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Abstract

Recently, Kurtz (2007, 2014) obtained a general version of the Yamada—Watanabe and Engelbert theo-
rems relating existence and uniqueness of weak and strong solutions of stochastic equations covering also the
case of stochastic differential equations with jumps. Following the original method of Yamada and Watanabe
(1971), we give alternative proofs for the following two statements: pathwise uniqueness implies uniqueness
in the sense of probability law, and weak existence together with pathwise uniqueness imply strong existence
for stochastic differential equations with jumps.

1 Introduction

In order to prove existence and pathwise uniqueness of a strong solution for stochastic differential equations, it
is an important issue to clarify the connections between weak and strong solutions. The first pioneering results
are due to Yamada and Watanabe [28] for certain stochastic differential equations driven by Wiener processes.

We investigate stochastic differential equations with jumps. Let U be a second-countable locally compact
Hausdorff space equipped with its Borel o-algebra B(U). Let m be a o-finite Radon measure on (U, B(U)),
meaning that the measure of compact sets is always finite. Let Uy, U; € B(U) be disjoint subsets. Let d,r € N.
Let b:[0,00) xR? = R o :[0,00) xR = R¥>*" f:[0,00) xRIxU — R? and g:[0,00) xRIx U — R be
Borel measurable functions, where [0,00) x R? x U is equipped with its Borel o-algebra B([0,00) x R? x U) =
B([0,00)) ® B(R?) @ B(U) (see, e.g., Dudley [7, Proposition 4.1.7]). Consider a stochastic differential equation
(SDE)

thX0+/ o(s, X ) AW +/ F(s, X s—,u) N(ds, du)
(1.1) ’ v
b(s, X,)d X, ,u) N(ds,du), 0,00),
/ (s, s—&—//Uls u) N(ds,du) t € [0,00)

where (W);>0 is an r-dimensional standard Brownian motion, N(ds,du) is a Poisson random measure on
(0,00) x U with intensity measure dsm(du), N(ds,du):= N(ds,du)—dsm(du), and (X)¢>0 is a suitable
process with values in R%.

Yamada and Watanabe [28] proved that weak existence and pathwise uniqueness imply uniqueness in the
sense of probability law and strong existence for the SDE (1.1) with f =0 and g = 0. Engelbert [8] and
Cherny [3] extended this result to a somewhat more general class of equations and gave a converse in which
the roles of existence and uniqueness are reversed, that is, joint uniqueness in the sense of probability law (see,
Engelbert [8, Definition 5]) and strong existence imply pathwise uniqueness. The original Yamada—Watanabe
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result arises naturally in the procedure of proving existence of solutions of a SDE; for a detailed discussion, see
Kurtz [16, pages 1-2].

Jacod [11] generalized the above mentioned result of Yamada and Watanabe for a SDE driven by a semi-
martingale, where the coefficient may depend on the paths both of the solution and of the driving process. The
Yamada—Watanabe result has been generalized by Ondrejat [20] and Rockner et al. [23] for stochastic evolution
equations in infinite dimensions, and by Tappe [25] for semilinear stochastic partial differential equations with
path-dependent coefficients.

Recently, there has been a renewed interest in generalizations of the results of Yamada and Watanabe [28].
Kurtz [15], [16] continued the direction of Engelbert [8] and Jacod [11]. He studied general stochastic models
which relate stochastic inputs with stochastic outputs, and obtained a general version of the Yamada—Watanabe
and Engelbert theorems relating existence and uniqueness of weak and strong solutions of stochastic models
with the message that the original results are not limited to SDEs driven by Wiener processes. In order to
derive the original Yamada—Watanabe results from this general theory, proofs of pathwise uniqueness require
appropriate adaptedness conditions, so two new notions, compatibility and partial compatibility between inputs
and outputs have been introduced. Due to Example 3.9 in Kurtz [15] and Page 7 in Kurtz [16], the results are
valid for SDEs driven by a Wiener process and Poisson random measures.

Following the ideas of Yamada and Watanabe [28], we are going to give alternative proofs for the following
two statements:

1.1 Theorem. Pathwise uniqueness for the SDE (1.1) implies uniqueness in the sense of probability law.

1.2 Theorem. Weak existence and pathwise uniqueness for the SDE (1.1) imply strong existence.

Note that Theorems 1.1 and 1.2 are generalizations of Proposition 1 and Corollary 1 in Yamada and Watan-
abe [28] (we do not intend to deal with generalization of their Corollary 3). The definition of weak and strong
solutions of the SDE (1.1), pathwise uniqueness for the SDE (1.1) and uniqueness in the sense of probability
law, and a detailed, precise formulation of Theorem 1.2 will be given in the paper. In the course of the proofs
we developed a sequence of lemmas discussing several kinds of measurability, see Lemmas 5.1 and 5.3, and we
also presented a key observation on the preservation of the joint distribution of the parts of the SDE (1.1), see
Lemmas A.2 and A.4.

Our alternative proofs show the power of the original method of Yamada and Watanabe [28], these proofs
can be followed step by step and every technical detail is transparent in the paper. This raises a question
whether Kurtz’s result could be proved via the walked-out path by Yamada and Watanabe.

Note that Situ [24, Theorem 137] also considered the SDE (1.1) with R?\ {0} instead of U and with
g =0, and proved Theorems 1.1 and 1.2 under the resctrictive assumption

(1.2) / ﬂ m(du) < oco.
rav{o} 1+ [[ull?

This assumption was needed for introducing an auxiliary cadlag process in Lemma 139 in Situ [24]. In fact, one
can get rid of condition (1.2) by using the space of point measures on Ry X U as the space of trajectories of
Poisson point processes instead of the space of cadlag functions, see the proofs of Theorems 1.1 and 1.2. We
call the attention that in the literature the result of Situ [24, Theorem 137] has been usually referred to without
checking condition (1.2), see, e.g., Li and Mytnik [18, equation (3.1)], Dawson and Li [5, equation (2.9)], Déring
and Barczy [6, equation (3.23)] and Li and Pu [19, equations (4.6) and (5.1)], but Theorem 1.2 covers these
situations as well.

We remark that Zhao [29] already adapted the original method of Yamada and Watanabe for the SDE (1.1)
driven only by a compensated Poisson random measure, i.e., with ¢ =0 and g =0, but for processes with
values in a separable Hilbert space instead of R%-valued processes. Comparing with the results of the present
paper, note that we explicitly stated and proved in Theorem 1.1 that pathwise uniqueness for the SDE (1.1)
implies uniqueness in the sense of probability law.

2 Preliminaries

Let Z+, N, R, Ry and Ry, denote the set of non-negative integers, positive integers, real numbers,
non-negative real numbers and positive real numbers, respectively. For z,y € R, we will use the notations



r Ay = min{z,y}. By |z| and ||A|, we denote the Euclidean norm of a vector = € R? and the
induced matrix norm of a matrix A € R¥?  respectively. Throughout this paper, we make the conventions
f: = f(a’b] and [ = f(a,oo) for any a,b € R with a <b. By C(R;,R’) and D(R,,R’) we denote
the set of continuous and cadlag Rf-valued functions defined on R, equipped with a metric inducing the
local uniform topology (see, e.g., Jacod and Shiryaev [12, Section VI.1a]) and a metric inducing the so-called
Skorokhod topology (see, e.g., Jacod and Shiryaev [12, Theorem VI.1.14]), respectively. Moreover, C(R,,R?)
and D(R,,R’) denote the corresponding Borel o-algebras on them.

Recall that U is a second-countable locally compact Hausdorff space. Note that U is homeomorphic to
a separable complete metric space, see, e.g., Kechris [14, Theorem 5.3]. For our later purposes, we recall the
notion of the space of point measures on Ry x U, of the space of simple point measures on R, x U, and of
the vague convergence. We follow Resnick [21, Chapter 3] and Ikeda and Watanabe [10, Chapter I, Sections 8
and 9].

A point measure on Ry x U is a measure 7 of the following form: let F C N and let {(t;,u;):i € F}
be a countable collection of (not necessarily distinct) points of Ry X U, and let

™= Z (5(“7“1.)

icF

assuming also that =([0,¢] x B) < oo for all ¢ € Ry and compact subsets B € B(U) (i.e., 7 is a Radon
measure meaning that the measure of compact sets is always finite, and consequently, it is locally finite), where
d(t;,u;) denotes the Dirac measure concentrated on the point (t;,u;). Thus

7([0,t] x B) = #{i € F: (t;,u;) € [0,t] x B}, teRy, BeB).

A point function (or point pattern) p on U is a mapping p: D(p) — U, where the domain D(p) is a
countable subset of R;; such that {s € D(p): s € (0,¢], p(s) € B} is finite for all ¢ € Ry and compact
subsets B € B(U). The counting measure N, on Ri, x U corresponding to p is defined by

N,((0,t] x B) :=#{s € D(p) : s € (0,t], p(s) € B}, teRy,, BeBW).

Note that there is a (natural) bijection between the set of point functions on U and the set of point measures
7w on Ry xU with n#({t} xU) <1, t € Ry;, and 7({0} x U) =0. Namely, if p: D(p) = U is a point
function, then the corresponding point measure is its counting measure N, =3, D(p) d(t,p(t))- The set of all
point measures on R} x U will be denoted by M (R4 x U), and define a o-algebra M(Ry x U) on it to
be the smallest o-algebra containing all sets of the form

{me M(Ry xU) :xw([0,t] x B) € A} for te Ry, BeB(U), AecB([0,)).

Alternatively, M(Ry xU) is the smallest o-algebra making all the mappings M (R4 xU) 3 7 — 7([0,¢] x B) €
[0,00], t € Ry, B e B(U), measurable.

Note that there is a (natural) bijection between the set of point processes (randomized point functions)
p defined on a probability space (€, F,P) with values in the space of point functions on U (in the sense
of Tkeda and Watanabe [10, Chapter I, Definition 9.1]) and the set of F/M (R4 x U)-measurable mappings
p:Q—= MRy xU) with p(w)({t} xU) <1 forall weQ and te€R;;, and p(w)({0} x U) =0 for all
w € ) (which are (special) point processes in the sense of Resnick [21, page 124]).

A point process p on U is called a Poisson point process if its counting measure IV, is a Poisson random
measure on Ry xU (for the definition of Poisson random measure see, e.g., Ikeda and Watanabe [10, Chapter I,
Definition 8.1]). A Poisson point process is stationary if and only if its intensity measure is of the form dsv(du)
for some measure v on (U,B(U)), which is called its charateristic measure. If v is a Radon measure, then
N,((0,t] x B) is Poisson distributed with parameter tv(B) € Ry, hence {s € D(p):s € (0,t], p(s) € B} is
finite with probability one for all ¢ € Ry and compact subsets B € B(U). Consequently, a stationary Poisson
point process with a Radon charateristic measure is a stationary Poisson point process in the sense of Ikeda
and Watanabe [10, Chapter I, Definition 9.1].

Next we recall vague convergence. Let C.(Ry x U,Ry) be the space of R -valued continuous functions
defined on Ry x U with compact support. For m, 7, € M(Ry xU), n € N, we say that m, converges
vaguely to w as n — oo if

lim fdm, = / fdm
Ry xU

n—oo ]R+><U



for all f e C.(Ry x U,Ry). For a topology on M (R, x U) giving this notion of convergence, see page 140
in Resnick [21]. Recall that M(R4 x U) coincides with the Borel o-algebra generated by the open sets with
respect to the vague topology on M (R x U), see, e.g., Resnick [21, Exercises 3.4.2(b) and 3.4.5].

In what follows we equip the spaces C(R,,R?), D(R,,RY), £ €N, and M(Ry xU) with some o-algebras
that will be used later on. For each £ € N, let us equip C(R;,R?) and D(R,,Rf) with the o-algebras

Ci(Ry,RY) i= o (C(R,RY))  and  Dy(Ry,RY) := ¢, (DR, RY)),  teRy,
respectively, where ¢; : D(Ry,R?) — D(R;,R?) is the mapping
(2.1) (pe(2))(s) :==z(t N 8), z€ DR,RY, scRy,

which stops the function z at t. It is easy to check that for all ¢t € Ry, Ci(Ry,R*) coincides with the
smallest o-algebra containing all the finite-dimensional cylinder sets of the form

{we CRL,RY : (w(ty),...,w(t,)) € A}, neN, AecBR"™), t,...,t, €0,
and then
(22) C(R-HRZ) = o'< U Ct(R-HRE))a
teR

see, e.g., Problem 2.4.2 in Karatzas and Shreve [13]. Similarly, for all ¢t € Ry, D;(Ry,R?) coincides with the
smallest o-algebra containing all the finite-dimensional cylinder sets of the form

{y € DRy, R : (y(tr),...,y(tn)) € A}, neN, AeBR™), t,...,t,€l0,1],
and then
D(R+,R) = o( U Dt<R+7Rf>>7
teR

hence D;(R,,R*) coincides with D?(R’) in Definition VI.1.1 in Jacod and Shiryaev [12]. Finally, let us equip
MRy x U) with the o-algebras M;(Ry x U), t € Ry, being the smallest o-algebra containing all sets of
the form

{me MRy xU) :7(]0,s] x B) € A} with s€[0,¢], Be B(U), A€ B([0,0c0]).

