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Parameter estimation for a subcritical affine two factor model

MATYAS BARCZY", LEIF DORING, ZENGHU LI, GYULA PAP

Abstract

For an affine two factor model, we study the asymptotic properties of the maximum likelihood and
least squares estimators of some appearing parameters in the so-called subcritical (ergodic) case based on
continuous time observations. We prove strong consistency and asymptotic normality of the estimators in
question.

1 Introduction

We consider the following 2-dimensional affine process (affine two factor model)

(1.1)

{dnz(a—bdemst, >0

dX, = (m — 0X,)dt + VY, dB,,

where a >0, b,m,0 € R, and (L;);>0 and (B;)i>o are independent standard Wiener processes. Note that
the process (Y:)i>0 given by the first SDE of (1.1) is the so-called Cox-Ingersol-Ross (CIR) process which
is a continuous state branching process with branching mechanism bz + 22/2, 2z > 0, and with immigration
mechanism az, z > 0. Chen and Joslin [9] applied (1.1) for modelling quantitative impact of stochastic recovery
on the pricing of defaultable bonds, see their equations (25) and (26).

The process (Y, X) given by (1.1) is a special affine diffusion process. The set of affine processes contains a
large class of important Markov processes such as continuous state branching processes and Ornstein—Uhlenbeck
processes. Further, a lot of models in financial mathematics are affine such as the Heston model [15], the model
of Barndorff-Nielsen and Shephard [4] or the model due to Carr and Wu [8]. A precise mathematical formulation
and a complete characterization of regular affine processes are due to Duffie et al. [13]. These processes are
widely used in financial mathematics due to their computational tractability, see Gatheral [14].

This article is devoted to estimate the parameters a, b, m and 6 from some continuously observed real
data set (Y3, Xt)ep0,r), where T' > 0. To the best knowledge of the authors the parameter estimation problem
for multi-dimensional affine processes has not been tackled so far. Since affine processes are frequently used
in financial mathematics, the question of parameter estimation for them is of high importance. In Barczy et
al. [1] we started the discussion with a simple non-trivial two-dimensional affine diffusion process given by (1.1)
in the so called critical case: b > 0,0 =0 or b =20,0 > 0 (for the definition of criticality, see Section
2). In the special critical case b =0, § =0 we described the asymptotic behavior of least squares estimator
(LSE) of (m,0) from some discretely observed low frequency real data set Xg, X3,...,X,, as n— oo. The
description of the asymptotic behavior of the LSE of (m, ) in the other critical cases b=0,60 >0 or b> 0,
60 = 0 remained opened. In this paper we deal with the same model (1.1) but in the so-called subcritical
(ergodic) case: b >0, § > 0, and we consider the maximum likelihood estimator (MLE) of (a,b,m,0) using
some continuously observed real data set (Y;, Xt)iejo,7), where T >0, and the LSE of (m,f) using some
continuously observed real data set (Xt)ieo,r), where T > 0. For studying the asymptotic behaviour of
the MLE and LSE in the subcritical (ergodic) case, one first needs to examine the question of existence of a
unique stationary distribution and ergodicity for the model given by (1.1). In a companion paper Barczy et
al. [2] we solved this problem, see also Theorem 2.5. Further, in a more general setup by replacing the CIR
process (Y;)i>0 in the first SDE of (1.1) by a so-called a-root process (stable CIR process) with « € (1,2),
the existence of a unique stationary distribution for the corresponding model was proved in Barczy et al. [2].

In general, parameter estimation for subcritical (also called ergodic) models has a long history, see, e.g., the
monographs of Liptser and Shiryaev [27, Chapter 17], Kutoyants [23], Bishwal [7] and the papers of Klimko
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and Nelson [22] and Sgrensen [32]. In case of the one-dimensional CIR process Y, the parameter estima-
tion of a and b goes back to Overbeck and Rydén [28] (conditional LSE), Overbeck [29] (MLE), and
see also Bishwal [7, Example 7.6] and the very recent papers of Ben Alaya and Kebaier [5], [6] (MLE). In
Ben Alaya and Kebaier [5], [6] one can find a systematic study of the asymptotic behavior of the quadruplet
(log(V1), Y3, fot Y ds, fot 1/Y,ds) as t— oo. Finally, we note that Li and Ma [25] started to investigate the
asymptotic behaviour of the (weighted) conditional LSE of the drift parameters for a CIR model driven by a
stable noise (they call it a stable CIR model) from some discretely observed low frequency real data set. To
give another example besides the one-dimensional CIR process, we mention a model that is somewhat related
to (1.1) and parameter estimation of the appearing parameters based on continuous time observations has been
considered. It is the so-called Ornstein—Uhlenbeck process driven by a-stable Lévy motions, i.e.,

dUt = (m*OUt)dt+dZt, t}O,

where 6 >0, m#0, and (Z;);>0 is an a-stable Lévy motion with « € (1,2). For this model Hu and Long
investigated the question of parameter estimation, see [17], [18] and [19].

It would be possible to calculate the discretized version of the estimators presented in this paper using the
same procedure as in Ben Alaya and Kebaier [5, Section 4] valid for discrete time observations of high frequency.
However, it is out of the scope of the present paper.

We give a brief overview of the structure of the paper. Section 2 is devoted to a preliminary discussion of
the existence and uniqueness of a strong solution of the SDE (1.1), we make a classification of the model (see
Definition 2.4), we also recall our results in Barczy et al. [2] on the existence of a unique stationary distribution
and ergodicity for the affine process given by SDE (1.1), see Theorem 2.5. Further, we recall some limit theorems
for continuous local martingales that will be used later on for studying the asymptotic behaviour of the MLE
of (a,b,m,0) and the LSE of (m,#), respectively. In Sections 3-8 we study the asymptotic behavior of the
MLE of (a,b,m,0) and LSE of (m,8) proving that the estimators are strongly consistent and asymptotically
normal under appropriate conditions on the parameters. We call the attention that for the MLE of (a,b,m,0)
we require a continuous time observation (Y:, Xt)iepo,r7 of the process (Y, X), but for the LSE of (m, ) we
need a continuous time observation (Xi);cjo,7) only for the process X. We note that in the critical case we
obtained a different limit behaviour for the LSE of (m, ), see Barczy et al. [1, Theorem 3.2].

A common generalization of the model (1.1) and the well-known Heston model [15] is a general affine diffusion
two factor model

(1.2) dY; = (a — bY;) dt 4+ 01v/Y; ALy, ‘S0
' dX, = (m — kY; — 0X,)dt + 01V/Y; (0L + /1 — 02dB,), ~

where a,01,00 > 0, bm,k,0 € R, p € (—1,1), and (Li)i>0 and (By)i>o are independent standard
Wiener processes. One does not need to estimate the parameters o1, o2 and p, since these parameters
could —in principle, at least— be determined (rather than estimated) using an arbitrarily short continuous
time observation of (Y, X), see Remark 2.5 in Barczy and Pap [3]. For studying the parameter estimation of
a, b, m, k and € in the subcritical case, one needs to investigate ergodicity properties of the model (1.2).
For the submodel (1.1), this has been proved in Barczy et al. [2], see also Theorem 2.5. For the Heston model,
ergodicity of the first coordinate process Y is sufficient for statistical purposes, see Barczy and Pap [3]; the
existence of a unique stationary distribution and the ergodicity for Y has been proved by Cox et al. [10,
Equation (20)] and Li and Ma [25, Theorem 2.6]. After showing appropriate ergodicity properties of the model
(1.2), one could obtain the asymptotic behavior of the MLE and LSE of (a,b,m,x,0) with a similar method
used in the present paper.

2 Preliminaires

Let N, Zy, R and R, denote the sets of positive integers, non-negative integers, real numbers and non-
negative real numbers, respectively. By |z| and ||A]| we denote the Euclidean norm of a vector xz € R™
and the induced matrix norm ||A]| = sup{||Az|| : € R™, ||z]| =1} of a matrix A € R"*™  respectively.

The next proposition is about the existence and uniqueness of a strong solution of the SDE (1.1) which
follows from the theorem due to Yamada and Watanabe, further it clarifies that the process given by the SDE
(1.1) belongs to the family of regular affine processes, see Barczy et al. [2, Theorem 2.2 with « = 2].

2.1 Proposition. Let (Q,]-', IP’) be a probability space, and (L, By)ier, be a 2-dimensional standard Wiener
process. Let (no,Co) be a random vector independent of (L¢, By)iso satisfying P(no > 0) =1. Then, for all



a>0, and b,m,0 € R, there is a (pathwise) unique strong solution (Yz, X:)i>0 of the SDE (1.1) such that
P((Yo, Xo) = (10,¢0)) =1 and P(Y; >0, Vt>0)=1. Further, we have

t

t
(2.1) Y, = e b(t=9) (Ys + a/ e P~ qy +/ e Plmw L /Y, dLu> , 0<s<t,

and

t

t
(2.2) X, = e 0t (Xs + m/ e 00s—u) qy +/ e 06—y, dBu> , 0<s<t.

