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Abstract

We study the existence of a unique stationary distribution and ergodicity for a 2-dimensional
affine process. The first coordinate is supposed to be a so-called «-root process with « € (1,2].
The existence of a unique stationary distribution for the affine process is proved in case of « € (1,2];
further, in case of o =2, the ergodicity is also shown.

1 Introduction

We consider the following 2-dimensional affine process (affine two factor model)

a dY; = (a — bY;)dt + ¢/Yi_dL;,  t>0,
' dX; = (m—0X,)dt + Y, dB,, ¢ >0,

where a > 0, b,0,m € R, a € (1,2], (Li)i>0 is a spectrally positive a-stable Lévy process with
Lévy measure Coz 1" *1,50p with Cy := (oI'(—a))~! (where I' denotes the Gamma function) in
case «a € (1,2), astandard Wiener process in case a =2, and (B¢):>0 is an independent standard
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Wiener process. Note that in case of a = 2, due to the almost sure continuity of the sample paths
of a standard Wiener process, instead of +/Y;— one can write /Y; in the first SDE of (1.1), and
Y is the so-called Cox-Ingersol-Ross (CIR) process; while in case of a € (1,2), Y is called the
a-root process. Note also that the process (Y;)i>o given by the first SDE of (1.1) is a continuous
state branching process with immigration with branching mechanism bz + ézo‘, z 2 0, and with
immigration mechanism az, z > 0 (for more details, see the proof of Theorem 3.1, part (i)). Chen
and Joslin [7] have found several applications of the model (1.1) with « = 2 in financial mathematics,
see their equations (25) and (26).

The process (Y, X) given by (1.1) is a special affine process. The set of affine processes contains a
large class of important Markov processes such as continuous state branching processes and Orstein-
Uhlenbeck processes. Further, a lot of models in financial mathematics are affine such as the Heston
model [18], the model of Barndorff-Nielsen and Shephard [3] or the model due to Carr and Wu [6].
A precise mathematical formulation and a complete characterization of regular affine processes are
due to Duffie et al. [12]. Later several authors have contributed to the theory of general affine
processes: to name a few, Andersen and Piterbarg [1], Dawson and Li [11], Filipovi¢ and Mayerhofer
[13], Glasserman and Kim [16], Jena et al. [22] and Keller-Ressel et al. [26].

This article is devoted to study the existence of a unique stationary distribution and ergodicity of
the affine process given by the SDE (1.1). These kinds of results are important on their own rights,
further they can be used for studying parameter estimation for the given model. For the existing
results on ergodicity of affine processes, see the beginning of Section 3.

Next we give a brief overview of the structure of the paper. Section 2 is devoted to a preliminary
discussion of the existence and uniqueness of a strong solution of the SDE (1.1) by proving also that
this solution is indeed an affine process, see, Theorem 2.2. In Section 3 we prove the existence of a
unique stationary distribution for the affine process given by (1.1) in both cases « € (1,2) and «a = 2,
provided that a >0, b >0 and 6 >0, see, Theorem 3.1. In Section 4, in case of a =2, we prove
ergodicity of the process in question provided that a >0, b >0 and 6 > 0, and we also show that
the unique stationary distribution of the process is absolutely continuous, has finite (mixed) moments
of any order by calculating some moments explicitly, too, see Theorems 4.1 and 4.2, respectively.

In a forthcoming paper we will use our results for studying parameter estimation for the process
given by the SDE (1.1).

2 The affine two factor model

Let N, Z,, R and R, denote the sets of positive integers, non-negative integers, real numbers and
non-negative real numbers, respectively. By |[|z| and ||A| we denote the Euclidean norm of a vector
x € R™ and the induced matrix norm ||A| = sup{||Az|| : z € R™, ||z|| =1} of a matrix A € R"*™,
respectively. By C?(Ry x R,R), C}(R; x R,R) and C®(R; x R,R), we denote the set of twice
continuously differentiable real-valued functions on Ry xR, the set of twice continuously differentiable
real-valued functions on R; x R with compact support and the set of infinitely differentiable real-
valued functions on R, x R with compact support, respectively. Convergence in distribution will
denoted by £

Let (Q, F, (Ft)e>o0, IP’) be a filtered probability space satisfying the usual conditions, i.e., (Q,F,P)



is complete, the filtration (F3)¢>o is right-continuous and Fy contains all the P-null sets in F. Let
(Bt)t=0 be a standard (F;)i>0-Wiener process and (L:);=0 be a spectrally positive (F;)i=o-stable
process with index « € (1,2]. We assume that B and L are independent. If o =2, we understand
that L is a standard (F;)¢>0-Wiener process. If a € (1,2), we understand that L isa (F;);>0-Lévy
process with Lévy-Khintchine formula

[e.9]
E(e™") = exp {/ (€™ — 1 —iuz)Coz™ " dz} el
0

where C, = (al'(—a))~!. Recall that in case of a € (1,2) the Lévy-Ito representation of L takes

the form
L; = / / ds ,dz), t>0,
0, t 0,00)

where N(ds,dz) is a compensated Poisson random measure on (0,00)2 with intensity measure
Cazflfal{ﬁo} dsdz.

2.1 Remark. We shed some light on the definition of the stochastic integral with respect to the
spectrally positive a-stable process L in the first SDE of (1.1) in case of « € (1,2). By Jacod
and Shiryaev [20, Corollary I11.4.19], L is a semimartingale so that Theorems 1.4.31 and 1.4.40 in
Jacod and Shiryaev [20] describe the classes of processes which are integrable with respect to L. A
more accessible integrability criteria is due to Kallenberg [23, Theorem 3.1]. Roughly speaking, a
predictable process V' is locally integrable with respect to L (i.e., the stochastic integral fg VsdLg
exists for all ¢ > 0) if and only if fg |V5|“ds < oo almost surely for all ¢ > 0. For the construction
of stochastic integrals with respect to symmetric a-stable processes, see also Rosinski and Woyczynski
[34, Theorem 2.1]. Another possible way is to consider the stochastic integral with respect to L
as a stochastic integral with respect to a certain compensated Poisson random measure, see the last
equality on page 230 in Li [27]. O

The next proposition is about the existence and uniqueness of a strong solution of the SDE (1.1).

2.2 Theorem. Let (n9,(p) be a random vector independent of (Ly, By)i=0 satisfying P(ng > 0) = 1.
Then for all a > 0,b,m,0 € R and « € (1,2], there is a (pathwise) unique strong solution (Y, Xt)i>0
of the SDE (1.1) such that P((Yo, Xo) = (n0,¢0)) =1 and P(Y; >0, Vt>0)=1. Further, we have

t t
(2.1) Y; = e b(t9) <Y +a / e P gy + / ey, - dLu>

s

for 0<s<t, and

(2.2) Xi=e~ o(t— $)<X —|—m/ S“)du—i—/ 0(s—u) | /v, dB>

for 0<s<t. Moreover, (Y, X¢)i=0 is a regular affine process with infinitesimal generator

(AF)) = (0~ by) F{ (. 2) + (m — 02) o, ) + Juffaly, )

+y/0°° (f(y+z,x) - fly,z) - Zf{(va))caz_l‘“dz



in case of a € (1,2), and

(2.4) (Af)(y, ) = (a = by) fi(y, =) + (m — 0x) fo(y, x) + %y( 11y, ) + faa(y, x))

in case of « =2, where (y,x) € Ry xR, f € C3Ry xR,R), and f/, i =1,2, and Z{fj,
i,7 € {1,2}, denote the first and second order partial derivatives of f with respect to its i-th and
i-th and j-th variables.

Proof. By Theorem 6.2 or Corollary 6.3 in Fu and Li [15] (for the case « € (1,2)) and by Yamada and
Watanabe theorem (see, e.g., Karatzas and Shreve [24, Proposition 5.2.13]) and Ikeda and Watanabe
[19, Example 8.2, page 221] (for the case a = 2), there is a (pathwise) unique non-negative strong
solution (Y;);>o of the first equation in (1.1) with any initial value ny satisfying P(no > 0) = 1.
An application of the It6’s formula to the process (e®Y;);>o shows that

d(e"Y;) = be’Y; dt + e"'dY; = be™Y; dt + e ((a — bY;) dt + /Y dLy)
=ae?dt + e {/Y,_dL;, t>0.