Note that
(2.3) MRy xU) = a< U Me®y x U)),
teER 4

since the union of the generator system of the o-algebras M;(Ry x U), t € Ry, forms a generator system of
M(R+ X U)

3 Notions of weak and strong solutions

If (Q,F,P) is a probability space, then, by P-null sets from a sub o-algebra H C F, we mean the elements
of the set
{AcQ:3BeH suchthat ACB and P(B)=0 }.

3.1 Definition. Let n be a probability measure on (R B(R?)). A weak solution of the SDE (1.1) with
inatial distribution n s a tuple (Q,]—"7 (ft)teR+,P,W,p,X), where

(D1) (0, F, (Fi)ier,.P) is a filtered probability space satisfying the usual hypotheses (i.e., (Fi)ier, is right
continuous and Fy contains all the P-null sets in F);

(D2) (Wy)ier, is an r-dimensional standard (F)ier, -Brownian motion;

(D3) p is a stationary (Fy)ier, -Poisson point process on U with characteristic measure m;



D4) (X¢)ier. s an R%-valued (F;)icr, -adapted cadlig process such that
+ +
(a) the distribution of Xo is n,
(b) P (fy (s, Xl + llo(s, X)) ds < 00) =1, tE Ry,

(c) P (fg S I1f (5 X oy )2 ds m(du) < oo) —1, teR,,

a P (fot fU1 llg(s, X s—,w)|| N(ds,du) < oo) =1, te Ry, where N(ds,du) is the counting measure
of p on Ryy xU,
(e) equation (1.1) holds P-a.s., where N(ds,du) := N(ds,du) — dsm(du).

For the definitions of an (F})¢ecr, -Brownian motion and an (F;);ecr, -Poisson point process, see, e.g., Ikeda
and Watanabe [10, Chapter I, Definition 7.2 and Chapter II, Definition 3.2].

In the next remark we point out that the integrals in the SDE (1.1) are well-defined under the conditions of
Definition 3.1 and have cadlag modifications as functions of t.

3.2 Remark. If conditions (D1), (D2) and (D4)(b) are satisfied, then (fg o(s, Xs)dW,) is well-defined

teR
and has continuous sample paths almost surely, see, Ikeda and Watanabe [10, Chapter II, Deﬁni{ion 1.9]. Indeed,
(o(t, X¢))ter, is (Ft)ier,-adapted (since X is (F;)ier,-adapted and o is measurable), (o(t, X;))icr, is
measurable (since X is measurable, because it has right-continuous paths, see Karatzas and Shreve [13, Remark
1.1.14], and o is measurable), and P([] [lo(s, X,)[[>ds < 00) =1, t € Ry.

Concerning conditions (D4)(c) and (d), note that the mappings Ry x Uy xQ 3 (s, u,w) — f(s, Xs—(w),u) €
R and Ry x Uy x Q3 (s,u,w) — g(s, Xs_(w),u) € R? are (Ft)ter, -predictable, see Lemma A.1.

Hence condition (D4)(c) is satisfied if and only if the mapping Ry xUyxQ > (s,u,w) — f(s, Xs_(w),u) € R?
is in the (multidimensional version of the) class F i’loc defined on page 62 in Ikeda and Watanabe [10], i.e., if
it is (F;)ter, -predictable and there exists a sequence (7,)nen of (Fi)ier,-stopping times such that 7, 1 oo
almost surely as n — oo and

tATH
(3.1) E(/ / |f(s,XS,u)||2dsm(du)) < o0, teRy, neN.
0 Uy

Indeed, if (D4)(c) holds then (3.1) is satisfied for
¢
Tp 1= inf{t ER,: / / I1£(s, X s, u)||* ds m(du) > n} Am, n €N,
0 Uy

where 7, 1 co almost surely as n — oo. On the other hand, (3.1) implies P (fot/w" on I f(s, X s, u)||? dsm(du) < oo) =
1 forall teR; and n €N, and hence (D4)(c), because 7, T oo almost surely as n — oo.

Moreover, if conditions (D1), (D3) and (D4)(c) are satisfied, then the process

(/t fs, X, u) N(ds,du))
0 JUo teR

is well-defined and has cadlag sample paths almost surely. Indeed, for each n € N,

tATh - t ~
( / F(5, X u) N(ds,dw) _ ( [ [ toni@s6.x0 N(ds,du>) ,
0 Uo teERy 0 Uo teRL

see page 63 in Tkeda and Watanabe [10]. The integrand Ry x Uy X Q3 (s,u,w) — Lj5.1(s)f(s, X s—(w),u) € RY
belongs to the (multidimensional version of the) class Fi defined on page 62 in Tkeda and Watanabe [10],
hence the process on the right hand side is a square integrable (F;);cr, -martingale, see page 63 in Ikeda and
Watanabe [10]. By Theorem 1.3.13 in Karatzas and Shreve [13], this process has a cadlag modification. Here
we point out that for using this theorem, we need completeness and right continuity of the filtration (F):cr, -
Further, we also obtain

tAT, - t .
/ f(s,Xs_,u)N(ds,du)E)/ f(s, Xs—,u) N(ds,du) as n — oo
0 UU 0 UO



for all t € R, since 7, T oo almost surely as n — oo.

Recalling that the mapping Ry x Uy x Q 3 (s,u,w) + g(s, X,—(w),u) € R? is (Ft)ter, -predictable,
condition (D4)(d) is satisfied if and only if the mapping Ry x Uy x Q 3 (s,u,w) — g(s, X s_(w),u) € R? is in
the (multidimensional version of the) class F), defined on page 61 in Ikeda and Watanabe [10].

Further, if conditions (D1), (D3) and (D4)(d) are satisfied, then, by definition, the process

(/Ot /U1 9(s, X s—,u) N(ds,du))te]R+ = Z g(s, X s—,p(s) 1y, (p(s))

s€(0,t]ND(p) teR,

is well-defined and has cadlag sample paths, where D(p) is the domain of p (being a countable subset of
Ry ). Indeed, for each w € , by definition, the mappings

Riote Y g(s X (@),p(s) (@) Lo, (p(s) (W),
S€(0.40D()()

Ry >te Do 98 X (@)p(s) (W) Le, (p(s) (@)
s€(0,t)ND(p)(w)
are right and left continuous, respectively. a
3.3 Remark. If m(U;) < oo, then condition (D4)(d) is satisfied automatically, since then E(N((0,¢] x

Uy) = tm(Uy) < oo implies P(N((0,t] x U;) < oo) = 1, and hence fot Jo, llg(s, X s u)|| N(ds, du) =
>seo.4nn(p) 19(s; Xs—p(s))[|1u, (p(s)) is a finite sum with probability one. O

3.4 Remark. Note that if conditions (D1)—(D3) are satisfied, then W and p are automatically independent
according to Theorem 6.3 in Chapter II of Ikeda and Watanabe [10], since the intensity measure dsm(du) of
p is deterministic.

Moreover, if (Q,.F, (Ft)ter,, P, W,p,X) is a weak solution of the SDE (1.1), then Fy, W and p are
mutually independent, and hence Xy, W and p are mutually independent as well. Indeed, the conditional
joint charateristic function of W and the counting measure of p with respect to Fy equals to the product
of the (unconditional) charateristic functions of W and the counting measure of p, see equation (6.12) in
Chapter IT of Tkeda and Watanabe [10] applied with X = W and s =0, and then one can use Lemma 2.6.13
in Karatzas and Shreve [13]. Since X is measurable with respect to Fy due to (D4), we have the mutual
independence of Xy, W and p.

The thinnings po and p; of p onto Uy and U; are again stationary (F;)¢ecr, -Poisson point processes
on Uy and Ui, respectively, and their characteristic measures are the restrictions m|y, and m|y, of m
onto Uy and Uj, respectively (this can be checked calculating their conditional Laplace transforms, see Tkeda
and Watanabe [10, page 44]).

Remark that for any weak solution of the SDE (1.1), X, the Brownian motion W and the stationary
Poisson point processes pg and p; are mutually independent according again to Theorem 6.3 in Chapter II of
Tkeda and Watanabe [10]. Indeed, one can argue as before taking into account also that the intensity measures
of pp and p; are deterministic, and condition (6.11) of this theorem is satisfied, because py and p; live on
disjoint subsets of U. a

3.5 Definition. We say that pathwise uniqueness holds for the SDE (1.1) if whenever (Q, F, (Fe)ter, , P, W, p, X)

and (Q,f, (Fi)ter,, P, W, p, /)2) are weak solutions of the SDE (1.1) such that P(Xo = Xo) = 1, then
]P)(Xt = Xt fO’f' all t € R+) =1.

3.6 Remark. One may also consider the following more strict definition of pathwise uniqueness. Namely, one
could say that pathwise uniqueness holds for the SDE (1.1) if whenever (Q,}", (Ft)ter,, P, W,p7X) and

(Q,]—"7 (ft)teRJr,]P’, W.p, ,)Z) are weak solutions of the SDE (1.1) such that P(Xo = X() =1, then P(X; =
X, for allt € Ry) = 1. Note that in this definition we require that W is an (F;);er,-Brownian motion and

an (ft)teR+—Brownian motion as well, and since it is not necessarily true that W is an (o(F: U ]?t))teR+—
Brownian motion, it is not clear whether this more strict definition of pathwise uniqueness and the one given
in 3.5 are equivalent. According to Tkeda and Watanabe [10, Chapter IV, Remark 1.3], they are equivalent. We
also point out that in our statements and proofs we use pathwise uniqueness in the sense of Definition 3.5, and
we do not use the above mentioned equivalence of the two kinds of definitions. a



3.7 Definition. We say that uniqueness in the sense of probability law holds for the SDE (1.1) if whenever
(Q,]:7 (Ft)ter,, P, W, p, X) and ((NZ,]?, (ft)teﬂh,@, W/,'ﬁ, /)Z) are weak solutions of the SDE (1.1) with the
same initial distribution, i.e., P(Xy € B) = f”(:’?o € B) forall B € BRY), then P(X € C) = ]FIVD(/XJ e C)
for all C € D(R4,RY).

Now we define strong solutions. Consider the following objects:

E1l) a probability space (€, F,P);

E2) an r-dimensional standard Brownian motion (Wy)icr, ;

(E1)
(E2)
(E3) a stationary Poisson point process p on U with characteristic measure m;
(E4) arandom vector & with values in R?, independent of W and p.

3.8 Remark. Note that if conditions (E1)—(E4) are satisfied, then &, W and p are automatically mutually
independent according to Remark 3.4. a

Provided that the objects (E1)—(E4) are given, let (F&" P)ter, be the augmented filtration generated by &,
W and p, ie., foreach t € Ry, ff’W’p is the o-field generated by o(&; Wy, s € [0,¢]; p(s),s € (0,t]ND(p))
and by the P-null sets from o(& Wy, s € Ry; p(s),s € Ry N D(p)) (which is similar to the definition in
Karatzas and Shreve [13, page 285]). One can check that

° (ff’w’p)t€R+ satisfies the usual hypotheses;
o (W)ier, is a standard (ff’w’p)teR+-Brownian motion;

e p is a stationary (.7-}£ "P)ter,, -Poisson point process on U with characteristic measure m.

Indeed, by Remark 3.8, W is a standard (o(&§; Wy,s € [0,t]; p(s),s € (0,] N D(p)))¢er, -Brownian motion,
and p is a stationary (o(§; Wy, s € [0,t]; p(s),s € (0,t] N D(p)))ter, -Poisson point process on U with
characteristic measure m. Hence, by Theorems 6.4 and 6.5 in Chapter IT in Tkeda and Watanabe [10], (W, p)
has the strong Markov property with respect to the filtration (o(&; W, s € [0,t]; p(s),s € (0,] N D(p)))ser., -
Then Proposition 2.7.7 in Karatzas and Shreve [13] yields that the augmented filtration (F&"'?),cr . satisfies
the usual hypotheses. Moreover, the augmentation of o-fields does not disturb the definition of a standard
Wiener process and a stationary Poisson point process, hence (W)icr, is a standard (]:E’W’p)teR+—Brownian

motion, and p is a stationary (]:f’W’p)teRJr—Poisson point process on U with characteristic measure m. For
the standard Wiener process, see, e.g., Karatzas and Shreve [13, Theorem 2.7.9]. The main point is to show
that W, — W, is independent of F$W» forall s,t € Ry with s <t and p(t) —p(s) is independent
of F&EWP forall s,t € D(p) with s <t, detailed as follows (in order to shed some light what is going on
behind). Let s,t € R, with s <t, and F € F&W:P. Then, by Problem 2.7.3 in Karatzas and Shreve
[13], there exists F e o(& Wy,u € [0,s]; p(u),u € (0,s] N D(p)) such that FAF is a P-null set from
o(& Wa,ueRy; p(u),u € Ryy ND(p)), where FAF denotes the symmetric difference of F' and F. Using
that
P(A)=P(B)+P(AN(Q\B)) —P(2\ A)NB), A, B e F,

we get for all K € B(R"),
P{W,;-W,e K}NF)
=P{W,-W,e K}nF)
+P(W, — W, e K}NFN{W,-W,ZK}U(Q\F)))
—P({W; =W, ¢ K}U(Q\F)N{W;-W, e K}nF)
=PUW, - W,e K}NF)+P(W,-W,e K}nFnN(Q\F))
—PU(W,-W,ecK}nN(Q\F)NF)

=PU{W,-W,eK}NF)=P(W,-W, e K)P(F)=P(W, - W, € K)P(F),



where the last but one step follows from the independence of W; — W and F. A similar argument shows
the independence of p(t) —p(s) and F.