Moreover, (Y, Xit)i>o0 s a regular affine process with infinitesimal generator

1
(AN, z) = (a = by) fi(y, ) + (m = 02) f5(y, ) + Sy(fra(y: ) + fr2(y, 7)),
where (y,z) € Ry xR, f € C3(Ry xR,R), f/, i=1,2, and fi'; 1,5 € {1,2}, denote the first and
second order partial derivatives of f with respect to its i-th and i-th and j-th variables, respectively, and
C3:(R, x R,R) is the set of twice continuously differentiable real-valued functions defined on Ry x R having
compact support.

2.2 Remark. Note that in Proposition 2.1 the unique strong solution (Y%, X;);>o of the SDE (1.1) is adapted
to the augmented filtration (F;);er, corresponding to (L¢, Bt)ier, and (no,(p), constructed as in Karatzas
and Shreve [21, Section 5.2]. Note also that (F;)icr, satisfies the usual conditions, i.e., the filtration (F;):er,
is right-continuous and Fy contains all the P-null sets in F. Further, (L;)ier, and (B;)ier, are
independent (F;)ier, -standard Wiener processes. In Proposition 2.1 it is the assumption a > 0 which ensures
P(Y; >0, Vt>0)=1. O

In what follows we will make a classification of the affine processes given by the SDE (1.1). First we recall
a result about the first moment of (Y3, X;);er,, see Proposition 3.2 in Barczy et al. [1].

2.3 Proposition. Let (Y;, X;)ier, be an affine diffusion process given by the SDE (1.1) with a random initial
value (no,Co) independent of (Li, Bi)i>o such that P(no > 0) =1, E(ny) < oo and E(|(o|) < co. Then

S C G [

E(¢o) 0 f; e % ds| [m
Proposition 2.3 shows that the asymptotic behavior of the first moment of (Y}, X¢)ier, as t — oo is
determined by the spectral radius of the diagonal matrix diag(e™**, e~%), which motivates our classification
of the affine processes given by the SDE (1.1).

E(Y)
E(X:)

2.4 Definition. Let (Y;, X;)ier, be an affine diffusion process given by the SDE (1.1) with a random initial
value (no,Co) independent of (Ly, By)ixo satisfying P(no = 0) = 1. We call (Yy, X¢)ier, subcritical, critical
or supercritical if the spectral radius of the matrix

is less than 1, equal to 1 or greater than 1, respectively.

Note that, since the spectral radius of the matrix given in Definition 2.4 is max(e™*, e %), the affine
process given in Definition 2.4 is

subcritical if b>0 and 6 >0,
critical if b=0, 620 or b>0, =0,
supercritical if b<0 or 6<0.

Further, under the conditions of Proposition 2.3, by an easy calculation, if 6 >0 and 6 > 0, then

|

E(Y?)

lim
E(X¢)

t—o0




if b=0 and 6 =0, then

LE(Y;
lim |/ Y _ el
t— oo ?E(Xt) m
if =0 and 6 > 0, then
1
lim t E(1%) — | ,
t—00 E(Xt) %
if b>0 and 6 =0, then
o fEe ] T8
t—oo | 2 E(Xy) m|’

and if b<0 and 0 <0, then

) ebt E()ft)
t—oo e B(X)

_ E(ﬁo) - %
E(¢o) — %
Remark also that Definition 2.4 of criticality is in accordance with the corresponding definition for one-

dimensional continuous state branching processes, see, e.g., Li [24, page 58].

In the sequel Py and 5 will denote convergence in probability and in distribution, respectively.

The following result states the existence of a unique stationary distribution and the ergodicity for the affine
process given by the SDE (1.1), see Theorems 3.1 with o =2 and Theorem 4.2 in Barczy et al. [2].

2.5 Theorem. Let us consider the 2-dimensional affine model (1.1) with a >0, b>0, meR, 6 >0, and
with a random initial value (no, (o) independent of (L, Bi)i>o satisfying P(ng > 0) =1. Then

1) (Y1, Xy) £ (Yoo, Xoo) as t — 00, and the distribution of (Yoo, Xoo) s given by

(23) E (ef>\1YOO+Z')\2X(x>) = exp {—a/ U‘g(Al, /\2) ds + ZT;/\Q} R ()\1, )\2) c R+ X R,
0

where vi(A1,\2), t = 0, is the unique non-negative solution of the (deterministic) differential equation

(2 4) {681?(/\17 )\2) = —b?}t()\l, )\2) — %(’Ut(Al, )\2))2 + %e—QQt)\%7 t> 07

’U()(/\l7 /\2) = )\1.

(ii) supposing that the random initial value (no,Co) has the same distribution as (Yoo, Xoo) given in part
i), we have (Y3, X¢)i=0 1s strictly stationary.
), we have (Y, X,)iso is strictly stati

(iii) for all Borel measurable functions f:R* — R such that E (|f(Yoo, Xoc)|) < 00, we have

T
(2.5) P ( lim / F(Yar X.) ds =E<f<Yoo,Xoo>>> 1,

T—oo T
where the distribution of (Yoo, Xoo) is given by (2.3) and (2.4).

Moreover, the random variable (Yoo, Xoo) s absolutely continuous, the Laplace transform of Y., takes the
form

A —2a
(2.6) E(e MYe=) = (1 + 2;) : M ERY,

i.e., Yoo has Gamma distribution with parameters 2a and 2b, all the (mized) moments of (Yoo, Xeo) of
any order are finite, i.e., E(Y2|Xx|P) < oo for all n,p € Zy, and especially,

a m

a(2a + ].) ma ab + 2bm2
E(on) = o E(YooXoo) = e [E(Xgo) — —z
(Yoo X) ; (6(ab + 2a6 + 6) + 2m°b(260 + b)).

(b + 20)2b202



In all what follows we will suppose that we have continuous time observations for the process (Y, X), i.e.,
(Y:, Xt)tejo,r) can be observed for some 7' > 0, and our aim is to deal with parameter estimation of (a, b, m,6).
We also deal with parameter estimation of 6 provided that the parameter m € R is supposed to be known.

Next we recall some limit theorems for continuous local martingales. We will use these limit theorems in the
sequel for studying the asymptotic behaviour of different kinds of estimators for (a,b,m,0). First we recall a
strong law of large numbers for continuous local martingales, see, e.g., Liptser and Shiryaev [27, Lemma 17.4].

2.6 Theorem. Let (Q,}', (ft)t>o,P) be a filtered probability space satisfying the usual conditions. Let
(Mi)e>0 be a square-integrable continuous local martingale with respect to the filtration (Fi)i>o started from
0. Let (&)i>0 be a progressively measurable process such that

P </0t(§u)2d(M>u < oo) =1, t>0,

(27) P(Mg[@f«Mn:w)zL

t—o0

where ((M)i)t>0 denotes the quadratic variation process of M. Then

(2.8) P <1im M = o) =1
t=o0 [1(€u)? d(M),,

In case of My = By, t >0, where (Bi)i>o is a standard Wiener process, the progressive measurability of
(&)i>0 can be relazed to measurability and adaptedness to the filtration (Fi)i>o-

The next theorem is about the asymptotic behaviour of continuous multivariate local martingales.

2.7 Theorem. (van Zanten [33, Theorem 4.1]) Let (Q,]—', (]—'t)@(),IP’) be a filtered probability space
satisfying the usual conditions. Let (My)i>0 be a d-dimensional square-integrable continuous local martingale
with respect to the filtration (F;)i>o0 started from 0. Suppose that there exists a function Q :[0,00) — RZ*4
such that Q(t) is a non-random, invertible matriz for all t >0, limi_ o ||Q(t)|| =0 and

QUMY QM) T as t— oo,

where n is a d x d random matrix defined on (Q,I,P). Then, for each RF-valued random variable V
defined on (Q,]—",]P), it holds that

QWM V) 55 (nZ,V)  as  t— o0,

where Z is a d-dimensional standard normally distributed random variable independent of (n, V).

We note that Theorem 2.7 remains true if the function @, instead of the interval [0,00), is defined only
on an interval [tg,00) with some ¢, > 0.

3 Existence and uniqueness of maximum likelihood estimator

Let P(q,m,0) denote the probability measure on the measurable space (C(Ry,R; x R),B(C(R,R; x R)))
induced by the process (Y, X;)i>0 corresponding to the parameters (a,b,m, ) and initial value (Y, Xo). Here
C(Ry,R; xR) denotes the set of continuous R, x R-valued functions defined on Ry, B(C(R4, R4 xR)) is the
Borel o-algebra on it, and we suppose that the space (C(R4,R; xR), B(C(R4+,R4 xR))) is endowed with the
natural filtration (A;);>0, given by A; := ¢; '(B(C(Ry, Ry xR))), where ¢;: C(Ry, Ry xR) — C(R;, Ry xR)
is the mapping ¢:(f)(s) := f(tAs), s >0. Forall T'>0, let P pm.6),7 = Prapm.) lar be the restriction
of ]P)(a,b,m,@) to Arp.