Hence, if 0 < s <t¢, then

t t
ey, = &Y, + a/ e du + / e /Y, _ dL,,,
S

S

and (2.1) follows.
Let (X¢)t>0 be defined by (2.2). By Ité’s formula, we have

¢ ¢
dX; = —0e % (Xo + m/ P ds+ [ VY, st> dt + e_et(meet dt + /Y, dBy)
0 0

t t
— g (Xo + m/ e ds+ [ e/, st>dt +mdt+ /Y, dB;, t>0.
0 0

Then the process (Xi)t>0 is indeed a strong solution of the second equation in (1.1), giving the
existence of the strong solution of (1.1). Conversely, if (X;);>0 is a strong solution of the second
equation in (1.1), by an application of It6’s formula to the process (eetXt)t>0, we have

d(e” X;) = 0" X, dt + "' d X, = 0" Xy dt + e (m — 0X;) dt + /Y, dBy)
=me? dt +e%\/Y,dB;, > 0.

If 0<s<t, then
t t
e :e9$X3+m/ eeudu—}—/ e \/Y, dB,,
S S

and hence (X;);>0 must be given by (2.2). This proves the pathwise uniqueness for the second
equation in (1.1), and hence the pathwise uniqueness for (1.1).

Now we turn to check that (Y, X¢)i>0 is a regular affine process with the given infinitesimal
generator. We may and do suppose that the initial value is deterministic, say, (Yy, Xo) = (yo,x0) €
R4 xR, since the infinitesimal generator of a time homogeneous Markov process does not depend on
the initial value of the Markov process.



In case of o =2, by Itd’s formula, for all f € C2(Ry x R,R) we have

t t
f(i/t,Xt):f(yo,on/o f{<n,Xs)JZdLs+/o Fo(Ys, X,)\/Y, dB,

t t
4 / FL(Ye, XJ)(a - bYa) ds + / fA(Ye, XJ)(m — 0X,) ds

</f (Y, X Yds+/ YS,X)Yds>

— Flyo,z0) + /0 (Af) (Yo, Xa)ds + M(f), 120,

where . .
—/ f{(Ys,Xs)\/KdLer/ (Ve X)VYodBs,  t30,
0 0

and Af is given by (2.4). It remains to show that (M;(f))i>0 is a local martingale with respect to
the filtration (F%)i=0. However, we prove that it is a square integrable martingale with respect to
the filtration (F;)¢>0, since

t t
/ E((f](Ys, X))?Ys) ds < C) / E(Y,) ds < oo, £30,
0 0

t t
/ E((f}(Ys, Xs))?Ys) ds < 02/ E(Ys)ds < oo,  t>=0,
0 0
with some constants C7 > 0 and C5 > 0, where the finiteness of the integrals follows by that
S
E(Y;) = e ¥yo + a/ e " du, s =0,
0

see, e.g., Cox et al. [9, Equation (19)], Jeanblanc et al. [21, Theorem 6.3.3.1] or Proposition 3.2 in
Barczy et al. [2].

In case of « € (1,2), by the Lévy-Ito representation of L, we can rewrite the SDE (1.1) into the
integral form

Yi=yo+ fot(a —bYs)ds + fot fooozxa/iﬁ_ﬁ(ds,dz), t>0,
Xt::L‘O—I—fot(m—HXs)ds+fg\/l75st, t>0.

By Ito’s formula, for all f € C2(Ry x R,R) we have

F0020 = ) + [ A0 X0 = 0¥ ds+ [ 50 Xm0
/ 2o (Ys, X, Yds+/f2YS,X VY, dB,
+//OO( (Voo +23/¥er, Xoo) = f(YVor, X, ) ) N(ds, d2)
/ / FOV+ 2 /0 X0) = F(Ya X) = 2 §/Vaf{ (Y, X)) Caz ™~ dsdz

— Flyo, o) + /0 (Af)(Ya, Xo)ds + Mi(f), 20,



where

- /t (Y, X) /Y, dB,
0

v t | (0 2V X — e X)) Rldsde), t20,

and, by the change of variable z¢/y := z,

(AN, ) = (0~ by) f{5,2) + (m — 0) 5(3,2) + G fdaly, )

+y/0°° (f(y+2,a:) — fly,z) — gf{(y’x)>caz—l—adg

for (y,z) € Ry xR and f € C2(Ry x R,R). It remains to show that (M;(f))i=0 is a local
martingale with respect to the filtration (F;)i>0. However, we prove that it is a martingale with
respect to the filtration (F3)¢>0. The martingale property of fot I5(Ys, X5)\/YsdBs, t > 0, follows
in the very same way as in the case of « = 2 using that there exists some constant C3 > 0 such
that E(Y;) < C3(1 + yoe /) for all t >0, see, e.g., formula (2.7) or Proposition 2.10 in Li and
Ma [28]. Now we turn to check that

=/Ot/ooo (F(am 2 YV Xa) — F(Yar Xo)) N(ds ), 120,

is a martingale. For all n € N, let

:/Ot/lm (£ Am) +2 /Yo A Xoo) = f(Yao An, X)) N(ds, d2),

:/Ot/ol(f((Ys/\n \/mX ) F(Yso An, X ))N(ds,dz).

By Taylor’s theorem, we have

(G Am) 42T A Xol) — f(Ve A Xo )| < 29/Ta An sup Ay,
(y,x)ER4 xR

for z € Ry. Since

E L f((YS_ An)+ 23/ Ys /\n,XS_) — f(You A, X )| Coz " %ds dz
Iy

< ( sup | fi(y,x )/ / V' Ys /\n) Coz"%dsdz
(y,x)eR4 xR

o0
t
< C4n1/°‘t/ 27 %dz = C’4n1/a71 < oo, teRy,
1 a —

with some constant C4 > 0, by Lemma 3.1 in Chapter II and page 62 in Tkeda and Watanabe [19],
we get (M2’" )t>0 is a martingale with respect to the filtration (F3)i>o. Further, since

<// YS,/\n 2/Ys. An, X, ) F(Yso An, X ))ZC'az_l_adsdz>

1
< 05/ E((Ys A n)?/®) ds/ Z7dz < C’5n2/0‘2 t
0 0

<OO7 tER+,
—



with some constant Cs > 0, by pages 62 and 63 in Ikeda and Watanabe [19], we get (M (f))i0 is a
square integrable martingale with respect to the filtration (F;);>0. This yields the martingale property
of (M}(f))i=0 with respect to the filtration (F;);>0. Indeed, for all n € N and f € C*(R; x R, R),
let

me(f) = ME(f) — MP"(f) — MP"(f), teR;.

Then, by Taylor’s theorem,

t [e's) )
e (f) 2/0 /0 Ly, >n (f(st +2/ Y, Xoo) - f(Ys,,XS,)) N(ds, dz)
t )
_ /0 /0 Ly o fl (Yoo +C28/Vel, X )2 §/Ye. N(ds, dz)

t
= / AYee +C2 /Yoo, Xoo) §/Ys—dL,,  tERy
0

with some (not necessarily measurable) function ¢ : © — R. Note that, despite of the fact that
¢ is not necessarily measurable, f] (Ys, + Cz \“/Ys,,Xs,) is a random variable, since it equals
fYso + 2¢/Ys—, Xs—) — f(Ys—, Xs—), which is a random variable. In the same way, (f{(Ys— +
Cz/Ys—, XS—))se[o,t] is a predictable process, thus one can use Lemma 2.8 in Li and Ma [28], hence
there exist some constants Cg >0 and C7 > 0 such that for all ¢ € Ry,

t 1/
E < Sl[tp] |77§‘(f)!> <SG E ((/0 Livosny (F1(Ys + ¢z ¥/Ye, X)) Y, dS) )
s€|0,t
1/a

t
<C7</E(1{Ys>n}3@)d5) )
0

where the last inequality follows by Jensen inequality using also that f’ is bounded. Using that there
exists some constant Cg > 0 such that E(Y;) < Cg(1 +yoe /), t € Ry (see, e.g., formula (2.7)
or Proposition 2.10 in Li and Ma [28]), we have

t t
/ E (1gy,>nYs) ds < Cg/ (14 yoe /%) ds < oo, neN,
0 0

and then, by dominated convergence theorem,

(2.5) lim E ( sup |77?(f)|> =0, teR,.

n—o00 s€[0,t]

This yields that (MQ(f))i=0 is a martingale with respect to the filtration (F;)¢>0. Indeed, for all
0<s<t and A€ F, by (2.5), we have

E(ln' (£)1al) S E(n?(f)) =0 as n— oo,

E(lng (f)1al) SE(ng()]) =0 as n— oo.

