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On parameter estimation for critical affine processes

MATYAS BARCZY*, LEIF DORING, ZENGHU LI, GYULA Pap

Abstract

First we provide a simple set of sufficient conditions for the weak convergence of scaled affine
processes with state space Ry x R%. We specialize our result to one-dimensional continuous state
branching processes with immigration. As an application, we study the asymptotic behavior of
least squares estimators of some parameters of a two-dimensional critical affine diffusion process.

1 Introduction

In recent years quickly growing interest in pricing of credit-risky securities (e.g., defaultable bonds)
has been seen in the mathematical finance literature. One of the basic models (for applications see
for instance Chen and Joslin [8]) is the following two-dimensional affine diffusion process:

an {dYt = (a — bY;) dt + /Y AW,

dX; = (m — 0X;) dt + v/Y; dB,,

where a, b, # and m are real parameters such that a > 0 and B and W are independent
standard Wiener processes. Note that Y is a Cox-Ingersol-Ross (CIR) process. For practical use, it
is important to estimate the appearing parameters from some discretely observed real data set. In the
case of the one-dimensional CIR process, the parameter estimation of a and b goes back to Overbeck
and Rydén [30], Overbeck [31], and see also the very recent papers of Ben Alaya and Kebaier [5, 6].
For asymptotic results on discrete time critical branching processes with immigration, one may refer
to Wei and Winnicki [34] and [35].

The process (Y, X) given by (1.1) is a very special affine process. The set of affine processes
contains a large class of important Markov processes such as continuous state branching processes and
Orstein-Uhlenbeck processes. Further, a lot of models in financial mathematics are also special affine
processes such as the Heston model [17], the model due to Barndorff-Nielsen and Shephard [4] or the
model due to Carr and Wu [7]. A precise mathematical formulation and complete characterization of
regular affine processes are due to Duffie et al. [11]. Later several authors have contributed to the
study of properties of general affine processes: to name a few, Andersen and Piterbarg [1] (moment
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explosions in stochastic volatility models), Dawson and Li [10] (jump-type SDE representation for
two-dimensional affine processes), Filipovi¢ and Mayerhofer [13] (applications to the pricing of bond
and stock options), Glasserman and Kim [15] (the range of finite exponential moments and the con-
vergence to stationarity in affine diffusion models), Jena et al. [23] (long-term and blow-up behaviors
of exponential moments in multi-dimensional affine diffusions), Keller-Ressel et al. [25, 26] (stochasti-
cally continuous, time-homogeneous affine processes with state space R’} x R? or more general ones
are regular). We also refer to the overview articles Cuchiero et al. [9] and Friz and Keller-Ressel [14].

To the best knowledge of the authors the parameter estimation problem for multi-dimensional affine
processes has not been tackled so far. Since affine processes are being used in financial mathematics
very frequently, the question of parameter estimation for them is of high importance. Our aim is to
start the discussion with a simple non-trivial example: the two-dimensional affine diffusion process
given by (1.1).

The article is divided into two parts and there are two appendices. In Section 2 we recall some
notations, the definition of affine processes and some of their basic properties, and then a simple
set of sufficient conditions for the weak convergence of scaled affine processes is presented. Roughly
speaking, given a family of affine processes (Y@ (), X (t));>0, 6 > 0, such that the correspond-
ing admissible parameters converge in an appropriate way (see Theorem 2.9), the scaled process
O~y @ (0r), 07 X O (0t)),.,

specialize our result for one-dimensional continuous state branching processes with immigration which

converge weakly towards an affine diffusion process as 6 — co. We

generalizes Theorem 2.3 in Huang et al. [20]. The scaling Theorem 2.9 is proved for quite general affine
processes since it might have applications elsewhere later on. In Section 3 the scaling Theorem 2.9 is
applied to study the asymptotic behavior of least squares and conditional least squares estimators of
some parameters of a critical two-dimensional affine diffusion process given by (1.1), see Theorems 3.5,
3.8 and 3.11. In Appendix A we check that some integrals in the form of the infinitesimal generator of
an affine process that we use are well-defined. Appendix B is devoted to show that the least squares
estimator of m cannot be asymptotically weakly consistent.

2 A scaling theorem for affine processes

Let N, Z,, R, Ry, R_, Ry;, and C denote the sets of positive integers, non-negative
integers, real numbers, non-negative real numbers, non-positive real numbers, positive real numbers
and complex numbers, respectively. For z,y € R, we will use the notations = Ay := min(z,y)
and zVy := max(z,y). For z,y € Ck, k € N, we write (z,9) := Ele x;y; (notice that
this is not the scalar product on C*, however for = € C¥ and y € R*¥, (x,y) coincides with
the usual scalar product of x and y). By |z|| and ||A]] we denote the Euclidean norm of a
vector x € RP and the induced matrix norm of a matrix A € RP*P, respectively. Further, let
U:={z1 +iz:21 € R, 20 € R} x (iRY). By C2?R; xR%) (CX(R; x R%)) we denote the set
of twice (infinitely) continuously differentiable complex-valued functions on R, x R? with compact
support, where d € N. The set of cadlag functions from R, to R4 x R? will be denoted by

D(R;,R; x R?). For a bounded function g : Ry x R — RP, let [|gloe := SUPger, xre |9(2) |-

Convergence in distribution, in probability and almost sure convergence will be denoted by i>, x,

and =2 respectively.



Next we briefly recall the definition of affine processes with state space R, x R? based on Duffie
et al. [11].

2.1 Definition. A transition semigroup (Pi)ier, with state space Ry x RY s called a (general)
affine semigroup if its characteristic function has the representation

(2.1) / o0 Py (35 dg) = eleb(ta)+o(ta)
R+ XRd

for t€R xRY weU and t € Ry, where (t,-) = (1(t,-),¥a2(t,)) € Cx C? is a continuous
C'*_valued function on U and é(t,-) is a continuous C-valued function on U satisfying ¢(t,0) = 0.
The affine semigroup (Pi)ier, defined by (2.1) is called regular if it is stochastically continuous
(equivalently, for all w € U, the functions Ry 3t — ¥(t,u) and Ry 3t~ ¢(t,u) are continuous)
and 019(0,u) and 019(0,u) exist for all w e U and are continuous at w =0 (where 01¢ and
019 denote the partial derivatives of ¥ and ¢, respectively, with respect to the first variable).

2.2 Remark. We call the attention that Duffie et al. [11] in their Definition 2.1 assume only that
Equation (2.1) hold for = € Ry x R%, uw € 9U = iR'f9 t € R, i.e., instead of u € U they only
require that « should be an element of the boundary 0U of U. However, by Proposition 6.4 in
Duffie et al. [11], one can formulate the definition of a regular affine process as we did. Note also that
this kind of definition was already given by Dawson and Li [10, Definitions 2.1 and 3.3]. Finally, we
remark that every stochastically continuous affine semigroup is regular due to Keller-Ressel et al. [25,
Theorem 5.1]. O

2.3 Definition. A set of parameters (a,a,b, 3, m,pu) is called admissible if

(i) a = (aivj)ﬂ‘:jl € RUFDXA+d) s o symmetric positive semidefinite matriz with ay1 =0 (hence

arp=ap1 =0 forall ke{2,...,1+d}),

(il)) a = (ai7j)};fil € RUFDxA+d) s o symmetric positive semidefinite matriz,

(iti) b= (b)) Hd e Ry x RY,

(iV) 8= (ﬁi,j)il;—il & R(+d)x(1+d) with BLJ =0 forall j€ {2, R d},

(v) m(d€) = m(dér,d&r) is a o-finite measure on Ry x R supported by (Ry x R%)\ {(0,0)}
such that

[T+ Gl a e mag) < .
R4 xR4

(vi) p(d€) = pu(dé1,dé) is a o-finite measure on Ry x R supported by (Ry x R4\ {(0,0)} such
that

[ el Allelacg < o
R+><]Rd

2.4 Remark. Note that our Definition 2.3 of the set of admissible parameters is not so general as
Definition 2.6 in Duffie et al. [11]. Firstly, the set of admissible parameters is defined only for affine
process with state space Ry x R? while Duffie et al. [11] consider affine processes with state space
R? x R?. We restrict ourselves to this special case, since our scaling Theorem 2.9 is valid only in



this case. Secondly, our conditions (v) and (vi) of Definition 2.3 are stronger than that of (2.10) and
(2.11) of Definition 2.6 in Duffie et al. [11]. Thirdly, according to our definition, a set of admissible
parameters does not contain parameters corresponding to killing, while in Definition 2.6 in Duffie et
al. [11] such parameters are included. Our definition of admissible parameters can be considered as a
(1 + d)-dimensional version of Definition 6.1 in Dawson and Li [10]. The reason for this definition is
to have a more pleasant form of the infinitesimal generator of an affine process compared to that of
Duffie et al. [11, formula (2.12)]. For more details, see Remark 2.6. O

2.5 Theorem. (Duffie et al. [11, Theorem 2.7]) Let (a,a,b,B,m,p) be a set of admissible param-
eters. Then there exists a unique reqular affine semigroup (Pi)icr, with infinitesimal generator

1+d
(AP)@) = 3" (ag; + s o) f5(x) + {f(2), b+ )
ij=1
(22) s (€)= 1)~ (S ()2 m(de)
R4 xR

+ / (F(x+€) — f(2) — (@), €)1 u(de)
R4 xRd

for = (v1,72) € Ry xR and f € C*(Ry x RY), where f, i€ {l,...,1+4d}, and i
i,7€{1l,...,1+d}, denote the first and second order partial derivatives of f with respect to its i-th
and i-th and j-th variables, and f'(z) := (f{(z),..., fi1q(2)7, f(’Q)(a:) = (f5(x), .. fliq()T.

Further, C*(Ry x RY) s a core of A.

2.6 Remark. Note that the form of the infinitesimal generator A in Theorem 2.5 is slightly different
from the one given in (2.12) in Duffie et al. [11]. Our formula (2.2) is in the spirit of Dawson and Li
[10, formula (6.5)]. On the one hand, the point is that under the conditions (v) and (vi) of Definition
2.3, one can rewrite (2.12) in Duffie et al. [11] into the form (2.2), by changing the 2-nd, ..., (1+d)-th
coordinates of b € Ry x R? and the first column of 3 € RO+d)*(A+d)  pegpectively, in appropriate
ways (see Appendix A). To see this, it is enough to check that the integrals in (2.2) are well-defined
(i.e., elements of C) under the conditions (v) and (vi) of Definition 2.3. For further details, see also
Appendix A. On the other hand, the killing rate (see page 995 in Duffie et al. [11]) of the affine
semigroup (FP;)ier, in Theorem 2.5 is identically zero. This also implies that the affine processes
that we will consider later on will have lifetime infinity. O

2.7 Remark. In dimension 2 (i.e., if d = 1), by Theorem 6.2 in Dawson and Li [10] and Theorem
2.7 in Duffie et al. [11] (see also Theorem 2.5), for an infinitesimal generator A given by (2.2)
with d =1 one can construct a two-dimensional system of jump type SDEs of which there exists a
pathwise unique strong solution (Y'(t), X(t))cr, which is a regular affine Markov process with the
given infinitesimal generator A. O

The next lemma is simple but very useful.

