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Abstract: We first prove some general results on pathwise uniqueness,
comparison property and existence of non-negative strong solutions of
stochastic equations driven by white noises and Poisson random mea-
sures. The results are then used to prove the strong existence of two
classes of stochastic flows associated with coalescents with multiple col-
lisions, that is, generalized Fleming—Viot flows and flows of continuous-
state branching processes with immigration. One of them unifies the
different treatments of three kinds of flows in Bertoin and Le Gall [Ann.
Inst. H. Poincaré Probab. Statist. 41 (2005), 307-333]. Two scaling
limit theorems for the generalized Fleming—Viot flows are proved, which
lead to sub-critical branching immigration superprocesses. From those
theorems we derive easily a generalization of the limit theorem for finite
point motions of the flows in Bertoin and Le Gall [{llinois J. Math. 50
(2006), 147-181].
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1 Introduction

A class of stochastic flows of bridges were introduced by Bertoin and Le Gall
(2003) to study the coalescent processes with multiple collisions of Pitman
(1999); see also Sagitov (1999). The law of such a coalescent process is de-
termined by a finite measure A(dz) on [0,1]. The Kingman coalescent cor-
responds to A = &g and the Bolthausen—Sznitman coalescent corresponds to
A = Lebesgue measure on [0,1]; see Bolthausen and Sznitman (1998) and
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Kingman (1982). In fact, Bertoin and Le Gall (2003) established a remarkable
connection between the coalescents with multiple collisions and the stochas-
tic flows of bridges. Based on this connection, they have developed a theory
of the coalescents and the flows in the series of papers; see Bertoin and Le
Gall (2003, 2005, 2006). We refer the reader to Le Jan and Raimond (2004),
Ma and Xiang (2001) and Xiang (2009) for the study of stochastic flows of
mappings and measures in abstract settings.

Let {Bst: —00 < s <t < 0o} be the stochastic flow of bridges associated
to a A-coalescent in the sense of Bertoin and Le Gall (2003). A number of
precise characterizations of the flow {B_;o(v) : t > 0,v € [0, 1]} were given in
Bertoin and Le Gall (2003). For any ¢ > 0, the function v — B_;¢(v) induces
a random probability measure p;(dv) on [0,1]. The process {p; : t > 0}
was characterized in Bertoin and Le Gall (2003) as the unique solution of a
martingale problem. In fact, this process is a measure-valued dual to the A-
coalescent process. It was also pointed out in Bertoin and Le Gall (2003) that
{pt : t > 0} can be regarded as a generalized Fleming—Viot process; see also
Donnelly and Kurtz (1999a, 1999b).

Let A(dz) be a finite measure on [0,1] such that A({0}) = 0, and let
{M (ds,dz,du)} be a Poisson random measure on (0, 00) x (0, 1]? with intensity
272dsA(dz)du. Tt was proved in Bertoin and Le Gall (2005) that there is weak
solution flow {X(v) : ¢t > 0,v € [0,1]} to the stochastic equation

t o1l
Xt(v):er/O/O /0 2[Lu<x,_(v)y — Xs—(v)|M(ds, dz, du). (1.1)

Moreover, Bertoin and Le Gall (2005) showed that for any 0 < r < -+ <
rp < 1 the p-point motion {(B_:o(r1),---,B—to(rp)) : t > 0} is equiv-
alent to {(X¢(r1),---,X¢(rp)) : t > 0}. Therefore, the solutions of (1.1)
give a realization of the flow of bridges associated with the A-coalescent pro-
cess. A separate treatment for the Kingman coalescent flow was also given
in Bertoin and Le Gall (2005). In that case they showed the p-point motion
{(B=t,0(r1), -+, B_4po(rp)) : t > 0} is a diffusion process in

Dy :={z=(z1,---,2p) eRP:0<2; <--- <1z, <1}
with generator Ay defined by

1 & % f
Aof(z) = 5 ijz':l zini (1 — $ivj)m($)~ (1.2)
Given a A-coalescent flow {Bs; : —00 < s < t < oo}, we define the flow of
inverses by

B;tl(v) = inf{u € [0,1] : Bs+(u) > v}, ve[0,1)



and Bs_tl( ) = By 4(1-). In the Kingman coalescent case, it was proved in
Bertoin and Le Gall (2005) that the p-point motion {(By} (r1), - BO_J1 (rp))
t > 0} is a diffusion process in D,, with generator A; glven by

A f(z) = Aof(x) + Z (— - :cl) 8%( z), (1.3)

where Ay is given by (1.2). The analogous characterization for the A-coalescent
flow with A({0}) = 0 was also provided in Bertoin and Le Gall (2005). Those
results give deep insights into the structures of the stochastic flows associated
with the A-coalescents.

The asymptotic properties of A-coalescent flows were studied in Bertoin
and Le Gall (2006). For each integer k > 1 let Ai(dz) be a finite measure
on [0,1] with Ax({0}) = 0 and let {Xy(t,v) : t > 0,v € [0,1]} be defined
by (1.1) from a Poisson random measure { My, (ds,dz,du)} on (0,00) x (0,1]2
with intensity 2~ 2dsAy(dz)du. Suppose that z72(z A 22) A (k~1dz) converges
weakly as k — oo to a finite measure on (0, 00) denoted by z72(z A 22)A(dz).
By a limit theorem of Bertoin and Le Gall (2006) the rescaled p-point motion
{(kXk(kt,r1/E), -, kXp(kt,mp/k)) : t > 0} converges in distribution to those
of the weak solution flow of the stochastic equation

t 00 00
v)=v —I—/ / / rliy<y, ) N(ds, dz, du), (1.4)
o Jo Jo

where N (ds,dx,du) is a compensated Poisson random measure on [0,00) X
(0,00)? with intensity z=2dsA(dz)du. It was pointed out in Bertoin and Le
Gall (2006) that the solution of (1.4) is a special critical continuous-state
branching process (CB-process).

In this paper we study two classes of stochastic flows defined by stochastic
equations that generalize (1.1) and (1.4). We shall first treat the generaliza-
tion of (1.4) since it involves simpler structures. Suppose that ¢ > 0 and
b are constants, v — ~y(v) is a non-negative and non-decreasing continuous
function on [0,00), and (z A z2)m(dz) is a finite measures on (0,00). Let
{W (ds,du)} be a white noise on (0, c0)? based on the Lebesgue measure dsdu.
Let {N(ds,dz,du)} be a Poisson random measure on (0,00)® with intensity
dsm(dz)du. Let {N(ds,dz,du)} be the compensated measure of N(ds, dz, du).
We shall see that for any v > 0 there is a pathwise unique non-negative solution
of the stochastic equation

Yi(v) = u+o—/t/YS(U) W(ds,du)—l—/ot['y(v)—bYs_(v)]ds

t Ooo 0 Ys—(v)
+/ / / zN(ds,dz,du). (1.5)
0o Jo Jo

It is not hard to show each solution Y (v) = {Yi(v) : t > 0} is a continuous-
state branching process with immigration (CBI-process). Then it is natural to



call the two-parameter process {Y;(v) : t > 0,v > 0} a flow of CBI-processes.
We prove that the flow has a version with the following properties:

(i) for each v > 0, t — Y;(v) is a cadlag process on [0, 00) and solves (1.5);

(ii) for each ¢t > 0, v — Y;(v) is a non-negative and non-decreasing cadlag
process on [0, 00).

The proof of those properties is based on the observation that {Y (v) : v > 0} is
a path-valued process with independent increments. For any ¢t > 0, the random
function v — Y;(v) induces a random Radon measure Y;(dv) on [0,00). We
shall see that {Y; : t > 0} is actually an immigration superprocess in the sense
of Li (2011) with trivial underlying spatial motion. One could replace the
diffusion term in (1.5) by the stochastic integral afg VYs_(v)dW (s) using a
one-dimensional Brownian motion {W(¢) : ¢ > 0} as in Dawson and Li (2006).
The resulted equation defines an equivalent CBI-process for any fixed v > 0,
but it does not give an equivalent flow.

To describe our generalization of (1.1), let us assume that o > 0 and
b > 0 are constants, v — ~y(v) is a non-decreasing continuous function on [0, 1]
such that 0 < y(v) < 1 for all 0 < v < 1 and z?v(dz) is a finite measure
on (0,1]. Let {B(ds,du)} be a white noise on (0,00) x (0, 1] based on dsdu
and let {M(ds,dz,du)} be a Poisson random measure on (0, 00) x (0, 1]? with
intensity dsv(dz)du. We show that for any v € [0, 1] there is a pathwise unique
solution X (v) = {X;(v) : t > 0} to the equation

t 1
Xw) = vo [ [ [asx, ) - X @B, d)
0 0
t

+b ; [v(v) = Xs—(v)]ds
t 1 1
+/O /o /0 2[Mu<x,_ )y — Xs—(v)]M(ds,dz,du).  (1.6)

Clearly, the above equation unifies and generalizes the flows described by (1.1),
(1.2) and (1.3). Here it is essential to use the white noise as the diffusion
driving force. We show there is a version of the random field {X;(v) : ¢t >
0,0 <wv < 1} with the following properties:

(i) for each v € [0,1], t — X;(v) is cadlag on [0, 00) and solves (1.6);

(ii) for each t > 0, v — X;(v) is non-decreasing and cadlag on [0,1] with

We refer to {Xy(v) : t > 0,0 < v < 1} as a generalized Fleming—Viot flow
following Bertoin and Le Gall (2003, 2005, 2006). In particular, our result
gives the strong existence of the flows associated with the coalescents with



multiple collisions. The study of this flow is more involved than the one
defined by (1.5) as the path-valued process {X(v) : 0 < v < 1} does not have
independent increments. However, we shall see it is still an inhomogeneous
Markov process. From the random field {X(v) : ¢ > 0,0 < v < 1} we can
define a cadlag sub-probability-valued process {X; : ¢ > 0} on [0, 1], which is
a counterpart of the generalized Fleming—Viot process of Bertoin and Le Gall
(2003). We prove two scaling limit theorems for the generalized Fleming—Viot
processes, which lead to a special form of the immigration superprocess defined
from (1.5). From the theorems we derive easily a generalization of the limit
theorem for the finite point motions in Bertoin and Le Gall (2006).

The techniques of this paper are mainly based on the strong solutions of
(1.5) and (1.6), which are different from those of Bertoin and Le Gall (2005,
2006). In Section 2 we give some general results for the pathwise unique-
ness, comparison property and existence of non-negative strong solutions of
stochastic equations driven by white noises and Poisson random measures.
Those extend the results in Fu and Li (2010) and provide the basis for the
investigation of the strong solution flows of (1.5) and (1.6). They should also
be of interest on their own right. In Section 3 we study the flows of CBI-
processes and their associated immigration superprocesses. The generalized
Fleming—Viot flows are discussed in Section 4. Finally, we prove the scaling
limit theorems in Section 5.