3.1 Lemma. Let a >1/2, bym,0 € R, T >0, and suppose that P(Yy > 0) = 1. Let Py pmg) and P00
denote the probability measures induced by the unique strong solutions of the SDE (1.1) corresponding to the
parameters (a,b,m,0) and (1,0,0,0) with the same initial value (Yo, Xo), respectively. Then P(qpm.6), 7



and P0,0,0),r are absolutely continuous with respect to each other, and the Radon-Nykodim derivative of
Pa,b,m.0),0 with respect to Py 0.0,0),7 (s0 called likelihood ratio) takes the form

T
. —bY, —1 —0X,
L(T b, ’6)’(1’0’0’0)((5/5, Xs)se[o,1]) = €Xp {/ (a dY, + = dXs)
0 Y Y

1 /T (a —bYs —1)(a — bY, + 1) + (m — 0X,)? s
0 )

2 Y,

where (Y3, Xi)i>0 denotes the unique strong solution of the SDE (1.1) corresponding to the parameters
(a,b,m,0) and the initial value (Yp, Xo).

Proof. First note that the SDE (1.1) can be written in the form:

A
0 VY

Note also that under the condition a > 5, for all yo > 0, we have P(Y; > 0,Vt € Ry | Yy =yo) =1, see, e.g.,
page 442 in Revuz and Yor [30]. Since ]P’(YO > 0) =1, by the law of total probability, P(Y; >0, V¢ € R+) =1.

Y,
X

-b 0
0 -6

Y,
X

dL,
4B,

d + dt + t=0.

m

We intend to use Lemma A.1. By Proposition 2.1, under the conditions of the present lemma, there is a
pathwise unique strong solution of the SDE (1.1). We has to check

/T (a—DbY3)2 + (m—0X,)%+1
0 Y

ds < o0 a.s. for all T e R;.
Since (Y, X) has continuous sample paths almost surely, this holds if

T
1
(3.1) / v ds < o0 a.s. for all T € R;.
0 s

Under the conditions a > 1/2 and P(Yy > 0) = 1, Theorems 1 and 3 in Ben-Alaya and Kebaier [6] yield
(3.1). More precisely, if a > % and yo >0, then Theorems 1 and 3 in Ben-Alaya and Kebaier [6] yield

T
1
IP’(/ ds<oo‘Y0yo>1, T eR,.
0o Ys

Since P(Yy > 0) = 1, by the law of total probability, we get (3.1). We give another, direct proof for
(3.1). Namely, since Y has continuous sample paths almost surely and P(Y; > 0, V¢t € Ry) = 1, we have
P(infiepo,r Y > 0) =1 forall T'c Ry, which yields (3.1). O

By Lemma 3.1, under its conditions the log-likelihood function takes the form

T T
a m 1 1
log L(T b, ’0)7(1’070’0)((Ys7Xs)sG[O,T]) (a — 1)/ A dYs —o(Yr — Yo) + m/ v, dX,
0 s

S

271 T]. b2 T
—9/ —dX /—derabe—/ Y, ds
2 Jo Y 2 Jo
2
X2
_ ds+m9/ 7 ds _7/
2 Jo

=: fr(a,b,m,0), T>0.

We remark that for all 7' > 0 and all initial values (Yp, Xo), the probability measures P4 4 m 0),7, @ = 1/2,
b,m,0 € R, are absolutely continuous with respect to each other, and hence it does not matter which measure
is taken as a reference measure for defining the MLE (we have chosen Py 0),7). For more details, see, e.g.,

Liptser and Shiryaev [26, page 35]. Then the equation %(a, b,m,0) =0 takes the form

T T T 2
X X X
— — dX, —ds— 6 S ds = 0.
/0 Y. ‘+m/0 v, ¢ /0 v, ¢




Moreover, the system of equations

fr dfr Ofr Ofr

90 (a,b,m,0) =0, m —(a,b,m,0) =0, a—m(a,b,m,ﬁ)z(), 20 ——(a,b,m,0) =
takes the form
Jysds T 0 0 a Jo i dv,
T [Tv.ds 0 0 b | —(vr - o)
0 0 fOTY%ds OT Xé ds| |m| fT L - dX
0 0 —fXas T 0 — e

First, we suppose that a > 1/2, and b€ R and m € R are known. By maximizing longg’b’m’a)’(l’o’o’O)

in 0¢€ R, we get the MLE of 6 based on the observations (Y3, X¢)¢cjo, 1),

T x T x
— s dX,+m s ds
(3.2) OMLE = lo ¥ e lo ¥ ., T>0,
0 Y.
provided that fOT )}(,—52 ds > 0. Indeed,
& fr T X2
502 (G,m)——/o Y. ds < 0.
Using the SDE (1.1), one can also get
X
dB
(3.3) OMLE _ g — — Jo 7 2V " T,
fo Y. ds

provided that fo Xs ds > 0. Note that the estimator GMLE does not depend on the parameters a > 1/2

and b€ R. In fact, 1f we maximize log L(Ta b:m.0),(1,0.0.0) 4y (a,b,0) € R3, then we obtain the MLE of (a,b, )

supposing that m € R is known, and one can observe that the MLE of 6 by this procedure coincides with
oyLE

By maximizing log Lg:z,b,m,@),(l,O,O,O) in (a,b,m,0) € R* the MLE of (a,b,m,6) based on the observations
(Y:, Xt)eejo,r) takes the form

Jo Yods [} £ dY, = T(Yr - Yp)

(3.4) aytE - T >0,
f Y. ds fo yds—T
T [y dY, - (Yr - Y T'1gs
(3.5) DMLE . Jo 5 07 = Yo) Jo v, T >0,

fo Yods [ & ds— T2

T X2 T 1 T x T X
- ds dX, = ds - d X,
(3.6) mHLE = Jy 5 “Jo ¥ X~ T>0,

T X2 T T
fo v dsf0 Vsdsf(o X*ds)
o eds [ dX, - [ ds [ X dX,

N 2
fTXS dsfo Zd57<0TXSS ds)

(3.7) GYLE .=

, T >0,

2
provided that fo Y. ds fo L - ds — T? >0 and fT Xé ds fOT Yi ds — (fT Xe ds) > 0. Indeed,

0 Ys
l"’ST(abm@) i (abm@]_ ST ras T
gZab(a b,m,0) 8317 (a,b,m,0) B T —fOTsts
%2;,{5 (a,b,m,0) g;g;l(a,b,mﬁ) _ —fOT Y%ds fOT i", ds
Lal%w bm,0) G (o b,m,w] B l Jo s —f 5 dJ



2
and the positivity of fo Y, ds fo v ds — T? and fo fo v ds — (fOT ))2 ds) yield fOT Y%ds > 0,

respectively. Using the SDE (1.1) one can check that

= 7 T
Elj%iLE al _ fo Y%ds T—T fo WdL
bTLE—b_ | T fo Y, ds fo VY, dL,
R . r T
mQMLE —m| _ fOTY%dS ff Xs ds fo T#
@C\FALE — 0 i L~ foT igs ds fo 0 XS dBs
and hence
T T 1 T
Y, d —~—dLs; - T sdLs
(38) A,JMLE o= fO SfO \/7 . fO \/7 T N 07
f Y, dsf L - ds — T2
T 1 T 1 T
f Y, dsf0 ds—T2
T x2 T 1 T x T x
75 As S B
(3.10) MMLE _ oy = 20 Sdsdo gy 4B o vidshy i d T>0
TX2 T 1 . ’ ’
N ~ds — (fo Y. ds)
and
T X, T Xs
(3.11) éMLE—osz sdsfy gy ABe— fy 3 dsly Gy 4B T>0
’ T T X2 T 1 T x 2 ’ ’
JE B ds [ & ds - ( ) 3 ds)

provided that fo Y. ds fOT Lds—T%2>0 and fo > dstT L ds — (fo . ds) > 0.