2.8 Lemma. Let (Z(t))ier, be a time-homogeneous Markov process with state space Ry x R and
let us denote its infinitesimal generator by Az. Suppose that C2(Ry xRY) is a subset of the domain



of Az. Then forall 6 € Ry, the time-homogeneous Markov process (Z(t))ier, = (071 Z(0t))er,

has infinitesimal generator

(Az f)(@) = 0(Azfo)(0x),  z€Ry xRY, feCiRy xR,
where fo(x) := f(0~'x), z € Ry x RY,
Proof. By definition, the infinitesimal generator of (Zy(t));cr, takes the form

E(f(0~Z(01)) |07 Z(0) = =) — f(x)

(Az, f)(x) = lim

t}0 t
iy VE(F6(2(01)) | 2(0) = 0) — 0y (62)
1o bt
= oy UHEEDIZO =00 =000 _ g 1) )

forall z € R, x R? and f € C?(Ry x RY).

a

2.9 Theorem. For all § € Ry, let (YO(t), XO(t))er, be a (1+d)-dimensional affine process

with state space Ry x R?  and with admissible parameters (a(e),a(‘)),b(e),ﬁw),m, 1)
additionally

2
(23) [ lem@ <o amd [ el e < oo

such that

Let a,a,f € ROFDXAFD) e Ry xR, and let (Y(t),X(t))ter, be a (1+ d)-dimensional affine
process with state space Ry x R? and with the set of admissible parameters (a,a,b,3,0,0), where

~ 1 T
Oé.—a+2/R+XRd£€ :U’(dé-)7

and b= (b)) with bi:=b; for i€{2,...,1+d} and

by = by + /RerRd &1 m(df).
If
0% 5a, oD >a, D b 989 o,
071 (vD(0), XD(0)) - (¥(0), X (0))
as 0 — oo, then

(Yo(a)(t),Xée)(t) _ (0—1Y(9)(0t),0‘1X(9)(9t)) L5 (Y (), X () )icr,

>tER+ teR

in D(Ry,Ry xRY) as 6 — oo.



2.10 Remark. (i) Note that the limit process (Y(t),X(t))ier, in Theorem 2.9 has continuous
sample paths almost surely. However, this is not a big surprise, since in condition (2.3) of Theorem
2.9 we require finite second moment for the measure pu.

(ii) Note also that the matrix & € RUFTx(+d)  given in Theorem 2.9 is symmetric and positive
semidefinite, since a is symmetric and positive semidefinite, and for all z € R,

</R+><Rd et u(dé)z,z> — /RerRd(z—rg)Q J(dE) > 0.

a

Proof of Theorem 2.9. By Duffie et al. [11, Theorem 2.7, CX(R, x R?) is a core of the
infinitesimal generator A(y,x) of the process (Y(t), X(t))icr,, and hence {(f, Ay,x)f): [ €
D(A(y,x))} coincides with the closure of {(f, Ay, x)f) : f € CX(Ry x R}, where D(Apy,x))
denotes the domain of Ay x), see, e.g., Ethier and Kurtz [12, page 17]. In other words, the closure
of {(f,Axx)f):f€CPRy x R%)} generates the affine semigroup corresponding to Ay, x)-

Next we show that for all f € C°(R, x R?), we have

(2.4) lim —sup (Ao o)) = (Ayx) f)(@)]| = 0.

000 yeR, xR

First note that it is enough to prove (2.4) for real-valued functions f € C°(R, x R?), since if (2.4)
holds for for real-valued functions f € C°(Ry xR?), then, by decomposing f into real and imaginary
parts, the linearity of the infinitesimal generators in question and triangular inequality yield (2.4) for
complex-valued functions f € C°(R, x R?). Hence in what follows without loss of generality we can
assume that f € C®(R; x R?) is real-valued.

For all fe€C®Ry xRY), 6 cR,;, and = € R, x R? we have
folz) = f(07 ),
(2.5) o)) =67 (0 0), i€ {1,...,1+d),
(fo)ij(x) =072f(07 ), i, je{l,...,1+d}.
Then, by Lemma 2.8, (2.2) and (2.5),

(A x0))(@) = 0(Ayo x0))fo)(02)

1+d
=0 [Z (QE? + ag?eml)gﬁ 1/,/j<9_19x) + <9_1f/(0_19$)7 b(@) + 5(6)9x>
i,j=1

[ O 4 €) 107 10m) — (67 (071 60),€2)) m(d)
Ry xRd

+ / (F07 (02 +€)) — F(0-202) — (071 1(0~102),€))0x1 p(d€)
R4 xRd

1+d
=070 + alDa1) (@) + (f(2),6@ + 05@z)
i,j=1



+ / (f(z+071€) — F(2) — (ly(2), 07 1€2))0 m(de)
R4 xRd

421 / (Fla+071€) — f(z) — (F(x),071€))6% u(de)
R4 xRd

for feC®Ry xRY) and = € Ry xRY. Hence, for all x = (z1,72) € Ry x R, using the triangular
inequality and that |(u,v)| < ||ul/[|v]|, u,v € RP, we have

’(A(Y(;o),xéw)f)(x) - (A(Y,X)f)(x)‘

1+d

—1 (0 0
< Y2007l — aigl + ol — aiglan) £ (@)
i,j=1

+ (59 = bl + 108 = Bll )] f ()]

S (079 - @) - 07 0,9 )omas)
R4 xR
van| [ (o070 fla) - 07 @).€) - 307 @6 )6 u(de)|,
R+><Rd
where
{,1(55) f{:1+d($)
f'(@) = : :
fﬁd,l(x) f{/+d,1+d(x)
Since f € C®(Ry x R?), we have
sup x1|fz/,,](x)| < 00, sup |f7,/,,](x)| < 00, Vlaj€{1,71+d}a
rER4 xR TER4 xR
sup |[|z[|[|f'(2)]| < oo, sup || f'(@)]| < oo,
zeR xRd zeRy xRd

and hence, by our assumptions, in order to prove (2.4) it is enough to check that

(2. jim s [ (670 - f@) = 07 (7 (@), Jomiae)| =
and

Jm sw | [ (far o7 - f@) - 07 @),
(2.7) e e

5T @E.9) (a9 =0,

First we consider (2.6). Let ¢ € Ry, be fixed. Let us choose an M € Ry such that

(2.8) :

) 1€]lm(dE) <

N ™

20/ loo /
(Ry xR\ ([0,M]x[—M,M]?

7



In what follows, for abbreviation, [0, M] x [~M, M]¢ will be denoted by Dj;. Such an M can be
chosen, since f € C°(Ry xRY) yields ||f'|lco < 0o and, by assumption (2.3), fR+><Rd €]l m(d€) < oo.
By Taylor’s theorem, for all # € Ry, = € Ry xR? and ¢ € D)y there exists some 7= 7(6,z,&) €
[0,1] such that

(2.9) fla+071) — f(z) = (f'(a+07'7€),077¢).

Then

[ (oo - ) -0 @ )omas)

for all = € Ry x RY, where

1

AD, () /D Fa+677E) — f(2),€)| m(de),

/ F( 4 67176),6)] + |(f (2),€)]) m(de).
(R+ XRd \DM
Here

)

AV @) < | 1f @+ 07 ) — F (@)l €] m(de)
Dy

< g 1o Pl [ lelimiae)
EED N

The convexity of Djy; implies 7& = 7(6,2,6)é € Dy forall § € Ry, € Ry x R? and ¢ € Dy,

and, hence,

sup ||f'(z +607'7€) — f'(2)|| < sup ||f'(z+67'8) — f'(x)].

£eDyy £eDyy

Since f’ is uniformly continuous on R, x RY (which follows by mean value theorem using also that
|/ loo < 00), there exists a 6y € Ryy (depending on ¢ and M) such that

l\D\(T)

sup @+ 6718 — ()] / el m(ae) <

€eDy

forall x € Ry x R? and 6 € [fp,00). Further, by (2.8), we have

AR (@) <207 | €] m(de) <
(R4 xR\ Dig

| ™

forall z € Ry x R? and 0 € R,,. Putting the pieces together we have (2.6).

Now we turn to prove (2.7) in a similar way. Let ¢ € R.; be fixed again. Let us now choose an
M € Ry such that

(2.10) 2 sup anf"(x)] I€[1* pu(de) <

£
z€R} xR4 (R4 xR\ D s 2

8



Such an M can be chosen, since sup,cg, xge 1/ f"(@)[| < oo for all f € C°(Ry x R?) and, by
assumption (2.3), fR g €17 (d€) < co. By Taylor’s theorem, for all 6§ € Ry, z € Ry xR? and
€ € Dy there ex1sts some 7 =7(0,2,§) € [0,1] such that

(211) flo+671€) = f() — (@), 07'6) = L (" (x +071 )0 €, 6706).
Then
al[ (#0719 - f@) - 07 0.9 - 000 ulde)
1 1 —1 1!
<z [ e+ o 68 — (@ ()
1

for all z € Ry x R?, where

B, () = o1 /D (" (467 €) — f"(2))6.€)] (),
B (@) = [ (4" @ + 6776, O] + (7" . (o).
R+ xRI\D s

Here

B@) < [ 1"+ 077 — f @R )

Dy

< swp ol f'(x+07'rE) - (@) / el ),

£eDyy

and note that [|A — B| > ||A|| — || B||, 4, B € RP*P yields that
| (@ +0778) — f(@) || < (@1 + 07 76) f (@ + 07 7E) — 2 f (@) || + 07 | f(z + 07 ).
Further, we have again
{ré=71(0,2,6):0 Ry, z€Ry xR and € € Dy} C Dy,
and hence

sup ||(z1 +07'7&) (@ + 071 7E) — 21 f7 ()
§€Dm

< sup (@1 + 07" (@ +0718) —an f (@)
£eDyy

Since the function z + zyf”(z) is uniformly continuous on R, x R? there exists a 6; € R,
(depending on ¢ and M) such that

sup (@1 + 0716 f( + 0718) — an f ()| / el i) <

§€EDMm

.J;\m



forall # € Ry xR and 6 € [f1,00). Moreover, there exists a 6, € R, (depending on ¢ and
M) such that

0 sup 1]l (@ + 07176 / el )

£eDy

=1y £/ 2 e
I sup & [ eI (a9) < 5

£eDy

for all 2 € Ry x R? and 6 € [2,00). Consequently, B(glz)\/[(x) < £ forall z € Ry x R? and
0 € [01 + 02,00). Further,