Notation. For a measure p and a function f on a measurable space (E, &)
write (i, f) = [ fdp if the integral exists. For any a > 0 let M0, a] be the set
of finite measures on [0, a] endowed with the topology of weak convergence. Let
M [0, a] be the subspace of M0, a] consisting of sub-probability measures. Let
B0, a] be the Banach space of bounded Borel functions on [0, a] endowed with
the supremum norm || - || and let C[0,a] denote its subspace of continuous
functions. We use B[0,a]T and C]0,a]" to denote the subclasses of non-
negative elements. Throughout this paper, we make the conventions

b 00
[y [~
a (a,b] a (a,00)

for any b > a > 0. Given a function f defined on a subset of R, we write

Af(z) = f(z+2)— f(z) and D.f(z) = A.f(z) - f'(2)z

for z,z € R if the right-hand side is meaningful. Let A denote the Lebesgue
measure on [0, 00).

2 Strong solutions of stochastic equations

In this section, we prove some results on stochastic equations of one-dimensional
processes driven by white noises and Poisson random measures. The results



extend those of Fu and Li (2010). Since our aim is to apply the results to
the generalized Fleming—Viot flows and the flows of CBI-processes, we only
discuss equations of non-negative processes. However, the arguments can be
modified to deal with general one-dimensional equations.

Let E, Uy and U; be separable topological spaces whose topologies can
be defined by complete metrics. Suppose that w(dz), uo(du) and pq(du) are
o-finite Borel measures on F, Uy and Uy, respectively. We say the parameters
(0,b,90,91) are admissible if:

e = — b(x) is a continuous function on Ry satisfying b(0) > 0;

e (z,u)— o(z,u) is a Borel function on R} x E satisfying ¢(0,u) = 0 for
u € F;

o (z,u) — go(x,u) is a Borel function on Ry x Uy satisfying go(0,u) = 0
and go(z,u) +x >0 for x > 0 and u € Up;

o (z,u) — g1(z,u)is a Borel function on Ry x U; satisfying g1 (z,u)+z > 0
for x > 0 and u € Uj.

Let {W (ds,du)} be a white noise on (0,00) x E with intensity dsm(dz). Let
{No(ds,du)} and {Ni(ds,du)} be Poisson random measures on (0,00) x Uy
and (0,00) x U; with intensities dspuo(du) and dsp(du), respectively. Sup-
pose that {W(ds,du)}, {No(ds,du)} and {N;i(ds,du)} are defined on some
complete probability space (£2,.#,P) and are independent of each other. Let
{No(ds, du)} denote the compensated measure of { Ny(ds, du)}. A non-negative
cadlag process {z(t) : t > 0} is called a solution of

a / / W (ds, du)
/ ))ds +/ /Uo go(x No(ds du)
/ /U a(a{s=), ) N: (s, ) (2.1)

if it satisfies the stochastic equation almost surely for every t > 0. We say
{z(t) : t > 0} is a strong solution if, in addition, it is adapted to the augmented
natural filtration generated by {W(ds,du)}, {No(ds,du)} and {N;(ds,du)};
see, e.g., Situ (2005, page 76). Since x(s—) # x(s) for at most countably many
s > 0, we can also use z(s) instead of z(s—) in the integrals with respect to
W (ds,du) and ds on the right-hand side of (2.1). For the convenience of the
statements of the results, we write b(z) = bi(z) — ba(x), where x — by(z) is
continuous and x — ba(x) is continuous and non-decreasing. Let us formulate
the following conditions:



(2.a) there is a constant K > 0 so that

ba) + /U 91 0) s (d) < K (1 + )

for every x > 0;
(2.b) there is a non-decreasing function x +— L(z) on R; and a Borel function

(z,u) = go(z,u) on Ry x Up so that supg<, <, [g90(y, u)| < go(x,u) and

[ otewintan) + | g0t w) 7 oo, w?lno(du) < L)
E

Uo
for every x > 0;
(2.c) for each m > 1 there is a non-decreasing concave function z — ry,(z) on

Ry such that [, rn(2)7'dz = co and

b1(z) — bi(y)] + UMN%w—yﬂMWWNMOSMAW—yD

for every 0 < z,y < m;

(2.d) for each m > 1 there is a non-negative non-decreasing function z
pm(z) on Ry so that [i, pm(2)"%dz = oo,

[ lote.) = ol wP(de) < pu(lo — u)?
E

and

1y 2(1 -1
/ ,U(](du)/ o(z,y,u)*(1 —1) {|lo(z,y,u)|§2n}dt < e(m.n)
Uo o pm(|(x —y) +th(z,y,u)|)

for every n > 1 and 0 < z,y < m, where lo(z,y,u) = go(z,u) — go(y,u)
and ¢(m,n) > 0 is a constant.

Theorem 2.1 Suppose that (o,b, go,g1) are admissible parameters satisfying
conditions (2.a,b,c,d). Then the pathwise uniqueness of solutions holds for

(2.1).

Proof. We first fix the integer m > 1. Let ap = 1 and choose ar — 0
decreasingly so that fj:*l pm(2)~2dz = k for k > 1. Let o ~ v (x) be a non-
negative continuous function on R which has support in (ag, ax_1) and satisfies
faak’“l Yrp(z)dz = 1 and 0 < ¢y(x) < 2k71p,(2)72 for ar, < z < aj_1. For
each k£ > 1 we define the non-negative and twice continuously differentiable
function

l2|
or(z) = /0 dy /Oy Y (z)dz, z e R. (2.2)

7



It is easy to see that ¢ (z) — |z| non-decreasingly as k — oo and 0 < ¢}.(z) <1
for 2> 0 and —1 < ¢}(2) <0 for z < 0. By condition (2.d) and the choice of
T = wk(x)v

¢ﬂw—led%w—U@mWﬂm0

< Prllz = yl)pm(lz — yl)* < (2.3)

E I

for 0 < z,y < m. Then the left-hand side tends to zero uniformly in 0 <
z,y <mas k — oo. For h,( € R, by Taylor’s expansion we have

1 1
Dpor(¢) = /0 R2G}(C +th)(1 — t)dt = /0 B2 (|C + th|)(1 — t)dt.

It follows that

<2 h|)~? d
DunlO) < & [ W€+ th) (0 = D). (24

Observe also that

Dpér(¢) = Andr(C) — % (O)h < 2[h). (2.5)

For 0 < z,y <m and n > 1 we can use (2.4) and (2.5) to get

/U Dlo(m,y,u)gbk (SU - Z/)Mo(du)
0
ll yd 2 1—1%)1 z,Y,U n
Y ey L T
k Uo 0 pm(‘(x_y)—i_tl()(x?y?u)’)

+2 /U Lo (z, Y, w) 110 (2,y,u) >0} o (du)
0

c(m7n) +4/U go(m,u)l{go(m7u)>n/2}u0(du). (26)
0

<

>N

By conditions (2.b,d) one sees the right-hand side tends to zero uniformly in
0 <x,y <m as k — co. Then the pathwise uniqueness for (2.1) follows by a
trivial modification of Theorem 3.1 in Fu and Li (2010). O

The key difference between the above theorem and Theorems 3.2 and 3.3 of
Fu and Li (2010) is that here we do not assume = — go(x, u) is non-decreasing.
This is essential for the applications to stochastic equations like (1.6).

Theorem 2.2 Let (0,V, go,q}) and (0,0, go, g]) be two sets of admissible pa-
rameters satisfying conditions (2.a,b,c,d). In addition, assume that

(i) for everyu € Uy, x — x+4gy(x,u) or x — x+g{(x,u) is non-decreasing;



(i) V'(x) <V"(z) and g} (z,u) < g{(x,u) for every x >0 and u € U;.
Suppose that {x'(t) : t > 0} is a solution of (2.1) with (b,g1) = (V/,g}) and

{2(t) : t > 0} is a solution of the equation with (b,g1) = (b, g¢Y). If 2’(0) <
2(0), then P{2'(t) < a(t) for allt >0} = 1.

Proof. Let ((t) = 2/(t) — 2" (¢) for t > 0. Let x — ¢i(x) be defined as in the
proof of Theorem 2.1. Instead of (2.2), for each k > 1 we now define

/ dy/ Vi (x z €R. (2.7)

Then ¢y(z) — 21 := 0V 2 non-decreasingly as k — oco. Let
lo(t,u) = go(2'(t),u) — go(2” (t),u), t>0,u € Uy,
and
Li(t,u) = g1 (2 (t),u) — g (2" (t),u), t>0,uel.
For ((s—) < 0 we have QSk(C( )) ¢ (C(s—)) = 0. Since z — =+ f(z,u)

is non-decreasing for f = ¢} or g, for {(s—) = 2/(s—) — 2" (s—) < 0 we also
have

Cs=)+h(s—u) = a'(s—) —a"(s—)

The latter implies
Ay (s—u)Pr(C(s—)) = @r(C(s—) +li(s—,u)) — dr(C(s—)) = 0.

By It6’s formula we have

t
ou(ct) = aulcO) +5 [ ds [ o(clsDiotes))

)
=" (@"(s=))L{¢(s—)>0yds
t
+/0 dS/U A (5= ) Pk(C(8=)) ¢ (s—y >0yt (du)
1

+ /0 s /U im0 Cls il + M), (25)

-/ t [ sl =)

where



) —o(2"(s=),u)]W (ds, du)
[ B aonels-) (s, du)
0o Ju

t ~
+/0 /UO Ay (s—w) Pk (C(s=))No(ds, du).

Let 7, = inf{t > 0 : 2/(t) > m or 2 (t) > m} for m > 1. Under conditions
(2.b,c) it is easy to show that {M,,(t A 7,,)} is a martingale. Recall that
b (z) <b'(x)and b/ (z) = V) (x)—bj(x) for a non-decreasing function x — b (z).
Then under the restriction ((s—) > 0 we have

G (C(s=)) [V (2" (s-)) — b(l’( -))]
< Ok (C(s=))W' (2" (5=)) = ¥'(a” (s-))]
< ¢5,(C(s=)) [0y (x '(S )) = bi(z"(s-))]
< b1 (s=)) = by (z"(s-))]
and
All(s uqsk(C( ))

—¢k(( =) + g1 (s=),u) — g1 (2" (s=),u)) — dr(C(s—))

< Or(C(s—) +g1(2(s—), u) = g3 (2" (5=), w) = d(C(s-))

< lg1(a(s=),u) = g1 (2" (s=), u)l.

The estimates (2.3) and (2.6) are still valid. If 2'(0) < z”(0), we can take the
expectation in (2.8) and let k& — oo to get

BIC( A )] SE[ [ e sopds
tr s A Tm)t])ds
< /0 (E[C(s A7) H])ds,

where the second inequality holds by the concaveness of z — 7,,(z). Then
E[¢(t A Tyn)T] =0 for all £ > 0. Since 75, — 00 as m — oo, we get the desired
comparison property. O

We say the comparison property of solutions holds for (2.1) if for any two
solutions {z1(t) : t > 0} and {z2(t) : t > 0} satisfying x1(0) < 22(0) we have
P{zi(t) < xa(t) for all t > 0} = 1. From Theorem 2.2 we get the following:

Theorem 2.3 Let (0,b, g0, g1) be admissible parameters satisfying conditions
(2.a,b,c,d). In addition, assume that for every u € Uy the function x
x + g1(z,u) is non-decreasing. Then the comparison property holds for the
solutions of (2.1).