3.2 Remark. For the stochastic integrals fOT Y%dYS7 fT X = dX; and fOT Y%dXS in (3.4), (3.5), (3.6) and
(3.7), we have ‘ ‘

[nT] 1 ) T .
Z (YL_YQ)_)/ - dYs as mn — 00,
i it " n 0o Ys
LnTJ Xq‘,—l P T X

3.12 = (X, — X Xy

12 — Yia ( w —1) — . Y, as n — 00,
[nT] 1 ) - .
;YQ(X%_X%)H ; ZdXs as n — 0o,

following from Proposition 1.4.44 in Jacod and Shiryaev [20] with the Riemann sequence of deterministic sub-
divisions (£ A T)ZeN, n € N. Thus, there exist measurable functions ®,¥,Z: C([0,T],Ry x R) - R such
that fo )} dy, = (I)((Y;7X )SGOT] fO ))i dX, = \I/((}/S’X )SG[O T]) and foTyists = E((Y:%XS)SG[O,T])v
since the convergences in (3.12) hold almost surely along suitable subsequences, the members of the sequences
in (3.12) are measurable functions of (Y, X)seo,7], and one can use Theorems 4.2.2 and 4.2.8 in Dudley [12].
Hence the right hand sides of (3.4), (3.5), (3.6) and (3.7) are measurable functions of (Y, Xs)sepo,17, i-., they
are statistics. a

The next lemma is about the existence of 5¥LE (supposing that a > %, beR and m € R are known).

3.3 Lemma. If a > %, bym,0 € R, and P(Yy>0)=1, then

T X2
(3.13) P / YS ds € (0,00) | =1 forall T >0,
0 s

and hence there exists a unique MLE gl\T/[LE which has the form given in (3.2).



Proof. First note that under the condition a > %, for all yo >0, we have P(Y; >0,Vt e Ry | Yy =yo) =1,

see, e.g., page 442 in Revuz and Yor [30]. Since P(Yy > 0) = 1, by the law of total probability, we get
P(Y; >0,Vt e Ry)=1. Note also that, since X has continuous trajectories almost surely, by the proof of
Lemma 3.1, we have P (fOT )f,f [O,oo)) =1 forall T > 0. Further, for any w € , fo X (w) ds

holds if and only if X (w) =0 for almost every s € [0,7]. Using that X has continuous traJectorles almost

surely, we have
< / S ds = O) >0

holds if and only if P(X, =0, Vs € [0,7]) > 0. Dueto a > % there does not exist a constant ¢ € R such
that P(Xs; =¢, Vs €[0,7]) > 0. Indeed, if ¢ € R issuch that P(Xs=¢, Vs € [0,7]) > 0, then using (2.2),

we have s .
c=e (c—i—m/ el du—l—/ "\, dBu) , s €10,7),
0 0

on the event {w e N: X (w)=c¢, Vs €[0,T]}. Incase 6 #0, the process

El
(/ e’\/Y, dBu>
0 s€[0,T]

would be equal to the deterministic process ((c —m/6)(e’* — 1))56[0 7 on the event {w € Q : X (w) =

¢, Vs € [0,7]} having positive probability. Since the quadratic variation of the deterministic process
((c—m/0)(e — 1))S€[O’T] is the identically zero process (due to the fact that the quadratic variation pro-
cess is a process starting from 0 almost surely), the quadratic variation of ( f v ef\/Y, dB )S €0,7] should
be identically zero on the event {w € Q: X,(w) =¢, Vs € [0,T]}. This would imply that [ ¢***Y, du =0
for all s € [0,7] on the event {w € Q : Xs(w) = ¢, Vs € [0,T]}. Using the almost sure continuity and
non-negativeness of the sample paths of Y, we have Y, =0 for all s € [0,7] on the event

{weQ: X (w)=c, Vs [0,T]} N{w € Q: (Yo(w))sejo,r) is continuous}

having positive probability. If # = 0, then replacing ((c —m/0) (e — 1))56[0 7] by (—=ms)sejo,r], one can
arrive at the same conclusion. Hence P(inf{t € R} : ¥; =0} = 0) > 0 which leads us to a contradiction. This
implies (3.13).

The above argument also shows that we can make a shortcut by arguing in a little bit different way. Indeed,
if C is a random variable such that P(X, = C, Vs € [0,T]) > 0, then on the event {w € Q: X (w) =
C(w), Vs € [0,T]}, the quadratic variation of X would be identically zero. Since, by the SDE (1.1), the

quadratic variation of X is the process ( fo Y., du) 150’ it would imply that fos Y,du=0 forall sel0,7T)

on the event {w € N : X (w) = C(w), Vs € [0,T]}. Using the almost sure continuity and non-negativeness of
the sample paths of Y, we have Y; =0 for all s € [0,7] on the event

{weQ: Xy(w) =Cw), Vs € [0,T]} N{w € Q: (Ys(w))sepo,r) s continuous}

having positive probability. As before, this leads us to a contradiction. a

The next lemma is about the existence of (@) /b\MLE myE @WLE)

3.4 Lemma. If a > %, bym,0 € R, and P(Yy>0)=1, then

T T
1
(3.14) P / sts/ YdsTQG(O,oo)>1 for all T >0,
0 0 s

T 32 T 4
(3.15) P / YS ds — ds - / €(0,00) | =1 for all T >0,
o Ys 0

and hence there exists a unique MLE (aY™F, ?)\MLE myLE, é\MLE) which has the form given in (3.4), (3.5) (3.6)
and (3.7).

Proof. First note that under the condition a > %, as it was detailed in the proof of Lemma 3.3, we have

P(Y; >0,VteRy) =1. By Cauchy-Schwarz’s inequality, we have

T Tl
(3.16) /sts/ —ds—-T?>0, T>0,
0 o Ys



and hence, using also that Y has continuous trajectories almost surely and fOT Yi ds < 0o (see the proof of

Lemma 3.1), we have
T T 4
P / sts/ —ds—T?€[0,00) | =1, T >0.
0 o Ys

Further, equality holds in (3.16) if and only if KY; = L/Y, for almost every s € [0,T] with some K,L > 0,
K?+L?>0 (K and L may depend on w € Q and T > 0) or equivalently KY2 = L for almost every
s €[0,T] with some K,L >0, K?+ L? > 0. Note that if K were 0, then L would be 0, too, hence
K can not be 0 implying that equality holds in (3.16) if and only if Y2 = L/K for almost every s € [0, 7]
with some K >0 and L>0 (K and L may depend on w € Q and T). Using that Y has continuous
trajectories almost surely, we have

T Tl
(3.17) P / sts/ —ds—T?*=0] >0
0 0 YS

holds if and only if P(Y2 = L/K, Vs € [0,T]) > 0 with some random variables K and L such that
P(K>0,L>0)=1 (K and L may depend on T'). Similarly, as it was explained at the end of the proof

of Lemma 3.3, this implies that the quadratic variation of the process (YSQ)se[o,T] would be identically zero on

the event {w € Q:Y2(w) = L(w)/K(w), Vs € [0,T]} having positive probability. Since, by 1t6’s formula,
dY? = 2Y; dY; + Y;dt = (2Yi(a — bY;) + Y;) dt + 2Yi\/YidL;, t >0,

the quadratic variation of (Y,?);>o is the process (fg 4Y3 du) o If (3.17) holds, then [J4Y2du =0 for
t=

all s €[0,T] on the event {w e Q:Y2(w)= L(w)/K(w), Vs € [0,T]} having positive probability. Using the
almost sure continuity and non-negativeness of the sample paths of Y, we have Y; =0 for all s €[0,7] on
the event

{weQ:Y2(w) = L(w)/K(w), Vs €[0,T]} N{w € Q: (V;(w))s>o is continuous}
having positive probability. This yields us to a contradiction since P(Y; > 0,V ¢ > 0) =1, implying (3.14).

Now we turn to prove (3.15). By Cauchy-Schwarz’s inequality, we have

2
T 2 T T
X 1 X
.1 5 d —ds — —=24q > T
S [ 3] v (/0Y5> o0

and hence, since X has continuous trajectories almost surely, by the proof of Lemma 3.1, we have

2
T 2 T T
X 1 X
P s —ds — il =1 T .
/0 sts/o sts </0 sts> € [0, 00) , >0

Further, equality holds in (3.18) if and only if KX7/Y; = L/Y, for almost every s € [0,7] with some
K,L >0,K>+L?>>0 (K and L may depend on w € Q and 7 > 0) or equivalently KX? = L for
almost every s € [0,7T] with some K,L >0, K2+ L? > 0. Note that if K were 0, then L would be 0,
too, hence K can not be 0 implying that equality holds in (3.18) if and only if X2 = L/K for almost every
s €[0,T] withsome K >0 and L >0 (K and L may depend on w € Q and T). Using that X has
continuous trajectories almost surely, we have