Here

hence

2

B <o [ (7" G+ 07 ) |+ 1" () ) €I ()
(R4 xR\ Dy
< s n (Ife o )+ @) [ I€1? ().
EeRy xRd (R+ XRd)\DM

o1 (1" (@ + 07 ) + 1" @)Il) < (21 + 07 €I (@ + 07 7| + 21| £ (),

sup @1 (/" + 07| + 1)) <2 sup @] f7(2)]-

EeR4 xR zeR4 xRd

Consequently, by (2.10), we have

| ™

B2 ) <2 s mlf"(@)] / €11 (de) <
(R4 xRH\Dypy

zeR xRRd

for all x € Ry x R? and 6 € R, . Putting the pieces together we have (2.7).
- ++

Finally, Ethier and Kurtz [12, Corollary 8.7 on page 232] yields our assertion. Namely, with the

notations of part (f) of this corollary (but replacing n by 0), let

Gyg:=Fp:=E:=R, xR? forall § cR,,

C, = C* (R, x R%) which strongly separates points in Ry x R? (indeed, for every (1‘1, x9) €
Ry x R? and 6 € Ryq, the bump function defined by hq(u1,uz) := exp{— T —

m} if Juy—x1| <1 and |Jug —x2|| <1 with (u1,u2) € Ry xRY, and hi(ui,us) :=
otherwise, satisfies (4.7) on page 113 in Ethier and Kurtz [12]),

ng : B9 — E with ng(z1,22) := (21,22), (z1,22) € Ep for all § € R4,
g : E — Ey with mp(x1,22) := (21,22), (x1,22) € E forall § e Ry,

for each f € C® (R, x R?) one can choose fy:= f and gp:= A v (® X<o>)f for all 6 € Ry
Xg

Yy
(and hence (fp,g0) € A(Y(e) X)) defined on page 24 in Ethier and Kurtz [12] by part (c) of
6 0

Proposition 1.5 on page 9 in Ethier and Kurtz [12]),

¥ x(0)

0) 0
v 9. x) 0

(G)ier, = (F Jier,, where I
(V" (5), X (5)), 5 € [0, 4]}

denotes the o-algebra generated by

10



Then, by our assumptions, convergence of the initial distributions holds, condition (8.35) on page 232
in Ethier and Kurtz [12] is automatically satisfied, and (2.4) shows the validity of condition (8.36) on
page 232 in Ethier and Kurtz [12]. O

2.11 Remark. By giving an example, we shed some light on why we consider only (1+d)-dimensional
affine processes with state space Ry x R? in Theorem 2.9 instead of (n + d)-dimensional ones with
state space R} X RY neN. Let (Yi)ier . be a two-dimensional continuous state branching process

with infinitesimal generator

(Av )y Z oy (100 = 50 = i),

for feC?(R2) and y = (y1,y2) € R2, where p;, i =1,2, are o-finite measures on R%\ {0} such
that

(2.12) / (uy + ||lul|*)pa(du) < oo and / (ug + ||lul|*)p1(du) < oo,
R\ {0} RI\{0}

see, e.g., Duffie et al. [11, Theorem 2.7]. Note that Y can be considered as a two-dimensional affine
process with state space R? (formally with d =0). Then, by a simple modification of Lemma 2.8,
forall >0, feC3R%) and y= (y1,y2) € RZ,

(Ay, [)(y) = 0(Ay fo)(0y)

(£ By +w) — £ o) — 07 /(07 0y)us ) pi(du)

_022%/

(Fly+07"0) = &) = (' (). 07" w) ) pi(du)
i—1 F\{0}

2
05 yifs(v) / ws—s pi(du),
; R2\{0}

where the last equality follows by (2.12). Supposing that f is real-valued, by Taylor’s theorem,

fly+067 ) — f(y) = (f'(y),0 u) = %<f”(y + 70 )0, 07 ) = = (f"(y + 70" w)u, u)

with some 7 = 7(u,y) € [0,1]. Hence, similarly to the proof of (2.7), we get

Jim ¢ Zy Loy (04070 = 100 = 70,071 )

= Z i / " (y)u, uypi(du)

i=1 \{0}

for real-valued f € C2(R?) and y = (y1,42) € R2. However, (Ay,f)(y) does not converge as
0 — oo provided that

2
Zyz‘féi(y)/ ug—i pi(du) # 0.
i=1 RI\{0}

We also note that this phenomena is somewhat similar to that of Remark 2.1 in Ma [28]. O
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In the next remark we formulate some special cases of Theorem 2.9.

2.12 Remark. (i) If (Y (t), X(t))ter, is a (1+ d)-dimensional affine process on Ry x R? with
admissible parameters (a,«,b,0,m,u) such that condition (2.3) is satisfied, then the conditions of
Theorem 2.9 are satisfied for (VO (), X (t)),er, = (Y (t), X(t))ter,, 0 € Ri4, and hence

(071 (01), 071X (1)) e, — V(1) X(D)rem, a5 0 — 00
in D(Ry,R, x R%), where

(Y(t),X(t))er, is a (1+ d)-dimensional affine process on Ry x R?
with admissible parameters (0,a,b,0,0,0), where & and b are given in Theorem 2.9.

(i) If (Y'(t), X(t))ter, isa (14 d)-dimensional affine process on Ry x R? with (Y(0), X(0)) =
(0,0) and with admissible parameters (0, «,b,0,0,0), then

(071Y(01),07 X (00)) 0, = (V(0), X (8)iem,  forall 6 Ry,

where £ denotes equality in distribution. Indeed, by Proposition 1.6 on page 161 in Ethier and Kurtz
[12], it is enough to check that the semigroups (on the Banach space of bounded Borel measurable
functions on Ry X Rd) corresponding to the processes in question coincide. By the definition of a
core, this follows from the equality of the infinitesimal generators of the processes in question on the
core C°(Ry x RY), which has been shown in the proof of Theorem 2.9. O

Next we present a corollary of Theorem 2.9 which states weak convergence of appropriately normal-
ized one-dimensional continuous state branching processes with immigration. Our corollary generalizes
Theorem 2.3 in Huang et al. [20] in the sense that we do not have to suppose that floo £2m(d€) < oo,
only that [°¢m(d€) < oo (with the notations of Huang et al. [20]), and our proof defers from that
of Huang et al. [20].

2.13 Corollary. Forall 6 € Ry, let (YO (t))cr, be a one-dimensional continuous state branch-
ing process with immigration on Ry with branching mechanism

RO (2) := 0z 4 o922 —I—/ (e7*" — 1+ zu) p(du), z € Ry,
Ry

and with immigration mechanism

FO(z) .= b0 +/ (1 —e*")n(du), z € Ry,
Ry

where @ >0, b@ >0, B cR and n and p are measures on (0,00) such that

/ un(du) < oo and / u? p(du) < oco.
Ry R

Let a,b,f € R, and let (Y(t))er, be a one-dimensional continuous state branching process with
immigration on Ry with branching mechanism

R(z):=—pz+ (a + ;/ uzp(du)) 22, z € Ry,
R

12



and with immigration mechanism
F(z):= (b +/ un(du)> z, z e Ry
Ry

If
lim o = o, lim b = b, Jim 989 = 3, Y (0) =5 Y (0)
—00

0—00 0—oc0
as 0 — oo, then

—1y-(6) £
(e Y (0t)>t6R+—>(Y(t))t€R+ as 6 — oo

m D(IR_;.7 R+)

Proof. For each 6 € Ry, and t € Ry, let X©@(t) := 0. Then for each 6 € Ry,
the process (Y@ (t), X (t))ier, is a two-dimensional affine process with admissible parameters

0,a,5”, 3% m, ), where

0 0 0
a?® .= o0 ) 5(6) = v ) B(a) = ﬁ( b0 )
0 0 0 0 0

p(d€) = p(d&r, dée) == p(d&1) x do(dé2),
m(dﬁ) = m(dfl,dfg) = n(d{l) X 50(d§2),

where &g denotes the Dirac measure concentrated on 0 € R. Then, by Theorem 2.9, for the
two-dimensional affine processes (Y@ (t), X (£))ter,, 0 € Ryy, we have

L

(0—1y<9>(9t),9—1X<9>(9t)) S (V0. X(her,  as 6o
teRy

in D(Ry,Ry x R), where (Y(t),X(t))icr, is a two-dimensional affine process on Ry x R with
infinitesimal generator

o) = (a5 [ oo susiste)+ (b oo+ [ untan)) sic),

for o = (21,72) € Ry xR and f € C2(Ry xR). Note that in fact X is the identically zero process.
Finally, Theorem 9.30 in Li [27] yields the assertion. O

3 Least squares estimator for a critical two-dimensional affine dif-
fusion process

In this section continuous time stochastic processes will be written as (& )cr, instead of (£(t))ier., -
Let (Q,F,(Ft)ier,,P) be a filtered probability space satisfying the usual conditions, i.e., (€2, F,P)
is complete, the filtration (F;);cr, is right-continuous and Fp contains all the P-null sets in F.
Let (Wi)ier, and (Bi)icr, be independent standard (F;):;cr,-Wiener processes. Let us consider
the following two-dimensional diffusion process given by the SDE

dY; = (a — bY;) dt + VY AW,
dX; = (m — 0X,)dt + /Y, dB,

where a € Ry, and b,0,m € R.

(3.1) t e Ry,

13



3.1 Preparations and (sub)(super)criticality

The next proposition is about the existence and uniqueness of a strong solution of the SDE (3.1).

3.1 Proposition. Let (1,() be a random vector independent of (Wi, Bt)ier, satisfying P(n > 0) =
1. Then, for all a € Ry and b,m,0 € R, there is a (pathwise) unique strong solution (Y, Xi)ier,
of the SDE (3.1) such that P((Yo, Xo) = (7,¢)) =1 and P(Y; >0 forall t € Ry)=1. Further,
forall 0<s<t,

t t
(3.2) Y; = e b(t=s) <Y +a / e P qy + / eV Y, qu> :
and

t t
(3.3) X, = e =9 (XS +m / e 0= qy + / e 0wy, dBu> .

Proof. By Ikeda and Watanabe [21, Example 8.2, page 221], there is a pathwise unique non-negative
strong solution (Y;);er, of the first equation in (3.1) with any initial value 7 satisfying P(n > 0) = 1.
Next, by applications of the It6’s formula to the processes (eth})teR . and (eetXt)teR ., respectively,

we have
d(e"Y;) = be"Y; dt + e dY; = bel'Y; dt + e ((a — bY;) dt + /Y, dW;)
= ae? dt 4+ e"\/Y, dW,,  te Ry,
and

d(e” X;) = 0" X, dt + " d X, = 0™ Xy dt + & (m — 0X;) dt + /Y, dBy)
=me® dt + %'\/Y, dB,, t e Ry,
which imply (3.2) and (3.3) in case of s =0. If 0< s <t then, by

t t
etht:ebsYs—i—a/ ebudu—l—/ eb“\/YudBu,

S S

and . .
X, = e X, + m/ " du + / e?\/Y, dB,,
S S

we have (3.2) and (3.3). Finally, we note that the existence of a pathwise unique strong solution
(Y:, X¢)ter, of the SDE (3.1) with P(Y; >0 forall t € Ry) =1 follows also by a general result of
Dawson and Li [10, Theorem 6.2]. O

Note that it is the assumption a € Ry that ensures P(Y; >0, VteR;)=1.