The monotonicity assumption on the function x — z + g1(z,u) in The-
orem 2.3 is natural. To see this, suppose that {x;(¢)} and {z2(t)} are two

10



solutions of (2.1) and {(s;,u;) : @ > 1} is the set of atoms of { N1(ds, du)}. The
assumption guarantees that x(s;—) < xa(s;—) implies

1(si—) + g1(z1(si—), wi)

x1(8;) x
r2(si—) + g1(z2(si—), ui) = za(s;).

IA I

A similar explanation can be given to Theorem 2.2. In some applications the
kernel x — go(z,u) may be non-decreasing. When this is true, we can replace
(2.d) by the following simpler condition:

(2.e) For each u € Uy the function z — go(z, u) is non-decreasing, and for each
m > 1 there is a non-negative and non-decreasing function z — p,,(2)
on Ry so that [, pm(z) 2dz = oo and

/ o, w) — oy, w)*(du) + / lo(z, 3, w)] A oz, g, w)|2po(du)
E Uo
< pm(lz = y)?

for all 0 < x,y < m, where ly(x,y,u) = go(z,u) — go(y, u).

Proposition 2.4 Let (0,b,90,91) be admissible parameters. If (2.e) holds,
then (2.d) holds.

Proof. Since x — go(x,u) is non-decreasing, it is not hard to see |(x — y) +
tlo(z,y,u)| > | —y|. By condition (2.e) and the monotonicity of z — p(z) we

have
l‘ Y, U ) 1 lo(z,y,u)|<n
/ / UoyIsn} |\ )
vo (] +tlo(ﬂf y,u )I) ,
l )| Al
Uo pm ‘.’L‘ - y‘)
Then condition (2.d) is satisfied. O

Theorem 2.5 Suppose that (o,b, go,g1) are admissible parameters satisfying
conditions (2.a,c,e). Then there is a unique strong solution to (2.1).

Proof. We first note that (2.b) follows from (2.e). By Proposition 2.4, we also
have (2.d) from (2.e). Let {V,,} be a non-decreasing sequence of Borel subsets
of Uy so that U, V,, = Up and po(Vy,) < oo for every n > 1. For m,n > 1
one can use (2.e) to see

T = Py(z) = /U [g0(z,u) — go(z, u) A m]uo(du)

11



and

25 tnan(e) = [ lon(evu) A mlo(du)

n

are continuous non-decreasing functions. By the results for continuous-type
stochastic equations as in Ikeda and Watanabe (1989, page 169), one can show
there is a non-negative weak solution to

x / / ) A, w) W (ds, du)

" / bon(i(5) A ) s — / Y ((5) A m)ds,
0 0
where b, (z) = b(z) — Sm(z). The pathwise uniqueness holds for the above
equation by Theorem 2.1. Then it has a unique strong solution. Let {W,,} be
a non-decreasing sequence of Borel subsets of Uy so that U2 W,, = U; and

w1 (W) < oo for every n > 1. Following the proof of Proposition 2.2 of Fu
and Li (2010) one can show there is a unique strong solution {z, »(t) : t > 0}

to
ot // ) A, u) W (ds, du)
/ nlels=) Amds = [ safals) A m)ds
/ / g0(x(5—) A, w) A m] No(ds, du)
//nng1 =) A, ) A m] N (ds, d).

We can rewrite the above equation into

x(t // ) Am,u)W (ds, du)
/ (2(s—) A m)ds

/ / g0(2(5—) A m, u) A m]No(ds, du)
/ / (g1 (2(5—) A m, ) A m] N (ds, du).

As in the proof of Lemma 4.3 of Fu and Li (2010) one can see the sequence
{Zmn(t) :t >0}, n=12,---is tight in D([0,00),Ry). Following the proof of
Theorem 4.4 of Fu and Li (2010) it is easy to show that any weak limit point
{zm(t) : t > 0} of the sequence is a non-negative weak solution to

z(t / / ) Am,u)W(ds, du)

12



/t =) Am)ds

/ /UO go(a(s—) A m,u) Am]No(ds, du)
/ /U g1(x(s=) Am,u) Am]|Ni(ds, du). (2.9)

By Theorem 2.1 the pathwise uniqueness holds for (2.9), so the equation has
a unique strong solution; see, e.g., Situ (2005, page 104). Then the result
follows by a simple modification of the proof of Proposition 2.4 of Fu and
Li (2010). See El Karoui and Méléard (1990) and Kurtz (2007, 2010) for
the general theory of stochastic equations driven by white noises and Poisson
random measures. O

3 Stochastic flows of CBI-processes

In this section, we give the constructions and characterizations of the flow
of CBI-processes and the associated immigration superprocess. Suppose that
o > 0 and b are constants and (u A u?)m(du) is a finite measures on (0, c0).
Let ¢ be a function given by

b(2) = bz + 10222 + /oo(e‘z“ — 14 zu)m(du), =z >0. (3.1)
2 0

A Markov process with state space Ry := [0, 00) is called a CB-process with
branching mechanism ¢ if it has transition semigroup (p:)s>0 given by

/ e Mpy(z,dy) = e "N, A >0, (3.2)
R

where (¢, \) — v;(\) is the unique locally bounded non-negative solution of

%Utw = —o(u:(N), wA)=A  t>0.

Given any > 0 we can also define a transition semigroup (g¢)i>0 on Ry by

/]RJr e Mg (z,dy) = exp{ —zvp(N) — /Ot Bvs()\)ds}. (3.3)

A non-negative real-valued Markov process with transition semigroup (g:)+>0
is called a CBI-process with branching mechanism ¢ and immigration rate f3.
It is easy to see that both (p;);>0 and (¢¢)i>0 are Feller semigroups. See, for
example, Kawazu and Watanabe (1971) and Li (2011, Chapter 3).

Let {W(ds,du)} be a white noise on (0,00)? based on the Lebesgue mea-
sure dsdu and let {N(ds,dz,du)} be Poisson random measure on (0, c0)? with

intensity dsm(dz)du. Let {N(ds,dz du)} be the compensated measure of
{N(ds,dz,du)}.

13



Theorem 3.1 There is a unique non-negative strong solution of the stochastic

equation
t pYee t
Y, = YO—}—U/ / W(ds,du)+/ (B —bYs_)ds
0 JO 0

t 00 Yo o
+/ / / zN(ds, dz, du).
0 JO 0

Moreover, the solution {Y; : t > 0} is a CBI-process with branching mechanism
¢ and immigration rate [3.

Proof. The existence and uniqueness of the strong solution follows by an
application of Theorem 2.5; see also Dawson and Li (2006). Using It6’s formula
one can see that {Y;(v) : t > 0} solves the martingale problem associated with
the generator L defined by

Lf(x)

]' 1
2502$f (x)+ (B —bx)f —l—x/ D f(x)m(dz). (3.4)

Then it is a CBI-process with branching mechanism ¢ and immigration rate
B; see Kawazu and Watanabe (1971) and Li (2011, Section 9.5). O

Let v — ~(v) be a non-negative and non-decreasing continuous function on
[0,00). We denote by y(dv) the Radon measure on [0,00) so that v([0,v]) =
v(v) for v > 0. By Theorem 3.1 for each v > 0 there is a pathwise unique
non-negative solution Y (v) = {Y;(v) : t > 0} to the stochastic equation

Yi(v) = v+g/ot/oym) W(ds,du)+/Ot['y(v)—bY;_(v)]ds
+/Ot /OOO /OYS(U) 2N (ds, dz, du). (3.5)

Theorem 3.2 For any ve > v1 > 0 we have P{Y;(vy) > Yi(v1) for all t >
0} =1 and {Yi(ve)—Yi(v1) : t > 0} is a CBI-process with branching mechanism
¢ and immigration rate = y(ve) — y(v1) > 0.

Proof. The comparison property follows by applying Theorem 2.2 and Propo-
sition 2.4 to (3.5). Let Z; = Y;(ve) — Yi(vy) for t > 0. From (3.5) we have

Ys—(v2) t
Zy = vy —uv + 0‘/ / W(ds, du) +/ (B—0bZs_)ds
(U1 0

Ys—
/ / / N(ds, dz, du)
s— (Ul)

Zs t
= vy —v; + O’/ Wi (ds, du) +/ (B—bZs_)ds
0 Jo 0
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t o) Ls_ 5
+ / / / zN1(ds,dz, du), (3.6)
0o Jo Jo

Wi(ds,du) = W(ds, Ys—(v1) + du)

where

is a white noise with intensity dsdu and
Ni(ds,dz,du) = N(ds,dz,Ys_(v1) + du)

is a Poisson random measure with intensity dsm(dz)du. That shows {Z; :
t > 0} is a weak solution of (3.5). Then it a CBI-process with branching
mechanism ¢ and immigration rate 3. O

Theorem 3.3 Let vog > v1 > ug > uy; > 0. Then {Yi(ug) — Yi(u1) : t > 0}
and {Y;(v2) — Yi(v1) : t > 0} are independent CBI-processes with immigration
rates a := y(uz) — y(u1) and B := y(va) — y(v1), respectively.

Proof. Let L, and Lg denote the generators of the CBI-processes with im-

migration rates o and 3, respectively. Let Xy = Yi(u2) — Yi(u1) and Z; =
Yi(v2) — Yi(v1). For any G € C?(IR?) one can use It6’s formula to show

t
G(Xy, Zy) = G(Xo, 2o) +/ L.G(Xs, Zs)ds
0
t
—|—/ LgG(Xs, Zs)ds + local mart., (3.7)
0
where L, and Lg act on the first and second coordinates of G, respectively.

Then {X; : ¢ > 0} and {Z; : ¢ > 0} are independent CBI-processes with
immigration rates a and 3, respectively. O

Proposition 3.4 There is a locally bounded non-negative function t — C(t)
on [0,00) so that

B{ sup [Yu(va) = Y(1)]} < CO{(v2 = v1) + r(v2) = 2(01)]
0<s<t
Vo V) ) (38)

fort >0 and vo > vy > 0.

Proof. Let Z; = Yi(va) — Yi(v1) for t > 0. Taking the expectation in (3.6) we
have

E(Z)) = (02— 1) + thy(v2) — 7(vr)] - b / E(Z,)ds.