3.9 Definition. Suppose that the objects (E1)—(E4) are given. A strong solution of the SDE (1.1) on (2, F,P)
and with respect to the standard Brownian motion W, the stationary Poisson point process p and initial
value &, is an R%-valued (ff’w’p)teR+-adapted cadlag process (Xi)ier, with P(Xo=§) =1 satisfying
(D4)(b)~(d).

Clearly, if (X)ier, is a strong solution, then (€, F, (ff’w’p)teR+,IP’, W,p,X) is a weak solution with
initial distribution being the distribution of &.

4 Proof of Theorem 1.1

Our presentation as follows is a generalization of the one given in Section 5.3.D in Karatzas and Shreve [13].

Let us consider a weak solution (Q,f, (Fi)ter,, P, W, p, X) of the SDE (1.1) with initial distribution n
on (R? B(R?)). Then P(X, € B) =n(B), B € BRY). Weput Y;:= X;— X, for t € R,, and we
regard the solution X as consisting of four parts: Xy, W, p and Y. Let us consider the product space

(4.1) 0 :=R% x C(R{,R") x M(R; x U) x D(Ry,R%)
equipped with the Borel g-algebra
B(©) = B(RY) ® C(Ry,R") @ M(Ry x U) @ D(R,R?),

see, e.g., Dudley [7, Proposition 4.1.7]. The quadruplet (Xo, W,p,Y) induce the probability measure P on
(©,B(0)) according to the prescription

(4.2) P(A) =P[(Xo,W,p,Y) €A, AcB(®O).

We denote by 6 = (x,w,m,y) a generic element of ©. The marginal of P on the a-coordinate of 6 is
the probability measure n on (R, B(R%)), the marginal on the w-coordinate is an r-dimensional Wiener
measure Py, on (C(R4,R7"),C(Ri,R")), the marginal on the m-coordinate is the distribution Py, on
(M(Ry x U), M(R4 x U)) of a stationary Poisson point process p on U with characteristic measure m.
Moreover, the distribution of the triplet (x,w,7) under P is the product measure n x Pyw,, X Py, because
X is Fp-measurable and W, p and F; are independent, see Remark 3.4. Furthermore, P(Yq=0) = 1.

The product space © defined in (4.1) is a complete, separable metric space, since R? is a complete,
separable metric space with the usual Euclidean metric, C'(R;,R") is a complete, separable metric space with
a metric inducing the local uniform topology (see, e.g., Jacod and Shiryaev [12, Section VI.1a]), D(R.,R?) is
a complete, separable metric space with a metric inducing the so-called Skorokhod topology (see, e.g., Jacod
and Shiryaev [12, Theorem VI.1.14]), and the vague topology on the space M (R4 xU) of all point measures on
R, x U is metrizable as a complete, separable metric space (see, e.g., Resnick [21, Proposition 3.17, page 147]).
Hence there exists a regular conditional probability for B(©) given (x,w,7), by an application of Karatzas
and Shreve [13, Chapter 5, Theorem 3.19] with the random variable © > (x,w,,y) — (x,w, 7). We shall be
interested in conditional probabilities of sets in B(0) only of the form R? x C(R;,R") x M(Ry x U) x F,
where F' € D(R,,R%). Consequently, with a slight abuse of notation, there exists a function

(4.3) Q:RYx C(R,,R") x M(Ry x U) x D(Ry,R%) — [0,1]

enjoying the following properties:

(R1) for each x € RY, w e CO(R,,R") and 7 € M(R; xU), the set function D(R,,RY) > F > Q(x,w, r, F)
is a probability measure on (D(R,,R%), D(R,R%));

(R2) for each F € D(R;,R%), the mapping R? x C(R;,R") x M(Ry x U) > (z,w,7) = Q(z,w,n, F) is
B(R?Y) ® C(R4+,R") @ M(Ry x U)/B([0,1])-measurable;

(R3) for each G € BRY) @ C(Ry,R") ® M(Ry x U) and F € D(R;,R%), we have

P(G x F) = /G Qa, w, 7, F) n(da) Py, »(dw) Py (dr).



We can call Q(x,w,,-) as the regular conditional probability for D(R,,R?) given (x,w,n).

Let us now consider two weak solutions (Q(i), F), (ft(i))teR+,IP’(i), W(i),p(i), X(i)), i € {1,2} of the SDE
(1.1) with the same initial distribution n on (R, B(R%)), thus

POX(V e B]=PP[XxP e Bl=n(B), B eBRY.
According to (4.2), let
PA) =POXP WD p®D yDye ],  AeB@O), ic{1,2},
and, as explained before, there exist functions
(4.4) Qi :RYx C(R,,R") x M(R; x U) x D(Ry,RY) — [0,1],  i€{1,2},

enjoying the properties (R1)—-(R3).

First, we bring the two triplets (X(i), W(i),p(i))7 i € {1,2}, together on the same, canonical space, while
preserving the joint distribution of the coordinates within each triplet. Let € := © x D(Ry,R%) equipped
with the o-algebra F, which is the completion of the product o-algebra B(0)® D(R.,R?) by the collection
N of null sets under the probability measure

P12(A) 1=/ (/ La(z,w,my",y?)
RexC(Ry,R7)xM(Ry xU) \ JD(Ry,R9)x D(Ry,R4)

(4.5)
Q1(x,w,, dy(l)) Q2 (x,w,, dy(2))> n(de) Pw, (dw) Py, (dm)

for A€ B(0)® D(R;,R?), where we have denoted by (x,w,r,y™",4?)) a generic element of €, and then
we extend P;2 to JF. Especially, for all G € BR?) @ C(Ry,R") @ M(Ry x U) and Fy, Fy € D(Ry,RY),

]P)LQ(G X F1 X F2) = / Ql(w,w,w,Fl) Q2(£B7U},7T,F2) ’ﬂ(diﬂ) Pw,r(dw) PU’m(d’/T).
G

In order to endow (£, F,P12) with a filtration that satisfies the usual conditions, for each ¢ € R4, we take
G :=0(fsp:s€[0,t], BeB(U)), where the mapping fsp5: Q2 — R x R" x [0,00] x RY x R? is defined by

fs,B(m7w77T7y(1)7y(2)) ::(waw877r([073} X B)7y§1)7yg2))7 (%wﬂﬂy(l),y@)) € Qu
and put

gt = U(QtUN)7 Fii= gt-i— = ﬂ§t+67 teRy.

e>0

We note that for each t € Ry,
G =G = B(R?) ® C,(R1,R") ® My(Ry. x U) ® Dy(Ry, RY) @ Dy (R, RY),
where G, := U(J?S,B :s €10,t], Be€ B(U)), and the mapping ‘]‘/;B : Q — Q is defined by
Fop(@,w,my Dy ) = (@, (winsren, . Tlo.sgx 5. Wi ren - Winsrez., )

for (x,w,m,yM,y?) € Q. Indeed, for all t € R, by definition, the o-algebra G, coincides with the
o-algebra generated by the sets

Ey x {we C(Ry,R") : w(s) € By} x {r € M(Ry x U) : ([0, 5] x B) € E3}
x {yV e DRy, RY) : yV(s) € By} x {y® € D(R;,RY) : yP(s) € E5}

for s €[0,t], B € BU), E, € BRY), E, € B(R"), E3 € B([0,00]) and Ey4, E5 € B(R?). Moreover, as in
Problem 2.4.2 in Karatzas and Shreve [13], the o-algebra G; coincides with the o-algebra generated by the



sets
Ey x{we C(Ry,R") : (w(t1 1 AS)y...,w(tin, AS)) € B}
x{me MRy xU): (m([0,t21 As] X B1),...,7([0,t2,n, AS] X By,)) € E3}
x {yM e DRy, RY) : (yV(ts1 As), ...,y P (tzn, As)) € By}
x {y@ e DRy, RY) : (YD (tg1 As),...,y P (tan, A5)) € Es}

for s€[0,t], t;; € Ry, i€{1,2,3,4}, j€{l,....,n;}, Bi,...,Bn, € BU), Ey € BRY), Ey € BR™),
E3 € B([0,00]"2), Ey4 € B(R3) and Ej5 € B(R%+). Since for any stochastic process (&)ter, ,

(46) U(gt: te[075]):U<(£t17-~-a§tn):tiE[Ovs]vie{lw--an})’nEN)v S€R+7

we get é\t =G, t€ R+.

The m-coordinate process on {2 induces a point process p, on U with characteristic measure m in a
natural way, since, as it was recalled, there is a bijection between the set of point functions on U and the set
of point measures 7 on Ry x U with 7({0} xU)=0 and #n({t} xU) <1, te R4y, and

P1a ({(z,w,m,y",y?) e Q:7n({0} xU) =0, 7({t} xU) <1, t e Ry }) =1,

which follows from (4.5) using that Py, is the distribution on (M (R4 x U), M(R4 x U)) of a stationary
Poisson point process on U with characteristic measure m implying that

Pum({me MRy xU):n({0} xU) =0, n({t} xU) <1, t eRy4 }) =1

Next we check that (Q,]-"7 (Fe)ter, , P12, w, pr, (. + yt(i))te]R+), 1 € {1,2}, are weak solutions of the SDE
(1.1) with the same initial distribution n. Using the definitions of P;, i € {1,2}, Py, (R1) and (R3) we get

(4.7) Py 2w = (, w,w,y(l),y(Q)) eN: (w,w,ﬂ,y(i)) €Al = P(i)[(Xéi), W(i),p(i), Y(i)) € A

for all A € B(©) and i € {1,2}. Indeed, with i = 1, G € B(R?) @ C(R4,R") ® M(R, x U) and
F € D(R,,R%), by Fubini theorem,

Py ofw = (a;w,my(l),y@)) eN: (m,wﬂr,y(l)) € G x F)]

= / Q1(z,w,, dy(l)) Q2 (x,w, T, dy(2)) n(de) Pw ,(dw) Py m(dn)
{weQ:(z,w,m,yM)eGX F}

= /G Q1(x,w, 7, F) Qa(x, w, 7, D(Ry,RY)) n(dz) Pw ,(dw) Py (dr)

= /GQl(:c,w, 7, F)n(dz) Pw ,(dw) Py, (dr) = P (G x F)

= P(l)[(Xél)a W(l)ap(1)7 Y(l)) € G x F}

So the distribution of (x 4y, w,p,) under P; 5 is the same as the distribution of (Xéi) +Y @ w® p) =
(X(i)7 W(i),p(“) under P, Due to the definition of a weak solution, under P, W is an r-dimensional
standard (]:t(l))teR+—Brownian motion, and p(®) is a stationary (]—"t(l))teR+—Poisson point process on U with
characteristic measure m. Consequently, by the definition of (G;)ier, (which is nothing else but the natural
filtration corresponding to the coordinate processes), under P; 5, the w-coordinate process is an r-dimensional
standard (G;):er, -Brownian motion, the process p, is a stationary (G;):er, -Poisson point process on U with

characteristic measure m, and ($+y§i))tek+ is (G¢)ier, -adapted, i € {1,2}. Further, the same is true if we
replace the filtration (G;)icr, by (Fi)ier,, see, Lemma A.5. Note also that the filtration (F;);cr, satisfies

the usual conditions. All in all, for each ¢ € {1,2}, the tuple (Q,]—", (Fi)ter,, P12, w, pr, (2 + ygi))teﬂh)
satisfies (D1)—(D3).