2
T 32 T T
X 1 X
1 P Sds [ —ds— Zods| =
(3.19) /o Y. s/o Y s (/0 Y. s) 0] >0

holds if and only if P(X2 = L/K, Vs € [0,7]) > 0 with some random variables K and L such that
P(K>0,L>0)=1 (K and L may depend on T). Similarly, as it was explained at the end of the proof of
Lemma 3.3, this implies that the quadratic variation of the process (X §)SG[O,T1 would be identically zero on
the event {w € Q: X%(w) = L(w)/K(w), Vs € [0,T]} having positive probability. Since, by It6’s formula,

the quadratic variation of (X?)¢>¢ is the process (fg 4X2Y, du) . If (3.19) holds, then [; 4X2Y, du=0
t>

for all s €[0,7] on the event {w € Q: X?(w) = L(w)/K(w), Vs € [0,T]} having positive probability. Using

10



the almost sure continuity and non-negativeness of the sample paths of X?Y, we have XZ2Y, = 0 for all
s €[0,T] on the event

{weQ: X2(w) = L(w)/K(w), Vs € [0, T} N{w € Q: (X} (w)Y:(w))i>0 is continuous} =: A

having positive probability. Since P(Y; > 0, V¢ > 0) = 1, we have Xg =0 for all s € [0,7] on the
event A having positive probability. Repeating the argument given in the proof of Lemma 3.3, we arrive at a
contradiction. This implies (3.15). O

4 Existence and uniqueness of least squares estimator

Studying LSE for the model (1.1), the parameters a > 0 and b € R will be not supposed to be known.
However, we will not consider the LSEs of a and b, we will focus only on the LSEs of m and 6, since we

would like use a continuous time observation only for the process X, and not for the process (Y, X), studying
LSEs.

First we give a motivation for the LSE based on continuous time observations using the form of the LSE
based on discrete time low frequency observations.

Let us suppose that m € R is known (a >0 and b€ R are not supposed to be known). The LSE of 6
based on the discrete time observations X;,7=0,1,...,n, can be obtained by solving the following extremum
problem

n
é;[;SE,D := arg min Z(Xl —Xio1—(m— 9Xi—1))2.

OeR o

Here in the notation @I;SE*D the letter D refers to discrete time observations, and we note that X, denotes
an observation for the second coordinate of the initial value of the process (Y, X). This definition of LSE
of 6 can be considered as the corresponding one given in Hu and Long [18, formula (1.2)] for generalized
Ornstein-Uhlenbeck processes driven by a-stable motions, see also Hu and Long [19, formula (3.1)]. For a
motivation of the LSE of 6 based on the discrete observations X;, i € {0,1,...,n}, see Remark 3.4 in Barczy
et al. [1]. Further, by Barczy et al. [1, formula (3.5)],

(41) GLSED _ _ 2 (Xi — Xz‘—l)fz‘—l; m (3 Xi1)
Zizl Xi*l

provided that 7 X2 ; > 0. Motivated by (4.1), the LSE of # based on the continuous time observations
(Xt)tE[O,T] is defined by

T T
(4.2) GLSE . Jo XedXs —m [y X ds
Ji X2ds ’

provided that foT X2ds >0, and using the SDE (1.1) we have

T
XV YsdBs
(4.3) gLSE g = _%7
Jo X2ds
provided that fOT X2ds > 0.

Let us suppose that the parameters a >0 and b,m € R are not known. The LSE of (m,#) based on the
discrete time observations X;, i =0,1,...,n, can be obtained by solving the following extremum problem

(ySEP OLSEP) = argmin Y (X; — Xi_1 — (m — 0X;11))%.

T (6,m)erR? ;]
By Barczy et al. [1, formulas (3.27) and (3.28)],

~LSED _ i XE 2 (X = Xim) = 200 Xica i (Xa = X)X
n

(4.4) n 2 n 2
ny iy X — (i Xie1)
and
(4.5) gseD _ 2imt Xic1 iy (Xi = Ximy) = n 30, (X = Xioy) Xicy

n n 2
ny i X7, - (i1 Xi1)
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provided that nY ; X2, — (>0, X;_1)” > 0. Motivated by (4.4) and (4.5), the LSE of (m,0) based on
the continuous time observations (X)icjo,7) is defined by

(4.6) ALSE . (X7 = Xo) fOT X3ds — (fOT X ds) (foT X dXs)
. LSE . 7

T Jy X2as - () X, ds)2

(@7) g (Xr = Xo) [ Xods = T [ X, dX,
. LSE £ dX,.
T Jy X2ds— (fy X.ds)

2
provided that TfOT X2ds — (fOT X ds) > 0. Note that, by Cauchy-Schwarz’s inequality, TfOT X2ds —

2 2
(Jy Xods) >0, and T [ X2ds— (J) X,ds) >0 yields that [, X2ds > 0. Then

-1
et T — [T X, ds X7 — Xo
OF® | | = [T Xeds ) X2ds — JE X ax, |’
and using the SDE (1.1) one can check that
-1
T?L%SE -m _ T _foT X, ds fOT V. dB,
élTSE -0 —fOTXS ds fOTXS2 ds —fOT X/Y,dB, |’
and hence
T T T T
(4.8) MESE _ oy — — Jy Xsds [y XoV/YodB,s + [; X2ds [; VY.dB
. 2 )
T fF x2ds — ( I x, ds)
and
T T T
(4.9) fLsE _ g — ~T [; XV/YsdBs+ [, X.ds [, VY,dB;

2

T [y X2ds — () X,ds)
. T oo T 2

provided that T [; XZds — (fo X ds) > 0.

4.1 Remark. For the stochastic integral fOT XsdX, in (4.2), (4.6) and (4.7), we have

T
ZXQ(XL—XQ)l)/ XodX, as n — oo,
" n n O
following from Proposition 1.4.44 in Jacod and Shiryaev [20]. For more details, see Remark 3.2. ]

The next lemma is about the existence of g%SE (supposing that m € R is known, but a >0 and b are
unknown).

4.2 Lemma. If a>0, bym,0 € R, and P(Yy >0) =1, then
T

(4.10) P / X2ds € (0,00) | =1 forall T >0,
0

and hence there exists a unique LSE g%SE which has the form given in (4.2).

Proof. First note that under the condition on the parameters, for all yy > 0, we have
P(inf{t e Ry : Y; =0} >0|Yy =) =1,

and hence, by the law of total probability, P(inf{¢t € Ry : ¥; = 0} > 0) = 1. Since X has continuous
trajectories almost surely, we readily have

T
P(/ ngse[o,oo)> =1, T>0.
0

12



Observe also that for any w € Q, fOT X?(w)ds =0 holds if and only if X(w) =0 for almost every s € [0,7].
Using that X has continuous trajectories almost surely, we have

T
IP’(/ des—0> >0
0

holds if and only if P(X, =0, Vs € [0,7]) > 0. By the end of the proof of Lemma 3.3, if P(X, =0,Vs €
[0,T]) >0, then Y, =0 forall s € [0,7] on the event

{weQ: X, (w)=0,Vse[0,T]}N{weQ: (Yi(w))sepo,r] is continuous}

having positive probability. This would yield that P(inf{t € Ry : ¥; = 0} = 0) > 0 leading us to a
contradiction, which implies (4.10). ]

The next lemma is about the existence of (MESE, GLSE),

4.3 Lemma. If a>0, bym,0 € R, and P(Yo > 0) =1, then
T T 2

(4.11) P T/ X2ds — </ Xsd8> €(0,00) | =1 forall T >0,
0 0

and hence there exists a unique LSE (ﬁz%SE,é\%SE) which has the form given in (4.6) and (4.7).

Proof. Just as in the proof of Lemma 4.2, we have P(inf{t € Ry : ¥; =0} > 0) = 1. By Cauchy-Schwarz’s
inequality, we have

T T 2
(4.12) T/ des—</ Xsds> >0, T>0,
0 0

and hence, since X has continuous trajectories almost surely, we readily have

T T 2
P T/ X2ds — /Xsds €l0,00)| =1, T >0.
0 0

Further, equality holds in (4.12) if and only if KX?2? = L for almost every s € [0,7] with some K,L > 0,
K?+L?>0 (K and L may depend on w € Q and T). Note that if K were 0, then L would be 0,
too, hence K can not be 0 implying that equality holds in (4.12) if and only if X2 = L/K for almost every
s€[0,T] withsome K >0 and L>0 (K and L may depend on w € Q and T). Using that X has
continuous trajectories almost surely, we have

T T 2
(4.13) P T/ des—</ Xsds> =0]>0
0 0

holds if and only if P(X? = L/K, Vs € [0,7]) > 0 with some random variables K and L such that
P(K >0,L>0)=1 (K and L may depend on T). Using again that X has continuous trajectories almost
surely, we have (4.13) holds if and only if P(X; =C, Vs € [0,7]) > 0 with some random variable C (note
that C = /L/K if X isnon-negativeand C' = —\/L/K if X isnegative). This leads us to a contradiction
by the end of the proof of Lemma 3.3. Indeed, if P(X; =C, Vs € [0,T]) >0 with some random variable C,
then, by the end of the proof of Lemma 3.3, we have Y; =0 for all s € [0,T] on the event

{w €0: X (w)=Cw), Vs € [O,T]} N{w e Q: (Ys(w))sep,r] is continuous}
having positive probability. This would yield that P(inf{t € Ry : ¥; = 0} = 0) > 0 leading us to a

contradiction, which implies (4.11). O

5 Consistency of maximum likelihood estimator

5.1 Theorem. If a > %, b>0, meR, >0, and P(Yy > 0) =1, then the MLE of 0 s strongly

consistent: P (limTﬁoo 9¥LE = 9) =1.