15



Solving the above integral equation gives
E(Z) = (v2 = v1)e™" + [y(v2) = 7(01)]b~ (1 =) (3.9)

with b=1(1—e~%) = ¢ for b = 0 by convention. By (3.6) and Doob’s martingale
inequality,

1 t Ys—(UQ) 2
E{ sup ZS} < (v9 —1)1)+20E2{</ / W(ds,du)) }
0<s<t 0 s—(v1)

" / [(w2) — 70 >]+\b\E< )}ds
o {([ [ [ s an) )
—|—E[// /Y & N(ds dzdu)]

l\)\»—'

< (un— 1) + tr(um) — 7w >]+2a[/otE<zs>czs]é
w2 [ ovan| [ [ v ]
[]b| + zv(dz) ]
Then (3.8) follows by (3.9). 0

Suppose that (E, p) is a complete metric space. Let F be a subset of [0, 00)
such that 0 € F and let ¢t — z(t) be a path from F to E. For any € > 0 the
number of e-oscillations of this path on F' is defined as

w(e) = sup{n >0: thereare 0 =ty <t; <---<tp, € F
so that p(z(t;—1),x(t;)) > e for all 1 <i < n}.

If F is dense in [0,00), it is simple to show the limits y(¢) := limpss_y4 z(5)
exist for all £ > 0 and constitute a cadlag path ¢ — y(t) on [0, c0) if and only
if ¢t — z(t) has at most a finite number of e-oscillations on F' N[0, 7] for every
e>0and T > 0.

Lemma 3.5 Suppose that (£2,9,%,,P) is a filtered probability space and { Xy :
t > 0} is a (%)-Markov process with state space (E,&) and transition semi-
group (Pst)i>s. Suppose that p is a complete metric on E so that:

(i) for e >0 and 0 < s,t < u we have {w € 2 : p(Xs(w), X¢(w)) < €} € Gy,
(ii) for e >0 and x € E we have Uc(z) :={y € E : p(x,y) < ¢} € & and

ae(h) == sup sup Psi(z,Uc(x)) =0 (h—0). (3.10)
0<t—s<hz€E
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Then {X; : t > 0} has a p-cadlag modification.

Proof. Let F = {0,ry,72,---} be a countable dense subset of [0,00) and
let F,, = {0,71,---,7}. For € > 0 and a > 0 let v*(¢) and vZ(e) denote
respectively the numbers of e-oscillations of t — X; on FN|0,a] and F,,N[0, al.
Then v¢(€) — v*(€) increasingly as n — oo. Let 75(0) = 0 and for k£ > 0 define

To(k +1) = min{t € 5, N (1,(k),00) : p(Xre 1y, X¢) > €}

if 75 (k) < oo and 75(k + 1) = oo if 7)5(k) = co. Since F}, is discrete, for any
a > 0 we have

{mk+)<ay= |J (k) =stn{p(Xs X0) = €}).
s<tEF,N[0,a]

Using property (i) and the above relation it is easy to see successively that
each 75 (k) is a stopping time. As in the proof of Lemma 9.1 of Wentzell (1981,
page 168) one can prove P{7;(1) < h} < 2ac/s(h) for € > 0 and h > 0. Since
the strong Markov property of {X; : ¢ > 0} holds at the discrete stopping
times 77 (k), k = 1,2, -, one can inductively show

P{)/(2¢) > k} < P{r;(k) < h} < [2a.5(R)]".
It follows that
P{1"(2¢) > k} = lim P{v;(2¢) > k} < [20¢/o(h)]".

Choosing sufficiently small h = h(e) € F'N (0,00) so that ac/p(h) < 1/2 and
letting k — oo we get P{v"(2¢) < oo} = 1. By repeating the above procedure
successively on the intervals [h, 2h], [2h, 3R], - - - we get P{r%(2¢) < oo} =1 for
every a > 0. Let 2 = N%S_,{v"™(1/m) < co}. Then 2 € &4 and P((2) = 1.
Moreover, for w € {2 we can define a p-cadlag path ¢t — Y;(w) on [0,00) by
Yi(w) := limpssi4+ Xs(w). Take 29 € FE and define Y;(w) = xo for t > 0 and
w € 2\ 2. By (3.10) one can see t — X; is right continuous in probability,
so Y; = Xy a.s. for every t > 0. Then {Y; : t > 0} is a p-cadlag modification of
{)(tit Z 0}. O]

Let D[0,00) be the space of non-negative cadlag functions on [0,00) and
let B(D[0,0)) be its Borel o-algebra generated by the Skorokhod topology.
Theorems 3.2 and 3.3 imply that {Y'(v) : v > 0} is a non-decreasing process
in (D0, 00), #(D][0,00))) with independent increments. Let p be the metric
on D0, 00) defined by

p(E.C) = /0 T et sup (JE(s) — C(s)| A D). (3.11)

0<s<t

This metric corresponds to the topology of local uniform convergence, which
is strictly stronger than the Skorokhod topology.
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Theorem 3.6 The path-valued process {Y (v) : v > 0} has a p-cadlag modifi-
cation. Consequently, there is a version of the solution flow {Y;(v) : t > 0,v >
0} of (3.5) with the following properties:

(i) for each v >0, t — Y(v) is a cadlag process on [0,00) and solves (3.5);

(ii) for each t > 0, v — Yi(v) is a non-negative and non-decreasing cadlag
process on [0, 00).

Proof. Step 1. For any T > 0 let D[0,T] be the space of non-negative cadlag
functions on [0,7] and let #(D][0,T]) be its o-algebra generated by the Sko-
rokhod topology. For v > 0 let Y7 (v) = {Y;(v) : 0 <t < T}. Theorem 3.3
implies that {YZ(v) : v > 0} is a process in (D[0,T], Z(D[0,T])) with inde-
pendent increments.

Step 2. Let Fr = {T,r1,re, -} be a countable dense subset of [0,7]. We
consider the metric pr on D[0,T] defined by

pr(&,¢) = sup [€(s) —((s)] = sup [£(s) — C(s)].

0<s<T reFr

For any € > 0 and £ € D[0,T] we have

Ue(g) = {< S D[O,T] : PT(&C) < 6}
- ﬂ {C S D[OvT] : |§7"_Cr| < 6}.

reFr

Then the above set belongs to Z(D[0,T]); see, e.g., Ethier and Kurtz (1986,
page 127). It follows that

Ue(§) :={¢ € D0, T] : pr(&,¢) < e} = | Uem1/n(€)
n=1
also belongs to #(DI[0,T1).
Step 3. Let (F)y>0 be the natural filtration of {Y(v) : v > 0}. For any

v

e>0and 0 <s,t <v we have

pr(YT(s), YT (8)) = sup |Yo(s) = Yp(1)].
TGFT
Then one can show {w € 2 : pr(Y T (w,s), YT (w,t)) < e} € FL.
Step 4. Let (PL,),>, denote the transition semigroup of {Y7(v) : v > 0}.

u,v

By Proposition 3.4 for € > 0 and £ € D[0, c0) we have

Pool&UA€)%) = P{ sup [Vi(v) = Y(w)] > €}

0<s<T

< B g i) - vt}
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ete®{(v - )+ [1(v) - y(w)]
+Vo—u+v/A() — @)}
Since v — 7(v) is uniformly continuous on each bounded interval, Lemma 3.5

implies that {Y7'(v) : v > 0} has a pp-cadlag modification. That implies the
existence of a p-cadlag modification of {Y'(v) : v > 0}. O

In the situation of Theorem 3.6 we call the solution {Y;(v) : ¢ > 0,v > 0}
of (3.5) a flow of CBI-processes. Let F[0,00) be the set of non-negative and
non-decreasing cadlag functions on [0, 00). Given a finite stopping time 7 and
a function p € F[0,00) let {Y/}(v) : t > 0} be the solution of

YH

T+t Y (v)
L) = ute)ro [ [T wds.du
T 0
T+t

+/ [y(v )—bY” (v)]ds

/TH/ / N(ds, dz, du), (3.12)

and write simply {Y/'(v) : ¢ > 0} instead of {Y{,(v) : ¢ > 0}. The pathwise
uniqueness for the above equation follows from that of (3.5) since {W (1 +
ds,du)} is a white noise based on dsdz and {N(7 + ds,dz,du)} is a Poisson
random measure with intensity dsm(dz)du. Let G;; be the random operator
on F[0,00) that maps u to Y},

Theorem 3.7 For any finite stopping time T we have P{Y}" it = Gr+YE for
allt >0} =1.

Proof. By the sample path regularity of (¢,v) — Y;(v) we only need to show
P{Y! ,(v) = G-, Y} (v)} =1 for every t > 0 and v > 0. By (3.5) we have

T+t Y (v)
Vi) = vee) e [ [T widsdu)

/ [y (v) — bY (0)]ds

/TH/ /Y“ N(ds, dz, du).

By the pathwise uniqueness for (3.12) we get the desired result. g

For any Radon measure p(dv) on [0,00) with distribution function v
w(v), the random function v +— Y/*(v) induces a random Radon measure
Y/} (dv) on [0,00) so that Y/([0,v]) = Y/*(v) for v > 0. We shall give some
characterizations of the measure-valued process {Y} : t > 0}.
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For simplicity, we fix a constant ¢ > 0 and consider the restrictions of
p(dv), y(dv) and {Y}* : t > 0} to [0, a] without changing the notation. Let us

consider the step function

f(x) = colgpy(z) + chl(al Ll ( z €[0,al, (3.13)
where {cp,c1,--,cp} CRand {0 =ap <a; <--- <a, =a} is a partition of
[0, a]. For this function we have

(Y, f) = ¥ (0) + Zn:Ci[Yt“(ai) - Y/ (ai-1)]. (3.14)
i=1
From (3.12) and (3.14) it is simple to see
0 = ) +o [ oW as.an
+ [ty = s
/ / / zg" (u)N(ds,dz, du), (3.15)
where
95 () = colqucyr o) + ZH: Cil v (ai ) <u<v¥ ()} (3.16)
i=1
Proposition 3.8 For anyt >0 and f € B|0,a] we have
BV )] = (o e + (7, /b (1= ™) (3.17)

with b=1(1 — e®) =t for b =0 by convention.

Proof. We first consider the step function (3.13). By taking the expectation

n (3.15) we obtain

B[V, /)] = . f) + £y, ) — b /0 E[(YZ, f)]ds

The above integral equation has the unique solution given by (3.17).

For a

general function f € B[0,a] we get (3.17) by a monotone class argument. [

Theorem 3.9 The measure-valued process {Y}" : t > 0} is a cadlag strong

Markov process in M[0, a] with Y}' = p.
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Proof. In view of (3.14), the process ¢t — (Y}, f) is cadlag for the step function
(3.13). Since any function in C|0,a] can be approximated by a sequence of
step functions in the supremum norm, it is easy to conclude ¢ — (Y} f) is
cadlag for all f € C[0,a]. By Theorem 3.7, for any finite stopping time 7 we
have Y, = G,,Y{" almost surely. That clearly implies the strong Markov
property of {Y}' :t > 0}. O

Theorem 3.10 For any f € B|0,a] the process {(Y}", f) : t > 0} has a cadlag
modification. Moreover, there is a locally bounded function t — C(t) so that

E[ suwp (v, 1] < colwn+ 0.0

0<s<t
+ s, Y2, Y2 (3.18)
for every t > 0 and f € B[0,a]™.

