == lim u®(t,z;0) (4.28)

t—o0

ezists in C1([0,00)) N C?((0,00) \ {a}), which is the unique solution of

Uz (7) = u()?, 0<z<a,

umm(x) = u’(w)Q - 927 r > 07 (429)
0 <u(z) <0, x>0

u(0) =0

29



Proof. Since u®(t,x;60) is non-decreasing in ¢ > 0, the limit (4.28) exists. Note that
u®(t, x; 0) satisfies

¢ 1 1
u(r +t,;0) = Tyu'(r, z;0)(z) +/O Ti—s [gezl[a,w -+ 8;9)2} (2)ds.

Letting r — oo in the above equation we get
! 1
u®(z;0) = Ty (0)(x) —I—/ T s {5921[%0@) — Eu“(9)2] (x)ds, t>0,
0

from which it follows that u®(z; 6) lies in C1([0, 00))NC?((0,00)\{a}) and differentiating
in t gives (4.29).

To see the uniqueness of the solutions of (4.29) first note that any solution u(x) of
(4.29) is concave in (a,00), so u(co) = 6 and u'(c0) = 0. If u(z) and v(z) are two
solutions of (4.29), then w(z) := u(x) — v(x) vanishes at z = 0 and oo. Suppose that
w(z) is not identically equal to 0, we may assume w(zo) = max, w(zx) > 0 for some

xg > 0. Since
w”(z) = [u(z) —v(x)]w(z), x>0, z+#a,

w( w(xo) /dy/ Jw(z)dz >0

when |z — x| is small, which is absurd. O

Lemma 4.6. The limit u®(x) := limy_, o u®(t, z) exists in C*([0,a))NC?((0,a)), which
is the unique solution of

we have

{ Uz () = u()?, i 0<z<a, (4.30)
u(0) =0, u(a™) = oo.
Moreover it holds that

us(0) = lim wi(¢,0). (4.31)

t—o0

Proof. Since u®(t,x) is non-decreasing in ¢t > 0, the limit (4.30) exists. Letting ¢t — oo
n (4.27) we obtain

1 o0 b
P / ds / o2 () (9)dy — / S b (@)
2 0 0

This implies that u®(z) € C1([0,a)) N C?((0,a)) and

{ um(x_) =u(z)?, 0<z<a,

u(0) = 0.
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Next we claim that for u*(z;0) given by (4.28),

lim u*(a;0) = oc. (4.32)

60— o0

Once (4.32) is proved, since

u(a”) = mliril_ tlirgo u(t,x) > xliI(ILl_ tlirgo u(t,x;0) = u®(z;0),

it will follow that u®(a™) = oo and u®(x) will solve (4.30). To see (4.32) note by the
first equation of (4.29) that

1 1 1
5“?:(:1;, 0)* — gua(x;e)?’ = Eug(0;9)2, 0<z<a.

By this and the second equation of (4.29),

%ug(.r, 9)2—%u“(:1;; 0)% + 0%u®(z;0)
=t (@:0)” — (a3 6)° + 6 (a3 6) (4.33)

1
:§ug(0; 0)% + 0*u’(a;0), x> a.
Letting x — oo in (4.33) we see
2 1
593 = Eug((); 0)% + 60*u”(a;0).

which yields (4.32) since u®(z;0) < u®(z) implies u%(0;0) < u%(0).
Finally we show (4.31). For small x > 0,

t_l/o [u?(s,z) — zu(s,0)]ds

t x Yy
t1/ ds/ dy/ ul (s, z)dz
0 0 0
T Yy t
t_l/ dy/ [2u“(t,z)+/ u“(s,z)2ds} dz.
0 0 0

Taking t — oo we get

@ y
u(z) —x lim ui(s,0) = / dy/ u?(z)dz,
0 0

t—o0

which yields the desired conclusion. [
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Lemma 4.7. Let (Y;,Q,) denote the immigration process given by (1.19). Then for
a>0 and 6 >0,

Quesp {307 | Yalla. 0))ds .
4.34

— exp {— / (i (s:0)) + cui(s,0:0)] ds} ,

where u®(s, x;0) is the solution of (4.20) with f = 0.
Proof. Note that for f(t,x) € C?%([0,0) x [0, 0)),

M =Y (f (1)) —/0 [Ys (fs(8) + faa(s)/2) + m(f(s)) + cfa(s,0)] ds

is a martingale with quadratic variation process

(MY, = /0 Y, (£(s)?) ds.