13



Proof. By Lemma 3.3, there exists a unique MLE gl}/mE of 6 which has the form given in (3.2). Further, by
(3.3),

Jo % dB,

QMLE QZ—W, T>0

0 Y,

The strong consistency of §¥LE will follow from a strong law of large numbers for continuous local martingales

(see, e.g., Theorem 2.6) provided that we check that

T x2
(5.1) P / fds <400 | =1, T>0,
0o Y
T y2
. X: . _
(5.2) P (Tlgnm/o v ds = +oo> =1
Since (Y, X) has continuous trajectories almost surely, we have (5.1). Next we check (5.2). By Theorem 2.5,
we have ) )
X X2
T%OT/ _E<1+Yoo> a5
where 2 0+ b2
al + 2bm
E >~ ) <E(X2)= —————
(1+YOC> (Xoo) = —5pgz — <

Next we check that E(XZ /(1+Ys)) > 0. Since X2 /(1+Ys) >0, we have E(X2 /(1+ Ys)) =0 holds if
and only if P(X2%/(1+Ys)=0)=1 or equivalently P(X,, =0)=1 which leads us to a contradiction since
X is absolutely continuous by Theorem 2.5. Hence we have

T 2
P(lim/ Xs ds—oo)—l,
T—o0 Jo 1+Y5

which yields (5.2). O

5.2 Theorem. If a > = , b>0, meR, >0, and P(Yy > 0) =1, then the MLE of (a,b,m,0) is

strongly consistent: P (hmTﬁoo(al%/lLE /bMLE mALE éMLE) (a7b,m,9)) =1,

Proof. By Lemma 3.4, there exists a unique MLE (agﬂ/ILE,?}\JJ\ﬂ/ILE,ﬁL%LE,@Q\fILE) of (a,b,m,0) which has the
form given in (3.4), (3 5), (3.6) and (3.7). First we check that P(limp_ oo @%/ILE =0)=1. By (3.11), using also

that fOT X (fo ) >0 yields fOT Z r ¥ ds >0, we have
%IOT )55 ds [y rdB o B
1 g = ds f Xz ds

(5.3) MLE _ g _ I i I a.s

’ 1— ( foT )3(/53 dé)

1
T Jo YSdSTfo Yéds

due to (3.15). Next, we show that E(1/Ys) < 0o, E(Xy/Ye) < 0o and E(X2 /Ys) < oo, which, by part
(iii) of Theorem 2.5, will imply that

51 Py [ o2 (i) -1
(5.5) P(q}gnm/ —d —]E(ii::)) =1,

1 Xz X2
o0 P<T15%<>To v (m))‘

We only prove E(X2 /Ys) < oo noting that E(1/Y,) < oo and E(X./Ys) < oo can be checked in the
very same way. First note that, by Theorem 2.5, P(Y, > 0) =1, and hence the random variable X2 /Y., is
well-defined with probability one. By Hélder’s inequality, for all p,q > 0 with m L 5 =1, we have

£ (32) <o o))
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Since, by Theorem 2.5, E(|X|") < co for all n € N, to prove that E ( X ) < oo it is enough to check that
there exists some ¢ > 0 such that E (W) < 0o. Using that, by Theorem 2.5, Y, has Gamma distribution

2a
with density function (1?(172)&) xza*le*%‘”l{xw}, we have, for any ¢ > 0,

1 > 1 (2b)2a 2a—1 _—2b (2b)2a /oo 2a—2—e —2b
Ef—| = AT esa T dr = a € T do.
(@#) A o Tea)t T TR S T

Due to our assumption a > 1/2, one can choose an ¢ such that max(0,2a —2) < e < 2a — 1, and hence for

all M >0,
oo M 0
/ m2a7276672bz dz < / x2a7275 dx 4 M2a7275/ ef2bx dz
0 0 M

_ M2a—1-¢ e i o—20L _ o—2bM
2a —1—¢ L—so00 —2b
—1- —2b
a—1—

which yields that E(1/YL™) < co for e satisfying max(0,2a —2) <& < 2a — 1.

Further, since E(1/Y,) >0 and E(XZ/Y,) > 0 (due to the absolutely continuity of X, as it was
explained in the proof of Theorem 5.1), (5.4) and (5.6) yield that

T 4 T x2
P lim/ —ds=00 | =P lim/ Sds=0c0 | =1.
T—oo Jo Y T—oo Jo Y

Using (5.3), (5.4), (5.5), (5.6), Slutsky’s lemma and a strong law of large numbers for continuous local martin-
gales (see, e.g., Theorem 2.6), we get

252) -0
CIR BV
_E@%E<>

where we also used that the denominator is strictly positive. Indeed, by Cauchy-Schwarz’s inequality,

() 525 ()

and equality would hold if and only if P(KXZ2 /Y, = L/Yy) =1 with some K,L >0, K?+ L? >0. By
Theorem 2.5, (Yoo, Xoo) is absolutely continuous and then P(X,, =¢) =0 for all ¢ € R. This implies that
(5.7) holds with strict inequality.

Similarly, by (3.8), (3.9) and (3.10), we have

J§ Amdbe 4 fTVviar,
~MLE . fT 1S ds 1 OT ‘}s ds fOT Y, ds
—a= ) 7 a.s.,
% foT Ysds 4 foT )% ds
1 o rdL _JE VYL dL
“MLE F ds Jo & ds S Yeds
by —b= 1 T a.s.,
T Jo Yeds% [ 3= ds
I AzdBe 3T ¥eds [ X aB
. MLE fT 15 ds %IT 1 - ds 0 s‘d
_ Vs
m a.s.,
LT Xs ds)
1 _ (T 0 Ys
1 T X2

T Jo Vs sz Jo Vs

due to (3.14) and (3.15). Since E(Y) < oo, by part (iii) of Theorem 2.5,
1 (T T
(5.8) P Th%rnOO T /o Yids =E(Y») | =P Tlgnoo/o Y,ds=o00 | =1,
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and then, similarly as before, one can argue that

0 L .0
E(1-
lim (@Y™ —a) = (Y"‘i) =0 a.s.,
T—o0 1—
E(Yoo) E( 32 )
_1 _.90—0
lim (Z%ILE —-b) = % =0 a.s.,
T— o0 1—
E(Yoo) E(32-)
Xoo
R
. ~MLE _ _ Yoo _
AT =) CEC AR

where we also used that E(Y,,)E (i) > 1 (which can be checked using Cauchy-Schwarz’s inequality and

the absolute continuity of Y,,). Using that the intersection of four events with probability one is an event with
probability one, we have the assertion. a

5.3 Remark. If a = %, b>0, §>0, meR, and P(Yy > 0) =1, then one should find another approach

for studying the consistency behaviour of the MLE of (a,b,m, ), since in this case

1 > 2be— 2"
E () = / © dz = oo,
YOC 0 x

and hence one cannot use part (iii) of Theorem 2.5. In this paper we renounce to consider it. a

6 Consistency of least squares estimator

6.1 Theorem. If a >0, b >0, me R, 8§ >0, and P(Yy > 0) = 1, then the LSE of 6 s strongly
consistent: P (limTﬁoo g%SE = 9) =1.