Proof. We first consider a non-negative step function given by (3.13) with
constants {cg,c1,- -, cn} C Ry. By (3.15) and Doob’s martingale inequality,

E[ sup (Y;M7f>} < f) +2aE%{ [/Ot /OOO gﬁ(u)W(dS’dU)r}

0<s<t

Tty £) + b /0 E[(VZ, f)]ds

+2E%{t[/0;/0;/000 zgg_(u)N(ds,dz,du)r}
+E[ /0 /1 /0 zgg‘(u)N(ds,dz,du)}

= (%f)*‘QUE%[/OtdS/ooogg(u)Qdu}

Tty £) + b / B[V, f)]ds

+2E%[/Ot ds/zl 22m(dz) /Ooogfj(u)2du}
+E[/0t ds/loo m(dz) /Ooogg(u)du]
w2 [ B, f?>1czS)é o+ ([ 2t

st )+ [ Bl s b+ [ amia)|.

D=

IN

|

In view of (3.17) we get (3.18) for the step function. Now let n(dv) = p(dv) +
~(dv) and choose a bounded sequence of step functions {f,} so that f, — f
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in L?(n) as n — oo. By applying (3.18) to the non-negative step function
|fh'_.ﬁn|““5get

B[ sup (V2,1 fa = S| < CO[001F0 = Sl + 200, 1o = 2.

0<s<t

The right-hand side tends to zero as m,n — oco. Then there is a cadlag process
{Y}(f) : t > 0} so that

B sup (072 ) = V2O 50, ns o (3.19)
0<s<t

On the other hand, from (3.17) we have

E[YH | fo = D] = (o1 fa = Fe™™ #0711 =)y [ fu = 1),

which tends to zero as n — oo. Then {V/'(f) : ¢ > 0} is a modification of
{(Y}', f) : t > 0}. Finally, we get (3.18) for f € B[0,a]" by using (3.19) and
the result for step functions. O

Theorem 3.11 The process {Y}' : t > 0} is the unique solution of the follow-
ing martingale problem: For every G € C?(R) and f € BJ0,a),

GV ) = Gllu ) +50° | G (v e s
t
+ /0 G/ ((YE )0, f) = bOYL, f)]ds
+ s ), e [ o +ase)

=GV ) — 2f ()G (YL, f))|m(dz)
+ local mart. (3.20)

Proof. Again we start with the step function (3.13). Using (3.15) and Itd’s
formula,

GV ) = Gl )+ 50" [ ds [T 6" ot (P
+ [ G o) — b0 Dl

/ s / / GV, ) + 298 (u))

—GUYFE ) =G {YHE )zgh(u )}du—i—local mart.
= G+ 50 [ G s

22



+ / GV, 1), f) — bYE, f)lds

w [ s [Tvean [T o + s

—GYF ) -G YE Mzf(z )]m(dz)+local mart.

That proves (3.20) for step functions. For f € BJ0,a] we get the martingale
problem using (3.19). The uniqueness of the solution follows from a result in
Li (2011, Section 9.3). O

The solution of the martingale problem (3.20) is the special case of the
immigration superprocess studied in Li (2011) with trivial spatial motion.
More precisely, the infinitesimal particles propagate in [0, a] without migra-
tion. Then for any disjoint bounded Borel subsets By and By of [0,a], the
non-negative real-valued processes {Y/}'(By) : t > 0} and {Y/*(Bg) : t > 0} are
independent. That explains why the restriction of {Y" : ¢ > 0} to the interval
[0, a] is still a Markov process. To consider the process on the half line [0, c0)
we need to introduce a weight function as follows.

Let h be a strictly positive continuous function on [0,00) vanishing at
infinity. Let Mj[0,00) be the space of Radon measures p on [0,00) so that
(u,h) < oco. Let Bp[0,00) be the set of Borel functions on [0, c0) bounded by
const-h and let C}, [0, 00) denote its subset of continuous functions. A topology
on Mjp[0,00) can be defined by the convention: g, — win M0, c0) if and only
if (pn, f) — (u, f) for every f € Cp[0,00). Suppose that p € Mp[0,00) and
v € My[0,00). It is easy to show that {Y/ : ¢ > 0} is a cadlag strong Markov
process in M}[0,00) and the results of Theorem 3.10 and Theorem 3.11 are
also true for B0, 00).

4 Generalized Fleming—Viot flows

In this section we give a construction of the generalized Fleming—Viot flow
as the strong solution of a stochastic integral equation. Let ¢ > 0, b > 0
and 0 < B < 1 be constants, and let z?v(dz) be a finite measure on (0, 1].
Suppose that {B(ds, du)} is a white noise on (0, 00)? with intensity dsdu and
{M (ds,dz,du)} is a Poisson random measure on (0,00) x (0, 1] x (0, 00) with
intensity dsv(dz)du. Let

Q(wvu) = 1{ugl/\a:} - (1 A l’), r>0,ue (07 1]

We first consider the stochastic integral equation

X, Xo+//aq o u)B(ds, du) + /Otb(ﬁ—Xs_)ds
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/ / / M (ds, dz, du), (4.1)

where M (ds,dz,du) denotes the compensated measure of M (ds, dz,du). In
fact, the compensation in (4.1) can be disregarded as

1 1
/ q(Xs—,u)du = / Liu<x,_ a1y — (Xs— A1)]du = 0.
0 0

Theorem 4.1 There is a unique non-negative strong solution to (4.1).

Proof. We first show the pathwise uniqueness for (4.1). Set I(z,y,u) =
q(z,u) — q(y,u). For z,y > 0 and 0 < z,t < 1 we have

(x —y) + ztl(z,y,u)
=lz—1ANz)—(y—1Ay]+Q—-zt)AAz—1AY)

+Zt(1{u§ac/\1} - 1{u§y/\1})'

It is then easy to see

|(x —y) + 2tl(z,y,u)| > (1 —zt)[LAz— 1Ayl
Moreover, we have

1
/ Wz, y,u)?du = MTAz—1Ay—(1Az—1Ay)?
0
< ITAz—1Ay|.

Using the above two inequalities,

1 1 1 2l(xy u)?
1—tdt/ dz/ - du
/0( )1 0 4 )1 (= +ztl(w y,u )!
1-—-t¢ (z,y,u
< 2 ’
_/Olzz/(d,z/o l—ztd/ |1/\x—1/\yldu
< zzydz/ dt</ dz
| v [ =far< [ o).

Then condition (2.d) is satisfied with p(z) = /2. Other conditions of The-
orem 2.1 can be checked easily. Then we have the pathwise uniqueness for
(4.1). To show the existence of the solution, we may assume Xy = v > 0 is
a deterministic constant. By Theorem 2.5 there a unique non-negative strong
solution of (4.1) if the Poisson integral term is removed. Then for each k > 1
there is a unique non-negative strong solution to

Zo+//aq o, u)B(ds, du) + /Otb(ﬁ—Zs_)ds
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/ /1 ; / M(ds, dz, du) (4.2)

because the last term on the right-hand side gives at most a finite number of
jumps on each bounded time interval. Let {Z(¢) : ¢ > 0} be the solution of
(4.2) with Z;(0) = v. Let T} = inf{t > 0 : Z,(¢t) < 1}. On the time interval
[0,T1], the stochastic integral terms in (4.2) vanish. Then ¢t — Zj(t) is non-
increasing on [0,77]. By modifying the proof of Proposition 2.1 in Fu and Li
(2010) one can see Zi(t) <1 for t > Ty. Thus Zx(t) < (Zx(0) V1) = (v V1)
for all ¢t > 0. Let {71} be a bounded sequence of stopping times. Note that
the last term on the right-hand side of (4.2) can be considered as a stochastic
integral with respect to the compensated Poisson random measure. Then for
any t > 0 we have

E{[Zk(rk—i—t Z1 ()] }

< 3U2EU ds/ (Zi(7 + 5), )QdU} + 3b%t% (v v 1)?

+3E[/0 ds/o z V(dz)/o q(Zk(Tk—I—S),u)Qdu}
< 3t [02 +tb?(v Vv 1) + /01 zQV(dz)] .

The right-hand side tends to zero as t — 0. By a criterion of Aldous (1978),
the sequence {Z(t) : t > 0} is tight in D(]0,00),R1); see also Ethier and
Kurtz (1986, pages 137-138). By a modification of the proof of Theorem 4.4
in Fu and Li (2010) one sees that any limit point of this sequence is a weak
solution of (4.1). O

Now let v — 7(v) be a non-decreasing continuous function on [0, 1] so that
0 <) <1foral0<wv <1 We denote by v(dv) the sub-probability
measure on [0, 1] so that v([0,v]) = y(v) for 0 < v < 1. By Theorem 4.1 for
each v > 0 there is a pathwise unique non-negative solution {X;(v) : t > 0} to
the equation

t 1
%) = vt [ [ olluer, o) — X ()] Blds,du)
v) — Xs—(v)]ds

= [ ol
+/Ot /01 /Olz[l{u%(v)} — X, (v)|M(ds,dz, du).  (4.3)

It is not hard to see that 0 < v < 1 implies P{0 < X;(v) < 1forallt >0} = 1.
The compensation for the Poisson random measure can be disregarded, so this
equation just coincides with (1.6). By Theorem 2.2 for any 0 < v; < wy <1
we have

P{X:(v1) < X¢(v2) for all ¢ > 0} = 1.
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Therefore {X(v) : 0 < v < 1} is a non-decreasing path-valued process in
DI0, 00).

Proposition 4.2 There is a locally bounded non-negative function t — C(t)
on [0,00) so that

E{ﬁgyxxw>—xxmn}fzcuﬂua—vn++wW>—vwm
Vi V) - ) ) (44)

fort >0 and 0 <wv; <wvg < 1.

Proof. Let Z; = Xi(ve) — X¢(v1) for t > 0. From (4.3) we have

t ol
Zy = (vg—vl)—i—/ / o[Ys—(u) — Zs_|B(ds, du)

2) = (1)) = Zs—}ds

/ / / — Zs_|M(ds, dz, du), (4.5)

where Ys(u) = 1ix, (v,)<u<X,(vz)}- Laking the expectation in (4.5) and solving
a deterministic integral equation one can show

E[Z] = (va —v1)e " + [y(v2) — y(v1)](1 — e™™). (4.6)

By (4.5) and Doob’s martingale inequality,

{2} < st {( [[ o0~ 2imaan)

+/bwmm—vmn+mamw
0

+2E5{(/t/1/1zy_ (u) —Z_]M(ds,dz,du)>2}
= (vs—w1) —|—20E2{/ ds/ du}

+Abwmm—vmn+mau@

+2E%{/Otds/ol 22v(dz) /OI[YS(U)—ZS]Qdu},

[ - zpan=z0-2) <2,
0

where
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Then we have (4.4) by (4.6). O

Recall that D[0, c0) is the space of non-negative cadlag functions on [0, c0)
endowed with the Borel o-algebra generated by the Skorokhod topology. Let
p be the metric on D[0, 00) defined by (3.11).