Next we present a result about the first moment of (Y, X)ser, -

3.2 Proposition. Let (Y;, X;)icr, be a strong solution of the SDE (3.1) satisfying P(Yy > 0) =1,

E(Yp) < o0, and E(Xp) < oo. Then
[yetods 0 a
+ . teRy,
[ 0 [fe0ds| |m i

e 0 [E0)
0 e—@t o

E(Xo)
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Proof. By Proposition 3.1, we have

t t
Y, =e ¥ (Yo+a/ eb“du—l—/ eb“\/Yuqu> , teRy,
0 0
t t
X; = e 0t <X0 +m/ e du+/ eeu\/?udBu> , te Ry,
0 0

and so, taking expectations of both sides,

t t
E(Y;) = e " E(Yy) + ae_bt/ e du = e P E(Y)) + a/ e ®du, teR,,
0 0

t t
E(X,) = e " E(X,) + me_et/ M du = e P E(X)) + m/ e % du, teR,,
0 0

where we used that the processes

< /O t Y, qu> and ( /O t /Y, dBu>

teR 4 teR 4

are martingales which can be checked as follows. First we check that they are local martingales
with respect to the filtration (F;)ier,. Let us define the increasing sequence of stopping times by
dp :=inf{t > 0:Y;, > n}, n € N. Since Y has continuous trajectories almost surely, we have
P(limy,—00 0, = 00) = 1. Using (d,)nen as a localizing sequence, we have

tAOn,
E (/ e?uy,, du) < nt max(l,eth), te Ry, neN.
0

The local martingale property of teb“\/Yu dw,, follows by Ikeda and Watanabe (21, page 57].
0 teR 4
Hence, using (3.2) and that a € Ry, we find that

tAOn
B Vi) = B(Y) +ak ([ e au) < B(Y) + atmax(1, o)
0

for all £t € Ry and n € N, and then, by Fatou’s lemma,

(3.4) E(e"Y;) < liminf E(e®®00)Y, s ) < E(Yp) + atmax(1,e”),  teRy.
n—o0
Next, we can deduce that ( fot et /Y, qu) teR, is indeed a martingale.

First, we note that a local martingale M is a square integrable martingale if FE([M,M];) < oo
for all t € Ry, where ([M,M];)icr, denotes the quadratic variation process of M, see, e.g.,
Corollary 3 on page 73 in Protter [32]. Here the quadratic variation process of ( fot e/, qu)

takes the form ]
E (/ iy, du> < 00, te Ry,
0

where, for the inequality, we used Fubini’s theorem, (3.4) and our assumption E(Yj) < oo. Replacing

b by 60, we have the desired martingale property of ( fot e\ /Y, dBu) teR, too. O

teR

Next we show that the process (Y}, X;)icr, given by the SDE (3.1) is an affine process.
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3.3 Proposition. Let (Y;, X;)icr, be a strong solution of the SDE (3.1) satisfying P(Yy > 0) = 1.
Then (Yi, Xi)ier, is an affine process with infinitesimal generator

(3.5) (A x) (@) = (a = bx1) fi(z) + (m — 022) fo(x) + %l’l(f{/g(fﬁ) + fo2(2))
for = (z1,72) ERy xR and f€C3R; xR).

Proof. For calculating the infinitesimal generator of (Y}, X;);cr,, without loss of generality, we
may suppose that P((Yy, Xo) = (yo0,20)) = 1, where (yo,z0) € Ry x R. By Itd’s formula, for all
real-valued functions f € C2(R; x R) we have

t t
f(Yt,Xt)zf(yo,on/o fi(n,Xs>JZdWs+/o F5(Ys, X)\/Ys dBy

t t
+ / F(Ye Xo)(a — bY) ds + / F(¥e Xo)(m — 0X,) ds

</f Vs, X, Yds+/f Ys,Xsmcls)

— Flyoz0) + /0 Ay /) (Ve Xo)ds + My(f),  teR,,

where . .
=/ f{(Y;,Xs>\/stWs+/ BV X)VYodBs,  teRy,
0 0

and Ay x)f is given by (3.5). Here (M(f))icr, is a square integrable martingale with respect to
the filtration (F})icr,, since

t t
/ E((f1(Ys, X4))?Ys) ds < Cl/ E(Y;)ds < oo, t e Ry,
0 0

t t
/ E((f5(Ys, X4))?Ys) ds < 02/ E(Y;)ds < oo, teRy,
0 0

with some constants C7 > 0 and Cy > 0, where the finiteness of the integrals follow by Proposition
3.2. Finally, if f € C2(R. x R) is complex valued, then, by decomposing f into real and imaginary
parts, one can argue in the same way as above. O

By Proposition 3.3, the process (Y;, Xi)ier, given by (3.1) is a two-dimensional affine process
with admissible parameters

(S S A A A R

In what follows we define and study criticality of the affine process given by the SDE (3.1).

3.4 Definition. Let (Y}, Xi)icr, be an affine diffusion process given by the SDE (3.1) satisfying
P(Yo > 0) =1. We call (Y, Xi)ier, subcritical, critical or supercritical if the spectral radius of the

e 0
0 e—@t

1s less than 1, equal to 1 or greater than 1, respectively.

matrix
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Note that, since the spectral radius of the matrix given in Definition 3.4 is max(e™*,e~%), the
affine process given in Definition 3.4 is

subcritical if >0 and 6 >0,
critical if b=0, 6>0 or b>0, =0,
supercritical if b<0 or 6<0.

Definition 3.4 of criticality is in accordance with the corresponding definition for one-dimensional
continuous state branching processes, see, e.g., Li [27, page 58].

In this section we will always suppose that
Condition (C): (b,0) = (0,0), P(Yp > 0) =1,
E(Yp) < o0, and E(X?) < oo.

For some explanations why we study only this special case, see Remarks 3.6, 3.7 and 3.9. In the next
sections under Condition (C) we will study asymptotic behaviour of least squares estimator of 6 and
(0,m), respectively. Before doing so we recall some critical models both in discrete and continuous

time.

In general, parameter estimation for critical models has a long history. A common feature of
the estimators for parameters of critical models is that one may prove weak limit theorems for them
by using norming factors that are usually different from the norming factors for the subcritical and
supercritical models. Further, it may happen that one has to use different norming factors for two
different critical cases.

We recall some discrete time critical models. If (&x)rez, is an AR(1) process, i.e., & = 0&k—1+Ck,
k€N, with & =0 and an ii.d. sequence ((x)ren having mean 0 and positive variance, then
the (ordinary) least squares estimator of the so-called stability parameter o based on the sample
&,...,&, takes the form

Z) _ 22:1 Ek—18&k
BT
see, e.g., Hamilton [16, 17.4.2]. In the critical case, i.e., when o =1, by Hamilton [16, 17.4.7],

n €N,

1
n(an—l)ﬁw as n — 00,
Jo Wit

where (W;)ier, is a standard Wiener process and £, denotes convergence in distribution. Here
n(on — 1) is known as the Dickey-Fuller statistics. We emphasize that the asymptotic behaviour of
On is completely different in the subcritical (|p| < 1) and supercritical (|p| > 1) cases, where
it is asymptotically normal and asymptotically Cauchy, respectively, see, e.g., Mann and Wald [29],
Anderson [2] and White [36].

For continuous time critical models, we recall that Huang et al. [20, Theorem 2.4] studied asymp-
totic behaviour of weighted conditional least squares estimator of the drift parameters for discretely
observed continuous time critical branching processes with immigration given by

L t _ t = t
Yt—Yb—i-/ (a—i—bﬂ)ds%—a/ \/Y;dWS—i-/ / ENo(ds,dE)
0 0 0 J[0,00)
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t Y
+/0 /0 /[0700) & (Mi(ds, du, d€) — dsdup(dE)), teRy,

where 170 >0, a>0, beR, 0>0, W is astandard Wiener process, Ny(ds,d¢) is a Poisson
random measure on (0,00) X [0,00) with intensity dsn(df), Ni(ds,du,df) is a Poisson random
measure on (0,00) x (0,00) x [0,00) with intensity dsdup(d€) such that the o-finite measures n
and p are supported by (0,00) and

/ §n<d§>+/ €N E2p(de) < o
0 0

Our technique differs from that of Huang et al. [20] and for completeness we note that the limit
distribution and some parts of the proof of their Theorem 2.4 suffer from some misprints. Furthermore,
Hu and Long [19] studied the problem of parameter estimation for critical mean-reverting a-stable
motions

dX; = (m—60X,)dt +dZ;,  teRy,

where Z is an a-stable Lévy motion with « € (0,2)) observed at discrete instants. A least squares
estimator is obtained and its asymptotics is discussed in the singular case (m,f0) = (0,0). We
note that the forms of the limit distributions of least squares estimators for critical two-dimensional
affine diffusion processes in our Theorems 3.5 and 3.8 are the same as that of the limit distributions
in Theorems 3.2 and 4.1 in Hu and Long [19], respectively. We also recall that Hu and Long [18]
considered the problem of parameter estimation not only for critical mean-reverting a-stable motions,
but also for some subcritical ones (m = 0 and 6 > 0) by proving limit theorems for the least
squares estimators that are completely different from the ones in the critical case. Huang et al.
[20] investigated the asymptotic behaviour of weighted conditional least squares estimator of the drift
parameters not only for critical continuous time branching processes with immigration, but also for
subcritical and supercritical ones.

Using our scaling Theorem 2.9 we can only handle a special critical affine diffusion model given
by (1.1) (for a more detailed discussion, see Remark 3.7). The other critical and non-critical cases are
under investigation but different techniques are needed.

3.2 Least squares estimator of ¢ when m is known

The least squares estimator (LSE) of 6 based on the observations X;,i =0,1,...,n, can be obtained
by solving the extremum problem

n
LSE .= arg min Z(XZ — X1 — (m—0X;1))°
9erR  —
This definition of LSE of 6 can be considered as the counterpart of the one given in Hu and Long
[18, formula (1.2)] for generalized Ornstein-Uhlenbeck processes driven by a-stable motions, see also
Hu and Long [19, formulas (3.1) and (4.1)]. For a mathematical motivation of the definition of the
LSE of 6, see later on Remark 3.10. With the notation f(6) := > (X; — X;—1 — (m — 0X,_1))?,
0 € R, the equation f’(6) =0 takes the form:
n
2 Z(Xl - Xi,1 - (m - eXifl))Xifl =0.
i=1

18



Hence
n n
(Z Xi2—1> 9 = — Z(XZ — XZ',1 — m)Xifl,
i=1 i=1

i.e.,

(3.6) gusE _ i (X = X —m) Xy 3 (X = X ) Xion — (00, X m

" Z?:l Xi2—1 Z?:l Xi2—1

provided that > X? , > 0. Since f"(0) =23 ", X?,, 0 € R, we have LSE s indeed the
solution of the extremum problem provided that Y 7, X2, > 0.