Proof. By Lemma 4.2, there exists a unique glfSE of 6 which has the form given in (4.2). By (4.3), we have

GLSE o Jo XV/Y2dB, _ Jo XoVYidB, 7 [y X2Vids

6.1 .
O JF x2ds I x2v,ds L[ X2ds

By Theorem 2.5, we have

1 [T 1 [T
(6.2) P(lim f/ Xstds:]E(Xonoo)> =1 and ]P’(lim f/ des:]E(Xfo)> =1.
T—oo T 0 T—oo T 0

We note that E(X2Y,) and E(X2) are calculated explicitly in Theorem 2.5. Note also that E(X2Y,) is
positive (due to that X2 Y., is non-negative and absolutely continuous), and hence we also have

T
P(lim/ Xfysds=oo>=1.
T—o0 0

Then, by a strong law of large numbers for continuous local martingales (see, e.g., Theorem 2.6), we get

T
P| lim Jo XsV¥.dB, 7{(3\/7;st =0] =1,
T—o0 fO X52Y5d8

and hence (6.1) yields the assertion. O

6.2 Theorem. If a >0, b>0, meR, >0, and P(Yy > 0) =1, then the LSE of (m,0) is strongly
consistent: P (limT%oo(ffzI:;SE, %SE) = (m,&)) =1.
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Proof. By Lemma 4.3, there exists a unique LSE (mSE, %SE) of (m,6) which has the form given in (4.6)
and (4.7). By (4.9), we have

L [Fx2v,ds [T X.\/Y.dB, 1 fT Y. ds L [Tyv.ds [T Y,dB,
JLSE g _ 1o Xeds | JTXeveds T TJo TR TNEAs | jivads
T - T 2 o9
1— (% fo X ds)
T T X2 ds

due to (4.11). Using (5.8), (6.2) and that

(6.3) (ThHH;O/ Xsds=E )) =1,

similarly to the proof of Theorem 5.2, we get

B(X2, Vo) E(Ye.)
lim (B15F — g) = — EC%) O+ EX)  5x1) 0 _
Tooo' T 1 — EX)?
E(XZ)

where for the last step we also used that (E(X))? < E(XZ2) (which holds since there does not exist a constant
¢ € R such that P(Xo =¢) =1 due to the fact that X is absolutely continuous).

Similarly, by (4.8),

2 T T
—%fOTXst % [ X2V ds [ XY dBs +lfOTstS- ST VY5 dB,

x s r _ds Y. ds

lim (M5F —m) = lim T lo X2d I igybd 2 TTV.d
T—00 T—00 1_ (% fy X, ds)

E(X2 Yo

*E(Xm)-% 0+E(Yx) -0
= 2 =0 a.s.
1 - EX))?
E(X2)

Using that the intersection of two events with probability one is an event with probability one, we have the
assertion. a

7 Asymptotic behaviour of maximum likelihood estimator

7.1 Theorem. If a>1/2, b>0, meR, >0, and P(Yy >0) =1, then the MLE of 6 is asymptotically
normal, i.e.,

~ 1
\/T(GIMLE—G)AN 0, ———~ as T — oo,

X%
2 (%)
where B (X2,/Ys) is positive and finite.

Proof. First note that, by (3.3),

T x,
(7.1) VT (O — g) = _vrh %45 a.s.

1 T X2
TOK

due to (3.13). Recall that, by (5.2), P (limr_,ee foT ))(,—52 ds = +00) = 1. Using Theorem 2.7 with the following
choices

t
X . .
d:=1, M, = / dBs, t>0, (Ft)i>0 given in Remark 2.2,
0
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we have

2
dBSi> IE();;OO)ﬁ as T — oo,

VT Jo VY;

where ¢ is a standard normally distributed random variable. Then Slutsky’s lemma, (5.6) and (7.1) yield the
assertion. a

7.2 Theorem. If a>1/2, b>0, meR, >0, and P(Yy > 0) =1, then the MLE of (a,b,m,0) is
asymptotically normal, i.e.,

~MLE

apt —a
DMLE _p, C
VT Ajl\;[LE — Ny (0, ZMLE) as T — oo,
myE —m
@%/[LE y

where Ny (O,EMLE) denotes a 4-dimensional normally distribution with mean vector 0 € R* and with

covariance matriz SMLE .— diag(le\/[LE, Eg/ILE) with blockdiagonals given by
1 E(Y) 1
yMLE . Dy, Dy = A
B (5 ) B - 1 toE()
X2
MLE 1 E Yo E (%)
2 = . 2 < 5 D2, D, := E(X) E (L)
() E(72) - (B(52)) =) Bl

Proof. By (3.8), (3.9), (3.10) and (3.11), we have

1T 1 (T 1 1 (T
VE@Re gy = Th Y0 gl gl gph VEdke
TfOYdS Tfo v, ds—1 |

T T T
ﬁ%&Mah%-%kmm
T

7 a.s.,
1f0 sts-%o vds—1
1 T X2 o1 T 1 1 (T X, T X
VT(FMEE _ o) — 7o v ds ﬁfo 7= 4Bs 7o 32ds- fo 7 dBs as.,
T X2 T T X,
%fo sts'%o%st*(%o sts)
1T X, 1 (T 1 1T 1 T Xb
\/T(éMLE_e)—Tfo YSdS'TfO \/TdBS_Tf() Y, f dB a.s
T - 1 T X2 T XS d 2 .S.,
TJo 7. Tfo A ( 0 Y. 5)
due to (3.14) and (3.15). Next, we show that
fOTN/ dL,
1 1 |y AdLs|
7.2 — = — —nZ, T — oo,
( ) \/T T fOT X dB 7] as o0
[

where Z is a 4-dimensional standard normally distributed random variable and 7 is a non-random 4 x 4
matrix such that
m" = diag(D1, D2).

Here the matrices D; and Do are positive definite, since their principal minors are positive, and 7 denotes
the unique symmetric positive definite square root of diag(D1, D2) (see, e.g., Horn and Johnson [16, Theorem
7.2.6]). Indeed, by the absolutely continuity of (Yoo, Xoo) (see Theorem 2.5), there does not exist constants
c,d € Ry such that P(Y2 =¢) =1 and P(X2 =d) =1, and, by Cauchy-Schwarz’s inequality,

E(}/L) E(Yo)—1>0  and E(%)E(}L) - (IE (%))2 >0,
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where equalities would hold if and only if P(Y2 =c¢) =1 and P(X2 =d) =1 with some constants c¢,d € R,
respectively. Note also that the quantity E(1/Ys)E(Ys) —1 could have been calculated explicitly, since Yoo
has Gamma distribution with parameters 2a and 2b.

Let us use Theorem 2.7 with the choices d =4, M;, t >0, defined in (7.2), (Fi)t>0 given in Remark
2.2, and Q(t) := diag(t~/2,¢=1/2 +=1/2 ¢+=1/2) ¢ > 0. We have

fiYeds ot 0 0
t 1
t Jo = ds 0 0
(M) = oY EX2 0e [P Xegs|” =0
0 0 e S fOst S
s b1
0 0 0 v~ ds foﬁds

where we used the independence of (L;);>o and (B;)i>0. Recall that (under the conditions of the theorem)
in the proof of Theorem 5.2 it was shown that E(Vy) < oo, E(1/Yy) < 00, E(Xo/Yo) < o0, and
E(X2 /Y4) < 0o, and, hence by Theorem 2.5, we have

Q(t)(M),Q(t)" — diag(Dy, Ds) as t— oo a.s.

Hence, Theorem 2.7 yields (7.2). Then Slutsky’s lemma and the continuous mapping theorem yield that

Qp —a
PMLE _ ) s

VT mjl\;[LEim — diag(A41,4A2)nZ  as T — oo,
@Z\:/ILE 9

where
, 1 [ -1 E()
e TR e S R |
Ay '_E(YL)E(%)<E(§S))2B2’ By = —]E<i) " %O:

Using that 77 is a 4-dimensional normally distributed random variable with mean vector zero and with
covariance matrix nn' = diag(D1, D), the covariance matrix of diag(A1, A2)nZ takes the form

diag(Ay, Az) diag(Dy, Dy) diag(A , A ) = diag(A1D1A] , A2 Dy A ),

which yields the assertion. Indeed,

B\D\B] = <]E< ! >]E(YOC) — 1) Dy,

and

d

7.3 Remark. The asymptotic variance 1/E (Xfo / Yoo) of ggflLE in Theorem 7.1 is less than the asymptotic

variance
E (L
o

Y.
)
1 X% Xoo
B()E(35) - (2(32))
of GYLE in Theorem 7.2. This is in accordance with the fact that 6)E is the MLE of 6 provided that

the value of the parameter m is known, which gives extra information, so the MLE estimator of 6 becomes
better. a
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8 Asymptotic behaviour of least squares estimator

8.1 Theorem. If a >0, b>0, meR, >0, and P(Yy > 0) =1, then the LSE of 0 is asymptotically
normal, i.e.,

ALSE £ E(XC%OYOO) as 50
VTG -0 £ 8 (0. e ) oo

where E(X2Yy) and E(XZ2) are given explicitly in Theorem 2.5.