Applying this to f(t,z) = u*(r — t,x;0), with some approximating argument, we see
that

o { vt - t0) - 5 | Y(la oo))ds -1

- — /0 [m(u®(r — s;0)) + cul(r — s,0;0)]

exp {—Ys(ua(r —5;0)) — %02/ Y. ([a, oo))du} ds
0
+ martingale,

from which the desired relation follows. O

Proof of Theorem 1.8. Since the immigration process has a jointly continuous desity
Yi(z), applying Lemmas 4.7 and 4.4 we have

QiR <} ~Quesn { - [ Vi (a,00)ds = o} .
4.35

—exp {— /Ot m(u®(s)) + cul (s, 0)] ds} .
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By the scaling property (4.26),
Qo{t™"*R, < a}

$1/3,—2
o
0

d > 1 ,t—l/3 -1 d
3/0 u (s a”x)m(dx) (4.36)

£1/3,-2
+t_1/3a_1/ cui(s,O)ds}.
0

Since u(t, x) solves (4.25), as in the proof of Lemma 4.6,

/0 (4 (5. 2) — 2l (s,0)]ds
:/Ow dy /Oy {2u1(t,z) + /Ot ul(s,z)2ds} dz
< 2%u(z) [1 4 %ul(sc)] |

Using this and Lemma 4.6 we obtain

$1/3,-2

lim ds/ ut(s,t 730" e )m(dx)
0

t=oc Jo
:tlirglo t_1/3a_1/0 ul(s,0)ds /000 xm(dx) (4.37)
=a3ul(0) /000 xm(dx).
Hence from (4.36) and (4.37) it follows that
tliglo Qo{t 3R, < a} = exp {—a_g’ui(O) lc + /OOO mm(dx)] } .

The explicit value of ul(0) can be found by a similar argument as [18]. O

$1/3,—2

5. Central limit theorems for the immigration processes.

Let (Y,Q,) be an immigration process associated with an immigration measure
m € M,,(S). By Theorem 1.3, we have Q,-almost surely,

Yi(f) = Yo(T3f) / m(Ti—sf) d8+/ /Tt sflz)M(dsdz), feC,(S5), (5.1)

where M (dsdzx) is an orthogonal martingale measure on [0,00) x S having quadratic
variation measure
(M)(dsdz) = dsYs(dx). (5.2)
Our proof of the first central limit theorem is based on the following
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Theorem 5.1. Suppose that m is (T})-invariant and that for each f € C,(S)" there
is a constant C(f) > 0 such that

/0 IT.fllds < VEC(f). (5.3)

Then for each f € C(S)T the distribution of

Yi(f) —tm(f)
Var(Y;(f))

(5.4)

under Qo converges as t — oo to the normal distribution N(0,1).

For the proof of the above result we need a simple fact on martingales.

Lemma 5.1. Suppose for each t > 0 we have a continuous martingale (Ml(f),u > 0)
with Mo = 0. If there exists u(t) — oo such that (M®), ) converges ast — oo to some

constant o > 0 in probability, then the distribution of bet&) converges as t — oo to the
normal distribution N(0,0).