Theorem 4.3 The path-valued process {X(v) : 0 < v < 1} is a Markov
process in D0, 00).

Proof. Let 0 < v < 1 and let 7, = inf{t > 0: X;(v) < 1/n} forn > 1. In
view of (4.3), we have X;(v) = 0 if X;_(v) = 0. Then 7, — 7oo = inf{t >
0 : Xi(v) = 0} as n — oo. For any p € [0,v) the comparison property
and pathwise uniqueness for (4.3) imply X:(p) = Xi(v) for t > 7. Let
Zn(t) = Xipnr, (0) "1 Xyar, (p) for t > 0. By (4.3) and 1t6’s formula,

Tn 1
Zn(t) = p+/tA / LP “x —X_(p)}B(ds du)
n . X o) Loy = Xs :
tATh
i s, ) — Xo- (v)| B(ds, du)

e ) = 2(0) X (0) 7 X (p) ] ds
Lo2X, (p)

0
tATh

NTn

2
1{u<X5 ()} —XS_(U)} du

1)3

t
ds X,

tATh

dS/ X (02 {u<Xg )} —Xs—(P)}

[Lusx. -y — Xee(v)|du

t/\Tn/ /{ —(p) 1—Z)+21{u<X (p)}
'U 1_Z>+Z1{u<Xs (v)}

Xs—(p)
X, () } (ds,dz, du)

t/\Tn Xsf(v)
» _
_ v+/ / 0Xs_(v) l[l{uSXsf(P)}
0 0

+ /OMT” bX,—(v)~" [’Y(p) - ’Y(U)Xs—(”)AXS‘(p)} ds

+/tmn /1 /Xs—<“) [Xs—(p)(l —2) + 2lfu<x,_ ()}
) o Jo Xo—(v)(1—2) +2

]M(ds, dz,du),

),
)
)
)
)

where the two terms involving o2 counteract each other. Observe also that the
last integral does not change if we replace M (ds,dz, du) by the compensated
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measure M (ds,dz,du). Then we get the equation

P tNTh X (V) 1
Zn(t) = U+/0 /[) O-XS*(U)_ |:1{USX57(U)Z7L(S_)}

- Zn(s—)]B(ds, du)

tATn 1 Xs—(v) 1 _
N / / / z[ {(u<Xs— (v)Zn(s—)}
0 0o Jo 24+ (1= 2)Xs—(v)

Zn(5—) N
tAT z+(1- z)XS_(U)] M (ds, dz, du)
+/0 bXs—(0) " [y(p) = Y(v) Zn(s—))ds. (4.7)

Since X;_(v) > 1/n for 0 < s < 7,,, by a simple generalization of Theorem 2.1
one can show the pathwise uniqueness holds for (4.7). Then, setting Z; =
lim,, o0 Zp(t) we have

Xt(p) = ZtXt(U)l{t<7—oo} + Xt(v)l{tZToo}7 t>0. (4.8)

Now from (4.7) and (4.8) we infer that {X(p) : t > 0} is measurable with
respect to the o-algebra .7, generated by the process {X;(v) : t > 0} and the
restricted martingale measures

1{u§X57(U)}B(d8, du), 1{u§X57(U)}M(d8, dz,du).

By similar arguments, for any ¢ € (v, 1] one can see {1 — Xy(q) : t > 0} is
measurable with respect to the o-algebra ¥, generated by the process {1 —
X¢(v) : t > 0} and the restricted martingale measures

Lix, (wy<u<1yB(ds, du), Lix, ()<u<iyM(ds,dz, du).

Observe that {B(ds, Xs—(v) + du)} is a white noise with intensity dsdu and
{M (ds,dz, Xs—(v)+du)} is a Poisson random measure with intensity dsv(dz)du.
Then, given {X;(v) : t > 0} the o-algebras .%, and ¥, are conditionally in-
dependent. That implies the Markov property of {(X(v), #,) : 0 < v < 1}.
U

Theorem 4.4 The path-valued Markov process {X(v) : 0 < v < 1} has a
p-cadlag modification. Consequently, there is a version of the solution flow
{X¢(v) :t>0,0 <wv <1} of (4.3) with the following properties:

(i) for each v € [0,1], t — Xy(v) is cadlag on [0,00) and solves (4.3);

(ii) for each t > 0, v — X;(v) is non-decreasing and cadlag on [0, 1] with
X¢(0) >0 and X(1) < 1.
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Proof. This follows from Lemma 3.5 and Proposition 4.2 by arguments as in
the proof of Theorem 3.6. 0

We call the solution flow {X(v) : ¢ > 0,v € [0,1]} of (4.3) specified in
Theorem 4.4 a generalized Fleming—Viot flow following Bertoin and Le Gall
(2003, 2005, 2006). The law of the flow is determined by the parameters

(o,b,7,v).

Let F[0,1] be the set of non-decreasing cadlag functions f on [0, 1] such
that 0 < f(0) < f(1) < 1. Given a finite stopping time 7 and a function
p € F[0,1], let {XZ,(v) : t > 0} be the solution of

T+t
XE(0) = p() / / ot () — X5 (0)]B(ds, du)
p,

/ — X7 (v)]ds
/ TH/ / 2[Lpuexs () = Xro (0)]M(ds, dz, du) (4.9)

and write simply {X;'(v) : t > 0} instead of {X{,(v) : t > 0}. The pathwise
uniqueness for the above equation follows from that of (4.3). Let F;; be the
random operator on F'[0,1] that maps u to Xﬁ .- As for the flow of CBI-
processes we have

Theorem 4.5 For any finite stopping time T we have P{XT+t = Fr.X}' for
allt >0} =1.

For any sub-probability measure p(dv) on [0, 1] with distribution function
v = p(v) we write X}'(dv) for the random sub-probability measure on [0, 1]
determined by the random function v — X/'(v). We call {X}' : ¢ > 0} the
generalized Fleming—Viot process associated with the flow {X}/'(v): ¢ > 0,v €
[0,1]}. The reader may refer to Dawson (1993) and Ethier and Kurtz (1993) for

the theory of classical Fleming—Viot processes. To give some characterizations
of the generalized Fleming—Viot process, let us consider the step function

fu) = colygy(u +ch (ar 105 (0 u € [0,1], (4.10)

where {cp,c1,-+,c,} CRand {0 =ag < a1 < -+ < a, = 1} is a partition of
[0, 1]. For this function we have

(X ) = coXI(0) + Zcz a;) — XM (a;i_1)]- (4.11)
By (4.9) and (4.11) we have
(XPf) = / / (X2, £)B(ds, du)
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t

b(, f) — (X, f)lds

/// XU, )M (ds, dz, du),  (4.12)

g5 () = colfuexr (o) + D Cil{xt(a; 1) <usxt (@)} (4.13)
i=1

where

The proofs of the following three results are similar to those for CBI-processes.

Theorem 4.6 The generalized Fleming—Viot process {X!' : t > 0} defined
above is an almost surely cadlag strong Markov process with X{ = p.

Proposition 4.7 For anyt > 0 and f € B|0,1] we have
E[(X!, 1] = (u He™ + (v, Y1 —e™). (4.14)

Theorem 4.8 For any f € B|0,1] the process {{(X}', f) : t > 0} has a cadlag
modification. Moreover, there is a locally bounded function t — C(t) so that

E| sup (X£.£)] < €O f)+(7.)
0<s<t
+ (Y2 4 (, M2 (4.15)
for any t >0 and f € B[0,1]T.

The generalized Fleming—Viot process can be characterized in terms of a
martingale problem. Given any finite family {fi,---, f,} C B0, 1], write

p
Gy =T £, me o). (4.16)

i=1
Let 21(L) be the linear span of the functions on M;[0,1] of the form (4.16)
and let L be the linear operator on %;(L) defined by

LGy py(n) = o* ) [ (. fif5) TT (0 o) H(mfw}

i<j ki, k=1
p
+ > Bp,11 [<777Hfi>H<777fJ I ) }
I1c{1,-,p}|I|>2 el jel k=1
p
637 [ £ T i) - H n i), (4.17)
i=1 k#i k=1

where |I| denotes the cardinality of I C {1,---,p} and

1
Bp,j1) = /0 zm(l — z)pfmy(dz).
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Theorem 4.9 The generalized Fleming—Viot process {X}' : t > 0} is the
unique solution of the following martingale problem: For any p > 1 and

{fla"'afp} C B[Oa 1]7

¢
Gp7{fi}(Xtu) = Gp () + /0 LGy 3 (XE)ds + mart. (4.18)

Proof. We first consider a collection of step functions { f1,-- -, fp}. Let gf'(s, u)
be defined by (4.13) with f = f;. Since the compensation of the Poisson
random measure in (4.12) can be disregarded, by It6’s formula we get

Gy (3 (X1)

= Gy —|—a/ds/ [Zh”su su)H<X§‘,fk>}du

1<J k#i,j

—i—/ods/ou(dz/{li[ I fe) + 2R (s, u)] k];[l }du

b / D40 = ot ol L s + mare

k#i
~ G+t [ [ {Zl kl;[]<X5,fk>]X5<du>

P

/ds/ (dz) / {k 1[< fi) + 2l (u ];[ }X“ du)
+b/ Z[%fl ﬁ ]ds—i—mart
k k=1

where hl'(s,u) = ¢!'(s,u) — (X¥, f;) and l{'(u) = fi(u) — (X¥, fi). It is simple
to show

#i

1
[t @z @) = (52, 585) = X8 FNRE L),
Then we continue with

Gp {fz}( “)

p
= Gy +a/z (xt ity TL et g — Tt fid] s

1<J k1,5 k=1

+/O ds/o v(dz) / {ﬁ 1 —2)(XE, fi) + 2 fr(u)]

— H (X", }X“ du)
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+b/2[7flk ﬁ }ds—l—mart

#1i k=1
p
_Gp{fz +U / Z Xsafzf] H<X57fk>_H<Xgafk>]ds
z<j k#i,j k=1
v [ as [ v / { ST Al — e ] e T8 £5)
Ic{1,-,p} iel JeI

}

" /z{mk fe e

#i k=1
P
_Gp{fz +U/Z Xsﬂflf] H Xs?fk H ]
1<J k#£1,j k=1
—I-/ds/ V(dz)/{ Z |I|1—zp|”[H HXs,f]>
0 0 0 N rc{1,-p} i€l idl

_ﬁ<X }
+b/2[7fz I l;[ }dﬁmaft

That gives (4.18) for step functions {fi,---, fp}. For {fi,---, fp} C B[0,1]
one can show (4.18) by approximating the functions in the space L?(u + )
using bounded sequences of step functions. Since {X} : ¢ > 0} is a Markov
process and % (L) separates probability measures on M0, 1], the uniqueness
for the martingale problem holds; see Ethier and Kurtz (1986, page 182). [

In particular, if x(1) = (1) = 1, we have X}'(1) = 1 for all ¢ > 0 and the
corresponding generalized Fleming—Viot process { X} : ¢t > 0} is a probability-
valued Markov process with generator L defined by

LGy iy = o3 [ fifs) TT 00 i) = TTim 1)

i<j oy k=1
p
+ > Bp,11 [<?7,Hfz‘>H<77,f] 1T ) }
Ic{l, - ph|I|>2 iel jel k=1
+Z n. Af:) [ [, i), (4.19)
k#i

where

Af(x) =0 | [f(y) = f@)y(dy),  x<]0,1].