Proof. First note that, by (4.3),

T
L Jy XYL dB,

8.1 VT(OLSE — 9) =
(8.1) (07 ) LT xzas

due to (4.10). Using that E(X2%Y,,) is positive (since X2 Y., is non-negative and absolutely continuous), by

(6.2), we have
T
P ( lim / X2Y,ds = +oo> =1.
T— o0 0

Further, an application of Theorem 2.7 with the following choices

t
d:=1, M, = / XY, dB,, t>0, (Ft)t=0 given in Remark 2.2,
0

t>0, = VEXLYx),

yields that

1 T
ﬁ/ X /Y, dB, 5 VE(XZY)E  as T — oo,
0

where ¢ is a standard normally distributed random variable. Using again (6.2), Slutsky’s lemma and (8.1), we
get the assertion. a

8.2 Remark. The asymptotic variance E(X2 Y.)/(E(XZ2))? of the LSE g%SE in Theorem 8.1 is greater than

the asymptotic variance 1/E (X2 /Y.) of the MLE OMLE in Theorem 7.1, since, by Cauchy and Schwarz’s
inequality,

X 2 X2
E(X2))?=(E( =XV | | <E(ZT=2)E(XZY).
et = (=) ) <2 (52 mon)
Note also that using the limit theorem for g%SE given in Theorem 8.1, one can not give asymptotic confidence
intervals for 6, since the variance of the limit normal distribution depends on the unknown parameters a and
b as well. a

8.3 Theorem. If a >0, b >0, m e R, 6 >0, and Py > 0) = 1, then the LSE of (m,0) is
asymptotically normal, i.e.,

~LSE
myP® —m| ¢ LSE
VT @TSE—G —= N> (0,5%°F) as T — oo,

where  Na (O, ELSE) denotes a 2-dimensional normally distribution with mean vector 0 € R? and with

covariance matriz XSF = (Z%?E)?jzl, where

(E(Xo0))? B(X3 Voo) = 2B(Xoo) B(XZ)) E(XooVao) + (B(XZ))? E(Veo)
(E(XZ) — (E(X))?)? ’

i =
E(Xoo) (B(X3Yoo) + E(XZ) E(Vao)) — E(XooVoo) (E(XZ) + (E(Xo))?)
(E(XZ) — (BE(Xx))?)? ’

sisE _ B(XEYoo) = 2B(Xoo) E(XooVoo) + (E(Xoo))? E(Veo)
w2 (E(XZ) — (E(Xx))?)? '

LSE __ yLSE ._
E1,2 —22,1 =
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Proof. By (4.9) and (4.8), we have
L X, ds— [T X WYedB + & ) X2ds [T /Y, dB
_TIO s S‘/Tfo s s 5+Tf0 s Sx/TfO s s

N :
L xzds— (L [T X.d
TfO X3 ds TfO s ds

and

T T 1 T
éISE 79) _ﬁ fo Xs\/stBs + %fo Xsdsﬁ fO \/Kst

T = L T v LT 3 a.s
FJo X2ds— (% f) X, as)
due to (4.11). Next we show that
17T 1 /7 c
(8.2) ﬁ/o X,\/Y, st’ﬁ/o VY, dB, | £ ((nZ)l,(nZ)Q) as T — oo,

where Z is a 2-dimensional standard normally distributed random variable and 7 is a non-random 2 x 2
matrix such that

E(X2Yo) E(XoYo)
E(XoYs) E(Y)

m' =

Here the matrix
E(X2Yo) E(XooYao)
E(XsYoo) E(Ys)

is positive definite, since its principal minors are positive, and 7 denotes its unique symmetric positive definite
square root. Indeed, by the absolutely continuity of (Y, Xs) (see Theorem 2.5), we have P(X2 Y, =0) =0
and, by Cauchy-Schwarz’s inequality, E(X2 Vao)E(Yao) — (E(XsYao))? = 0, where equality would hold if and
only if P(KX2Y, = LY,) =1 with some constant K,L € Ry such that K? + L? > 0 or equivalently
(using that P(Y, > 0) = 1 since Y., has Gamma distribution) if and only if P(X2 = L/K) =1, which
leads us to a contradiction refereeing to the absolutely continuity of X...

Let us use Theorem 2.7 with the following choices

d:=2, (Ft)e>o0 given in Remark 2.2,
t 1
Xs Y:s st Vi 0
Mt:: [fot \/7 ) t>0; Q(t): [ﬂ 1]7 t>0
fo \/des 0 W
Then , .
(M), = VotXSQYS de JoXadads) sy
Jo XsYeds [ Yids

and hence, by Theorem 2.5 (similarly as detailed in the proof of Theorem 7.2),

Flp X3Vods ) XoYids
P XYeds 3 [jYads

E(X3Ye) E(XooYso)

as t — o0 a.s.
E(XOOYOO) E(YOO)

QM) Q)" = [

By (5.8), (6.2), Slutsky’s lemma and the continuous mapping theorem, we get

~E(Xx) E(XZ)

vT 1 E(X.)

nzZ as T — oo.

ﬁL%SE —0 i} 1
oLS® — ¢ E(X2) — (E(Xa))?

Using that 7nZ is a 2-dimensional normally distributed random variable with mean vector zero and with
covariance matrix

E(X2Yo) E(XaYo)
E(XoYao)  E(Yao)

m' =

)

the covariance matrix of
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takes the form

—E(X&) E(XX) —E(Xe) -1
l S EO TEEE | e E(Xoa]

E(XooYoo)  E(Yoo) E(XZ) E(Xe)

a E(Xoo) ]E(Xooyoo - E(Xzoyoo) E(Xoo) IE(Yoo) - E(Xooyoo)

)
~E(X.) -1 ]

which yields the assertion. a

8.4 Remark. Using the explicit forms of the mixed moments given in (iii) of Theorem 2.5, one can check that
the asymptotic variance E(X2Y.)/(E(XZ%))? of g%SE in Theorem 8.1 is less than the asymptotic variance
SH5E of %SE in Theorem 8.3. This can be interpreted similarly as in Remark 7.3. Note also that using
the limit theorem for (MESE, GA%SE) given in Theorem 8.3, one can not give asymptotic confidence regions for

(m,0), since the variance matrix of the limit normal distribution depends on the unknown parameters a and
b as well. a

Appendix

A Radon-Nykodim derivatives for certain diffusions

We consider the SDEs

(A].) dgt = (Aft —|—a) dt-’-O’(gt) th, t e R+,
(A2) d?’]t = (B?]t + b) dt + O'(?]t) th, te R+7

with the same initial values & = 19, where A, B € R?*2, a,b € R2, o :R%2 — R?*? is a Borel measurable
function, and (W})icr, is a two-dimensional standard Wiener process. Suppose that the SDEs (A.1) and
(A.2) admit pathwise unique strong solutions. Let P4, and P denote the probability measures on the
measurable space (C(Ri,R?), B(C(R;,R?))) induced by the processes (&)ier, and (n:)icr,, respectively.
Here C(R;,R?) denotes the set of continuous R2-valued functions defined on Ry, B(C(R;,R?)) is the
Borel o-algebra on it, and we suppose that the space (C(R.,R?),B(C(R4,R?))) is endowed with the natural
filtration (A¢)ier,, given by A; = ¢; "(B(C(R4,R?))), where ¢;:C(Ry,R?) — C(Ry,R?) is the mapping
0t (f)(s) == f(tAs), s€Ry. Foral T >0, let Paor:=Pualar and Py r:=Prp)la, be the
restrictions of P4, and Py to Ar, respectively.

From the very general result in Section 7.6.4 of Liptser and Shiryaev [26], one can deduce the following
lemma.

A.1 Lemma. Let A,B € R?>*2, a,bcR?, andlet o:R? — R?*? be a Borel measurable function. Suppose
that the SDEs (A.1) and (A.2) admit pathwise unique strong solutions. Let P(4q) and Py denote the

probability measures induced by the unique strong solutions of the SDEs (A.1) and (A.2) with the same initial
value & = no, respectively. Suppose that P(o (&)~ ) =1 and P3o(n) ) =1 forall t Ry, and

P (/O (A& +a) T (0(&)o (&) ") T (A& +a) T + (BE +b) T (0(&)a(&) ) TH(BE +b) "] ds < oo) =1
and

P (/O [(Ans +a) T (e (ns)a(ns) ") " (Ans +a) T + (Bns +b) T (a(ns)o(ns) T) " (Bns +b) "] ds < oo> =1
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forall t € Ry. Then for all T >0, the probability measures P4 q) 7 and Py v are absolutely continuous
with respect to each other, and the Radon-Nykodim derivative of P(aqyr with respect to P(pyyr (s0 called
likelihood ratio) takes the form

T
LB (€0 epo17) = exp { / (A&, +a— Bé — )T (a(E)a (&) T) L de,

1

T
-5 /0 (A& +a = B& —b) (0(&)o(&) ") (A& +a+ BE + b)Tds}.

We call the attention that conditions (4.110) and (4.111) are also required for Section 7.6.4 in Liptser and
Shiryaev [26], but the Lipschitz condition (4.110) in Liptser and Shiryaev [26] does not hold in general for the
SDEs (A.1) and (A.2). However, we can use formula (7.139) in Liptser and Shiryaev [26], since they use their
conditions (4.110) and (4.111) only in order to ensure the SDE they consider in Section 7.6.4 has a pathwise
unique strong solution (see, the proof of Theorem 7.19 in Liptser and Shiryaev [26]), which is supposed in
Theorem A.1.
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