Hence

lim E((M{"(f) + MP"()1a) = E(M] (f)1a4),
(2.6)

lim E((MI"(f) + MI"(f)1a) = E(M(f)1a).



Since (M>"(f) 4+ M>"™(f))i>0 is a martingale with respect to the filtration (F;)i=o for all n € N,
we have

B ((M7"(f) + MP"(F)1a) = E((ME"(f) + MI"(f))1a), neN,
which, by (2.6), yields that
E (M{ (f)14) = E (M;(f)14)
forall 0 <s<t and A€ F;, ie., (ML(f))=0 is a martingale with respect to the filtration (F;)>o-

Finally, we check that the transition semigroup (F;)(>0 with state space R x R correspond-
ing to (Y;, Xi)i>0 is a regular affine semigroup having infinitesimal generator given by (2.3) and
(2.4) according to the cases « € (1,2) and a = 2. With the notations of Dawson and Li [11],

(0, (ai,j)zj:la (bi)2_,, (ﬁivj)?,jZ].’ 0,p) and (0, (Oéi,j)zz,j:p (b)), (5@‘,1’)@2,]':17 0,0) are sets of admissible

parameters according to the cases « € (1,2) and « =2, where

0 0
< > if a€(1,2),
(a o > 0 1
1,1 12\ 3
0
) if a=2,

(b1,b2) := (a,m) for a € (1,2],

<,81,1 ﬂm) _ (b 0) for o€ (1,2],
P21 Poo 0 -6

p(dy, dz) := Cpy ™ “dydo(dx) for a € (1,2),

21 (22

VRS
S W=
N[

where Jp denotes the Dirac measure concentrated on 0 € R. Indeed, condition (vi) of Definition
6.1 in Dawson and Li [11] holds, since

/0°° /_Z(|y| A y?) p(dy, dz) + /Ooo /_Z(|$| A 22 p(dy, dz)

=Ca/0 / (Jyl A vy~ dydo(da) =Ca/0 (yAy?)y ¥ dy

1 e’}
= Ca/ ylm v dy + C’a/ y “dy < oo.
0 1

Hence Theorem 2.7 in Duffie et al. [12] (see also Theorem 6.1 in Dawson and Li [11]) yields that for
these sets of admissible parameters, there exists a regular affine semigroup (Q:):>¢ with infinitesimal
generator given by (2.3) and (2.4) according to the cases « € (1,2) and « = 2. By Theorem 2.7
in Duffie et al. [12], CX(R4 x R,R) is a core of the infinitesimal generator corresponding to the
affine semigroup (Q4)¢>0. Since we have checked that the infinitesimal generators corresponding to
the transition semigroups (P;)i>0 and (Q¢)i>0 (defined on the Banach space of bounded functions
on Ry X R) coincide on CX(Ry x R,R), by the definition of a core, we get they coincide on the
Banach space of bounded functions on Ry x R. This yields that (Y}, X;)¢>0 is an affine process
with infinitesimal generator (2.3) and (2.4) according to the cases « € (1,2) and a = 2. We also
note that we could have used Lemma 10.2 in Duffie et al. [12] for concluding that (Y, X¢)i>0 is a



regular affine process with infinitesimal generator (2.3) and (2.4) according to the cases « € (1,2)
and « = 2, since we have checked that (M;(f))i>0 is a martingale with respect to the filtration
(Fi)iso for any f € C3(R; x R,R) in both cases a € (1,2) and o = 2. 0

2.3 Remark. Note that in Theorem 2.2 it is the assumption a > 0 which ensures P(Y; >0, V¢ >
0) =1. O

3 Stationarity

The study of existence of stationary distributions for affine processes in general is currently under
active research.

In the special case of continuous state branching processes with immigration the question of exis-
tence of a unique stationary distribution has been well-studied, see Li [27, Theorem 3.20 and Corollary
3.21] or Keller-Ressel and Mijatovié¢ [25, Theorem 2.6].

Glasserman and Kim [16, Theorem 2.4] proved existence of a unique stationary distribution for
the process

(3.1) dY; = (a — bY;)dt + /Y;dLy, ¢ >0,
‘ dX; = —0X,dt + V1 + oY, dB;, t>0,

where a >0,0>0,0>0,0>0 and L and B are independent standard Wiener processes.

The following result states the existence of a unique stationary distribution of the affine process
given by the SDE (1.1) for both cases a € (1,2) and o =2.

3.1 Theorem. Let us consider the 2-dimensional affine model (1.1) with a > 0, b > 0, m € R,
0 > 0, and with a random initial value (1o, (o) independent of (L, By)i>o satisfying P(nyg > 0) = 1.
Then

(i) (Y, Xyp) N (Yoo, Xoo) as t — 00, and the distribution of (Yoo, Xoo) is given by
(3.2) E (e*’\IY””)‘QX“) = exp {—a/ vs(A1, A2) ds + igl)\g}
0

for (A, X2) € Ry x R, where wvi(A1,A2), t > 0, is the unique non-negative solution of the
(deterministic) differential equation

(3.3) {%vtt()\l, A2) = —bvg(A1, A2) — é(vt()\l, A2))% + %e_wt)\%, t>0,

2)0()\1, )\2) = )\1.

(ii) supposing that the random initial value (no, (o) has the same distribution as (Yoo, Xoo) given
in part (i), we have (Yi, Xi)i0 is strictly stationary.

Proof. (i): Step 1. In this step we give some representations of the affine transition semigroup
(P,)i=0 with state space Ry x R corresponding to the process given by the SDE (1.1). By Theorem
6.1 in Dawson and Li [11] and Theorem 2.2, the transition semigroup (F;):>o is given by

(3.4) / o8 Py (3o, o), dE) = o{@orm0)be(w)+1(w)
R+ xR



for ue U, (yo,x0) € Ry xR, t >0, where U :=C_ x (iR) with
Co:={z1+1iz: 2 € (—00,0], 22 € R}, iR = {izy : 29 € R},

and for all u = (uj,u2) € U, we have ¢ (u) = (¢§1)(u),e*9tuQ), t > 0, where wgl)(u), t>0, isa
solution of the generalized Riccati equation

(1)
W () = R (u),eug), ¢
W (u) =y,

WV
L

(3.5)

and

Here for a € (1,2], the (complex valued) functions F' and R are given by

(—u)® | U
F(u) = auj + mug, R(u) = —buy + — + 5 u = (uy,up) €U.
Indeed, in case of « € (1,2), the formula for R(u), u € U, can be checked as follows. By Dawson

and Li [11], in case of «a € (1,2),
2 [e%¢} o]
R(u) := —buy + % + / / (e888) — 1 — (u, £))Coly % d€ 5o (dEy)
0 —00

2 0o
— —bU1 + % + Ca/ (6“151 -1 ulgl)fflia dfl
0

_ a 2
=y 4 M) +2 yev,
o 2
where for the last equality we used that 1/T'(—a) = a(a—1)/I'(2—«), the imaginary part of —iui&;
is non-negative and that
ala—1

(—iz)® = F(2—a§/o (%81 — 1 —iz&))& o dgy,

for all complex numbers z with non-negative imaginary part, see, e.g., Zolotarev [40, pages 67 and
68].