Hence it remains to check that, for each i € {1,2}, the tuple (Q,f, (Fi)tery, P12, w, pr, (T + yt(i))teR+)
satisfies (D4). For each i € {1,2}, let us apply Lemma A.4 with the following choices

(@O, FO, (F)rer, PO, W 50, X O)
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and _
(Qv fv (‘Ft)tER+7IP1,27 W, Pr (ili + y§1))t€R+)'

Since (Q(i), FO), (ft(i))teRJr, PO W)y, X(i)) is a weak solution of the SDE (1.1) with initial distribution n,
the tuple (Q(i)7 F), (ft(i))teR+7P(i), W(i),p(i)7 X(i)) satisfies (D1)—(D4). Further, as it was explained before,
the tuple (Q,F, (Fy)ier, P12, w0, pr, (x +y§i))teu@+) satisfies (D1)—(D3), the process (w-l-yt(i))te]RJr is adapted
to the filtration (F;);er,, and the distribution of (X(i), w@, p@) under P is the same as the distribution of

(a:—i—y(i), w,pr) under Py 5. Then Lemma A.4 yields that the tuple (Q, F, (Fi)ter, P12, w, pr, (w—i—yt(i))teRJr)
satisfies (D4)(a)—(d) and the distribution of

‘ ) t ] t i .
(Xﬁ” - Xy - /0 b(s, X ) ds — /O o(s, X)) aw

t . - t . )
—/ Fls, X9 ) N<l>(ds,du)—/ / 9(s, X ) N(’)(ds,du)>
0 Uo 0 Ul

teRr,

on (D(Ry,RY), D(R,,RY)) under P is the same as the distribution of

. . t ; ¢ ]
(y,@ — 5 _/O b(s, x +y ) ds _/0 o(s,x +y") dw,

t _ _ t _
_/ f(S,:c—i-ygi),u) Ny (ds,du) —/ / g(s,w—i—ygi),u) Nﬂ(ds,du)>
0 U() 0 Ul

teR

on (D(R4,RY),D(Ry,RY)) under P;,, where N.(ds,du) is the counting measure of p, on Ry x U,
and Ng(ds,du) := Nr(ds,du) — dsm(du). Using also that for each ¢ € {1,2}, the first process and the
identically 0 process are indistinguishable (since the SDE (1.1) holds P"-a.s. for (X,EZ))tGRJr), we obtain that

the tuple (Q, F,(Fi)ter,  Pro,w,pr, (x +yt(i))t€R+) satisfies (D4), as desired. It is worth mentioning that this
is the place where we use that the filtration (F;):er " satisfies the usual conditions in order to ensure that the

second process above has a cadlag modification, see Remark 3.2. The filtrations (Gy)iecr, and (’g})teR . do
not necessarily satisfy the usual conditions, this is the reason for introducing the filtration (F3)icr, -

We have Pqq(x + y(()l) = x+ y((f)) = 1, because, by (4.7), Pl,g(y(()i) =0) = P(i)(Yéi) =0) = 1,

i € {1,2}. Since (Q,]:, (Fe)ter,, P12, w, pr, (T + yii))teﬂh), i € {1,2}, are weak solutions of the SDE

(1.1) with the same initial distribution n, and Py (x + yél) =x+ y((f)) = 1, pathwise uniqueness implies

Py o(x + yﬁl)

=x+ yt@) for all t e Ry) =1, or equivalently,
(4.8) Py olw = (z,w,m,y™,y?) e @yt =y@] =1,
hence, applying (4.7),

P(l)[(Xél),W(l),p(l),Y(l)) € Al =P ofw = (x,w,m,yP,y?) e Q: (z,w, 7, yV) € A
=Piofw= (m,w,w,y(l),y@)) eN: (m,w,ﬂ,y(z)) € A]
_ IP’(Q)[(X(()Q),W(z),p(Q),Y(Q)) € A

for all A € B(®). Since X = Xéi) +Y®, ie{1,2}, and the mapping R? x D(R,,R%) 3 (g, y) —
xo +vy € D(R,,RY) is continuous (see, e.g., Jacod and Shiryaev [12, Proposition VI.1.23]), we have

POIXD e ] =PH[XP e 4], AeDR.,RY,

and then we obtain uniqueness in the sense of probability law. a

5 Precise formulation and proof of Theorem 1.2

Our first result is a counterpart of Lemma 1.1 in Chapter IV in Tkeda and Watanabe [10] for stochastic differential
equations with jumps, compare also with Situ [24, page 106, Fact A].
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5.1 Lemma. If (Q,]-', (Ft)ter,, P, W,p,X) is a weak solution of the SDE (1.1) with initial distribution n
on (R? B(R?)), then for every fited t € Ry and F € Dy(Ry,R?Y), the mapping

R? x C(Ry,R") x M(Ry x U) > (z,w,7) — Q(z, w,n, F)

is gt/B([O, 1])-measurable, where B, denotes the completion of B(R?) & Cy(Ry,R") @ M (R x U) by the null
sets of nx Py X Pym from B(RY) ®C(R4,R") @ M(Ry x U).

Proof. Consider the regular conditional probability
Qi :RIx C(Ry,R") x M(Ry x U) x Dy(Ry,R?) — [0,1]

for Dy(Ry,RY) given (z,p(w),:(m)), where, for each t € Ry, the stopped mapping ¢; : C(R,,R") —
C(R4+,R") is defined in (2.1), and 9 : M(Ry x U) = M(Ry x U), () := W‘[O7t}XU, € M(R; x U),
ie., i(m) denotes the restriction of 7 onto [0,¢] x U. The mapping @ enjoy properties analogous to
(R1)-(R3). Namely,

(R1) foreach @ € R, w e C(Ry,R") and 7 € M(R4 xU), the set function Dy(Ry,RY) 3 F — Q(x,w,, F)
is a probability measure on (D(Ry,R%), D;(R,,R%));

(R2) for each F € Dy;(R4,R%), the mapping R¢ x C(Ry,R") x M(Ry x U) 3 (@, w, ) — Qi(z,w,m, F) is
BRY) @ C (R, R") @ M(Ry x U)/B([0, 1])-measurable;

(R3) for every G € B(RY) ® C(Ry,R") ® My(Ry x U) and F € Dy(Ry,R%),
P(Gx F) = / Qi(x, w, m, F)n(de) Pw,,(dw) Py, (dr),
G
where the probability measure P is defined in (4.2).

In order to prove the statement, it suffices to check that
(5.1) Qz,w,m,F) = Qi(x,w,n,F) for nx Pw, x Pyny-ae (x, w,m).
Indeed, then (n x Pw,, X Pym,)(N) =0 for

N = {(SC,U},?T) € Rd X O(R+’RT) X M(R'f‘ X U) : Q(SC,U},?T,F) 7é Qt(waw7777F)}
€ BRY) @ C(R4,R") @ M(Ry x U),
and what is more, N € gt, since
By = o (B(R?) ® C;(Ry,R") ® My (Ry x U)UN),
where
N = {A C R x O(Ry,R™) x M(Ry x U) : 3B € BRY) ® C(Ry,R") @ M(R; x U)
with A C B, (nx Pw. x Pun)(B) = 0},
and N € N. Hence for all E € B([0,1]),
{(w,w,w) e R x O(Ry,R") x M(Ry x U) : Q(z,w, 7, F) € E} = A1 U Ay,
where
Ay = {(w,w,w) e R x O(Ry,R") x M(Ry x U) : Q(z,w,, F) € E,
Q($7waﬂ—7F) = Qt(wuw7ﬂ—7F)}

- {(m,w,w) e R x O(R4,R™) x M(Ry x U) : Qy(a, w,m, F) € E}

N {(@w,m) € R x C(Ry, R") x M(Ry x U) : Q(a, w,m, F) = Qu(w,w,m, F) |,
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and

Ay = {(m,w,ﬂ') e R x O(R4,R") x M(Ry x U) : Q(z,w,, F) € E,

Qlz,w,m, F) £ Qu(z,w, W,F)}.
Here A, € By, since, by (R2), the set
{(m,w,ﬂ) e R x C(R4,R") x M(Ry x U) : Qy(a,w,m, F) € E}
is in B(RY) @ C,(Ry,R") @ M(Ry x U) C By, and
{(:E,w,w) e R x C(Ry,R") x M(Ry x U) : Q(z,w,w, F) = Qt(amw,w,F)}
=R?x C(R.,R") x M(Ry x U)\ N € B,.

Further, A> C N € B(RY) @ C(R,R") @ M(Ry x U) and (n x Py X Pym)(N)=0 imply As € N C B,.

Unfortunately, (5.1) does not follow from the comparison of (R3) with (f{v?)), since still we do not know
weather the function (z,w,n) — Q(z,w,m, F) is B(R?) @ C/(Ry,R") @ M (Ry x U)/B([0,1])-measurable.
In order to show (5.1), it suffices to check that (R3) is valid for every G € B(R?) ® C(Ry,R") @ M(R, x U).
Indeed, then, by (R3),

/Q(w,wﬂr,F)n(dm) Pyy (dw) PUym(dw):/ Qi(x,w, 7, F)n(dz) Pw . (dw) Py (dr)
G G

for all G € B(RY) @ C(Ry,R") @ M(R; x U) and F € Di(Ry,R?), and hence, using also that the function
(z,w,7) = Qi(z,w,m, F) is BRY) @ C(Ry,R") @ M(R; x U)/B([0,1])-measurable, by the uniqueness part
of the Radon-Nikodym theorem, we have (5.1).

The class G of sets G satisfying (f{\é) is a Dynkin system, i.e.,

e RIXC(Ry,R")x M(Ry xU) € G, since RIxC(R;,R")x M(Ry xU) € BR)@C; (R4, R") @M, (R xU)

and one can apply (R3),
e if G1,Go€G and Gy C Go, then G2\ Gy € G. Indeed,
P((Ga\G1) x F) = P(Gy x F) — P(Gy X F)

= Qi(z,w,m, F)n(dz) Pw . (dw) Py, (dr)
G2

- Qi(x,w, m, F)n(de) Pw »(dw) Py, (dr)
G

= / Qi(x, w, m, F) n(de) Pw »(dw) Py, (dr).
G2\G1

o if (Gp)newnCG and Gy C Gy C -+, then |Jo—, G, € G. Indeed, by the continuity of probability and
dominated convergence theorem,

P ((G Gn> ><F> :HILH;OP(G,L x F)

= lim Qi(z, w, 7, F) n(de) Pw . (dw) Py, m(dm)

n—oo G
n

= lim Qi(x,w, m, F)lg, (x, w, 7) n(de) Pw ,(dw) Py, (dr)
N0 JRA X C(R 4, R™)X M(Ry XU)

= / _ Qi(x, w, m, F)n(de) Pw »(dw) Py, (dr).

n=1 n
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Consider the collection of sets of the form
(5.2) G =G x (¢ 1(G2) NG H(G3)) x (¥ 1(Ga) N1 (Gs))

for G; € B(R?), G,G3 € C(Ry,R"), G4,G5 € M(Ry x U), where, for each t € R, ¢; and 1; are
defined earlier, @; : C(R4,R") — C(R4,R") denotes the increment mapping (@ (w))(s) := w(t + s) — w(t),
w € C(R4,R™), s € Ry, and zzt : M(Ry xU) - M(Ry x U) denotes the increment mapping given by
&t(w)([O, s] x B) :=7([0,t+ s] x B) — w([0,¢] x B), s € Ry, B € B(U). This collection of sets is closed under
pairwise intersection and generates the o-algebra B(RY) ® C(Ry,R") @ M(R, x U), since the collection of sets
of the form (¢, (G2) NG, H(G3)) with G = {w € C(R,,R") : (w(ty),...,w(t,)) € A} for n€N, t € Ry,
t1,...,tn €10,t], A€ B(R™), and Gs = C(R4,R") generates C(R;,R") by (2.2), and the collection of sets
of the form (¢; *(G4) N; 1(G5)) with

Gy={re M(R; xU) :w([0,¢] x B) € A}
for te Ry, BeB(U), AeB(]0,]), and G5 = M(R; xU) generates M(Ry xU) by (2.3). By the Dynkin

system theorem (see, e.g., Karatzas and Shreve [13, Theorem 2.1.3]), B(R?) ® C(R4,R") @ M(Ry xU) C G
provided that we prove (R3) for G of the form (5.2). For such a G, by Fubini theorem, we have

/G Qi(x, w, m, F)n(dx) Pw ,(dw) Py, (dm)

:/ / ( Qt(w7w,7r7F)n(d:v)> Pw (dw) | Py m(dm)
;N (Ga) My N (Gs) \ S H(G2)Ng; M (Gs) \JGq

:EPW,TXPU,m [ . Qi(z,w,m, F) n(dx)]l@t1(G2)n¢t1(G3)(w)1¢t1(04)m$t1(05)(7r)]
1

:]EPW,TXPUJ*'L [EPW,rXPU,m {/G Qt(w7w)7T’F) n(dx)
1
X 1t () (0) Lt oy (0) Lyt ) (M) L1 oy () ‘ (R}, R") @ My (Ry x U)||

= ]EPW,'V‘XPU,NL |: . Qt(wv w, T, F) n(dw)1¢;1(02)(w)]lwgl(G4)(7T)

(Pw.r x Pu) (8771(Ga) x 0 (Gs) | (R4 R) @ Mu(Ry x U))]

= ]EPW,TXPU,m[ - Qt(w,w»mF)n(dw)%;l(cz)(w)1¢;1(c4)(ﬂ)
1

X (Pw r X Py,m) (551(03) X ’Jtl(Gfl))]