Proof. Note that for each t > 0, (Mﬁt)) is a time change of a standard Brownian motion
B®(u), i.e., M = BO((M®),). Then for 6 € R and ¢ > 0,

E ‘exp {ZGMS&)} — exp {ib’B(t)(a)H
=E ‘exp {i@B(t) ((M(t)>u(t))} — exp {iQB(t)(U)}‘

<[0Esup {|BO@w) - BO(0)]: Ju—o] <e}+2P {[(MD)y) — 0 >},

which yields the desired conclusion. [

Proof of Theorem 5.1. Let f € C.(RY)* be fixed. Note that by (5.1), (5.2) and the
(T})-invariance of m we get

V(t) == Var(Yi(f)) = / (t — s)m((Tof)?)ds. (5.5)

In order to apply Lemma 5.1 we set

(t) = 1 ' X sdx
M) = s /0 /S Ty o f (2) M (dsda). (5.6)
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where T f = 0 for s < 0 by convention. Then for every fixed f and ¢, {qut)(f), u >0}
is a continuous martingale and

(MO(f) —V(t)_lftY((Tt sf)?)ds
=14+ V(¢ /ds// v (Ty_s f)*(z)dsM (drdz).

Combining this with (5.1) — (5.6) and the present assumption we get

Qo (O (1))~ 1|

s [ [ ([ o) va]

%
< s [0 ([ 1108 @uiveicn gy
g(‘]/(({))Q /0 r(t —r)ym ((T,.f)?) dr

ety

which vanishes as ¢t — oo if fooo m ((Ts f)?) ds = oo. On the other hand, fo m ((Tsf)?) ds <I
oo implies that V(t) ~ const.t as t — oo, so that

1/t )
7 [ st = pas
<e [ m(@pAs+ [ m(Tas

which vanishes as t — oo and & — 0. Thus we have lim;_,o, Qo[(M® (f)); — 1> = 0,
completing the proof of Theorem 5.1 by virtue of Lemma 5.1. [

Proof of Theorem 1.9. We first note that for any irreducible Lévy semigroup (7}) the es-
timate (5.3) is known; see Theorem 4.3 of [28]. Suppose that the symmetrized semigroup
(T}) is transiant. Then we have for f € C,(R%)™,

| m (@) as = gmisen < oo
0

and
Var(Y;(f) ~ m(fGf)t/2 as t — 00.
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By Theorem 5.1, the distribution of

[Ye(f) = tm()]/ V't (5.7)

converges to N(0,m(fGf)t/2). Next suppose that the symmetrized semigroup (T}) is
reccurent. Recalling that m = ¢\, we fix some ¢ € C,.(R?)T with A(¢) =1 and let

B(t) = / (t — M(To6)?)ds. (5.8)

Then [;°m ((Tsf)?) ds = oo implies that t~*h(t) — oo as t — oo. By Theorem 5.3 of
26], if f,g € C.(RY)T with A\(g) > 0, then

lim thf(w)dS (/Ot ng(x)d8>_1 = A/ A9) (5.9)

t—oo 0

uniformly for x and y in each compact set. Using this we obtain that for every f €
C(RHT,

Jim ()~ Var{Yi(f)}

=i e [ ([ - an@ers) =

t—oo
By Theorem 5.1 and (5.9) the distribution of (5.7) converges to N(0,cA(f)). Since
5

f € C.(RH*F was arbitary, it is a routine task to see the convergence of (5.7) in the
sense of distributions in D'(R%), and the theorem is proved. [

Next we proceed to the proof of Theorem 1.10. Recall that now (7}) is the standard
Brownian semigroup on R¢ and the immigration measure is m(dz) = v(x)A(dz) with
v satsfying (1.27). It follows from (5.1), (5.2) and the symmetry of () that for f €
C (R,

(5.10) B} = [ AGT
(5.11) Var{Yi(f)} = / dr / Ty f)?)du
(5.12) Cov(Y, / / Tuy - Torg - Toypf)du
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Lemma 5.2. If f € C,(RY)™, then ast — oo,

E{Y:(f)} = A(f)b: + o(by),

where by 1s given by
207 (e + d/2)

b p—
¢ 74/2(1 + )

)\S(a)t1+°‘.