Note also that for all u = (uj,us) € U and t >0, the real part of wt(l)(u) is less than or equal
to 0 (compare also with Remark 2.2 in Duffie et al. [12]), and, in addition, if w; € R such that
u; <0, then wél)(u) € R with wél)(u) < 0. Moreover, for all ¢ >0, we have

1—e 0

0

t t
or(u) = / (ayp(M (u) + me™%ug) ds = a/ Y (u) ds + mug

0 0
In fact, one can give a simplified characterization of the transition semigroup (P;)i>0 by

(3.6) / / e~ MG P ((yo 20), dEr, dEr) = exp {_Z/()Ut()\la A2) +izoe %N + g (A1, )\2)}
0 —00
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for (A1, \2), (yo,x0) € Ry X R, where

efet

t t
1—
(3.7) gt(A1, Ag) == / (—avs(A1, A2) + ime_es)\g) ds = —a/ vs(A1, A2) ds + imAgT,
0 0

and vi(A1, A2), t > 0, is the unique non-negative solution of the differential equation

Qo (A1, A2) = —bug(A1, o) — L(ve(A1, A2))® + 36720003, £ >0,
(3.8) @
vo(A1, A2) = A1
in case « € (1,2]. Indeed, by (3.4) with u; := —X; and wug := i)y, we have
| emaien .m0, de, )
0 —00
) t 1— e—@t
= exp {y(ﬂ/Jt (—A1,12) + iIoe_et)\g + a/ ¢£1)(—)\1, ido)ds + im)\ze} ,
0
where
37/%(1) . 1) ; 1 1) . a L opiy 2
8t (—)\1,2)\2) = —bl/)t (—/\1,Z>\2) + a(—lﬁt (—)\1,2)\2)) + 56 (7)\2) 5 t Z 0,

with ¢61)(—)\1,z’)\2) = —\; incase a € (1,2]. Introducing the notation vi(A1, A2) := —1/1t(1)(—>\1,i)\2),
we have the differential equation (3.8) for « € (1,2]. Note also that

’Ut()\l,)\Q) >0 for all ()\1,)\2) S R+ X R,

since wil) (u) <0 for u; <0. The uniqueness of the solutions of the differential equation (Cauchy
problem) (3.8) follows by general results of Duffie et al. [12, Propositions 6.1, 6.4 and Lemma 9.2]. As
follows, we present another direct proof based on the global version of the Picard-Lindelof existence
and uniqueness theorem: if f: D — R is a continuous function on a connected, open set D C R?
satisfying the global Lipschitz condition in its second variable

|f(t,21) = f(t, 22)| < Clz1 — 22, (t,21), (¢, 22) € D,
with some constant C > 0, then for all (¢g,z9) € D, the Cauchy problem
2(t) = f(t,2(t)) with initial value z(tg) = zo

has a unique solution z defined on a maximal interval of the form (t_,ty), where {_ < t;,
t_ € [-00,00), t4 € (—o0,00|, and (¢, 2(t)) leaves any compact subset of D as ¢ | t_ and
t1ty, see,e.g., Hartman [17, Chapter II, Theorems 1.1 and 3.1] and Walter [39, Chapter 3]. Given
(M, A2) ERy xR, forall n>X,neN, let D, :=(-1,00) x (—n,n) and let f,: D, - R be
defined by

1 1
falt,2) := —bz — —2%+ §e_29t>\%, (t,z) € Dy with « € (1,2].
«

Further, let ¢ty := 0 and 29 := A;. Then D, is open and connected, f, is continuous and
satisfies the global Lipschitz condition in its second variable since, by the mean value theorem, for all
(t1,21), (t2,22) € D we get

1 _
|fn(t1,21) — falta, 22)] < blz1 — 22| + E|Z1a — 28| < bl — 2| + 1z — 2l
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By the global version of the Picard—Lindeltf existence and uniqueness theorem, there is a unique
solution z, of the Cauchy problem

20 () = folt,zn(t)) with initial value z,(to) = zo,

n

defined on a maximal interval of the form ((¢,)—, (t,)+), where (t,)— < (tn)+, (tn)— € [—00,00)
and (tp)+ € (—o0,+00]. Further, the solution z, leaves every compact subset of D,, which implies
that (t,)+ = oo for all n € N. This yields the uniqueness of the solutions of the differential equation
(Cauchy problem) (3.8).

Step 2. We show that
(3.9) vi( A, A2) < M(A, A2) (14 t)max(e™ 2 e7b), >0, (A, \2) € Ry xR,

where 12

A+ g if b # 20,
M1, Do) = A'Z |
AL+ F it b = 26.

The proof is based on the following version of comparison theorem (see, e.g., Volkmann [38] or Lemma
B.3. in Filipovié¢ et al. [14]): if S: Ry xR — R is a continuous function which is locally Lipschitz
continuous in its second variable and p,q: R, — R are differentiable functions satisfying

p'(t) < S(t,p(t), t=0,
q'(t)=S(tq(t), t=0,
p(0) < ¢(0),

then p(t) < q(t) for all ¢ > 0. Using this one can check that v;(A1, A2) < ur(A,A2) forall >0
and (A, \2) € Ry xR, where for all (A1, \2) € Ry X R, ut(A1, A2), ¢ > 0, is the unique solution of
the differential equation

8ut _ 1_—26
(3‘10) W()\l’ /\2) = —bUt()\l, )\2) + 5€ 2 t)\%, t> 0,
UQ()\l,)\g) = )\1.
Further, one can verify that
A2 —b 2 —920 .
<)‘1 + 2‘(—b129)> e b2,
(3.11) ut()\l, )\2) = 32
(M o+ 3t) e if b= 20.
Indeed, the general solution of the homogeneous differential equation %()\1,)\2) = —bug(A, \2),

t >0, takes the form (A, \2) = Ce™® ¢t >0, where C € R, and it can be checked that a
particular solution of the inhomogeneous differential equation (3.10) (without the initial condition) is

— 2 o720t if | £ 26,

A =20t it b= 2.
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Hence the general solution of the differential equation (3.10) (without the initial condition) takes the
form

A3 —20t
— 571 o0 € lf b ?é 20,
ut()\la )\2) —_ Cefbt + )\22( b+20)
Ste™ 20 if b=26.
Then taking into account the initial condition wug(A1, A2) = A1, we have (3.11).
Finally, by (3.11), we readily have (3.9) in case of b =260. If b> 260, then
ut()\l )\2) < )\16_20t — )\7%6_2% < )\1 - Aig (1 + t)e_QGt,
’ 2(—b+ 20) 2(—b+ 20)
and if 0 <b< 20, then
wr(A1, X)) < (A + )\7% e < (A + )\7% (1+ t)e_bt
2(—b+20) 2(—b+ 20) '

as desired.

Step 3. By the continuity theorem and (3.6), to prove (i), it is enough to check that for all
(A1, A2), (yo, o) € Ry X R,

. . —0t o .m
lim (—yove (A1, A2) 4+ izoe™ " Ao + g¢(A1, A2)) = —a/ vs(A1, Ag) ds 4+ i— Ao

=! goo(A1, A2),

and that the function Ry x R 3 (A1, A2) — goo(A1,A2) is continuous. Indeed, using (3.6) and the
independence of (n0,(p) and (L, Bt)i=0, the law of total expectation yields that

oo x
R (e~ MYeFideXe)y — / / E (e_MYtJFWXt | (Yo, Xo) = (yo,$0)> P vy, x0) (Ao, dxo)
0 —00

= / / exp {—yovt()q, Ao) 4 izoe %N + gr(\1, )\2)} P vy, x0) (dyo, dzo)
0 —00

for all (A1,A2) € Ry xR, where Py x,) denotes the distribution of (Yp, Xo) on Ry x R, and
hence (3.12) and the dominated convergence theorem implies that

t—o00

oo o)
lim E(e MYitireXe) — / / o9 (M22) Py o (dyo, darg) = 9P
0 —o0

for (A1,A2) € Ry x R. Then, using the continuity of the function Ry X R 3 (A1, A2) = goo(A1, A2)
(which will be checked later on), the continuity theorem yields (i).