= / Qi(z,w,m, F)n(dz) Pw . (dw) Py m(dr)
G1x @y H(Ga)x1py H(Ga)

X (Pw s % Pum) (771(Gs) x 7 (Gs))

= P[G1 x 97 (G2) x 07 (Ga) % F) (Pw,y x Pum) (#7(Gs) x 0771 (Gs))

The fourth equality above follows from the C;(R;,R") ® M¢(Ry x U)/B([0,1])-measurability of the function

CRL,R)x M(Ry xU) 3 (w,7) — Qi(x,w,m, F)n(dx),
G1

which is a consequence of (f{\é) and Fubini theorem. The fifth equality above follows from the independence of
3;1(G3) x ;1 (Gs) and Ci(Ry,R") @ My (R, x U) under the measure Py, X Py, see, e.g., Ikeda and
Watanabe [10, Chapter 2, Theorems 6.4 and 6.5]. For the last equality above we used (R3) and

G1 x @7 H(Ga) x ;7 H(Gy) x F € BRY) @ C;(Ry,R™) @ M (R x U) @ D(Ry,RY).
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By (4.2)
(Pw.r  Pum) (871(Ga) x 0 (G5) ) = Pl(@,w,m,y) € ©: Gu(w) € Ga, () € G

= P[g:(W) € Gs, ¢1(p) € Gs),

P[Gl X Sot_l(G2) X wt_l(Gél) X F] = P[XO € G17 @t(W) € G2a ¢t(p) € G47 Y e F]
Therefore, if G is of the form (5.2), then

/G Qi(x,w, 7, F)n(dx) Pw ,(dw) Py, m,(dr)

= P[Xo € G1, o (W) € Go, thi(p) € G4, Y € F| P[p1(W) € Gs, Uy(p) € Gs]

=P[Xo € G1, p:(W) € Ga, p:(W) € G3, ¥1(p) € Gy, Jt(p) €Gs5, Y € F|
=P[(Xo,W,p) €G,Y € F|
= P[G x F].

The second equality above follows from the independence of {X¢ € G1, p1(W) € Ga, ¢1(p) € G4, Y € F}
and {¢ (W) € Gs, ¥i(p) € G5} under the probability measure P. This independence holds because

{Xo € G1,0(W) € G2, i(p) € G4, Y € F}
(5.3) ={Xo € G1, pi(pe(W)) € Ga, Ui (Yi(p)) € G4, Y € F'}

={Xo € G1, p1(W) € p; (G2), ¥i(p) €y '(Ga), Y € F} € F,

and {g:(W) € G3, Jt (p) € G5} is independent of F; under the probability measure P, see, e.g., Ikeda and
Watanabe [10, Chapter II, Theorems 6.4 and 6.5]. The relationship (5.3) is valid since ¢; (G2) € C;(R,R"),
PN Gy) € My(Ry x U) and F € Di(Ry,R?), the mapping Q > w +— ¢;(W(w)) is F;/C(Ry,R")-
measurable, and the mapping 3> w — ¥ (p(w)) is Fi/ M (R4 x U)-measurable, because the processes W
and p are (F;):er,-adapted. a

5.2 Remark. The filtration (gt)te]R , defined in Lemma 5.1 is the augmentated filtration generated by the
coordinate processes on the canonical probability space (R? x C(Ry,R") x M(Ry x U),B(RY) @ C(R;,R") ®
MRy xU),n x Pw , X Py,,). This is the counterpart of the augmentated filtration (ff’W’p)teR+. O

The next lemma is a generalization of Corollary 1 in Yamada and Watanabe [28] (see also Problem 5.3.22
in Karatzas and Shreve [13]) for stochastic differential equations with jumps.

5.3 Lemma. Let us suppose that pathwise uniqueness holds for the SDE (1.1). If (Q(i),]:(i)7 (.7'—t(i))teJR+ PO, W p) X(i):
i € {1,2}, are two weak solutions of the SDE (1.1) with the same initial distribution n on (R% B(RY)), then
there exists a function k:R? x C(Ry,R") x M(Ry x U) — D(R,,R%) such that

(5.4) Qi(x,w,m, {k(x,w,m)}) =1, i€{1,2}

holds for n x Pw , X Pym-almost every (z,w,n) € R x C(Ry,R") x M(R, x U), where Q;, i€ {1,2}, is
given in (4.4). This function k is B(RY) @ C(R4,R") @ M(Ry x U)/D(R,,R%)-measurable, B;/Di(Ry,R?)-
measurable for every fized t € Ry, and

(5.5) POR(X, WD p) =y @) =1, ie{1,2}.

Proof. Fix (x,

w
Ql(wa w, T, dy(l))
S:=DR;,R) ®

7) € R x C(R,,R") x M(Ry x U) and define the measure Q1 o(x,w,r,dy™!), dy?) :=
o(x,w, m,dy®) on the space S := D(R;,R?%) x D(R,,R?) equipped with the o-algebra
D(Ry,R%). By (4.5) and Fubini theorem,

i

(5.6) P, 2[G x B] = /G Q1,2(x, w, m, B)n(de) Pw ,(dw) Py, (dr)
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for all G € B(RY)®@C(RL,R")@M(Ry xU) and B € S. With the choice G =R?x C(R4,R") x M(Ry xU)
and B = {(yM,y?) e §:yM =y@}, using that pathwise uniqueness holds for the SDE (1.1), relation (4.8)
yields P;[G x B] = 1. Since Qia(z,w,m,B) <1 forall (x,w,7) € R?x C(R;,R") x M(Ry x U), (5.6)
yields the existence of a set N € B(R?Y) ® C(R4,R") @ M(Ry x U) with (nx Py , x Pym)(N) =0 such that

Q1,2 (:E7U),7T7 {(y(l)vy(2)) €s: y(l) = y(2)}) = ]-7 (wiaﬂ—) ¢ N.

Again, by Fubini theorem,

1= Q172($, w, T, {(y(l)vy(z)) €5 y(l) = y(Z)})

(5.7)

:/ Q1($7U),7T, {y})QQ(ian77ﬂdy)7 ($7waﬂ-) ¢ Na
D(R4,R4)

which can occur only if for some yo € D(R,,R%), call it k(z,w, ), we have
(5.8) Qi(w,w,m {k@w,m}) =1, ie{L,2}, (zwm)¢N.

Indeed, since for all (z,w,7,y) € R? x C(R,,R") x M(Ry x U) x D(Ry,RY), Q:(x,w,n,{y}) € [0,1], we
have
Qo(x, w,m,{y € DRy, RY) : Qy(x,w,m,{y}) =1}) =1, (x,w,7) ¢ N.

Since for all (z,w,7) € RIxC(Ry,R")x M (R, xU), by (R1), the set function D(Ry,R%) > F s Q;(z,w, T, F)
is a probability measure on (D(R,,R%), D(R,R%)), i€ {1,2}, we get the unique existence of k(z,w,r) for
all (x,w,m) ¢ N satistying (5.8). Then we have (5.4) for k.

For (z,w,7) ¢ N and any B € D(R,,R%), we have E(m,w,ﬂ) € B if and only if Q;(xz,w,7,B) =1,
i€ {1,2}.

The aim of the following discussion is to show the By/D; (R, ,R%)-measurability of k for all t € R,. For
all t€ R, and B € Di(R,,R?%), we have

E~1(B) = {(z,w, ) € R x C(R;,R") x M(R, x U) : k(x,w,7) € B} =: A; U A,

where

(5.9) Ay = {(z,w, ) € R x C(R4,R") x M(Ry x U) : k(z,w, ) € B, (@, w,7) € N}
and

5.0 Ay = {(z,w,7) € R x C(R4,R") x M(Ry x U) : k(z,w,7) € B, (z,w,7) ¢ N}

= {(x,w,7) €RY x C(R;,R") x M(Ry xU): (z,w,7) ¢ N} NQy(-,-,-,B) " *({1})

for i € {1,2}. Lemma 5.1 implies Q;(-,-,-,B)"*({1}) € BAt, i € {1,2}. Moreover, N € B, (due to the
definition of B, for more details, see the proof of Lemma 5.1), hence A, € B;. Using that A; C N,
(n X Pw, X Py,,)(N) =0 and the definition of the augmented o-algebra B, (see Lemma 5.1), we obtain

A, € Et. Hence k~1(B)= A1 UA, € gt, as desired.

The aim of the following discussion is to show that k is

nX Pw » X Pum

BRY) @ C(Ry,R") @ M(R, x U) /D(R, , R%)-measurable,

nXPw X Py m

where B(R?) @ C(R4,R™) @ M(R4 x U) denotes the completion of B(R?)®C(R,R")@ M (R, x
U) with respect to the measure n x Py, X Py,,. For all B € D(Ry,RY), we have E‘l(B) = A1 UA5, where
A; and Ay are defined in (5.9) and (5.10). Property (R2) implies Q;(-,-,-, B)~*({1}) € B(R?) @ C(R+,R") ®
MRy xU), i € {1,2}. Moreover, by definition of completion (see, e.g., Definition 2.7.2 in Karatzas and
Shreve [13]),

TLXPW,T XPU’»m

N € B(R%) @ C(R4,R™) @ M(Ry x U) ,

hence

TLXPWYTXP(j)m

A> € BRY) @ C(R,,R") @ M(R, x U)
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Using that Ay C N, (n X Pw, X Py.,)(IN) =0, by definition of completion, we obtain

nXPW,rXPU,m

A € BRY) ®C([R,,R") @ M(R, x U)

’I’LXPWTTXPU,m
)

Hence k~(B) = A; U4y € B(RY) @ C(Ry,R") @ M(Ry x U) as desired.

Next we check (5.5) for k. For i€ {1,2}, by (4.7), (4.5), (R1) and (5.8),

PO "X WD p0) =Yy =P 5 (0= (z,w,m,y",y®) € Q: k(z,w,7) = y?)

Qi(, w, , {k(x,w,7)}) n(dx) Py, ,(dw) Pym(dr) = 1,

/Rd XC (R4, R")x MRy xU)
as desired.

It remains to check that one can choose a version of k which is B(RY)®C(R, R™)@ M (R4 x U)/D(Ry,RY)-
measurable, B;/D;(R.,R?%)-measurable for every fixed ¢+ € Ry, and (5.4) and (5.5) remain hold for k. Since
k is

nX Pw » X Py m

BRY) @ C(Ry,R") @ M(R, x U) /D(R, , R%)-measurable,

there exists a function k:R%x C(Ry,R") x M(R; xU) — D(R,,R%) which is B(RY)®@C(R,R")@ M(R, x
U)/D(R,R%)-measurable and

(n x Py, PU,m)({(x,w,w) e R x O(Ry,R") x M(Ry x U) : k(z,w, ) # k(m,w,ﬁ)}) =0

see, e.g., Cohn [4, Proposition 2.2.5]. First we check that k is B\t/Dt(R+,Rd)—measurable for every fixed
teR,. Forall te R, and B € Dy(R,,R%), we have

E7N(B) = (k71(B) N {k = k}) U (k=" (B) N {k # k})
= (k7 1(B)N {k =k} U (B) N {k # k),

where k~1(B) € B, (since k is B;/Dy(R,, R%)-measurable), {k # k} € B, (due to the definition of completion,
since (n X Pw . X Pym)(k#k)=0), {k=k} € B; (since B; isa o-algebra), and k~'(B)N{k #k} € B;
(due to the definition of completion, since k~*(B) N {k # k} C {k # k}). Hence k='(B) € B;.

Next we check (5.4) for k. Using that (5.4) holds for k and (n x Pw , X PUM)(E # k) =0, we have
(n x Pw » X Py m)(H1 U Ha)
= (n X Pw,» x Pym)((Hy U Hy) 0 {k = k}) + (n x Py, x Pu)((Hi U Hz) 0 {k # k})
< (n X Pw.p X Py)(Hy UHy) + (n X Py X Pup)(k# k) =040=0,
where
H; := {(z,w,7) € R x C(R},R") x M(Ry x U) : Qi(z,w, 7, {k(z,w,m)}) # 1},
H; = {(z,w,7) € R x C(Ry,R") x M(Ry x U) : Qi(x,w,w, {k(x,w,m)}) # 1}
for ¢ € {1,2}. This implies (5.4) for k.
Finally, we check (5.5) for k. First observe that Py o (k=k) =1, since, by (5.6),

Pio(k=k)=1—Pio(k #k)

1 /  Qua(@w,m, D(Ry,RY), D(R,, RY)) n(dz) Py, , (dw) Pym(dr)
{ostk}

=1- /N Q1(x, w, 7, D(Ry,R))Qa(z, w, 7, D(Ry,RY)) n(dex) Py, ,(dw) Py m(dr)
{k£k}

=1—(nXPw,XxPum)(k#k)=1-0=1,
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where we used (R1) as well. Then, by (4.7) and (4.5), for ¢ € {1,2}, we obtain
P(i)(k(Xéi),W(i),p(i)) =Y®) = Py (w= (z,w,m,yM, y?) € Q: k(z,w,7) = y(i))
=P ({w = (z,w, 7y, (2))EQ:k(w,w,W):y(i)}ﬂ{%:k})
=P, ({ (x,w, 7 Ly, (2))GQ:E(m,w,ﬂ):y(i)}ﬂ{E:k})
=P (w=(z,wm My e Qi k(z,w, ) = y(i))
EOGR(X WO p0) =Y ) =1,
where, for the last equality, we applied that (5.5) holds for k. m]

5.4 Remark. Note that the function & in Lemma 5.3 and the n x Pw , X Py n,-null set on which (5.4) does
not hold depend on the two weak solutions in question. O

Applying Lemma 5.3 for weak solutions (), F(), (]:t(i))teR+ PO W@ pl0) X(i)) = (Q,F, (Ft)ter,,P,W,p, X),
i € {1,2}, of the SDE (1.1) with the same initial distribution n on (R% B(R%)), we obtain the following
corollary.