Proof. Note that (1.27) implies v(z) < const.(1 + |z|?*) Therefore
Tyy(z) < const.(1 + t*|z|>).

Furthermore,
hm t™ Ty ()

t—o00

= lim (27)~ %2 /to"y(x + Vtz) exp{—|z|?/2}dz

t—o0o

—2m) 2 [ |Poa(e/ |z exp( |22}z

:(27r)d/2/ 2% \g(a) exp{—r?/2}r? " 1dr
0

=201 =2 (o + d/2) A g (a).
Now (5.13) follows immediately by (5.10), (5.15) and (5.16),

Jim £ B ()}

:E&t_a_l/ot ds/v(:v)Tsf(x)d% s =rt,
:tlirglO/I dr/f(:c)t_a Y (2)dx
/ds/f ) Jim =Ty ()

20710 (a + d/2)
=it As(@)A(f). O
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Lemma 5.3. If f € C.(RY)™, then ast — oo,

Var{Y;(f)} = A(f)*h(t) + o(h(t)), ford=1 and 2,

= MG + olh(t)), ford >3 47
where h(t) is defined by (1.29).
Proof. Since T, f(x) < const.(1 At~%/?), it follows by (5.15) that
/t_O‘Tt_u’y(x)(Tuf)Q(x)dx < const.(1 A u~%?), (5.18)

Then for d > 3, by (5.12) we get

Jim £~ Var(¥;(/)}

t T
= lim t_o‘_l/ dr/ du/Tr_uv(x)Tuf(x)zdx (5.19)
t—o0 0 0 :

1 [e%e)
= lim ds/ du/T_aTst_ufy(x)Tuf(x)de
0

t—oo

by (5.18) and (5.16), noticing that (T, f)? is rapidly decreasing in z,

/ ds/ du/ lim ¢~ Ty—y(2) T f () dz

2971 (a + d)2) )
(@ / Nl

2972 (4 d/2)
- 7Td/2(1+Ck) )\S(a))‘(fo)7

proving (5.17) in the case d > 3. To get it for d = 1 and 2, we use the following relation
for the Brownian transition density g:(x,y) = g:(x — y):

Gs (xv y)gt(ma Z) = st/ (s+t) (x7 (ty + SZ)/(S + t)) s+t (ya Z) (5'20)
to find that

| TA@ gl T () s
~ [ | / To(@)g. (2, )gu (2, 2)9(y) (=) dyd=

— [ [ 9esst0 9010z [ Tr(@)gugsicnn s+ 07 ey -+ 52)da
= [ [ Tovcrsron (@ + 52/ + D)9ty 29w (2)dyc.
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When d = 1, using (5.11), (5.21) and (5.16),

Jim t=2732Var{Y,(f)}

:tlirgot_“_g’ﬂ/ dr/ dU// r—uy2Y((y +2)/2)

92u(y, 2) f(y) f(2)dydz, r = st,u = vst,
(5.22)
=i 5 [ s [t [Tt 2
F)f(2) exp{~|y — z[* /4vst}dydz

—ng(a))\(ff/o v 22 — v)%dw.

- 27m(2a 4 3)
Similar techniques give the analogous result for d = 2,

lim ¢t~ log™ ! t Var{Y;(f)

t—o0

t—>oo ta+110gt/ dT/ dU// r— u/27 y+2)/2)

92u(y, 2) f(y) f(2)dyd=

= Jim / s / du [[ T +2)/2)

92u(y, 2) [ (y) f (2)dydz, = (st)'~

1 1-r
_tlggo a logt/o ds/o (st) " log(st)dr

i [ Taewar e+ 2250 expl—ly = =P faudaya
—tlggo—w/ ds/ dr// Totmy (9 +2)/2)
y)f(2) exp{~ly — z|* /4u}dydz

As(@)A(f)?.