Next we turn to prove (3.12). Since 6 >0 and b > 0, by (3.9), using also that wv;(A1,A2) >0
forall >0 and (A1, A2) € Ry x R (see Step 1), we have

lim (—yovs (A1, A2) + izoe % Ag) = 0.

t—o00

Recall that

1—e

¢
gt(A1, A2) = —a/ vs(A1, A2) ds + imAg
0
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Since 6 > 0, we have lim;_,oo 1—eT;9t = %, and since v;(A1,A2) =0 forall ¢t >0, (A1, \2) € Ry xR,

(see Step 1), by dominated convergence theorem and (3.9), we get

t o]
lim 1)5()\1, )\2) ds = / Us()\h )\2) ds.
0

t—o00 0

Indeed, for all ¢t >0 and s >0,

[vs(A1, A2) L0, (8)| < vs(A1, A2),

and, by (3.9),

/ ’Us()\l, /\2) ds < M()\lv AQ)/ (1 + S) max(e_%S,e_bs) ds
0 0

1 1 1 1
= M (A1, A2) max (b+b2’29+(29>2> =

The continuity of the function Ry x R 3 (A1, A\2) — goo(A1, A2) can be checked as follows. It will
follow if we prove that for all s >0, the function v, is continuous. Namely, if A\ = ()\gn), /\gn)),
n € N, is a sequence in R; x R, such that lim, A = X\ where )\ € Ry x R, then

limy, 00 vs(A™) = v4(A) for all s >0, and, by (3.9),
vs(AM) = vs()\gn), /\gn)) < M()\gn), /\gn))(l + 5) max(e2%% 7)), neN, s>0.
Since the sequence A, n € N, is bounded (being convergent), we have

sup M()\gn), )\gn)) < 00,

neN
and using also that fooo(l + 5) max(e™2%%,e7%) ds < oo, the dominated convergence theorem implies
that

[e.9]

lim us(Agn),Agn))ds:/ vs(A1, A2) ds,
0

n—oo 0
which shows the continuity of g¢.. Finally, we turn to prove that for all s > 0, the function
Ry xR 2 (A1,A2) = vs(A1, A2) is continuous. Note that the function wvs; does not depend on
the parameters a and m, since it is the unique solution of the differential equation (3.3). Let
(Y;, X;)i=0 be an affine process satisfying the SDE (1.1) with initial value (Yg, Xo) = (Yp, Xo) and
with parameters a =m =0 and the given b >0 and 6 > 0. Then, by (3.6),

(3.13) / / e MEFAE P (40 30) dEy, dEy) = exp {—yovs(/\h X2) + iwoe_gs/b}
0 —00

for s € Ry, (A,X2), (yo,m0) € Ry x R, where (P,)¢>0 denotes the transition semigroup of the
affine process (Y, Xt)i>0. For all s € R, the left-hand side of (3.13) is continuous as a function of
()\1, )\2) S R+ X R, since for all ()\1, )\2) € R+ x R and (hl, h2) S RZ,

/ / e_(A1+h1)§1+i(>\2+h2)§2 ﬁs((y(b x0)> d€17 d£2) - / / e—>\1§1+i>\2§2 ﬁs((y(]a .iU()), dgl? d€2)
0 —00 0 —00

< / / e~ MEHE 1| B (yo, o), dé1, dé),
0 —00
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which tends to 0 as (hi,h2) — (0,0), by dominated convergence theorem. This implies that the
right hand side of (3.13) is also a continuous function (A1, A2) € Ry x R. This readily yields the
continuity of the function v, for all fixed s € Ry.

(ii): First we check that the one-dimensional distributions of (Y}, X;)¢>0 are translation in-
variant and have common distribution as (Yoo, Xo) has. Using (3.2), (3.6), the tower rule and the
independence of (Yp, Xo) and (L, B), it is enough to check that for all ¢ > 0 and (A, A2) € Ry xR,

E <exp {—vt()\l, Ao) Yoo + ie X0 X oo + gr( M1, )\2)}) = exp {—a/ vs(A1, Ao) ds + iTgAg} .
0

By (3.2), (3.7) and using also that wv;(A1,A2) >0 for all ¢ >0 and (A, \2) € Ry xR (see Step 1
of the proof of part (i)), we have

E (exp {—Ut()\l, A2) Yoo + ie "N X oo + gt( A1, )\2)})

:exp{—a/ vs(ve( A1, X2), e et)\g)ds+z 9t)\2+gt()\1,)\2)}
0

6°

> —6t 1N
=expl —a vs(ve(A1, A2),e " Ag)ds + [ ws(A1,A2)d —|—z§)\2 .
0

Hence it remains to check that

o] [e%¢) t
/ Us()\h )\2) ds = / Us(Ut()\lg )\2), e_et)\g) ds + / Us()\h )\2) ds
0 0 0

for t >0, (A, \2) € Ry xR, ie.,

/too vs(A1, A2) ds = /OOO Us(ve (A1, A2), e ¥ Ao)ds,  t>0, (A, A2) € Ry xR
For this it is enough to check that
vs(vi(A1, X2), e % N0) = wer s (M, X2), 5,620, (A, X)) € Ry xR,
or equivalently
(3.14) vi(Vs(A1, A2), e % Ng) = vait (A, A2), 8,6 >0, (A, ho) € Ry xR
By (3.3), we have

v 1 o 1 _ops
o (A1 A2) = —buas (A1, o) = —(vaa (A1, 20))* 5 CTINS, e >0,
with initial condition vsyo(A1, A2) = vs(A1, A2). Note also that, again by (3.3),

8Ut

o 1 sy o
o7 (Us(A1, ha), e “050g) = —bur(vs( A1, A2),e % Ag) — ~(u(vs(A1, Ma)s e %5 29))

1
+ 56—2%(6—95)\2)2’ t> 0,

with initial condition Uo(vs()\l,)\z),e_es)\g) = vs(A1,A2). Hence, for all s > 0, the left and right
sides of (3.14), as functions of ¢ > 0, satisfy the differential equation (3.3) with the initial value
vs(A1, A2). Since (3.3) has a unique solution for all non-negative initial values, we obtain (3.14).

Finally, the strict stationarity (translation invariance of the finite dimensional distributions) of
(Y:, X¢)i=0 follows by the chain’s rule for conditional expectations using also that it is a time homo-
geneous Markov process. O
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4 FErgodicity

Such as the existence of a unique stationary distribution, the question of ergodicity for an affine process
is also in the focus of current investigations.

Recently, Sandri¢ [35] has proved ergodicity of so called stable-like processes using the same tech-
nique that we applied. Further, the ergodicity of the so-called «-root process with « € (1,2] (see,
the first SDE of (1.1)) and some statistical applications were given in Li and Ma [28].

The following result states the ergodicity of the affine diffusion process given by the SDE (1.1)
with o = 2.

4.1 Theorem. Let us consider the 2-dimensional affine diffusion model (1.1) with a =2, a >0,
b>0,meR, >0, and with a random initial value (ny, (o) independent of (L, Bi)i>0 satisfying
P(ng = 0) = 1. Then, for all Borel measurable functions f:R?> =R such that E|f(Yeo, Xoo)| < 00,
we have

(4.1) P < lim — /OTf(Ys,XS) ds = Ef(Yoo,Xoo)> =1,

T—oo T

where the distribution of (Yoo, Xoo) s given by (3.2) and (3.3) with o = 2.

Proof. We use the notations of Meyn and Tweedie [30], [31]. Using Theorem 6.1 (so called Foster-
Lyapunov criteria) in Meyn and Tweedie [31], it is enough to check that

(a) (Yz, X¢)i=0 is a right process (defined on page 38 in Sharpe [36]);

(b) all compact sets are petite for some skeleton chain (skeleton chains and petite sets are defined on
pages 491, 500 in Meyn and Tweedie [30], and page 550 in Meyn and Tweedie [29], respectively);

(c) there exist ¢,d € R with ¢ >0 such that the inequality
(AnV)(y,2) < =cV(y,2) +d,  (y,2) € On
holds for all n € N, where O, :={(y,x) € Ry xR:||(y,z)|| <n} foreach neN,
(4.2) V(ya) =y —a)+@-c),  (y2)eRy xR,

with some appropriate c¢ij,co € R, and A, denotes the extended generator of the process
(Yt(n),Xt(n))t;o given by

™, xmy . | o X, for @ <To,
(0,n),  for t =T,

where the stopping time 7, is defined by T, :=inf{t € Ry : (Y}, X}) € (Ry xR)\ O, }. (Here
we note that instead of (0,n) we could have chosen any fixed state in (R4 x R)\ O,,, and we
could also have defined (Yt(n),Xt(n))@o as the stopped process (Yiar,, XiaT), )t=0, see Meyn
and Tweedie [31, page 521].)
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Indeed, then Theorem 6.1 in Meyn and Tweedie [31] yields the exponential ergodicity of the process
(Y;, X¢)ier,, namely, there exist 5 >0 and B € Ry such that

s B (9005 X0 (4, X0) = (3, 0)) ~ o0, Xec))| € B, 70) + D

g|<V+1

for all t € Ry and (yo,x0) € Ry X R, where the supremum is running for Borel measurable
functions ¢ : Ry x R — R. According to the discussion after Proposition 2.5 in Bhattacharya [5],
this implies (4.1). Here we also point out that, due to Bhattacharya [5], we do not have to assume
that P(Yp > 0) =1 in order to prove (4.1).