5.5 Corollary. If pathwise uniqueness holds for the SDE (1.1) and (Q,]—“7 (ft)teR+,IP’,W,p,X) is a weak
solution of the SDE (1.1) with initial distribution n on (R B(RY)), then there exists a function k :
RYx C(Ry,R")x M(Ry xU) — D(Ry,R?) such that Q(x,w,n,{k(x,w,m)}) =1 holds for nx Py , X Py -
almost every (x,w,7) € R? x C(RL,R") x M(Ry x U), where Q is given in (4.3). This function k is
BRY) @ C(Ry,R™) @ M(Ry x U)/D(Ry,RY)-measurable, By/Dy(R., RY)-measurable for every fived t € Ry,
and P(k(Xo,W,p)=Y)=1.

Next we give the precise formulation of Theorem 1.2.

5.6 Theorem. Let us suppose that pathwise uniqueness holds for the SDE (1.1) and there exists a weak solution
(Q’,]:’, (Fter, P, W’,p’,X’) of the SDE (1.1) with initial distribution n'. Then there exists a function
Wi RYx O(Ry,R") x M(Ry x U) = DRy, RY)  which is B(RY) ® C(R4,R") @ M(Ry x U)/D(Ry, R%)-
measurable, By/Dy(R,R?)-measurable for every fived t € R, and

(5.11) X' =hn(X,,W'p) P’ -almost surely.
Moreover, if objects (E1)—(E4) are given such that the distribution of &€ is n’, then the process
X =N (§,W,p)

is a strong solution of the SDE (1.1) with initial value &.

Proof. Let h'(z,w,7):=x + k' (x,w,m) for * € RY, we C(R,,R"), 7€ M(Ry xU), where k' is as in
Corollary 5.5. By Corollary 5.5, for the function h’, the desired measurability properties hold. Using Corollary
5.5 and X' = X(+Y’, we have
B (X = WX W) =B (X + Y = X+ k(X0 W)
=P (Y’ =K (XY, W',p')) =1,
implying (5.11).

Note that, for &, W and p as described in (E1)-(E4), the triplets (Xg, W’,p') and (¢, W,p) induce
the same probability measure n’ X Py, X Py,, on the measurable space

(Rd x O(Ry,R™) x M(Ry x U), BRY) @ C(Ry4,R") @ M(R x U))

with respect to the probability measure P’ and P, respectively, where P denotes the probability measure
appears in (E1), since X, W', p’ are P'-independent and &, W, p are P-independent, see Remarks 3.4 and
3.8.
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Observe also that the mappings

(5.12) Q5w = (XHW), Wiw))ier, s Nprwy) € R x (R4, R™) x M(Ry x U)
and
(5.13) Q3w (Ew), (Wi(w))ier, s Npw)) € RY x C(R4,R™) x M(Ry x U)

are F'/B(R?Y) ® C(Ry,R") ® M(Ry x U)-measurable and

o6, Wi, s Ry, p(s),s € Ry ND(p))/BRY @ C(R;,R") ® M(R, x U)-measurable,
respectively. Further, they are F,/B(R?) ® C;(R1,R") ® M(R; x U)-measurable and

o(&, W, s€0,t],p(s),s € (0,t] N D(p))/B(RY) @ C:(R,,R") @ M (R, x U)-measurable

for all + € Ry, respectively. Indeed, since X{, and & are F'/B(R?)-measurable and o(¢&)/B(R%)-measurable,
respectively, by (2.2) and (2.3), it is enough to check that for all t € Ry, n € N, A; € B(R™), t1,...,t, € [0,1],
s€(0,t], BeB(U), Ay e B(]0,]),

{w’ Q' (Wi, (W),...,W} (@))€ Al} eF,
{o.} EQ: (Wi, (w),..., W, () € Al} co(W,,s€Ry),

{w' € : Ny ([0,s] x B) € Ag} eF,

{w €0 Ny ([0, x B) € Ag} € o(p(s), s € Ryy N D(p)).

These relations hold since W7, i € {1,...,n}, and W, i€ {1,...,n}, are F'/B(R")-measurable
and 0(Wy,s € R;)/B(R")-measurable, and p’ and p are F'/M(Ry x U)-measurable and o(p(s), s €
Ryt N D(p))/M(R4 x U)-measurable, respectively. Similarly, one can argue that the functions in question
are F|/B(RY) ®@Ci(Ry,R") ® M;(R; x U)-measurable and o (&, Wy, s € [0,t],p(s),s € (0,]N D(p))/B(R?) @
Ci(R4,R™) @ M¢(Ry x U)-measurable for all ¢ € Ry, respectively.

Next, we check that the process X is adapted to the augmented filtration (]-'f’w’p )ter, . First, note that

the process X is adapted to (.7-'t£";‘/"17)te]g+ if and only if ¢;(X) is F&WP/D,(R;, R)-measurable for all
t € Ry, where ¢ is given in (2.1). Indeed,

(X¢)ier, is (.Ff’w’p)teﬂh—adapted = (X)) c FEWP forall teRy
—  o(X,:s€[0,4]) CFEVT forall teR,
= (X)) is F&WP/Dy(R,, RY)-measurable for all ¢ € R,

where the last equivalence can be checked as follows. Since Dy (R, ,R?) coincides with the smallest o-algebra
containing the finite-dimensional cylinder sets of the form

{y € DRL,RY) : (y(t1), ..., y(tn)) € A}, neN, AeBR"), ti,...,t,€][0,t],
it is enough to check that (X, :s € [0,t]) € F&W® forall t € R, is equivalent with
{we Q: (X)) (@), (2e(X))s, (W) € A} € FEVP
forall n €N, A€ B(R"), t,...,t, €[0,],t € Ry, which readily follows from
{weQ: (X)), (), (9e(X))e, (W) € A} ={w € Q: (X, (W), -+, Xy, (w)) € A}

Since ¢¢(X) = proh’ o (&, W,p), t € R,, the mapping ¢; is Di(Ry,R?)/Di(Ry,R?)-measurable for all
t € Ry, A is B;/Di(R;,R?%)-measurable for all ¢ € Ry, it remains to check that the mapping (5.13) is
ff’W’p/Bt—measurable for all ¢t € Ry. Recall that

B, = 0<B(Rd) ® C(Ry,R") @ My(Ry x U) u/\/), teR,,

FEWP = (06, W5 € 0,,p(s)s € (0,10 D) UNEWT) 1 e Ry,
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where

N = {A C R x C(R4,R") x M(Ry x U) : 3B € BRY) © C(R4,R™) @ M(Ry x U)

with A C B, (n' x Pw , x Pum)(B) = 0}»
and

NEWD = {A CQ:IBeo(eE,W,,s€R,,p(s),s € Ryy N D(p))
with A € B, P(B) = o}.

Since a generator system of B(R?) ® C;(Ry,R") ® M, (R, x U) together with A is a generator system of
B;, and we have already checked that the mapping (5.13) is

o6, Wi, s €Ry,p(s),s € Ry ND(p))/BRY @ C(R;,R") ® M(R, x U)-measurable,

it remains to verify that (&, W,p)~1(A) € F&WP forall Ac N and t € R.. We show that (£, W,p)~1(4) €
NEWP forall Ae N, implying (&, W,p)~2(4) € F&WP forall t € Ry, asdesired. If A €N, then there
exists B € B(RY) ® C(Ry,R") @ M(Ry x U) such that A C B and (n’ x Pw, X Py,,)(B) =0. Hence

(& W,p)"1(A) C (6, W,p) ! (B) € 0(§, Wy, s € Ry, p(s), s € Riy N D(p))
and
P((€,W,p)~'(B)) = P((§, W,p) € B) = (' x Pw, x Pum)(B) =0,
where, for the last but one equality, we used that the distribution of (£, W,p) under P is n’ x Pw . X Pyn,

(as it was explained at the beginning of the proof). By definition, this means that (& W,p)~*(A4) € N&WP,

Next we check that (X¢);cr, satisfies the SDE (1.1) P-almost surely. Since &’ is B(R%) @ C(R},R") ®
MR, x U)/D(Ry,R%)-measurable, and the triplets (X, W’,p’) and (&, W,p) induce the same probability
measure n' X Py , X Py, on the measurable space

(Rd x C(R.,R") x M(R: x U), BRY) @ C(Ry,R") ® M(Ry x U))

with respect to the probability measure P’ and P, respectively, the triplets (X', W' p') and (X,W,p)
induce the same probability measure on the measurable space

(D(RyRY X C(R, RY) x M(Ry x U), D(Ry,RY) & C(Ry,R") @ M(Ry x U))

with respect to the probability measure P’ and P, respectively. Let us apply Lemma A.4 with the following
choices

(@O, FO(F)er, , PO, WD, p0 X O) i (0, F (F)iew, , P W9, X))
and )

(0@, FO (FP)en, , 2D, W, p@ X)) = (2, F (FEW P)rcu, , P, W, p, X).
Since (Q’,f’, (Ft’)teR+,]I”’, W'y, X') is a weak solution of the SDE (1.1) with initial distribution n’, the
tuple (Q(l),]-"(l)7(ft(l))teRJr,P(l),W(l),p(l),X(l)) satisfies (D1), (D2), (D3) and (D4)(b)—-(e). Further, as
it was explained before Definition 3.9, the tuple (Q2),F®), (-7:15(2))tER+7P(2), W@ p2 X)) satisfies (D1),
(D2) and (D3), and we have already checked that X is adapted to the augmented filtration (]:f’W’p)t€R+.

Then Lemma A.4 yields that the tuple (Q(Q), F@, (f,f(Q))tER+7P(2), w® p@), X(z)) satisfies (D4)(b)—(d) and
the distribution of

t t
(x;xg/ b(s,X;)dsf/ o (s, X1) AW’
0 0

_/Ot . fs, X\, u) N’(ds,du)—/ot /Ulg(s,X;_,U) N’(ds,du)>

teRL
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on (D(Ry,R%),D(R,,R%)) under P’ is the same as the distribution of

t t
<Xt—X0—/ b(s,Xs)ds—/ o(s, Xs)dW,
0 0

_/Ot [ 16X N(ds,du)—/ot /Ulg(s,Xs_,u) N(ds,du))

teER 4

on (D(Ry,RY), D(R,,R?)) under P, where N’(ds,du) and N(ds,du) is the counting measure of p’ and p
on Ry x U, respectively, and N'(ds,du) := N’(ds,du) — dsm(du) and N(ds,du) := N(ds,du) — ds m(du).
Using that the first process and the identically 0 process are indistinguishable (since the SDE (1.1) holds P'-a.s.
for (X})ier,), we obtain that the SDE (1.1) holds P-a.s. for (X;)icr, as well, i.e., (D4)(e) holds.

Finally, we show that P(X, = &) = 1. Since, as it was checked that the distribution of X’ and X
coincide, especially, the distribution of X{ and X coincide, and consequently, the distribution of X and &
coincide (both are equal to n’). Using Corollary 5.5 for (Q7 F, (ff’W’p)teRJr P, W p, X) (which is especially
a weak solution of the SDE (1.1) with initial distribution n’) we get

P(XO - 5) = ]P(E + kl(év va)o = 6) = ]P)(k/(sv Wap)o = 0) = P(k/(sv va)o = YO) = ]-7
as desired.

Summarizing, (X)ier, is a strong solution of the SDE (1.1) with initial value &. O

A Appendix

Let (Q,F,(Ft)ier,,P) be a filtered probability space. First we recall the notion of (F;):er,-predictability,
see, e.g., Ikeda and Watanabe [10, Chapter II, Definition 3.3]. The predictable o-algebra P on Ry x Q x U
is given by

P:=o(h:Ry xQxU —RIh(t,-,-) is F @ B(U)/B(R)-measurable for all ¢t € R,
h(-,w,u) is left continuous for all (w,u) € Q x U).
A function H :Ry xQx U —R? is called (F;)icr, -predictable if it is P/B(R%)-measurable.