3.5 Theorem. Let us assume that Condition (C) holds. Then P(>.1 X2, >0)=1 forall n>2,
and there exists a unique LSE OYS® which has the form given in (3.6). Further,

1 1
gLSE i} _f() Xtht —mfo Xtdt

3.7 no,
37) ) X2 dt

as n — oo,

where (X})ier, s the second coordinate of a two-dimensional affine process (Vi, Xy)ier, given by
the unique strong solution of the SDE

dyt =adt + \/ﬁde
(3.8) te Ry,

dXt =mdt + \/ﬁdBt,

with initial value (Yo, Xp) = (0,0), where (W;)ier, and (Bi)ier, are independent standard Wiener
processes.

3.6 Remark. (i) The limit distributions in Theorem 3.5 have the same forms as those of the limit
distributions in Theorem 3.2 in Hu and Long [19].

(ii) The limit distribution of nglgSE as n — oo in Theorem 3.5 can be written also in the form

fol A7 dt - fol X2 dt

fol Xt d(Xt — mt) . fol Xt\/ytdBt '

(ili) By Proposition 3.3, the affine process (), X;)ier, given in Theorem 3.5 has infinitesimal gen-
erator

(A @) = g1 () + 5o fa() +afi () +mfi(a)

where x = (71,22) € Ry xR and f € C3(R; x R).

iv) Under the Condition (C), by Theorem 3.5 and Slutsky’s lemma, we get gLSE converges stochas-
n
tically to the parameter # =0 as n — oc. O

Proof of Theorem 3.5. By (3.3), we have

t
Xt:Xo—i—mt—i—/ VY.dB,, teR,.
0
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Hence for all ¢ € Ry, the conditional distribution of X; given Xo and (Ys)sejoy is a normal
distribution with mean Xy-+mt and with variance fg Y, ds. Here the variance fg Y, ds is positive
almost surely for all t € Ry . Indeed, let A;:={weQ:s~— Y( ) is continuous on [0,¢]}. Then
P(A;) =1, and, since P(Yy >0) =1, for all we A, fo w)ds =0 if and only if Ys(w) =0 for
all s€0,¢]. By (3.1), we have

S
YS:YO—HLs—i—/ \ Yy, dW,,, s eRy.
0

The stochastic integral on the right hand side can be approximated as

[ns] s
P
Seuopt Z\/ (i— l/n z/n_ (i— 1)/n)_/0 Y,dWy| — 0 as n — oo
s i=1

for all t € Ry, by Jacod and Shiryaev [22, Theorem 1.4.44]. Hence there exists a sequence (n)ken
of positive integers such that

[nkt] s
Zl[lopﬂ Z v/ Yii- 1)/nk(Wi/nk—W(“)/nk)—/O Y, dW,| 230  as k— o0
8 =1

for all ¢ € R,. Consequently, with the notation

~ t
At:—{wEQ:/Ys(w)dS—O},
0
{/ Y, dW, =0 for all sG[O,t]}}
0

C {A N{Ys; =Yy +as forall se]0, t]}}
- {4

we have

AtﬂAtC

N {Yos +as®’/2=0 forall s e 0, t}}}
0

= {ﬁt N{Yy = —as/2 forall s¢€ [O,t]}} =10,
implying P(fot Y;ds =0) =0, and hence IP’(fOt Yyds > 0) = 1. It yields that
(3.9) P(X, = 0) = E (P(X, = 0| Xo, (Va)aeng) =0, # € Ry,
and hence P(}.7 X2, >0)=1 forall n>2.

Now we turn to prove (3.7). By It&’s formula, we have d(X?) = 2X,d&; + Yy dt, t € R,, and
hence, using also Xy =0, we have

(3.10) /de < /ysds).

For the process (X;)ier,, a discrete version

N =

=1 i=1

(3.11) zn:(xi X)X = (X,% - X2 - zn:(xi — X“)?)
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of the identity (3.10) can be easily checked. The aim of the following discussion is to prove

1 & 1 & 1 1 1>
— - 2 2
<n2 ;Xm 3 ;:1: X7 1~ X, — X0, — Z§:1:<Xi — X;1) )

1 1 1
i>(/ Xtdt,/ det,xl,o,/ ytdt> as n — 0.
0 0 0

Let us consider the unique strong solution of the SDE

(3.12)

dY; = adt + 1/ Y; AW,
(3.13) teR,,

dX; = mdt + 1/Y; dB;,

with initial value (Yo, Xo) = (0,0), where (Wi)ter, and (Bi)icr, are the independent standard

(Ft)ter,-Wiener processes appearing in the SDE (3.1). First note that (ﬁ,)zt)te[M £ (Ve X)tery
and, by Proposition 3.3, it is an affine process having admissible parameters

(Bl D LB o)

and condition (2.3) is trivially fulfilled. Hence, by part (ii) of Remark 2.12, we have

(3.14) (nfl?nt,nfl)?m) £ (V. X)er,  forall neN.

tER+
Consequently, for all n € N, we have

n

leme 1 1o 12 1.~ = c
< ZXifla ﬁ ;Xz?—la EXTU ﬁX()a EZ(XZ - X’il)2> = (AnaBnaCnaDnaEn),

2
- i=1
where
1< L
Ap = — ZX(i—l)/n 2)/ Xy dt, as m — oo,
n “ 0
i=1
1« !
L 2 a.s. 2
B, = n;X(i_l)/n - /0 X7 dt, as n — oo,
Cn = Xl,
-DTL = XO?
(315) E, = Z(Xz/n — X(i—l)/n)2 — / Y, dt, as mn — 00.
i=1 0

Here the first two convergences are consequences of the definition of the Riemann integral using also
that (AX})ier, has continuous sample paths almost surely. The convergence (3.15) can be checked as

follows. With the notations of Jacod and Shiryaev [22], (7, := (£ A1

po )iEN)nEN is a Riemann sequence
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of (adapted) subdivisions and hence, by Jacod and Shiryaev [22, Theorem 1.4.47], the sequence of

(S(x(Enrn)-x(S2arng))) e

teR4

processes

converges to the quadratic variation process of X in probability, uniformly on every compact interval.
Especially, with ¢ =1, using also the SDE (3.8), we have (3.15). Hence, in order to prove (3.12), it
suffices to show convergences

1 n—1 1 n—1 - p
(3.16) WZXZ'_WZXZ'_)O’
i=0 =0
1 n—1 ) 1 n—1 ~y P
(3.17) EZXZ- —EZXi — 0,
=0 =0
1 1<
(3.18) — X, — —Xp — 0,
n n
1 13
(3.19) ~Xo— —Xo -0,
n n

(3.20) nQZX Xi1) —nQZ)? X;1)? — 0,

as n — oo. Indeed, one can refer to Slutsky’s lemma using also that for any random vectors U,
Vo, ne€N, U, V suchthat U, —> U and V, — V as n — oo, we have (Un, V) — (U,V)
as n — 00, see, e.g., van der Vaart [33, Theorem 2.7, part (vi)].

The convergence (3.19) is trivial. Next we show
(3.21) E(Y; - Vi) <E(Y), teR,.

By (3.1) and (3.13), we have

Y: — Yo+/ VY \/ S5 teRy.

For each n € N, there exists an even and twice continuously differentiable function 1, : R — R4
with | (2)] < |z|, ¢, (2)] <1, Yn(z) T |z] as n— oo forall z € R, and

CAVE— V)P 2

~X
nlr — y| n

n@—y)(Vr—/y)?
forall n €N and z,y € Ry, see, e.g., in Karatzas and Shreve [24, Proof of Proposition 5.2.13]. By
1t6’s formula,
bali = Ti) = 6a(¥0) + /w"Y %) (\/ - T )
t ~ ~
+ [T <\/Ys - \/Ys> aw,
0

(3.22)
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for all ¢t € Ry and n € N. The last term is an (F;)icr, -martingale, since

E(/Otrwm—m(ﬁs—ﬁfds) <E(/Otys—?;\ds)

/t(E(Ys) + E(f/s)) ds < oo,
0

N

where the last inequality follows by Lemma 3.2. Thus the expectation of the last term on the right
hand side of (3.22) is zero, whereas the expectation of the second integral is bounded by 2t/n. We
conclude N y

E(wn(Y‘t_Y%)) gE(wn(%))—i_;a tER-H n € N.

By monotone convergence theorem, we have

E()Y; - Yil) = E( lim ¢,(Y; - ¥2)) = lim E(¢(Y; - 17))

n—o0

<timint (E(0n(35) + 1) = lim (6, (1) = E( im 4,(%)) = E( )

which yields (3.21).

Next, we derive
(3.23) E(X; — X¢|) <E(Xo|) + VZE(Yy), teR,.

Again by (3.1) and (3.13), we have

~ t ~
(3.24) Xt—Xt:X0+/ <\/Ys—\/YS> dB,, teR,,
0

hence

E(|X, — %) < E(|Xo]) + E((/Otw?s—ﬁ)ws)z)
= E(|Xo|) + E(/Ot<\/?s—\/§s>2ds>
SE(|X0|)+\/E</:|YS—?S|dS>

ZE(|X0|)+\//O E(|Ys — Ya|)ds,

which yields (3.23) by (3.21).
By (3.23), we have

1 1=
E <'Xn - —-X,
n n

) < % (E(Xo) + VnE®)) =0 as n— oo,
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hence we obtain (3.18). In a similar way,

n—1 n—1 n—1
1 1 > 1 -
E(MZXi—nQZXz)SnQ (E(|X0|)+ zIE(YO))—>0
=0 =0 =0
as m — 0o, hence we obtain (3.16).
We also have
(3.25) E ((Xt - 5@2) <2E(X2) + 2E(Y,y), teR,.

Indeed, by (3.24), using Minkowski inequality, we have

B (- %) < BGR + \[E ((/(ﬁ— ﬁ)stf)
B 3 ([ (v VR )
<¢M+\/E</)t|n—i|ds>
_Mﬂ//otmm—i)dmwﬁw tE(Y))

by (3.21), which yields (3.25). In a similar way,

3.26 E(X?) < 3E(X2) 4+ 3m?t? 4+ 3t E(Y)) + 3at?/2, teRy.
t 0

since, by (3.1) and (3.2),

VE?) < EX) + mlt + J E (( / VY st)2>
= ,/E(Xg)—l— |m|t + 4| E (/Otsts>
=\/E(X2) + |m|t + \//Ot(IE(YO) +as)ds

= \/E(X2) + |m|t + VtE(Yo) + at?/2

for t € Ry, which yields (3.26). Clearly, (3.26) implies also E()Z't?) < 3m?t2 +3at?/2 for all t € Ry,
and hence, together with (3.25) and (3.26), we conclude

1 n—1 1 n—1
2 2
E(MZ&—MZ&
1=0 1=0

) < nlgnz_:lE (!(Xi - Xi)(X; +)~Q)\)

=0
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< Z VE(x E((X; + X,)%)
=0

ni % )2)(B(X?) + E(X2))
ni \/ E(XZ) +iE(Yp)) (E(X3) + (E(Yp))i + (2m? + a)i?) — 0

as n — 0o, hence we obtain (3.17).