To prove (a), it is enough to show that the process (Y3, X;)icr, is a (weak) Feller (see Meyn and
Tweedy [30, Section 3.1]), strong Markov process with continuous sample paths, see, e.g., Meyn and
Tweedy [30, page 498]. According to Proposition 8.2 (or Theorem 2.7) in Duffie et al. [12], the process
(Yy, X¢)i=0 is a Feller Markov process. Since (Y%, X¢)i>0 has continuous sample paths almost surely
(especially, it is cadlag), it is automatically a strong Markov process, see, e.g., Theorem 1 on page 56
in Chung [8].

To prove (b), in view of Proposition 6.2.8 in Meyn and Tweedy [32], it is sufficient to show that
the skeleton chain (Y, X;,)nez . 1s irreducible with respect to the Lebesgue measure on Ry x R
(see, e.g., Meyn and Tweedy [31, page 520]), and admits the Feller property. The skeleton chain
(Y, Xn)nez, admits the Feller property, since the process (Y3, X¢);>o is a Feller process. In order
to check irreducibility of the skeleton chain (Y, Xy )nez, with respect to the Lebesgue measure
on R; x R, it is enough to prove that the conditional distribution of (Y7,X;) given (Y, Xo)
is absolutely continuous (with respect to the Lebesgue measure on R, x R) with a conditional
density function f(yv; x,)|(vo,Xo) : R? x R? — R, such that fvi,x0) | (v, x0) (¥ T [ Yo, o) > 0 for all
(y, z,y0,%0) € (0,00) x R x Ry x R. Indeed, the Lebesgue measure on Ry xR is o-finite, and if B
is a Borel set in Ry x R with positive Lebesgue measure, then

E(Z 15(Y,, X,)
n=0

(Yo, Xo) = (yo,xo>> > P((2, X1) € B (Yo, Xo) = (yo.20))

= // fvi,x0) | (o, x0) (Ys T | Yo, z0) dydz > 0
B

for all (yo,zo) € Ry xR. The existence of Jvi,x1) | (Yo,Xo) With the required property can be checked
as follows. By Theorem 2.2, we have

1 1
Yy =e? <y0 +a/ eb“du—}—/ eb“\/YudLu> ,
0 0
1 1
X;=e"? (ﬂso +m/ eeudu—k/ e(’“\/YudBu) ,
0 0

provided that (Yp, Xo) = (vo,20), (Y0,z0) € Ry x R. Recall that a two-dimensional random vector
¢ is absolutely continuous if and only if V{ 4+ v is absolutely continuous for all invertable matrices
V € R?*2 and for all vectors v € R?, and if the density function of ¢ is positive on a set S C R?,
then the density function of V{ +wv is positive on the set V.S +wv. Hence it is enough to check that
the random vector

(4.3) ( /0 1 " /Y, dLy,, /0 1 /Y, dBu>
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is absolutely continuous with respect to the Lebesgue measure on R? having a density function being

strictly positive on the set
1
{yER:y>—y0—a/ eb“du} x R.
0

Forall z € R and y < —yo — afol e? du, we have

1 1
IP’(/ eb“\/YudLu<y,/ eQ“\/YudBu<x>
0 0
1
_IP<ebY1—y0—a/ eb“du<y/ /Y, dB, <:):>\ P(Y; <0) =0,
0

since P(Y; > 0) = 1. Note that the conditional distribution of fo e\/Y, dB, given (Ye)iepo,1) is
a normal distribution with mean zero and with variance fol e?0uY,, du due to the fact that (Y8)ie(0,1)
and (By)i>o are independent. Indeed, (Y;);>o is adapted to the augmented filtration corresponding
to no and (Li)i=0 (see, e.g., Karatzas and Shreve [24, page 285]), and using the independence of
the standard Wiener processes L and B, and Problem 2.7.3 in Karatzas and Shreve [24], one can
argue that this augmented filtration is independent of the filtration generated by B. Hence, using
again the independence of the standard Wiener processes L and B, we get for all € R and
Yy > —yo — afol et du,

1 1
IP(/ eb“\/YudLu<y,/ e?\/Y, dB, <x>
0 0
1 1
:P<ebY1—y0—a/ eb”du<y,/ e\ /Y, dB, <:c>
0 0

1 1
E( (Y1<e <y+y0+a/ e”“du>,/ e"“\/YudBu<x](Yt>tdo,u>)
0 0

(Y;f)te[o,l]))

E( < {yi<e=?( y+yo+af0 eb”du)} {fo efu\/Y, dB, <z}

=E (1{Y1 <0*b(y+yo+a fol ebu du)} E (1{f01 efu\/Y, dB, <z} (}/t)te[(),l])>

T 1
— . 20u
=k <1{Y1<c”(y+yo+af01 ebu du)} /_oop <w’/0 Yy, du) dw> ’

1 2 2
p(w;o®) = ——=e™ /),
V2o

Here we call the attention that due to the assumption a > 0,

1
P (/ 2y, du > 0) =
0

Then, by the law of total expectation, for all x € R and y > —yg—a fol e du,

1 1
P (/ /Y, dL, < y,/ \/Y, dB, < ;c)
0 0

/eb(y+yo+a fol ebv du) /x 1 w?
= E expd ———— » | Y1 =z | fy;(2)dzdw,
0 —00 \/27-[- fOl e20uYu du 2 fol eQeuYu du !
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where fy, denotes the density function of Y7 (given that Yo = yo, yo € R4). In case of yp € (0,00),
it is given by

2beb2atl) /) a—1/2 2b(yo + €%y) 2b\/Yo0y
friy) = b1 (y()) exXp {_eb—l} Ioa—1 <smh(b/2)> Lo)(¥), yeER,

where I, 1 denotes the modified Bessel of the first kind of order 2a — 1, i.e.,

s 1 T\ 2m+2a—1
Iog— = ———~ |3 ) » ),
20-1(7) Z m!I'(m + 2a) (2) z € (0,00)

m=0
see, e.g., Cox et al. [9, Equation (18)], Jeanblanc et al. [21, Proposition 6.3.2.1] or Ben Alaya and
Kebaier [4, the proof of Proposition 2]. While in case of yo = 0, the density function of Y7 (given
that Yy =0) is given by
1 2\ 5, 2by
= @ - 1 R
) = 0 (1) e {12 o). v

since, by Ikeda and Watanabe [19, page 222], Y7 (given that Yp = 0) has a Gamma distribution
with parameters 2a and 2b/(1 —e?). Note that in both cases fy;(y) > 0 for all y € (0,00).
Then, by a change of variable, we have for all x € R and y > —yo—a fol et du,

1 1
P (/ e\ /Y, dL, < y/ e?\/Y, dB, < ;c>
0 0

Yy x exp{—*}
/ / E 2f0e vy, du
—0o0

1
Y =e? <v+yo+a/ eb“du>
\/27r fol e20uy, du 0

1
X fy, <e_b <v + Yo + a/ e du)) e’ dv dw.
0

In what follows we will make use of the following simple observation: if & and 7 are random
variables such that P(§ > 0) =1, E(§) < oo, P(n>0) =1, and n is absolutely continuous with a
density function f,, having the property f,(xz) >0 Lebesgue a.e. z € (0,00), then E({|n=1y) >0

1
—yo—a [; e du

Lebesgue a.e. y € (0,00). For completeness, we give a proof. Since the distribution P, of n on
(Ry,B(Ry)) (where B(Ry) denotes the Borel o-algebra on Ry) is equivalent to the Lebesgue
meaure on (0,00), it is equivalent to check that E({|n =y) > 0 P,-ae. y € (0,00). By the
definition of conditional expectation, it is also equivalent to check that E(¢|n)(w) >0 P-a.e. w € Q.
On the contrary, let us suppose that P(E(¢|n) =0) > 0. Since P(E({|n) >0)=1 and E(¢|n) is
measurable with respect to the o-algebra o(n) generated by 7, there would exist a set A € o(n)
such that P(A) > 0 and E(¢|n)(w) = 0 for all w € A. Then, using again the definition of
conditional expectation, we should have 0 = E(E(£|n)14) = E(£14). Since P(£14 > 0) =1, we
would get P({w € A:{(w) =0}) =1, which leads us to a contradiction (due to that P({ > 0) =1).