A.1 Lemma. Let (0, F,(Fi)icr,,P) be a filtered probability space. Let (Xi)ier, be an (F;)ier, -adapted
cadlag process with values in R?.

() If w:RY — R is a continuous function, then for each T € Ry and B € B(U), the function
h(t,w,u) == w(Xi— (W)L (t)lp(u), (t,wu) € Ry xQxU, is (Ft)ier, -predictable.
(i) If T e Ry, AeB(R?Y) isan open set and B € B(U), then
{tw,w) eREy xQxU:te[0,T], X4—(w) € A, ue B} €P.

(iii) If f:Ry xRIxU = R? is B(Ry)® B(R?Y) @ B(U)/B(RY)-measurable, then the function H(t,w,u) :=
Jt, X (w),u), (tw,u) eRy xQxU, is (Fi)ier, -predictable.

Proof. (i) The function h is (F;)icr,-predictable, since it belongs to the generator system of P. Indeed,
for each t € Ry, the mapping Q x U 3> (w,u) — h(t,w,u) is F; ® B(U)/B(R)-measurable, because X is
Fs/B(RY)-measurable and F, C F; for all s <t, and hence X; := limgpy X s Fi/B(R%)-measurable,
and w is B(R?)/B(R)-measurable. Moreover, for each (w,u) € Q x U, the function Ry >t~ h(t,w,u) is
left continuous, because the functions Ry >t Lo 1)(t) and Ry >¢+— X; (w) are left continuous and w
is continuous.

(ii) Consider the function wa : R? — R, given by wa(x) := o(x,R?\ A), = € RY where p
denotes the Euclidean distance of # and R?\ A. Then w, is continuous and A = w,'(R;;). Put
ha(t,w,u) == wa(X¢— (W)L, (t)1p(u), (t,w,u) € Ry x QxU. Then, by (i), we obtain

{(t,w,u) e Ry x A xU:t€0,T], X¢—(w) € A, u € B}
= {(t,w,u) S R_;,_ xQAxU:te [O,T], U}A(Xt_(w)) € R++, u € B}

={({t,w,u) ERL x QXU :ha(t,w,u) Ry} €P.
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(ili) We have H = fo G, where G(t,w,u) = (t,X;_(w),u), (t,w,u) € Ry x Qx U, thus it suffices to show
that G is P/B(R;)® B(RY) ® B(U)-measurable. The o-algebra B(R;)® B(R?) ® B(U) is generated by the
sets [0,7] x Ax B with T € Ry, opensets A€ B(RY) and B € B(U), hence it suffices to show that

{t,w,w) eREy xQxU:t€[0,T], X4—(w) € A, uc B} €P.
This holds by (ii). a
Note that using Lemma A.1, one can relax Assumption 6.2.8 in Applebaum [1].
The next lemma plays a similar role as Lemma 139 in Situ [24].
A.2 Lemma. Let (Q(i),}—(i),(ff,(i))teR+,IP’(i),W(i),p(i),XU)), i € {1,2}, be tuples satisfying (D1), (D2),

(D3) and (D4)(b)~(d). Suppose that (WD, p), XDy and (WP p@ X)) have the same distribution on
C(R4,R") x M(Ry x U) x D(Ry,R%).  Then

t t
(XE”, / b(s, X (V) ds, / o(s, XV) AW D,
0 0

(A.1) )
/ F(s, X u) N (ds, du) // (s, X2 u) NV (ds, du))
0 JUy Uy teR
and
<X§2),/tb(s,X§))ds, /tg(s,XS))de?),
(A.2) " "

t
/ f(s,)(g_)7 u) N®(ds, du) / / s, X(Q) ) N@) (ds, du))
0 JUp Uy teRy

have the same distribution on (D(Ry,R%))®, where, for each i € {1,2}, N (ds,du) is the counting measure
of p on Ry xU, and N (ds,du):= N()(ds,du) dsm(du).

Proof. By Remark 3.2, the above processes have cadlag modifications. According to Lemma VI.3.19 in Jacod
and Shiryaev [12], it suffices to show that the finite dimensional distributions of the above processes coincide.

. () .
By Proposition 1.4.44 in Jacod and Shiryaev [12], for each i € {1,2} and ¢ € Ry, I{'s(t) —— [o b(s, X)) ds
. (i) . .
and Iézgl(t) 2 fot o(s, XD dW as n — oo, where

4 IR : g :
10,8 =~ 3" b (nx(k)> . 0 =Y 0 <n,X(7n ) (W(j Wi;) .
k=1 k=1

Let Ui ; € B(U), j € N, be such that they are disjoint, m(U1;) < oo, j€N, and Uy =J;2,U1; (such
a sequence exists since m is o-finite, see, e.g., Cohn [4, page 9]). Then for each i € {1,2} and ¢ € R4,
(z) ) — fo Jo, 9(s (5, X" u) NO(ds,du) as n — oo PP-almost surely, where

1) Z//U u) NO (ds, du) Z S ol X950 (s)),

s€(0,41nD(p{")

(@)

where p;’  denotes the thinning of p onto Uy, see, e.g., Ikeda and Watanabe [10, page 62]|. Since
m(Uy,;) < oo, by Remark 3.3, the set (0, ] ﬂD(p(llg) is finite P-almost surely for all ¢t € Ry and i € {1,2},
j € N, and hence one can order the set D(pgl)j) according to magnitude, say 0 < C1(231 < C{Z;Q <oy jEN,
i € {1,2}. Namely,
(A.3) (D =if{t e Ry ND((0,] x Ury) =€}, (€N, jeN, ie{l1,2}
on the event -
Qgg = ﬂ{wEQ R N()( )((O,k]XUl,j)<OO}, JjeN, i€{1,2},
k=1
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having P(i)—probability 1, where we used that the point measure corresponding to the point function pg% (w)

is its counting measure N P see Section 2. Then we can write 132(15) in the form

5 (@)

0= 5S¢, X O P l0a),  teRe meN ie{12),

j=1¢=1

where Y2 19(C1jea (;().) ,p(&( l(z; Z)) (0.4] ((lﬂ) is a finite sum P®-almost surely. Furthermore, by

Remark 3.2, for 7 € {1,2} and t € Ry, Iiln ) — fo Jo, f (5, X u) NO(ds,du) as n — oo PO-almost
surely, where

/ / (0,74 (z) (s Xgl_),u) N (ds, du)
with

7 {t€R+ // (s, )||2dsm(du)>n}m, neN, ie{l,2},
Ug

satisfying 0 1 oo PW-almost surely as n — oo. Let Up,; € B(U), j €N, be such that they are disjoint,
m(Up;) < oo, j€N, and Uy = Uj’;l Up,; (such a sequence exists since m is o-finite, see, e.g., Cohn
[4, page 9]). Then, by pages 47 and 63 in Ikeda and Watanabe [10], for all ¢ € Ry, i € {1,2} and n € N,

: (i) .
I‘E?L,j(t) o Iile(t) as j — oo, where

t . . ~ .
£ :/0 /U e (]l[o,ré'”](s)f(s’xyz’“)) Luo 5 (“)l[oms“](S)f(&X§Q7u)N(Z)(d8,dU)
0

t . . ~,.
= /O /U 1 (£ XD 0) 1 0y (5)F (5, X1 u) N (ds, du).

By page 62 in Ikeda and Watanabe [10], for all ¢ € Ry, i € {1,2}, n € N, and j € N, IA(fZ,,j(t) =

4,n,j 4.n j( )7 where

L5 / / L) (£ X2 0) 1y (9)F (5. X, ) NO (ds, du),

0 1) ;:/0 (/U L (6. X0 u) 11[0,T5>](5)f(s,xgl_),u)m(du)> ds.

0,3

Similarly as for the integrals fot Ju, 9(s. X' w) NO(ds,du) and fg (s X(i))ds there exist sequences of
(@)
random variables (IizL’M( ))een and (ISZLM( ))een such that Iﬁ%‘;e( ) —> I(Z)’ ;(t) and Iigzl;e( ) LN

©)
Iizlz;() as { — oo, respectively. Then, for all ¢ € Ry and ¢ € {1,2}, ISZL’M( ) —Ii;zé() 2,

fo fU X(Z u) N (ds,du) as £ — oo, then j — oo, and, finally, n — co. Using part (vi) of Theorem
2.7 in van der Vaart [26], we get for all K €N, t1,...,tx € Ry and i€ {1,2},

i 7 i 7 i),a i),b
(80 0000, 500 0, B0, 00, T 0) = T 0000)

(ngf,/ b(s, X@)ds,/o (s, XY aw (),

tr
/ / (5, X u) NO(ds, du) / F(5, XD u) NO (s, du))
Ui Uo ke{l,...,K}

as f,j,n — oo. Since (W(l),p(1)7X(1)) and (W(2)7p(2),X(2)) have the same distribution, the random

veators x® 5 (1) (1) (1) (1),b
( i o D (k) o0 (t)s I3 (), Iy )5 o (B) _14’n:j’e(tk))ke{1,...,K}
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and

(2) 72 (2) (2) (2),a (2),b
(82, 182000, T30, T2 000, TS o 00) = TG 00))

have the same distribution for all ¢, j,n € N, as well. Indeed, the random vectors above can be considered as
some appropriate measurable function of (W(l),p(l), X(l)) and (W(2),p(2),X(2)), respectively. For this, it
is enough to verify that each coordinate of the above random vectors can be considered as some appropriate
measurable function of (W® pM xM) and (W(Z),p(g), X(2)), respectively, hence we fix k€ {1,...,K}.

o First observe, that X,E:) is a D(Ry,R%)/B(R%)-measurable function of X ¥, namely, st:) = o (X)),
where g : D(Ry,R?) — R? is given by Wo(y) := y(tr), y € D(R,,RY).

e Next, 11(2(7%) is a D(Ry,R%)/B(R%)-measurable function of X @ as well, namely, Iff;(tk) =P, (X)),
where W; : D(Ry,RY) — R? is given by W(y) := Ztnt” b(EL y (1)), ye D(Ry,RY).

n ’ n

2

(tr) is a D(Ry,R%) x C(Ry,R")/B(R%)-measurable function of (X W®),
namely, I3 (t) = Uo(XD, WD), where ¥y : D(R1,R?) x C(Ry,R”) = R? is given by Wa(y,w) :=
St o (5w (51) (w () —w(5), v e DRRY), we CRyRY).

e Now we show that Iézzl(tk) is a D(Ry,RY) @ M(Ry x U)/B(R%)-measurable function of (X, p®).
As a first step, we show that for each j,¢ € N there exist functions ®,, : M(Ry x U) — Ry and
Zi¢: M(Ry xU) = U such that ®;, is M(Ry x U)/B(Ry)-measurable, =;, is M(Ry x U)/B(U)-
measurable, and (Clﬂ,plj(Clﬂ)) = (@M(Np(i)),Ej)g(Np(i) )) holds P®-almost surely. Then it will

1 L

follow that I{') (ty) = U3(XD,p?), where W3: D(R;,RY) x M(R; x U) — R? given by

e In a similar way, ZL
U

=33 9( @), y( @) =), Zielm) ) L0, (())
(=1

j=1 b=
for (y,m) € D(Ry,RY) x M(Ry x U) is D(R+,Rd) ® M(R+ >< U)/B(R%)-measurable. To prove the
existence of ®;, and =;,, first we verify that (C1 I Z7101 J((jl 5¢)) is measurable with respect to the
o-algebra U(Npm) N ngz having the form
1,7 >
(@) . , — .
(A.4) U({w e ) Ny, (0.1 x B) = k} (t €R,, BeB(Uy,), ke N).
We have
{w e 0}« (67 @) A @), W) € (0.1] x B}
n
U{w el N 0 (0 (k= D)t/n] x Uy ) < €= 1,
1k=1
N 0 (w )((( —1t/n,kt/n] x B) > 1,
sJ
Ny (0. kt/n] x Uy ) > z}

=
&
38

n

for t €e Ryy, j,L €N, Be B(ULJ) i € {1,2}. Indeed, on the one hand, if w € lez is such
that (1(’35( ) € (0,t] and p%( )(Cue( w)) € B, then for each n € N, there exists a unique k €
{1,...,n} with Qlﬂ( w) € ((k — 1)t/n,kt/n], and hence Npﬁ(w)((o, (k—1Dt/n] x U;) < -1,
Np(lf;(w)((( —1)t/n,kt/n] x B) > 1 and Npgf}(w)((o, kt/n] x Uy ;) > £. On the other hand,

fwel: (@ g0} ={we: No  (0.0xU1;)<t-1}

C ﬂ{wEQ : an(w)((o,kt/n] XULJ‘) Sé—l},

1k=1

(@

n
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and

{we ¢, e 1, pw () (w) ¢ B}

G ﬁ({weQU: N()( )((0,(k—1)t/n]XU1’j)>f}
n=1k=1 u{w c QU . N o )((( —1)t/n, kt/n] x B) =0}
U{w cald . Ny oy (O, kt/m] x Uy ) < €~ 1})

For the second inclusion, for each w € Q 4, let us choose n(w) € N such that

1 1
n(w) > max ( - - e - ) .
G @) = ¢, @) ¢ @) = ¢ @)

If we Q(i) is such that C13‘ (w) € (0,t] and p1]( )(Cuz( w)) ¢ B, then there exists a unique
E*e{1,.. n} with Clﬂ( w) € ((k*—1)t/n,k*t/n], and hence we have N P )((0 kt/n]x U ;) < €—1
for ke{l,...,k*—1}, N 0 (((k:* —1)t/n,k*t/n] x B) =0, and N o0 (w )(( (k—1)t/n] x Uy ;) =1
for ke {k*+1,...,n}.