Next, we show (3.20). Again by (3.1) and (3.13), we have

% " " 7 —
Xi—Xi_I:m—l—/ v/ Ys;dBs, Xi—XZ-_lzm—i—/ \/}/sst, 1 €N,
i—1

i—1

and hence

nsz Xi1) —nzn:()?i—)?i—lf
[ (i)
+$§<[N@ﬁ)%fw@@f

=:2mR, + S,.

Here, by (3.21),

B(R2) = ((/ (V7 f)w))
E(/j(ﬁ;— i>2d3><;41[«:</0n1@—175|ds)

1 n ~ E(Y;
= L [ EQy - Tiyas < 2O
0

3 — 0 as n — 00,
n

hence R, — 0 as n — oo. Further, by (3.21),

s =5 (|53 [ (Vi E)an [ (v 5 an
e (L (v o [ (v )

e
(U ) o {(f e o))

i=1
25
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=B () o [ () o
n22\/ [ EQv - Taas [ 2w+ e as

//\

< Z / 1 2(E(Yp) + 2as) ds

:nzz\/2EYO +(2i—1)a) —» 0 as m — 0o,

thus S, —>0 as n — oo, and we obtain (3.20), and hence (3.12).

Finally, by (3.12) and the continuous mapping theorem, and using that

n 1 2 1 n 2
éLSE = % Zi:l Xi_l 2712X 2n2 XO 2n2 Z’i:l(Xi - Xi—l)

" ns > X2 ,
we have the assertion. Indeed, the function g¢:R® — R, defined by
ma—(22—u?—v)/2 if y# 0,

g(x7 y7 Z? u? v) = v
{0 if y=0,

is continuous on the set {(z,y,z,u,v) € R% : y # 0}, and the limit distribution in (3.12) is con-
centrated on this set since ]P’(fol X?dt > 0) = 1. Indeed, if IP’(fol X?dt = 0) > 0 held, then, by
the almost sure continuity of the sample paths of X, we would have P(X; =0, Vt € [0,1]) > 0.
Hence on the event {w € Q : Xy(w) = 0, Vt € [0,1]}, the quadratic variation of X would be
identically zero. Since dX; = mdt++/);dB;, t € R,, the quadratic variation of X is the process
( fo Vu du) teR, and then we would have

t
/yudu:() for all ¢ € [0,1]
0

on the event {w € Q : Xy(w) = 0, V¢t € [0,1]}. This yields us to a contradiction similarly as at
the beginning of the proof due to that a € Ry, and d)Y; = adt + YV dWs, t € Ry. Hence the
continuous mapping theorem (see, e.g., Theorem 2.3 in van der Vaart [33]) yields

9 (;ZXi_l’ ZXZ 1 Xny%XO,%Z(XZ _Xi—1)2>
=1 i=1

1 1 1
i>g</ Xtdt,/ XEdt,Xl,o,/ ytdt) as 1 — oo.
0 0 0

1 SE 1< lgngy 11 1 )
P n@n =4g 7712 E Xi7177n3 E Xi_l’EXn’ﬁXo,Tﬁ E (Xi*Xifl)
1=1 i=1

i=1

Since
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n
>P <ZX3_1 >0> =1
=1

for all n > 2, the assertion follows using (3.10) and that if &,, 7,, n € N, and £ are random

variables such that &, £, ¢ as n— oo and lim, o P(&, =n,) =1, then 7, £, £ as n — oo,
see, e.g., Barczy et al. [3, Lemma 3.1]. O

3.7 Remark. If the affine diffusion process given by the SDE (3.1) is critical but (b,8) # (0,0) (i.e.,
b=0,0>0 or b>0,60=0), then the asymptotic behaviour of the LSE Q,I;SE cannot be studied
using Theorem 2.9 since its condition limg_,o 08 = 8 is not satisfied. O

3.3 Least squares estimator of (6,m)

The LSE of (A, m) based on the observations X;, ¢ =0,1,...,n, can be obtained by solving the
extremum problem

(éLSE

n

n
ﬁlﬁSE) := arg min Z:(XZ — X1 — (m—0X;_1))°
(6,m)er? ;.
We need to solve the following system of equations with respect to (6, m):

n

2 Z(Xi —Xio1—(m—0X;_1))X;_1 =0,
=1
n

23 (Xi— Xi_1 — (m—0X;_1)) =0,
=1

which can be written also in the form
i XP XL X 0] |- (X = X)X
=i Xic1 n Doy (Xi — Xio1)

Then one can check that

m

(3.27) gLsE _ i (Xi = Xim) Xooy = 5000, Xima 307, (Xi — Xia)
n Y X2 — (2, X))
and
(3.28) ALSE _ Sy X2y (X = X)) = 2 Xy (X — X)) Xia

2
”Z?:l Xi2—1 - (Z?:l Xi-1)

provided that n) ", X2, — (3L, X;_1)? > 0. Since the matrix

2 Z?=1 Xz'271 —2 Z?:l Xi1
—2 Z?:l Xi—l 2n

which consists of the second order partial derivatives of the function R? > (8,m) — Y% (X; —

X; 1 — (m — 0X;_1))? is positive definite provided that ny.r X2, - O X¢,1)2 > 0, we

have (@;SE, ﬁz%SE)

(i Xi71)2 > 0.

is indeed the solution of the extremum problem provided that n) r X2 | —
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3.8 Theorem. Let us assume that Condition (C) holds. Then

n n 2
(3.29) Plnd) X7, - (Z XH) >0 =1 foral n>2,
=1 =1

and there exists a unique LSE (%SE,T%%SE) which has the form given in (3.27) and (3.28). Further,

1 1
e £,y XdX - X Jy Xde

"Wn 2
Jy Az at— ( fy xat)

as n — oo,

and
A~ LSE i> X1 fol )(t2 dt — fol X, dt f01 X, dA,
" 1 1,9 1 2

Jo X2 dt— (fo Xtdt)

where (Xp)ier, 15 the second coordinate of a two-dimensional affine process (Vi, Xi)ier, given by

as n — 0o,

the unique strong solution of the SDE

dYy = adt + /Y, AW,
dXt =mdt + \/3715(1815,

te Ry,
with initial value (Yo, Xp) = (0,0), where (Wy)ier, and (Bt)icr, are independent standard Wiener
Processes.

3.9 Remark. (i) The limit distributions in Theorem 3.8 have the same forms as those of the limit
distributions in Theorem 4.1 in Hu and Long [19].

(ii) By Proposition 3.3, the affine process (), X;)ier, given in Theorem 3.8 has infinitesimal generator

(A0 D)) = 5o fla(@) + 5o o) +afi(e) + mij(a),

where x = (71,22) € Ry xR and f € C2(R; x R).

(iii) Under the Condition (C), by Theorem 3.8 and Slutsky’s lemma, we get @;SE converges stochas-
tically to the parameter # = 0 as n — oo, and one can show that ﬁz%SE does not converge
stochastically to the parameter m as n — oo, see Appendix B. |

Proof of Theorem 3.8. By an easy calculation,

2

n n 2 n 1 n
nZXiZ—l — (Z Xi—l) = nz Xi—l - ﬁ ZXj_l 2 0,
=1 =1 =1 7=1

and equality holds if and only if

1 n
Xi—lngXj—h i:1,...,n e X():Xl:---:Xn_l.
j=1
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By (3.3), for all n > 2,

1
P(X():Xl:-”:Xn_l)g]P’(X():Xl):P(/ \/Y5dBSZm>
0

~& (e ([ VEiaB = m| Fcon) ) =0

where we used that the conditional distribution of fol VYsdBs given (Ys) sef0,1] 1s a normal distribu-
tion with mean 0 and with variance fol Y, ds. Here the variance fol Y, ds is positive almost surely,
see the proof of Theorem 3.5. This yields (3.29).

By (3.27) and (3.28), we have
JLSE _ o > (X — Xi ) X1 — 75 2oy X1 (X — Xo)
n - 2
7?13 Z?zl X¢271 - (# 22;1 Xi—l)
ALSE _ LS XA X = Xo) - S Xici o Y (X — Xioa)
n - 2
7%3 Z?:l XiQfl - (7712 Z?:l Xi—l)

and using (3.11) and (3.12), as in the proof of Theorem 3.5, the continuous mapping theorem yields

n )

)

the assertion. We only remark that

1 1 2
(3.30) P /XEdt—(/ Xtdt> >0] =1
0 0
Indeed,
1 1 2 1 1 2
/det—(/ Xtdt> :/ (Xt—/ Xsds> >0,
0 0 0 0

and equality holds if and only if
1
Xy = / Xsds ae. tel0,1].
0

Since X has continuous sample paths almost surely,

(3.31) IP’(/OIdet—</01Xtdt>2:O>>O

holds if and only if
1
P <Xt _/ Xsds, Vt €0, 1]) > 0.
0

Hence, since Ay = 0, we have (3.31) holds if and only if P(X; = 0, V¢ € [0,1]) > 0, which is a
contradiction due to our assumption a € Ry, (for more details, see the proof of Theorem 3.5). O
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3.4 Conditional least squares estimator of (0, m)

For all t € Ry, let ft(Y’X) be the o-algebra generated by (Ys, Xs)sejo,- The conditional least

squares estimator (CLSE) of (0, m) based on the observations X;, i =0,1,...,n,
by solving the extremum problem

- 2
(B, g 5F) = arg m . (Xz' - E(X, !fi(,YiX))> .
M)ERT =1

By (3.3), for all (yo,x0) € Ry x R, we have

t
E (Xt | (YQ,X()) = (yo,l‘o)) = €_0t$0 + m/ e—@(t—u) du, t } 0,
0

can be obtained

where we used that ( fot e \/Y, dBu) teR, is a martingale (which follows by the proof of Proposition

3.2). Using that (Y}, X¢)ier, is a time-homogeneous Markov process, we have
t
E(X; | FOX) = B(Xy | (Y, X)) = e 009X, + m/ o 0t=u) 44,
S
for 0 <s<t. Then

X — B FOY = X — e 0y — m/ o—0li—1) gy,
i—1

1
=X, —e X, | — m/ e " du
0

:XZ‘—’)/XZ‘_l—(S, i:1,...,n,

where

! L= §f g£0
Y= e ? and 0= m/ e 0 dy = Mg ! 70,
0 m if 8=0.

Hence for all n € N,

~ nCLSE
SLSE) e 0, ’
(3.32)
)

IR
CL ~ 7QCLSE
5 SE:mSLSE/ o OSESEY 4
0
where (FSTSF, ESLSE) is a CLSE of (v,0) based on the observations X;, i =0, 1,
be obtained by solving the extremum problem
n

(3.33) (?SLSE,ESLSE) = arg min Z(Xz — X1 —6)2

(v,0)€R? ;4

Indeed, the function A :R? — R?,

/
R? 3 (0/,m') — A0 ,m/) = [7 €eR; xR

6/

eV
= 1 L
m' [y e v qy

...,n, which can

is bijective and measurable, and then there is a bijection between the set of CLSEs of the parameters
(0,m) and the set of CLSEs of the parameters A(f,m). This follows easily, since for all n € N,
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(v0,21,...,7p) € R" and (v/,8) € Ry x R,

2

[+]) S [])

hence (@SLSE, mSSE) s a CLSE of (6, m) if and only if A(@SJLSE, mSSE) s a CLSE of A(6,m).