Now we turn back to the proof that the random vector (4.3) is absolutely continuous with re-
spect to the Lebesgue measure on R? with a density function being strictly positive on the set
{y ER:y>—yy— afol eb du} x R. Since sup,cg, ze— w2 < oo, w € R\ {0}, implies

1 1/2 w?
E (2%/ vy du) exp{ — 1—} < oo, weR\{0},
0 2f0 e20uvy,, du
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and using also that fy, (e=°(v + yo + afol e du)) >0 forall v > —yg— afol e du, there exists a
measurable function ¢ :R? — R, such that g(v,w) >0 for v > —yg — afol e du, weR, and

1 1
P (/ e\ /Y, dL, < y,/ e?\/Y, dB, < x>
0 0

Y ffoo glv,w)dvdw if y> —yo— afol e du, = €R,

—yo—a fOI ebu duy
0 if yg—yo—afoleb“du, z €R,

as desired. Consequently, the random vector (4.3) is absolutely continuous with density function g
having the desired property.

To prove (c), first we note that, since the sample paths of (Y, X) are almost surely continuous,
for each n € N, the extended generator has the form

(Anf) o) = 50l (,2) + 50 fba(y,2) + (a — by) fi(y,2) + (m — 62) i ,2)

for all (y,z) € O, and f € C?*(Ry x R,R), see, e.g., page 538 in Meyn and Tweedie [31]. We also
note that, by Duffie et al. [12, Theorem 2.7], for functions f € C3(Ry x R,R), A,f = Af on O,,
where A denotes the (non-extended) generator of the process (Y, X;)ier,. For the function V
defined in (4.2), we have V € C?*(R; x R,R) and

Vily,z) =2(y —c1), Voly,z) =2(x —c1), Viq(y,2) = Voh(y,z) =2
for (y,z) € Ry xR, and hence for all n € N and 0 < ¢ < oo,
=2y + (a—by)2(y — c1) + (m — 02)2(x — c2) + c(y — 1)® + c(z — ¢2)°

= (c—2b)y* +2(1 + a+ bey — cep)y + et — 2acy +2(m — 0z)(x — ¢2) + c(x — c2)?

for all (y,z) € O,. Let us choose ¢>0 in such a way that c# 2b andlet cy:=%. Then
(AnV)(y, z) + ¢V (y, )

2 2
:(cbe)y2+2(1+a+bclfccl)ercc%ancl729(337%) +C($7%>

2
1—|—a—|—bc1—001) _(1—|—a+bc1—cc1)2+w%_2acl

=(c—2b
(c )<y+ c—2b c—2b

+ (¢ — 20) (az—%)2, (y,x) € Oy.

Hence,
(AV)(y,2) < =cV(y,2) +d,  (y,7) € Op, nEN,

with ¢ € (0,2min(b,0)) and

1 +a+b01 — 001)2

(
d:= —
c—2b

+ cc% — 2ac;y.
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Note that the above argument also shows that in the definition (4.2) of the function V' the constant
c1 can be an arbitrary real number. O

In the next theorem we collected several facts about the limiting random variable (Y, Xoo) given
by (3.2) and (3.3) with o = 2.

4.2 Theorem. The random variable (Yoo, Xoo) given by (3.2) and (3.3) with a =2 is absolutely
continuous, the Laplace transform of Yo takes the form

)\ —2a
(4.4) E(e MYe) = (1 + 2;) , AL €Ry,
yielding that Y has Gamma distribution with parameters 2a and 2b. Further, all the (mized)
moments of (Yoo, Xoo) of any order are finite, i.e., we have E(YZ|Xw|P) < oo for all n,p € Z4,

and espectally,

a m
E(Va) =4, E(Xx)= 1,
9y a(2a+1) _ma o\ ab + 2bm?

Proof. First we show that the random variable (Y, Xoo) is absolutely continuous. Let us consider
the 2-dimensional affine diffusion model (1.1) with o =2, a >0, b >0, m € R, 0 >0, and with
a random initial value (Yp, X() independent of (L, Bi)i>o having the same distribution as that of
(Yoo, Xoo). Then, by part (ii) of Theorem 3.1, the process (Y, X¢)i=0 is strictly stationary. Hence it
is enough to prove that (Y7, X;) is absolutely continuous. This can be done similarly to the proof of
condition (b) in the proof of Theorem 4.1, we only sketch a proof. Namely, by Theorem 2.2, we have

1 1
Yi=e? <Yo + a/ b du+/ /Y, dLu> ,
0 0
1 1
X, =e? <X0 +m/ v du+/ e\ /Y, dBu) ,
0 0

Using that if & and 7 are independent two-dimensional random vectors such that one of them
is absolutely continuous, then their sum & + 1 is absolutely continuous (regardless of the other
distribution), it is enough to check that the random vector

1 1
</ eb“\/?udLu, / eau\/EdBu>
0 0

is absolutely continuous with respect to the Lebesgue measure on R2. Its proof goes along the very
same lines as in the proof of condition (b) in the proof of Theorem 4.1.

The fact that Y, has Gamma distribution with parameters 2a¢ and 2b follows by Cox et al.
[9, Equation (20)]. In what follows we give two other proofs. By (3.2),

]E(e)\lyoo):exp{_a/ Us()\hO)ds}, A1 ER-‘M
0
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where wv¢(A1,0), t >0, is the unique solution of the differential equation

(4.5) {661?()\1,0) = —bvy(A1,0) — %(Ut()q,()))Q, £>0,

vo(A1,0) = A1
Note that the formula above for E(e 1Y) is a special case of formula (3.31) in Li [27]. The
differential equation (4.5) is of Bernoulli type, and hence for A; > 0, with the transformation

ug(M1,0) := v;(A\1,0)71, £ > 0, we have the inhomogeneous linear differential equation with constant
coefficients:

9us (\y,0) = bug(\,0) + 2 t>0
(46) {8t( 1, ) ;ult( 1, )+27 )
U()()\l,O):)\l .

One can check that

. 11\, 1\
vt()\l,()):ut()\l,()) = e’ — — s )\1>0, t>0.

M) T
Hence,
oo 1 o 1
E(e ?MY>) = exp —a/ T : ds p = exp —a/ A . dz

G D
<[ 2 142

= exp —a/ ——+ ; 1/\1 : dz

z

e

b 1 1
__2azh_{go<—lnz+ln<</\l+2>z—2>>+2aln<i>
A1
= —2aln(1+ 2%
an( +2b>’

which yields (4.4).

Next we give another argument for deriving (4.4). Since in case of a =2, the process (Y;)i>0 is a
continuous state branching process with branching mechanism bz+2%/2, z > 0, and with immigration
mechanism az, z > 0, by the proof of Theorem 3.20 in Li [27], we have

/oov()\ 0)d /Alaz dz = 2aln (14 22 M ER
0 s\, 0 bz + 2’2/2 2 ) 1 =+
which yields (4.4).