[0,1]
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That is a generalization of a classical Fleming—Viot process; see, e.g., Ethier
and Kurtz (1993, page 351). On the other hand, for b = 0 the solution flow
{X}'(v) : t > 0,0 <wv <1} of (4.3) corresponds to the A-coalescent process
with A(dz) = 0209 + 2%v(dz), which is clear from (4.18) and the martingale
problem given by Theorem 1 in Bertoin and Le Gall (2005). For b > 0 it seems
the flow determines a coalescent process with a spatial structure. A serious
exploration in the subject would be of interest to the understanding of the
related dynamic systems.

5 Scaling limit theorems

In this section, we prove some limit theorems for the generalized Fleming—Viot
flows. We shall present the results in the setting of measure-valued processes
and through the use of Markov process arguments. These are different from
the approach of Bertoin and Le Gall (2006), who used the analysis of char-
acteristics of semimartingales. For each £ > 1 let o > 0 and by > 0 be
two constants, let 2214 (dz) be a finite measure on (0,1], and let v — 4 (v)
be a non-decreasing continuous function on [0,1] so that 0 < ~;(v) < 1 for
all 0 < v < 1. We denote by 7;(dv) the sub-probability measure on [0, 1]
so that v([0,v]) = Yk(v) for 0 < v < 1. Let {XF(v) : t > 0,0 € [0,1]}
be a generalized Fleming—Viot flow with parameters (o, by, vk, V%) and with
XE(v) = v for v € [0,1]. Let Yi(t,v) = kXF.(k~1v) for t > 0 and v € [0, k].
Let ni(2) = ky(k~'2) and my(dz) = vi(k~'dz) for z € (0,k]. In view of
(4.3), we can also define {Y;(t,v) : t > 0,v € [0, k]} directly by

t rk
Yk(t, U) = ’U—i—kdk/ / [1{u§Yk(s—,v)} - k_lYk(s—,v)]Wk(ds,du)
0 Jo
t

-w@/mw%nﬁﬂww

0
t k k 5
+ / / / L usviommyy — kYi(s—0)] Nelds, dz, du), (5.1)
0 JO 0

where {Wy(ds,du)} is a white noise on (0,00) x (0, k] with intensity dsdu
and {Ng(ds,dz,du)} is a Poisson random measure on (0,00) x (0, k] with
intensity dsmg(dz)du. In the sequel, we assume k > a for fixed a constant
a > 0. Then the rescaled flow {Yy(t,v) : t > 0,v € [0, k]} induces an M0, al-
valued process {Y?(t) : t > 0}. We are interested in the asymptotic behavior
of {Y2(t) : t > 0} as k — oo. Recall that A denotes the Lebesgue measure on
[0, 00).

Lemma 5.1 For any G € C*(R) and f € C[0,a] we have
GUVE®. ) = G ) + b [ GQVE) 1) o P
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~ kb / G (Y (s), F)IYE(S), f)ds

+ ko] / G (2 (9) D), s

—ik k/o G"((Y(s), )Y E(s), £)2ds
t k

o s [Pt [ {0, + s
—GUYE(S). 1) — G (¥ ), £))2f () Y (s, )
t k

+/0 ds/o lex(s, z) + &k(s, z)|mg(dz) + local mart.,

where
k
(s2) = [ {GURE.N+ @) =1 07, 1)
= GUY(s), /) + 2 (@)
— KL (V) )2 (Y (6), ) | Vi (s, da)
and

Ek(s,2) = [k —Yi(s,a)] [G(<Yka(5)7f> — k7Y (s), )
= G((YE (), f) + kTG (Y (), ) =(Yi (s), f>} :

Proof. For the step function defined by (3.13) we get from (5.1) that

t k
V), f) = A F) + ko / / (5 u)Wi(ds, du)

kb / s £) — (YE(5=), F)lds

/ / / zhi(s—, w) Ny, (ds, dz, du), (5.2)

where hy(s,u) = gi(s,u) — k=1 (Y,2(s), f) and

(5,1) = col{uzyi(s0)} T D Gl {Vi(ssas_1)<usVi(s.a0)} (5.3)
i=1

Let lx(s,2) = f(z) — k=Y (Y2(s), f). By (5.2) and 1td’s formula,
GV (1)) = GUNI) + B | GV )l f) = (YE(5) 1)
]'kQ 2 K " . a d kh 2d
gkt [ G s [ sy

34



/ds/ mg dz/ ((YE(s), f) + zhg(s,u))
— G (). 1)) = G (Y (3), ) zh(s,w) fdu

+local mart.

— GUA ) + kb / G ((V2(5), ) ) — (Vit(s), f))ds
+ 5K} / ), INIVEG), £2) — K (7 (s), 1))ds
/ ds / mi(dz) /M] G((Y(), f) + 2la(5,2))
—GUYE(s). 1)) — G (YE (), )2l 2) LY (s, )

t k
+ [ B=Yisalas [ {G0E.0 — 206 0)
—GUYE). 1)+ TG (Y ). )V (9). ) b (d2)

+ local mart.

That gives the desired result for the step function. For f € C[0,a] it follows
by approximating the function by a sequence of step functions. O

Lemma 5.2 Fort >0 and f € C[0,a]" we have

E| sup (Y{(s). f)]

0<s<t

Proof. We first consider a non-negative step function given by (3.13) with
{co,c1,--,cn} C Ry. Let gi(s,u) and hy(s,u) be defined as in the proof of
Lemma 5.1. By (5.2) and Doob’s martingale inequality we get

E| sup (V{(s), f)]
0<s<t

<\ f) +2kakEé{[/t /k hie(s— u)W(ds,du)r}

+ Kby (1o, f) t+E[/ ds/ g dz)/khk(s—,uﬂdu]

+E[/ / / 2|l (5—, )| Ni(ds, dz du)]
+2E2{[/0 /0 /O sh(5—0) N ds,dz,du)r}.
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It then follows that

E| sup (V{(s), f)]
0<s<t

t k
o B2 2
<A\, f) + 2koE {/0 dts/o f;k(s,u) du}lC
+kbk(nk,f)t+2E{/0 ds/1 zmk(dz)/0 hk(s,u)]du}

t 1 k
+2E%{/ ds/ zka(dz)/ hk(&U)Qdu}
0 0 0

<A+ kbk@?k;fﬁ+4E[/Ot<yka(5)af>d8 /f ka(dz)}

+2E%[ /0 “va(s), f2>ds] {ka;ﬁ— ( /0 1 szk(dz)> ]

By Proposition 4.7 one can see

E[(Y2(t), /)] = (A, £)e ™t 1 (g, £(1 — e ) < (A, £) + (g, £)-

Then we have the desired inequality for the step function. The inequality for
f € C[0,a]" follows by approximating this function with a bounded sequence
of positive step functions. U

Lemma 5.3 Let 7, be a bounded stopping time for {Y,!(t) : t > 0}. Then for
any t >0 and f € C0,a] we have
1

E{ (Ve (e + 1), ) = (Ym0, )|}
< E} [/Ot<y,g(rk +s),f2>ds] [k:ak + (/01 szk(dz)H
8| [ (G )+ (90,171
+4E[/Ot(Y,f(Tk+s),]f\)ds/lk zmk(dz)] (5.4)

Proof. We first consider the step function given by (3.13). Let gx(s,u) and
hi(s,u) be defined as in the proof of Lemma 5.1. From (5.2) we have

E{m (7 + ), ) = (Vit(me), 1)1}

{[// (o + 5=, u)W (7 + ds, du)] }
EU s £) — (Y (i + 5-), )]ds}
]

2
//zhk(Tk+s—,u)]\7k(7k+ds,dz,du)}}
o Jo Jo

+ kby,
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t k k
+E|:/ / / z’hk(Tk_‘_s_vu”Nk(Tk+d8,dz7du)]
0 J1 0

+E[/Otds/1kzmk(dz)/ok\hk(7k—i—s—,u)]du}

By the property of independent increments of the white noise and the Poisson
random measure,

+2E[ s lkzmk(dz) /0k|hk(7'k+s,u)|du}
<eil Vet o). s [k + (| 1 z2mk<dz>ﬂ

+kbkE[ [ s+ i, |f|>>ds]
k

+4E[/Ot(Yk“(Tk+s),]f\)ds/l

Then (5.4) holds for the step function. For f € C]0,a] the inequality follows
by an approximation argument. O

zmk(dz)} .

Lemma 5.4 Suppose that kb, — b, n, — 1 weakly on [0,a] and k*0380(dz) +
(z A 22)mp(dz) converges weakly on [0,00) to a finite measure o28o(dz) +
(2 A 2%)m(dz) as k — oo. Let {0 < a1 < -++ < a,} be an ordered set of
constants. Then {(Y"(t),---, Y "(t)) : t > 0}, k=1,2,--- is a tight sequence
in D([0,00), M[0,a1] X -+ x M[0, ay)).

Proof. Let 7, be a bounded stopping time for {Y?(¢) : ¢ > 0} and assume

the sequence {7} : k = 1,2,---} is uniformly bounded. Let f; € C|0,aq;] for
i=1,---,n. By (5.4) we see

B{ 3" 1072 (e + 00 ) — % (). 1)1 )
=1 )
< ZZH;Eé [/;(Ykai (16 + 9), f2,2>ds] [k‘ak + (/01 zzmk(d2)> 2}
i 3 [ )+ 050 ) )]
=1
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+4ZEU (g + 8, \f,\)ds/lkzmk(dz)} (5.5)

Then the inequality in Lemma 5.2 implies

%g%ilill)E{Z‘ z>_< (), f»\}:().
By a criterion of Aldous (1978), the sequence {((Y;" (t), f1),- -+, (Y™ (t), fa)) :
t > 0} is tight in D([0, 00),R™); see also Ethier and Kurtz (1986, pages 137-
138). Then a simple extension of the tightness criterion of Roelly (1986)
implies {(Y,"'(¢),---,Y;"(t)) : t > 0} is tight in D([0,00), M[0,a;1] x --- X
M]I0, ay)). O

Suppose that ¢ > 0 and b > 0 are two constants, v — n(v) is a non-
negative and non-decreasing continuous function on [0, 00), and (z A 2%)m(dz)
is a finite measure on (0,00). Let n(dv) be the Radon measure on [0, c0) so
that 7([0,v]) = n(v) for v > 0. Suppose that {W(ds,du)} is a white noise on
(0,00)? with intensity dsdz and {N(ds,dz,du)} is a Poisson random measure

n (0,00)3 with intensity dsm(dz)du. Let {X;(v) : t > 0,0 > 0} be the
solution flow of the stochastic equation