T

i(ﬂfi — 'z — ) = i T — [Z:

=1 =1

For the extremum problem (3.33), we need to solve the following system of equations with respect
to (v,9):

n

2 Z(Xz - 'YXi—l - 5)Xi_1 = 0,
=1
n

2 Z(Xl - ')’Xi—l — (5) = 0,
i=1

which can be written also in the form

PDAID. CRTD D X“] H _ [E?l XHXi] '

>im1 Xi n 8 2 iey Xi
Then
(3.34) ACLSE _ nd i XiaXi =3, Xia 2%1 Xi’
ny iy Xi2—1 - (i Xi-1)
and
(3.35) S\CLSE _ Z?:l Xz'271 Z?:l Xi — Z?:l Xi1 Z?:l Xilei’

" n Z?:l Xi2—1 - (Z?:l Xi—1)2

provided that n 3" X2 | — (32", X;_1)* # 0. Since the matrix

2 Z?:l Xz'271 2 Z?:l Xi—1
22?:1 Xi—l 2n

consisting of the second order partial derivatives of the function R? 3 (7,48) — Y1 (X; —yXi—1—9)?

is positive definite provided that n 32" ; X2 | — (32", X;_1)*> > 0, we have (55L5E, SCLSEY i indeed
the solution of the extremum problem provided that n 3" | X2 | — (X0, Xi—1)” > 0.

3.10 Remark. Using the definition of CLSE of (6,m) we give a mathematical motivation of the
definition of the LSE 6,, of 6 introduced in Section 3.2. Note that if # =0, then

X, —BX | F Y =X, - Xig—-m, i=1,...,n

If 6+#0, then, by Taylor’s theorem, 1 —e % =e ™0 with some 7= 7(0) € [0,1], and hence

1
X —EXG | FO) = X —e X, — m/ e doy
0
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=X;— X;_1+ e_TeeXi_l — me_Te

for i =1,...,n — 1. Hence for small values of 6 one can approximate X; — E(X; |]-"Z-(f’1X)) by
Xi—Xi1+0Xi1—m=X;—X,1 —(m—0X,_1),i=1,...,n. Based on this, for small values of
0, in the definition of the LSE of 6, the sum Y. (X;— X;—1 — (m—0X;_1))? can be considered as
an approximation of the sum > 7" | (X; —E(X; | .E(f’lx)))Q in the definition of the CLSE of (6, m). O

3.11 Theorem. Let us assume that Condition (C) holds. Then

n n 2
(3.36) Plnd) X7, - (Z XH) >0| =1 forall n>2,
=1 =1

and there ezists a unique CLSE (@\SLSE,ﬁ@SLSE) which has the form given in (3.32). Further,

1 1
XpdX — A& [, X dt
(3.37) nfSSe N _fo L Lo X as m — oo,

[l xzat - ( [l dt>2

and

Xy [ X2t — [ X dt [y X dX,
(338) /\CLSEL> 1f0 fO t fO t t as TL—)OO,

[ azat - (fo Xtdt)

where (X)ier, 15 the second coordinate of a two-dimensional affine process (V;, Xi)icr, given by

the unique strong solution of the SDE

dYy = adt + /Y, AW,
dXt =mdt + \/:)Ttd[)’t,

t€R+,

with initial value (Yo, Xp) = (0,0), where (Wy)ier, and (Bt)icr, are independent standard Wiener
processes.

Proof. By the proof of Theorem 3.8, we have (3.36). By (3.34) and (3.35), for all n > 2 we have

SCLSE _ 1 _ ny g (X — X)X — X 301 X
- 2
! n Z?:l Xi2—1 - (2?21 Xi-1)

)

and

SCLSE _ Xnd o X2 =2 X 2 (X — X 1) X
n - 2 .
ny i, Xi2—1 - (X0 Xi-1)

Using (3.11) and (3.12), the continuous mapping theorem, by the same technique as in the proof of
Theorem 3.8, we get

1 1
Xy dX — X X dt
(3.39) n(AFSHSE — 1) N Jo X% Lo X 5 as n — 00,

Jy Xz at— (fy xat)
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and

ScLsE £, Xy [} XRdt— [} X dt [ A dX;

(3.40) o as n — oo.
Jy Xz at = (J; Xtdt)

By Slutsky’s lemma, we also have FSTSF 1 as n— o Hence, by Taylor’s theorem using also

that 7SMSE >0, n € N (due to its definition given in (3.32)), we have

1
(3.41) 5% = —10g(35F) = ~10g(36"F) ~ log(1) = - (3~ 1),

.. : . : ~ : ~ P
where ¢, is in the interval with endpoints 1 and 3S™F. Since 3S™F — 1 as n — oo, we have

P . o
&, — 1 as n — 0o, and hence using the decomposition

[N
158 = Lngise )
n

Slutsky’s lemma and (3.39), we get (3.37).

n €N,

Next we turn to prove (3.38). For this, by (3.32), (3.40) and by Slutsky’s lemma, it is enough to
check that

1
__JCLSE P
/ean Ydv — 1 as n — oo.
0
Since
»>CLSE —~,
1 1—e~ . CLSE
~ =< _"__ if 0
/ o0y dv = gCLSE /\n # 0,
0 1 if OSTSE =0,

by (3.41), for all € >0 we have

P(/()le_é,‘fLSEvdv—l‘>g> :P(lgg\LSSESE_1 >e|0 )P(@(ELSE%O)
4P <|1 1> e |6 gCLSE O) P(§CHSE — )
=P<\§n—1] ‘ACLSE%()) P@ECLSE 2 ) 2,
since 5,1&)0 as n — oo. O

3.12 Remark. (i) We do not consider the CLSE of 6 supposing that m is known since the
corresponding extremum problem is rather complicated, and from statistical point of view it has less
importance.

(ii) Under the Condition (C), by Theorem 3.11 and Slutsky’s lemma, we get §CLSE converges stochas-

tically to the parameter # = 0 as n — oo, and one can show that mS™F  does not converge
stochastically to the parameter m as n — oo, see Appendix B. O
Appendix
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A The integrals in (2.2)

We check that the integrals in (2.2) are well-defined, i.e., elements of C, under the conditions (v)
and (vi) of Definition 2.3. For this, by decomposing a complex-valued function to real and imaginary
parts, it is enough to verify that

(A1) | a8 = 1@ = (@) ude) < .

(A2) | @t = 1) = {fy(a). &) mide) < o0

for all z = (21,22) € Ry x R and real-valued f € C2(R; x R%).

First we check (A.1). If z = (z1,22) € Ry xR? and ¢ € Ry xR? with ||¢]| < 1, then, by (2.11)
with 6 =1,

Fa+8) = £@) — (£ @),6) = 1" @+ 766 8] < 51 leclél?

where 7 = 7(1,€) € [0,1]. If = (z1,22) € Ry xR and & € Ry x R? with ||¢]| > 1, then, by
(2.9) with 6 =1,

[f(z+8) = f@) = (f'(2), O < |f (@ + &) = f(@)] + [(f' (), )] = [{f' (@ + 78), ) + [{f'(2), )]
< 2/ Moo l€]l,

where 7 =7(x,¢) € [0,1]. Hence

/ (F@+6) — F@) — (/'(). €)1 p(d€)
]R+><Rd
< / (f(@+8) — f(z) — (F (@), €)1 p(de)
{€eRy xR4: ||¢|I<1}

+ / ((+€) — f(2) — (' (@), €)1 pu(d)
{€eR xR : ||¢||>1}

1
<l e [ €11 u(ag)
{€eR xR - [|¢[|<1}

+ 2| ooz / €l 1(dg) < oo,

{E€RL xR 1 [|¢[|>1}
where the last inequality follows by assumption (vi) of Definition 2.3.

Next we check (A.2). If z = (1,22) € Ry xR and &€ € R, x R? with ||&]| < 1, then, by
(2.11) with 6 =1,

[f(@+8) = f(z) = (fiyy(@), &) | = [f(z + &) = f(2) = (f'(2), &) + {fi(z), &)

< SN @+ 06, O] + (i), )

1
< I loolIEN* + 117 llook,
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where 7 = 7(z,€) € [0,1]. If 2= (71,72) € Ry x R? and ¢ € Ry x R? with ||&] > 1, then, by
(2.9) with 0 = 1,

@ +8) = F(2) = {Floy (@), )] = | (@ 4 7€),€) — (o (). &2)]
= [{f{(@ + 7€), &0) + (floy(@ + 7€), &2) — (), E2)]
<N oo+ [{Flgy (& + 7€) = Flyy (@), &2)]

< 7 oot + 201 £ lI€21l,

where 7 = 7(z,§) € [0,1]. Using assumption (v) of Definition 2.3, the finiteness of the integral in
(A.2) follows as for the integral in (A.1).

Having proved that the integrals in (2.2) are well-defined, we check that under the conditions (v)
and (vi) of Definition 2.3, one can rewrite (2.12) in Duffie et al. [11] into the form (2.2), by changing

the 2-nd, ..., (1 4+ d)-th coordinates of b € Ry x R? and the first column of B € R(Fdx(1+d),
respectively. More precisely, with the notations

X(g) = (Xl(é)a s 7X1+d(€)) and X(2) (5) = (XQ(g)a s 7X1+d('£))

for &€ € R"*9, where

Jal6) = (LA l&D gy if & #0,
0 if & =0,

for all = = (21,22) € Ry xR and f € C?(R, x R?%), we have

1+d
(Af) (@) = (aij + aijz) f15(@) + (F'(x), b+ Ba)

1,j=1

T /R I = 1) = (o) @) mide)

+ / (F(x+€) — f(2) — (@), €)1 u(de)
R+XRd
1+d ~ ~
= (i + o) f(x) + (f(2),b + Pz)

i,j=1

+ [ (a9 = 1w) = Syl e (©) mide
R4 xR

+ / (Fa+ &) — F(@) — (F'(2), x(E)))z1 p(de),
R4 xRd

where b= (b1,by) € Ry x RY and f = (B”)}jgl e RUFDx(1+d)  with

gl = b17
Bt [ (xo(€) - @) m(dg),
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Bt = (Bi)Hd + / (x(€) — &) p(de),
Ry xR
Big)oroits = BTy,

Note also that there is another way for checking that the integrals in (2.2) are well-defined under
the conditions (v) and (vi) of Definition 2.3. Namely, using that the integrals in (2.12) in Duffie et al.
[11] are well-defined, the assertion follows since

1+d 1/2

/ @@ -8) m(dé)” - (Z (f CTOR &)m(d@)z)

=2

= (:i: </R+xw !&\1{|§i|>1}m(d§)>2>

(2

1/2

< \/3/ 1€ gep>1y m(d€) < oo
R+XRd

and similarly

i CGE £)u(d£)H <o

B On consistency properties of the LSE and CLSE of (6, m)

Let us suppose that Condition (C) holds. Using Slutsky’s lemma and Theorems 3.8 and 3.11 we get

§LSE and §CLSE converge stochastically to the parameter § =0 as n — oo, respectively, and in

~LSE ~CLSE

and my do not converge stochastically to the parameter m

~LSE ~CLSE

what follows we show that m

as n — oo, respectively. For this it is enough to check that the weak limits of m; and m,;

given in Theorems 3.8 and 3.11 do not equal to m almost surely, respectively. Since the weak limits
in question are the same, we can give a common proof. First note that

Xy [y XRdt— [ X dt [ X dX,
1 19 1 2
Jy &z dt— (f, X at)
(X —m) [y X2 dt = [ Xt (fy X axi —m [ X dt)
2
Jy Xz at— (Jf; % at)
Jy KRt [y d[X — mt] — [y Xdt [y X d[X — mi]

Jo xzat—(f % dt)2

and hence L
X1 fo Xf dt — fo X, dt fo X, dX,

Jy xzat—(Jf; x dt)

1 1
0 0
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a.s.

where denotes equality almost surely. Here J can be written in the form

J:/lef (/01 d[Xt—mt]>ds—/01Xs (/OlXtd[Xt—mtOds,

and hence E(J) takes the following form

/OlE(Xf/Ol d[%—m]) ds—/01E<Xs/01Xtd[Xt_mt]> ds.