Now we prove that all the mixed moments of (Y, X ) are finite. Let us consider now the
2-dimensional affine diffusion model (1.1) with « =2, a >0, b >0, m € R, § > 0, and with
a random initial value (Yp, Xo) independent of (L, By)i>0 such that all the mixed moments of
(Yo, Xo) are finite and P(Yp > 0) = 1. We note that, due to Theorem 3.1, the distribution of

(Yoo, Xoo) does not depend on the initial value of the model (1.1), so we can have such a choice. First
we show that

t
(4.7) / E(Y"X2P) du < oo forall t>0 and n,p € Z,.
0
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Due to the inequality between two power means, (a -+ b+ ¢)?? < K(a? +b% +¢?P), a,b,c € R, with
some constant K > 0, and hence, by (2.2), to prove (4.7) it is enough to check that

t u 2p in 2p
(4.8) / E (YJL <e2p9“X§” + <m / e 0u—v) dv) + < / e =)y, dBU> >>du < o0
0 0 0

forall ¢t >0 and n,p € Z4. Since for all u € [0,¢] the conditional distribution of fou e =) /Y 4B,
with respect to the o-algebra generated by (Y5) sefo,s] is a normal distribution with mean 0 and with

variance fou e 20(u=v)y, du, for proving (4.8) it is enough to check that for all ¢ > 0 and n,p € Z,

t t
/ E(e~2Puy X2P) du < oo, / E(Y,") du < oo,
0

0
t u p
/ E (Yu” (/ e Wy, dv) ) du < oo.
0 0

Using that 6 >0, P(Y; >0, t € Ry) =1, by Cauchy-Schwarz inequality, for all u € [0,t], we have

1 2
E(e 2y X3) < (B(v2M)'? (E(X)) " and

(s </Je-%<u-w>p><<E<st>>“ (7))

1/2
Y2n </ / . Yv2p) del e dUQp)
< 9 9 o\ 1/ (2P) 1/2
E(v2")) / / (V) E(Y2) ™ dv-oeduy )

where the last inequality follows by the multivariate version of Holder’s inequality. Since E(Xgp ) < 00,
this shows that in order to prove (4.7) it is enough to check that for all k€ Zy and ¢ € Ry,

and

sup E(Y}F) < .
u€(0,t]

According to Proposition 3 in Ben Alaya and Kebaier [4],

(4.9) sup E(YF | Yy = yo) < o0 for all yo >0 and k€ Z,.

s=>0

Next we show that for all s >0, yo >0, and k€ Z,
]E(YS}C | Yo = yo) 1is a polynomial of yy of degree k.
By (3.6), for all s >0, A\ >0, and (yp,x0) € Ry X R,

(4.10) /0 i Z e~ M P (o, 20), d€) = exp {—yovsul, 0)—a /0 “0u(M,0) du} -

Since, by (4.9), E(YF|Yy = y0) < 0o forall yg >0 and k € Z,, and, by (3.3), the function
vs(A1,0), s = 0, is continuously differentiable of infinitely many times, one can differentiate both sides
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of (4.10) with respect to A1 for k times. Since v5(0,0) =0 for all s >0 (which is a consequence
of the uniqueness of the solution of the differential equation (3.3)), we have

dk s
IE(YSk | Yo =w0) = (—l)kw exp {—yovs()\l,O) — a/o vy (A1,0) du}
1

A1=0

is a polynomial of yy of degree k, and the coeflicients of this polynomial are continuous functions
of s. Since a continuous function on a compact set is bounded, we get that sup,cgy E(Y}| Yy = o)
can be bounded above by a polynomial of yy having degree k, say Qx(yo) (this polynomial depends
also on t). Hence, by the law of total expectation,

sup E(Y) = sup /0 TE(YF| Yo = yo) Py (dyo) < /0 "~ Q1) Pra (dyo) = E(Qu(Y0)) < 0,

ue0,1] ue0,4]

where the last inequality follows by the assumption that all the (mixed) moments of (Y, X() of any
order are finite.

We note that for proving the finiteness of f(f E(Y,"X2") du we could have used part (i) of Theorem
2.16 in Duffie et al. [12]. This way of proving is somewhat complicated that’s why we decided to find
another way presented above.

For all n,p € Z,, using the independence of L and B, by Ito’s formula, we have

AV XP) = nY 7 XD ((a — bYy) dt + /Yy dLy) + pY " XP ' ((m — 0X,) dt ++/Y; dBy)

-1 1 -
TL(TB)Y;“XfYt dt + p(pQ)Yt”ti %Y, dt
- -1
— (nY%N—l(a — bY;t)Xf +thn(m — eXt)Xf 1 + n(TLQ)Ytn—le
-1 -
+ p(p2)Ytn+1Xf_2)dt + nY;n I/QXf dL, —i—pYZH_l/QXf_I 4B,

for ¢t > 0. Writing the SDE above in an integrated form and taking expectations of both of its sides,
we have

t
B~ BOGG) = [ [an BTN — BN + pm B XE) — p0 (YY)
—1 -1
”(”2) E(Y 1 XP) + p(pz) E(Yf“Xﬁ”)} du, >0,
where we used that

t t
( / Yu"—l/QngLu> and ( / y+1/2 xp=l dBu)
0 t>0 0 t>0

>

are continuous square integrable martingales due to (4.7), see, e.g., Ikeda and Watanabe [19, page 55].
Introduce the functions f, ,(t) := E(Y;"X?), t € Ry, for n,p € Z;. Then we have

p(p—1)
2

n(n —1)

9 fn+1,p*2(t)

f’r,z,p(t) = _(bn +p9)fn,p(t) + <an + ) fnfl,p(t) +pmfn,p71(t) +
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for ¢t € Ry, where fyo(t) :=0 if k0 e€Z with k<0 or ¢ <0. Hence for all M €N, the
functions f,,, n,p € Zy with n+p < M satisfy a homogeneous linear system of differential
equations with constant coefficients. For example, if M =2 then

fo,0() 0 0 0 0 0 0 | |foo(?)
flo®) a b 0 0 0 0 | |fio(®)
foa)f _fm 0 =0 0 0 0 | [fou(?) . teR,.
f5.0(t) 0 2a+1 0 -2 0 0 | | feol(t)
f1a(t) 0 m a 0 —-b—-6 0 f11(t)
foat)] |0 1 2m 0 0 —20] | foo(t)]

Thus, for all n,p € Zy, the function f,, is a linear combination of the functions e~ (kb+L0)t

te Ry, k¢ €Zy with K+ < n—+p, since the eigenvalues of the coefficient matrix of the
above mentioned system of differential equations are —(kb+ ¢0), k,¢ € Z4 with k4 ¢ < M.
Consequently, for all n,p € Z,, the function f,, is bounded and the limit lim; o f p(t) exists and
finite. By the moment convergence theorem (see, e.g., Stroock [37, Lemma 2.2.1]), lim; o0 frp(t) =
limy—y0o E(Y"X?) = E(Y2XE), n,p € Z4. Indeed, by Theorem 3.1 and the continuous mapping
theorem, Y;"X? =N Y2 XL, as t — oo, and the family {Y;"X? :t € Ry} is uniformly integrable.
This latter fact follows from the boundedness of the function fa, 2y, see, e.g., Stroock [37, condition
(2.2.5)]. Hence we conclude that all the mixed moments of (Y, X~ ) are finite.

Finally, we calculate the moments listed in the theorem. Let us consider again the 2-dimensional
affine diffusion model (1.1) with « =2, a >0, b >0, m € R, § >0, and with a random initial value
(Yp, Xo) independent of (L, Bt)i>0 having the same distribution as that of (Yo, Xoo). Then, by
Theorem 3.1, the process (Y3, X;)i>0 is strictly stationary, and hence, f,,(t) = E(Y2XE), for all
t€ Ry and n,p € Z;. The above system of differential equations for the functions f,,,, n,p € Z,
yields

1 n(n —1)

nyYp ) _— n—1yp n yp—1
E(YZ2XLE) bn+p9<<an+2 >E(YOO XP)+mpE(YZXETH)

(4.11)

-1

for all m,p € Zy. By (4.11), one can calculate the moments listed in the theorem.

Finally, we note that for calculating the moments E(Y2 XZ%,) < oo, n,p € Z, we could have used
formula (4.4) in Filipovi¢ et al. [14] which gives a formal representation of the polynomial moments
of (Y3, Xy), t € Ry. The idea behind this formal representation is that the infinitesimal generator
of the affine process (Y, X) formally maps the finite-dimensional linear space of all polynomials in
(y,x) € Ry xR of degree less than or equal to k into itself, where k € N. For a more general class
of time-homogeneous Markov processes having this property, for the so-called polynomial processes,
see Cuchiero et al. [10].

We also remark that the moments of Y., could have been calculated directly using that Y., has
Gamma distribution with parameters 2a and 2b. O
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