X,(v) = v—i—a/t /XS(U)W ds, du)+b/t[n(v) — X, (0)]ds
/ / / N(ds, dz, du). (5.6)

By Theorem 3.11, for each a > 0 the flow {Xy(v) : t > 0,v > 0} induces an
M][0, a]-valued immigration superprocess {X : ¢ > 0} which is the unique
solution of the following martingale problem: For every G € C?(R) and f €
10, al,

G((X0 ) = G(AF)) +b / G'((Xa, )0, 1) — (Xo, )]ds
+ 507 / G"((Xa, )Xo, f2)ds

/ ds [Ty [ (610054210

—G((Xs, f)) = G'((Xs, )2 f () | Xs(dw)
+ local mart. (5.7)

Theorem 5.5 Suppose that kby, — b, n, — n weakly on [0, a] and k*0280(dz)+
(z A 22)my(dz) converges weakly on [0,00) to a finite measure 026y(dz) + (2 A
22)m(dz) as k — oo. Then {Y*(t) : t > 0} converges to the immigration
superprocess { X : t > 0} in distribution on D(]0,00), M][0,a]).
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For the proof of the above theorem, let us make some preparations. Since
the solution of the martingale problem (5.7) is unique, it suffices to prove any
weak limit point {Z : ¢ > 0} of the sequence {Y?(t) : t > 0} is the solution
of the martingale problem. To simplify the notation we pass to a subsequence
and simply assume {Y,*(t) : t > 0} converges to {Z{ : ¢t > 0} in distribution.
Using Skorokhod’s representation theorem, we can also assume {Y,*(t) : t > 0}
and {Z : t > 0} are defined on the same probability space and {Y,*(t) : t > 0}
converges a.s. to {Zf : t > 0} in the topology of D([0,00), M[0,a]). For n > 1
let

t
m=inf {t>0: Sup/ L+ (VE(s) + Z6.1)%ds > )
k>1J0

It is easy to see that 7,, = 00 as n — oo.
Lemma 5.6 Suppose that kb, — b, n, — 1 weakly on [0,a] and k*0380(dz) +
(2 A 2%)my(dz) converges weakly on [0,00) to a finite measure 025g(dz) + (2 A

22)m(dz) as k — oo. Let €(s,2) be defined as in Lemma 5.1. Then for each
n > 1 we have

tATh k
E[/ ds/ ]ek(s,z)|mk(dz)} — 0, k — oc.
0 0
Proof. By the mean-value theorem, we have
1 k
r(s:2) = TG [ @00 +200l5.0)

— G (V). )| V(5. do),

where 0y (s, z) takes values between f(z) and f(z) — k=1 (Y;%(s), f). Conse-
quently,

2 2
len(s, 2)] < LG 12V (), [FD (Y (), 1) < LGN Fll(Y (s), 1)
Moreover, since (Y2(s),1) < k, we get
1 ") .2 a ¥ a
(s 2)| < QUG I A [ 164(s,2) Y5, o)
%k

< ;!G"\|22<Yk“(8)7|f|>/ [/ (@) + k1Y (), [ DIV (5, d)
9 0
< ZIFIPIGT 1=V (s), 1)

It follows that

B[ [ s / (s, 2lmn(dz)]
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| /\

/ (2 A 22)my(d2)E [/tATn<Yk“(s),1>2ds

(z A 22 my,(dz),

k 0

where C' = 2|/ f||(IG'||+]|G"|I| f]I). The right-hand side goes to zero as k — .
(]

Lemma 5.7 Suppose that kb, — b, ni, — 1 weakly on [0,a] and k*0280(dz) +
(2 A 22)my(dz) converges weakly on [0,00) to a finite measure 028o(dz) + (2 A
22)m(dz) as k — oo. Let & (s, 2) be defined as in Lemma 5.1. Then for each
n > 1 we have

E /MTn / 1€k (s, 2) |mk(dz)] 0, k — .

Proof. It is elementary to see that

IN

66(s,2) < K|GUY(s), 1) = K2V (), ) = GUYE(s), )
R (Y (s), )2 1)
min {26/ [2{V4(5), 1), 5 16714V (5), 1 £1)7

O+ (Y (s), 1)) (2 A k™12%),

IN

IN

where C = | £[|2I|G"]| + I£IIIG]|/2). Then we have

B [ s [ lets, e
k

<C /0 (: A /c_le)mk(dz)E{ /0 T vas), 1)2]ds}
< nC/O (2 A k=22 (d2).

The right-hand side tends to zero as k — oc. O

Proof of Theorem 5.5. Let f € C[0,a]. Then {(Y,*(¢), f) : t > 0} converges
a.s. to {(Z¢, f) : t > 0} in the topology of D([0,00),R). Consequently, we
have a.s. (Y,!(t), f) = (Z{, f) for a.e. t > 0; see, e.g., Ethier and Kurtz (1986,
page 118). By Lemma 5.1,

GUYE(®), ) = G F)) + Kby / G/((YE(5), )) (., £)ds
t
kb /0 G/((Y(s), £))(Y(s), f)ds
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| =

T ik} / G (Y (), P(YVE(s), f2)ds

- 3kt [ GO M), 1

/ds/ my(dz) H(x,z,(Z2, )Y (s,dx)
0 0 [0,a]

N —

t k
+ /0 s /0 (x5, 2) + € (5, 2) + Culs, 2)]mi(d)
+ local mart., (5.8)

where
H(z,z,u) = G(u+ 2f(z)) — G(u) — G'(u)zf(x)

and
ulsi2) = [ [HG (00 1) = o222, 1) Vi o ).
By the mean-value theorem,

Gi(s,2)] < /[ VL2 ) O 6) = 22, IV, ),

where 0(s) takes values between (Y%(s), f) and (Z2, f). For G € C3(R) we
have

[H, (2,2, 00())] = |G'(0k(s) + 2f(2)) — G'(0k(s)) — G"(Ok(5))2f ()]

1
LA 2N+ SIAIIG ) = A 22).

IN I

It follows that

G < 171 (206 + A" ) 2 A )
(Y (5), DIYE(s) = 28, D)l (5.9)

By (5.9) and Schwarz’ inequality,

B [ s [ )

< Ck(t){E[/OWn<yka(s) - Zg7f>2ds} }

. {E[/OMT" (Ya(s), 1>2ds} }1/2

< vacuo{B[ [ wee - 22,57

1/2

1/2
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where
1 k
Cr®) = IF1(216"l+ Fle” 1) /0 (2 A 22)my(dz).

Note that supgs; Cr(t) < oo. It then follows that

E[/OW" ds/okygk(s)\mk(dz)} 50, koo

Now letting £ — oo in (5.8) and using Lemmas 5.6 and 5.7 we obtain (5.7) for

G € C3(R). A simple approximation shows the martingale problem actually
holds for any G € C%(R). O

Theorem 5.8 Suppose that kb, — b, ni, — n weakly on [0, a] and k*o280(dz)+
(2 A 22)my(dz) converges weakly on [0,00) to a finite measure 25o(dz) + (2 A
22Ym(dz) as k — oco. Let {0 < a; < -+ < a, = a} be an ordered set of
constants. Then {(Y,'*(t),---,Y,/"(t)) : t > 0} converges to {(X{*,---, X{™):
t > 0} in distribution on D([0,00), M[0,a1] X -+ x M[0, ay,]).

Proof. By Lemma 5.4 the sequence {(Y;"'(t),---,Y;'(t)) : t > 0} is tight
in D([0,00), M[0,a1] x --- x M[0,a,]). Let {(Z*,---,Z") : t > 0} be a
weak limit point of {(Y;"(¢),---,Y;'"(¢)) : t > 0}. To get the result, we
only need to show {(Z/*,---,Z/) : t > 0} and {(X/*,---,X;") : t > 0}
have identical distributions on D([0, 00), M[0,a1] x --- x M0, a,]). By pass-
ing to a subsequence and using Skorokhod’s representation, we can assume
{(Y(t),---, Y (t)) : t > 0} converges to {(Z;",---,Z;™) : t > 0} almost
surely in the topology of D([0,00), M[0,a;] x --- x M][0,a,]). Theorem 5.5
implies {Z;™ : t > 0} is an immigration superprocess solving the martingale
problem (5.7) with @ = a,,. Let Z* denote the restriction of Z/ to [0, a,].
Then Zy™ = Z/™ in particular. We will show {(Z*,---,Z") : t > 0} and
{(ZM,---,Z™) : t > 0} are indistinguishable. That will imply the desired
result since {(X{, -+, X)) :t > 0} and {(Z*, -+, Z) : t > 0} clearly have
identical distributions on D([0, c0), M[0,a;] x --- x MJ0,a,]). By the general
theory of cadlag processes, the complement in [0, c0) of

D(Z) = {tZOP(ZI?I :Zlg—lavzgn:Ztaf):l}

is at most countable; see Ethier and Kurtz (1986; page 131). For any ¢t € D(Z)
we have almost surely limj_,o, Y, (t) = Z{"* for each i = 1,---,n; see Ethier
and Kurtz (1986; page 118). By an elementary property of weak convergence,
for any t € D(Z) we almost surely have
Z([0,a5)) = lim Y (¢,[0,a;]) = lim Y (t,[0, a;])
k—o0 B k—ro0 _
< Zgn([oa al]) = an([ov a’t]) = Z;lz([()? az])
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Since Theorem 5.5 implies {Z;" : t > 0} is equivalent to {Z;" : t > 0}, we have
E(Z([0, ai])] = E[Z}([0, ai])]-
It then follows that almost surely

lim Y (¢, [0,a:]) = Z{([0, a;)). (5.10)

k—o00

On the other hand, since Y, (¢t) — Z", for any closed set C' C [0, a;] we have

limsup V' (¢,C) = lim V,*"(¢,C) < Z"(C) = Z}(C). (5.11)

k— o0 k—o0
By (5.10) and (5.11) we have Z{"" = limy,0 Y () = Z}. Then {Z} :t >0}
and {Z;" :t > 0} are indistinguishable since both processes are cadlag. O

Let .# be the space of Radon measures on [0, 00) furnished with a metric
compatible with the vague convergence. The result of Theorem 5.8 clearly
implies the convergence of {Yy(t) : ¢ > 0} in distribution on D([0, 00), .#) with
the Skorokhod topology. From Theorem 5.8 we can also derive the following
generalization of a result of Bertoin and Le Gall (2006); see also Bertoin and
Le Gall (2000) for an earlier result.

Corollary 5.9 Suppose that kby, — b, i, — 1 weakly on [0,a] and k*0260(dz)+
(2 A 22)my(dz) converges weakly on [0,00) to a finite measure 028o(dz) + (2 A
22)m(dz) as k — oo. Let {0 < ay < --- < an} be an ordered set of constants.
Then {(Yi(t,a1), -+, Yr(t,a,)) : t > 0} converges to {(X¢(a1), -+, X¢(an)) :
t > 0} 4n distribution on D([0,00),R7).
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