293 (a+ 1)
- m2(a+1)

The proof is complete. [
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Lemma 5.4. If g,f € C.(RH)Y and t > s > 0, then as M — oo,

(5.23)  Cov(Yinm(g), Yire(f)) = Mg)A(f)r(s, )h(M) + o(h(M)) for d =1,
= O(log™! M)h(M) ford =2,
= O(M*“=¥Hn(M) ford >3,

where h(M) is given by (1.29), and k(s,t) by (1.31).
Proof. Noting that f has compact support, we observe by (5.12) and (5.15)

h(M) " Cov(Yoni(9), Yenr (f
/ / du/ r—u Y () Tug (@) T(t— gy g f (7)d
< const.h(M)™! /OSM dr/o [(t—S)M—i—u]_d/Qdu/g(a:)TTfy(:c)dx

sM
< const.h(M) " Mt / [(t — $)M 4 u]~%2du
0

< const. M 1—4/2 for d > 3,
<const.(logM)~"  ford=2.

For d = 1, setting r = psM and u = pgsM, and using (5.21),

Cov (Y. ), Yine (f
/ /du/ r—u ¥ () Tug(2) T gy vy f (7)da

:/ SMdp/ pSMdQ/T(l q)psMV( )T;U(JSJWQ(m)T(t—s—quS)Mf(x)daj

_82M2/ pdp/ d(]// r(- )M7 g(t s+2pqs)M(y7 )g(y)f(Z)dde,

where
() = ps[t — s + pgs(2 — q)]
t — s+ 2pgs

)

and

(t — 5+ pgs)y +pgsz
m(-) = .
t— s+ 2pgs
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Then by (5.15)
lim M~*"3/2Cov(Yar(g), Yinr (f))

M —o0

:z\}igloos/pdp/ dq/ M~ T ypy(m(-))

i exp{ = }dydz
\/27T t— 3+2pqs 20t = s+ 2pgs)M
a206 1F 1/2)\
my/(t = s + 2pgs)
_ga— 3/2 -1 2(a+1 F(a+1/2)>\s( JA(G)A(S)
a+1 — @
/ M — 5+ pgs(2 — q)] dpdg
t—s+2pq5) V=5 +2pgs

=H(8,t)As(a)>\(g)/\(f)% / 122 ).

The lemma is proved. [

Proof of Theorem 1.10. It suffices to show that for all f,---, f, € Cx(RY)* and 0 <

t < - <tp,
ZZt(ZL)(fi) = > Zi,(f3)
i=1 i=1

in distribution as M — oo. Note that

Zz(u) fl - (U) (fl, ' 7fn)7
where Mt(u)( fi,-++, fn) is a continuous martingale in ¢t > 0 defined by

t n
MO (fy ,fn):h(M)—l/z/o /ZTtiM_Sfi(x)M(dsda:).
=1

By (5.1) and (5.2),

<M(U) fla '7fn tn M

/tM/<ZTthfz ) L(dz)ds
_1/OtnMds/O dr/TS_W(;T“M_Sfi(x))zdx
_1/0tnMdS /OS/TS_T<§TtiM—Sfi(m)>2M(dex),
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Using Lemmas 5.2 and 5.3 to the first term,

tn M s n 2
A}im h( )_1/ ds/ dT/Ts—r’Y(ZTtiM—sfi(x)) dz
o 0 0 i=1

1 a

= DM LN A Kt ty) ford =1
i i<j

1 a+3/2

=5 Zk(fi)zti 32 for d =2

1 o
- Z AFGFIET2 for d > 3.

On the other hand, by Lemma 5.2,

h(M)QE[/OtnM ds/os/TH(thiM_sfi(x))QM(drdx)r
(M) /0 A /O Y / Tr_ufy(x){ /0 tnMTs_r(thiM_sfi(x)fdsrdx.

Using (5.15) repeatedly we see that the above value is bounded by

tn M 3
const.h(M) ™2 M+ / 1As~42ds |
0

which goes to zero as M — oo by (1.29). Then the desired conclusion follows by Lemma
5.1. O
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