Here (X;—mt)ier L= ( fot vV Vu dBu) teR, is a square integrable martingale (see the proof of Proposition
3.2) and X5 = ms+ fos VYudB, for s € Ry, thus, for all s € [0,1], we have

E (Xf /1 d[x; — mt] ff’)
0

1 s 1
_m232E</ VY, dB, ff’)+2msE</ \/yudBu/ Vi dB;
0 0 0

2 )

where ]-“13’ denotes the o-algebra generated by (Jy)ucp,1)- For the last equality above, we used that
conditionally on the o-algebra ]-‘137’ the stochastic process (f(f ALY dB“)te[O 1] is a Gauss process
with mean function identically 0 and with covariance function

S t SAt
IE(/ \/JZdBu/ V'V, dB, ff’) :/ Y, du, s,t €[0,1],
0 0 0

]—“f’)

+E<</05@d6u)2/01&d8t

= 2ms/ Yy du,
0

(for the mean and covariation function, see Karatzas and Shreve [24, formulas (3.2.21) and (3.2.23)]),
and we also used that the third moment of a centered normally distributed random variable is 0.

7 )

s 1
ff’) +E (/ \/yudBu/ X/, dB;
0 0

Similarly, for all s € [0,1], we have

1
E (Xs/ Xt d[Xt - mt]
0

1
:msE</ Xt\/)det
0

:E</8Xuyudu
0

E (;vf /01 d[x; — mt]) = 2ms /OSE(yu)du,

E (Xs /01 Xtd[)(t—mt}) :m/OSuE(yu)du.
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Consequently,

E(J) :2m/013</OS]E(yu)du> ds_m/o1 (/OSUE(yu)du> ds
zzm/ol </ld> }E(yu)dsm/ol </1 ds>uE(yu)du

- m/ol(l — W) E(Y,) du = ma/ol(l — wudu.

Hence if m # 0, then E(J)# 0, which clearly yields that J * 0 is impossible.

If m =0, then E(J) =0, and hence for proving P(J = 0) < 1, it is enough to show that
E(J?) > 0. Now J can be written in the form J =.J; —.Jo with

1 1 1 1
Ji ;:/ xfds/ da;, Jo ;:/ Xsds/ X, dAX,.
0 0 0 0

Clearly, E(J?)=E(J?) —2E(J1J2) + E(J3). Here JiJo can be written in the form

1 1 1 1
J1Jy = / / X2 X, < / dXt> < / Xtdxt> dsq ds,
0 JO 0 0
1 1 1 1
E(Jljg):/ / E<X31X52 (/ dXt> (/ Xtdé‘(t>>dsld32.
0 0 0 0

If s1,s2 €10,1], then, by (3.10),

hence

&=
7N\
o
N
o
VR
O\H
o
=
N————
N
< —
&=
(o}
&
N——
By
<
N———

1 1
]-'ly) L (2\,’521)(32/’\,’1/0 Vs ds ]-'13’)

1 1
ff’) -3 (/0 Vs ds> E (XleSQXl ff’) :

Similarly to the proof of Proposition 3.1 one can check that conditionally of ]-"13) , the process (Xt)te[o,l]

1
=3 E <X§l X, X

is a centered Gauss process (especially having independent increments). Hence if s1,s9 € [0,1] with

]-‘ly)

ff’) +4FE (le(xsg - X,)°

s1 < S9, then

E <X821 Xy, X

—E <X861 ff’) +E (Xsi(xl —X,,)? ’ ff’)

FY )

+4FE (2(351 (X, — Xyy)

Ff’) +3E (2(51(2(1 —X,,)
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X4 (XS2 - XS1)2

? ) +3E <X4 (X — X,,)?
]-?’)
f%’)
ff’) +E <X821(X82 — X))
]-‘f’)
ff’)
ff’)
]-?’) :

Using that X has independent increments and that the odd moments of a centered normally dis-
tributed random variable are 0, if s1,s9 € [0,1] with s; < s9, then

fly)

)

XS (XS2 - X81)2(X1 - XSQ)

X;ll (XS2 - X81)(X1 - X52)

J—?’)

(

+6E <X§’1 (X — X)) (X1 — Xy,)?
(
(

+E (A2 (8, - 08 - 2)°

| 3E (Af Xy — XX — Xy

+3E (2«31(2(52 — X, )3 — X))

+6FE <X531(X82 — X,)H X - Ay,)

E <X$21 X, X

_E <X§1 fly) | 6E (x;l 1 ) E ((9«52 X, ) f%’)
1 3E <X; ]—'13’) E ((xl a7 'f%’)
—I—E<X821 1)IE<(X32—X51)4 1)
#3E (2 | 7) B (2 - a0 | ) B (- 22| 2

([ ) o ([ ) ()
o[ ([ ) () ([0
o ) ([ 5) ([ 00).

One can also check that if s1,s9 € [0,1] with s; < s, then

ff’) =E (x;ﬁ

E <X521 X,, X

vad )

ff’) +E (Xfl (X, — Xs,)?
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() ) ([50)

Hence if s1,s9 € [0,1] with s; < sg, then

(2 ( / ) ( /OIXtht> )
S ([ ) ([ o)
([ s ([ ) o ([ ) ([ )
(/ yudu> (/ yudu> (/ yudu>.

Similar expression hold in case of s1,s9 € [0,1] with s; > s9, we have to change s; by so.

Moreover, J? can be written in the form

2
//XSZIXS22 </ dXt) dsy dsg,
1 1 1 2
E(J2) = /0 /0 E(x2x2 ( /0 d/’\,’t) ds, ds,.

If s1,s0 €1]0,1] with s; < s9, then
ff’)

1 2
E <x§12(32 ( / dXt>
0
—E (X5 | 7)) +E (x4 | 7)) E (4 - x,) | 7))

hence

=E (X227 | )

81° 782

+6E (| FY)E (X, - X)? | 7))
+E (stl “’rly) E ((st - X81)4 "Fly)

B (22| FY)E (X, — ) | FY) E (4 - X)? | 7Y)

([ ) s ([ ) ([ )
([ ) ([ ) [ ) ()
([ ) ([ ) ([ 50)
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Similar expression hold in case of s1,s9 € [0,1] with s; > s2, we have to change s; by so.

Furthermore, using (3.10), J2 can be written in the form

, 1 1,1 ) 1 2
Jy = / / Xo Xy | XS —/ YVudu ) dsidso,
4 Jo Jo 0
1 Lot 1 2
—/ / E | X, X, <X12—/ yudu> ds dss.
4 Jo Jo 0

Here if s1,s9 € [0,1] with s; < s2, then we have
ff’)

1 2

E (xslxsz (Xf — / Vu du>
0
1
ff’) -2 </ YV du> E <X81X82X12
0
1 2
+ (/ yudu) E<X51X52 fly),
0

where, using the arguments as above, one can check that

ff’)

7 ) +5E (Xfl(XSQ — X))t

hence

=" <X31 Xy, X}

ff’)

E <X51X82X14

:E<X§1 1)

+E (Xi(xl ~ X,)! ] f%’) +10E (X§1<X82 - X,)?

)
)+ 158 (4 (@, - P - 2,7 )
([ v ([ ) ([ v

o[ ) () ([ ([

[ ([ )

[ () )

ff’) =E <X841

+E (Xfl (X — Xs,)?

+6E (X;(Xl —X,,)?

and

]-'f’)

E (2@12@22612

7 ) +3E <X521(X32 — X,,)?

7 >
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s1 2 s1 52
:3</ yudu> +3</ yudu> </ yudu>
0 0 S1
S1 1
0 52

S1
ff’) =E (Xfl ff’) :/ Y, du.
0

Hence, by an easy calculation, if s1,s2 € [0,1] with s; < s9, then

1
E (2@12(82 <X12 — / Yy du) ff’)
0
s1 3 s1 So 2
:10(/ yudu> +10</ yudu) </ yudu)
0 0 S1
S1 2 52
+ 20 (/ Yu du) (/ Yu du>
0 S1
S1 2 1
+ 12 (/ yudu> </ yudu>
0 52
S1 1 2
o (/ yudu> (/ yudu>
0 So
S1 S2 1
+12< yudu> (/ yudu) (/ yudu>.
0 S1 82

Similar expression hold in case of s1,s9 € [0,1] with s; > s9, we have to change s; by so.

and

E <X51X52

2

Hence if s1,s9 € [0,1] with s; < s2, then we have

1 2 1 1
E <X§1X522 < / dxt> —2X2 X, ( / d)(t> ( / X, dXt)
0 0 0
1 ) 1 1
+ ZX81X32 <Xl — /0 Y du) Fi
11 s1 3 s1 2 S2
—2</ yudu> +9</ yudu> </ yudu>
0 0 S1

N (/051yudu) (/SjQy“d“YJr; </051yudu> </S:yudu>2
A5 (5o ([ 5)

and a similar expression hold in case of s1,s9 € [0,1] with s; > s9, we have to change s; by so.

Then E(J?) = E(J?) — 2E(J1J2) + E(J3) takes the form

1 1 11 S1/A\S2 3 S1/A\S2 2 s1Vs2
L) o[ ) (509
o Jo 2 \Jo 0 s1As2
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| =

7 S1/\S2 Ss1Vsa 2 S1/\S2 1 2
[ () )
2 0 S1/A\S2 0 s1Vsa2
51/A82 s1Vso 1
+2 </ Yu du) </ Yu du) < Yu du) dsidsy > 0,
0 8182 s1Vso

where for the last inequality we used that

for

S1AS2 i s1Vsa J 1 k
E((/ yudu> </ yudu> < yudu> ) >0
0 S1/A\S2 s1Vs2

i,7,k € {0,1,2,3}, which follows by a € Ry, and that P(Y; > 0 forall teR;) = 1.

Consequently, we conclude E(J?) > 0, which clearly yields that .J 20 is impossible.
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