Since the set on right hand side of (A.5) is in the c-algebra given in (A.4) and {(0,t] x B : t €
Ry, B E B(U1 )} is a generator system of B(R;) ® B(U1;), we readily get that the random variable

(CY; o 1,; (Cl ,)) is measurable with respect to the o-algebra given in (A.4). Let us apply Theorem
4.2.8 in Dudley [7] with the following choices:

o X =0, Y= MRy xU),
o T: 0 = MRy x U), T(w) =Ny we ),

o [ SRy xU, flw) = (@), p) @) (¢, w), weal)

Then there exist functions &®;, : MRy xU) - Ry and Z;,: M(Ry x U) = U such that &;,
is M(R4 x U)/B(R;)-measurable, Z;, is M(R4 x U)/B(U)-measurable, and ((Y;Z, gg( fzg 0) =
(@j,z(Np(ﬁ-)’Ejvf(NPY:)j)) holds on lez Since P(Z)(lez) = 1, we have (Clﬂ7 1J(C1]z)) =
((pj,[(Np(i) ),Ej’g(Np(i) )) P™-almost surely, as desired.

L 1

In what follows we provide an alternative argument for verifying that Cl(lj) , isan M(Ry x U)/B(R)-

measurable function of p"  with the advantage that the measurable function in question shows up
explicitly. We have Cu L = inf{t € Ryy : |Ay;;(t)| > 1/2}, where y; ;(t) := NW((0,#] x U;;) and
Ay i(t) =y ;(t) —yi;(t—) = NO{t} x U, ) for t € Ryy. Further, Cff).’ul = inf{t € (ng&O) :
|Ay; ;(¢)] > 1/2} for all ¢ € N. Consider the mappings W3, : D(]RJF,]R; — Ry, £ €N, defined
by Waily) = if{t € Ryy 1 [Ay(D)] > 1/2} and Wsper(y) = inf{t € (U(y),00) : [Ay(t)] > 1/2},
y € D(Ry,R), ¢ € N. By Proposition VI.2.7 in Jacod and Shiryaev [12], the mappings W3, ¢ € N,
are continuous at each point y € D(R;,R) such that |Ay(t)| # 1/2 for all ¢t € Ry. Moreover, we
have Clj ;= U3 0(U, ;(p")), where the mappings W, ; : M(Ry x U) = D(Ry,R), j €N, are given
by Wy (7)) = (7((0,t] x Urj))ter,, ™€ M(Ry x U). Observe, that for each =€ M(Ry xU), we
have |AUy ;(m)(t)| #1/2 for all ¢t € Ry (since |AWy ;(7)(t)| € Z4 for all t € Ry), hence, it remains
to check that the mappings U4 ;, j € N, are M(R; x U)/D(Ry,R)-measurable. This follows from
{me M(Ry xU) : (m((0,t] X U1 j))teqts,..try € B} € M(Ry x U) forall LeN, t,...,t, € Ry and
B € RE| which is a consequence of the definition of M(R, x U).

Finally, we verify that Ii 2;] () — Ii 2L’] ,(te) isa D(Ry,RY) @ M(Ry x U)/B(RY)-measurable function
of (X p®). Based on the findings for Il(le(tk) and I?(,le(tk), it is enough to check that

(A.6) (Co,g o O,J (Co Je) ) Q(z) C U(X(Z) : )') N Qt()@ c U(X(i)’p(i)) N Qt(Ji)‘

)77
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where Cég‘,é and ng can be defined similarly as Cfgé and Qg% for all i € {1,2} and j,¢ € N,

(@) (@)
1.3 0,57

{weal): ). w) € 0.8, P @) /) € B, 7P (w) € (0,71}

respectively (replacing in the definitions U; ; and p;°. by Up; and p, respectively). Note that

{w el : Ny oy (k= 1)t/n,kt /] x B) > 1

{w €0l Ny ) (0.kt/n] x o) > e}

weg(” //Hf )u)|\2dsm(du)2n}

for teRyy, TeRy, jLeN, BeB(Uy;,), i € {1,2}. Similarly, as it was explained in case of I,(Lf)l(t),
one can approximate fo on (s, XD w)|[2dsm(du) by D(Ry,R%)/B(R,)-measurable functions of
X@ which yields (A.6).

Hence we obtain the statement. O

A.3 Remark. Incaseof f=0 and g =0, the statement of Lemma A.2 basically follows by Exercise (5.16)
in Chapter IV in Revuz and Yor [22], see also Lemma 12.4.5 in Weizsécker and Winkler [27]. ad

Next we formulate a corollary of Lemma A.2.

A.4 Lemma. Let (Q(l),]:(l),(ft(l))teR+,P(l),W(l),p(l),X(l)) be a tuple satisfying (D1), (D2), (D3) and
(D4)(b)—(d) and let (2@, F@), (fEQ))teRMP(Z), w® @) X(z)) be another tuple satisfying (D1), (D2), (D3)
such that (ng))teﬂh is an R%-valued (Ft(2))teR+ -adapted cadlag process. Suppose that (W(l),p(l),X(l))
and (WP p@ XY have the same distribution on C(Ry,R™) x M(Ry x U) x D(Ry,R?). Then (D4)(b)-
(d) hold for the tuple (Q(Q),]:(Q), (ft(Q))teR+,P(2), w® p@) X(2)) as well, and the processes (A.1) and (A.2)
have the same distribution on (D(R,,R%))°.

Proof. First we check that P® (fot 1b(s, X P)|| ds < oo) =1 forall ¢t € Ry. Since b is BRy)®
B(RY) @ B(U)/B(R%)-measurable and X and X® have the same law, the processes (b(s, Xgl)))s.eﬂg+ and
(b(s, X(?))ser, have the same law as well. Since the mapping D(R1,R%) > f s ([ f( ds)teR+ € D(R,,R%)
is continuous (see, e.g., Ethier and Kurtz [9, Chapter III, Section 11, Exercise 26], or Barczy et al. [2, Proof

of Lemma B.3]), and consequently D(R,,R%)/D(R,,R%)-measurable, the processes (fg 16(s, X )| ds) N
teR 4

and (fot 1b(s, X )| ds) . have the same distribution with respect to P® and P® . respectively. Since
teRL

D (fot Ib(s, XY ds < oo) =1 forall te Ry, this yields P® (fg b(s, X )| ds < oo) =1 for all
t € Ry, as desired.

Similarly, one can check that P(?) (fot lo(s, X@)|2ds < oo) =1 forall teR,, and

t
P (// ||f(s,Xg2),u)||2dsm(du)<oo>:17 teR,.
0 JUy

It remains to check that
(A7) P </ / lg(s, X2 w)|| N®(ds, du) < oo> =1, teR,,

where N(®)(ds,du) is the counting measure of p(® on R, x U. Recall that, in the proof of Lemma A.2,
Ui; € B(U), j €N, have been chosen such that they are disjoint, m(U ;) < oo, j € N, and Uy = ;2 Un ;.
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Further, the set D(p1 J) is ordered according to magnltude as 0 < <1g 1 < Clij g < -+, €N, ie{l,2},
see (A.3). Then for each i € {1,2} and t € R,, K{’(t) — fo Ju, lla(s, XY W) NO(ds,du) as n — oo

P®)_almost surely, where

K@ Z// oo X0 NO@sa =3 a(e XD o6l

7=t se(0,4)nD(p{")

where p'”, denotes the thinning of p® onto Uy ;. Since (1)7X(1) and @), X)) have the same
Dy g p J p p,

distribution with respect to P and P®. respectively, K,(Ll)(t) and Ky(f)(t) have the same distribution
with respect to PY and IP’(2), respectively for all n € N and ¢ € Ry (which can be checked in the same way
as in the proof of Lemma A.2 by replacing g with | g||). Consequently, fot Jo, llg(s, Xgl_),u)H N (ds, du)

and fot Jo, lla(s, Xg), w)|| N®(ds,du) have the same distribution with respect to P and P® | respectively

for all ¢t € R;. Since
t
p </ / lg(s, X w)|| N (ds, du) < oo> =1, teRy,
0 U,

we have (A.7). All in all, the tuple (Q(Z),}'(Q),(.F,f(z))teR+,IP’(2),W(2),p(2),X(2)) satisfies (D4)(b)—(d), and
then Lemma A.2 yields that the processes (A.1) and (A.2) have the same distribution on (D(Ry,R%))5. O

The next lemma corresponds to Fact B on page 107 in Situ [24].

A.5 Lemma. Let us consider the filtered probability space (Q, F, (Fi)ter, ]P’LQ) given in the proof of Theorem
1.1. The process Q3 (z,w,m,y,y@) = w, € R", t € Ry, is an r-dimensional standard (Ft)ter, -Brownian
motion, and the process Q3 (x,w,m,yM,y?) — Ny, logxv € M(Ry xU), t € Ry, is a stationary (Fi)ier, -
Poisson point process on U with characteristic measure m under the measure Py .

Proof. Using that the w-coordinate process is an r-dimensional standard (G;):cr,-Brownian motion under
P2, for the first statement, it is enough to prove the independence of w; —w, and F; for every s,t € Ry
with s < t. For this, it is sufficient to show

A8 Ep, ,(ei¥wi—vd o) = o~ t=9WI’/2 p, ,(G), yeR", GeG,, 0<s<t
1,2 )

Indeed, if A € G,, then there exists some G € G, such that AAG = (A\G)U(G\ A) € N, and consequently
]P)LQ(AAG) =0. Then,

Ep, , (ei<y,wt—ws)]1A) — EPLQ(ei(y,wt—wsﬁlAmG) = Ep, , (ei(y,wt—ws)la)
— o (t=9)lyl*/2 P12(G) = o (t=9)llyll*/2 Py 5(A), AeG,, 0<s<t.
Moreover, if A€ F,, then A€ Gy, forall >0, and hence
Ep, (/@)L ) = o O By y(4),  A€F, 0<s<t, >0
By dominated convergence theorem, using that w has continuous sample paths Py »-almost surely, we get
E]plg(ei(ywt—wsﬁu) — o~ (t=9)lyl?/2 Py 5(A), AcF, 0<s<t,

ie.,
E]PLQ |:el<y7wt—ws>

]_-S} — o~ (t=9)llyl*/2, 0<s<t.

Thus, in the light of Lemma 2.6.13 of Karatzas and Shreve [13], we get the independence of w; —ws and Fj
for every s,t € Ry with s <t

Using that w; — w; is independent of Gs; under P2, we obtain
EIP’1,2 |:ei<y,wt7ws)]1G:| = EIP’1,2 |:E]P’1‘2 |:ei<y,wt7ws)]1c | gsi|:| = E]P’l,Q |:]1GIEP1,2 |:ei<y’wtiws> | gs:|i|

= Ep,, [10Er, , [0 || =B, , [1ge~(-IW72] = = C=00l*/2 py o ()
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for all y € R" and G € G, hence we conclude (A.8) and then the first statement.

Using that the process p, is a stationary (G;);er  -Poisson point process on U with characteristic measure
m, as it was explained in the proof of the first statement, for the second statement, it is enough to show that for
every s,t € Ry with s <t, every n €N, every disjoint subsets Bj,...,B, € B({U) and Aq,...,\, € Ry,

Ep, , [e, 7 A Np ((s,8]xBj) ¢ G} = (=TI T -DmB) p (@), G eg,.

Using that N, _((s,t] x B;j), j€{1,...,n}, are independent of each other and from G, under P;,, we get

n

Ep, , [e_ i=1 *ijﬂ((‘%t]XBj)]lG] = Ep,, {EPLQ {e_ j=1 X Npx (s:t]% Bj) ‘ gSH
= E]PLZ |:]]-G' E]P’1,2 |:€_ i1 AsNor (8,1 Bj ) ‘ gs:H = EPl,z |:]]-G' IE]13’1,2 |:€_ 2= /\ijW((&t]XBj)}}
=Ep,, [HG e(t=5) Zyzl(eﬂjfl)M(Bj)} — ot=9) ) (7N —1)m(By) P15(G)

for all G € G,. The last but one equality above is a consequence that N, _((s,t] x B;) is a Poisson distributed
random variable with parameter (¢t —s)m(B;), j € {1,...,n}, under P;5. Hence we conclude the second
statement as well. O
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