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Joint continuity for the solutions
to a class of nonlinear SPDEs!

Zenghu Li, Hao Wang, Jie Xiong and Xiaowen Zhou

Abstract

For a one-dimensional superprocess in random environment, a nonlinear
SPDE was derived by Dawson et al [3] for its density process. The time-space
joint continuity of the density process was left as an open problem. In this paper
we give an affirmative answer to this problem.

Keywords: Superprocess, random environment, stochastic partial differential
equation.

AMS 2000 subject classifications: Primary 60G57, 60H15; secondary 60J80.

1 Introduction

Suppose that in a system of k, particles each particle has an independent exponential
clock with parameter n. Before any of these exponential times is up, the particles
with initial locations (z7,---, 2} ) € R* move according to the following system of

stochastic differential equations (SDE):

a(t) =z + B'(t) +/0 /Rh(y —al(s))W(dsdy), i =1,2,--- ky, (1.1)

where h € L*(R) and (B!,---, B¥) is an k,-dimensional Brownian motions indepen-
dent of the Brownian sheet W on R, x R. The W can be regarded as the random

environment for the particle system. For convenience we assume that

When its clock rings the particle either splits into two or dies with equal probabilities.
The new particles will inherit their mother’s position together with new independent

exponential clocks. This pattern of motion-splitting/dying then continues as before.
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In general, each particle in the system can be denoted by a multi-index o =
ajg -y with ag = 1,-+-k, and oy = 1,2 for ¢ > 2. For example, a = (3,1)
represents the oldest daughter of the third particle in the first generation. Write o ~ ¢

if particle « is alive at time ¢. For each n we define a measure-valued stochastic process

1
X = Ezéxg(t)a t>0,

ant

This model is first studied by Wang ([15], [16]). Write M g(R) for the space of finite
measures on F with the topology of weak convergence. Under suitable conditions, it
is proved by Wang [16] and Dawson et al [2] that as n — oo, X™ converges weakly in

D([0,T], Mp(R)) to the unique solution X of the following martingale problem (MP):
¢
MP = (X00) — (o)~ [ (X B0)ds, Yo € CH®) (12

0

is a continuous martingale with quadratic variation process

(M?), = /Ot (X5, 0°) ds + /Ot /RQ plz —y)d' (x)¢' (y) X, (dz) X (dy)ds, (1.3)

where y € Mpg(R) is the initial measure and

plx —y) = /Rh(z —x)h(z —y)dz. (1.4)

Here A¢ = ¢” is the second derivative of ¢. Similarly, we shall use both V¢ and ¢’ to
denote the first derivative of ¢.

It is proved by Dawson et al [3] and Wang [15] that X is absolutely continuous
with respect to Lebesgue measure and its density, denoted by X;(x), solves SPDE

xm::mm+AA&mw—AAvmw—@&mmwmm
v [ VR, (15)

where B is a Brownian sheet on R, x R independent of W. The joint continuity of
(t,x) — Xi(x) is left as an open problem in [3].

When the third term on the RHS of (1.5) is replaced by fot Ja V(h(z)X,(x))dW (s)
with a real-valued Brownian motion W, the SPDE is satisfied by the density process

of a measure-valued process for a related model studied by Skoulakis and Adler [14].



For that model, Lee et al [11] proves the continuity in x for Lebesgue almost all fixed
t using Krylov’s (cf. Krylov [8]) L, theory for linear SPDE.

The goal of this paper is to prove the joint continuity of X;(x) in Theorem 1.1.
For k € R,p > 1 the space H¥ with norm || - ||, will be introduced in Section 2. We
always make the following assumption (I) on the initial measure Xj.

Assumption (I): Xy has a bounded density u € Hj.

Theorem 1.1 Suppose that h € H3, ||h||]7, < 2 and X, satisfies the condition (I).
Then the measure-valued process X; has a density X;(x) which is almost surely jointly
Hélder continuous. Furthermore, for fized t its Holder exponent in x is in (0,1/2); for
fixed = its Holder exponent in t is in (0,1/10).

We now describe the major difficulties and sketch our approaches for the main
result. When h = 0, X becomes the well known Dawson-Watanabe process with the
joint continuity for its density studied by Konno and Shiga [6] and Reimers [13] via a
convolution technique. If we adopt the same technique here, then the density can be

represented as

Xi(z) = /sot(.r— dy—|—/ /\/—% Az — y)Bldsdy)
+/0t/R/Rh<y— 2)Xo(2)0201-s(x — 2)dzW (dsdy), (1.6)

where ¢ is the heat kernel with generator A. However, the third term on the RHS of

the above equation is (for some suitable function g) roughly equal to

/ / “124(2)W (dsdz),

which does not converge. Therefore, the convolution argument of Konno and Shiga
fails in our model. It actually means that the SPDE (1.5) does not have a mild solution.

Since it is the term containing W that causes the problem, we want to absorb
it to the kernel by considering a stochastic transition function. For this purpose let
P (
(to be made precise in Section 3). We will prove that

Xi(y) :/RpW(O,x;t,y)u(x)dx—i-/O /R\/Xs(a:)pw(s,x;t,y)B(dsdw).

s,x;t,y) be the conditional transition function of a single particle with W given



The first term in the above equation is easy to deal with. So we focus on the second
term. We will apply Kolmogorov’s criteria to obtain the joint continuity. To this end,
we need the following estimates: for any y;, v, € R,

p

E < Klyp — yof*** (1.7)

t
/ / D (5,1, 1) — p (s, 2, , )P
0 R

and for y € R and t; < to,

p

E < Kty — to*, (1.8)

t1
/ /|pW(S,I,t2,y) —pW(S,{L’,tl,y)PdIdS
0 R

for some € > 0 and suitable p > 0.
To obtain (1.7) we fix t and let u,(z) = p" (t — s, 2, t,y1) —p"V (t — s, 2,1, 92). Then
u satisfies the following linear SPDE

u(z) = uo(z) + /Ot Aug(x)ds + /Ot/RVus(x)h(y — )W (dsdy) (1.9)

with initial condition wy = d,, — d,,, where W is a Brownian sheet defined by W with
its time reversed (to be made precise later). We shall derive an estimate of u, in terms
of ug in the spirit of Kurtz and Xiong [10] and obtain (1.7).

For (1.8), we note that @,(z) = p" (t; — s, 2, ta,y) — p"V (t1 — s, 7,11, y) is a solution
to the linear SPDE (1.9) with initial condition @y = p" (t1,-,t2,y) — §,. The LHS of
(1.8) is then bounded by E ||110H2f'172, where || - ||-12 is a Sobolev norm to be defined
later. To estimate this quantity, we further define v;(z) = p"(ty — t, 2, t5,y) which
solves SPDE (1.9) with initial vg(x) = J,(x), and then estimate E |jvy,_¢, — 5y||2_p172.
Similar to what we mentioned above for the convolution (1.6), we cannot directly apply
the convolution with kernel ¢; to (1.9). We shall use a partial convolution by kernel

o where a € (0,1) is a constant to be decided later. Then
v(2) = @z —y)+ /Ot/RAvt_T(m)ap,,a(z — x)dxdr
+ /Ot / / Vo (2)h(y — ) e (2 — )dzW (drdy)
R JR
- /Ot/Avt_r(a:)gora(z — x)dxr®tdr. (1.10)
R

The main difficulty now lies in the fourth term because, due to the integrability, we
can not apply integration by parts to move A completely to ¢. Instead, we have to
transform a fraction A? of A to ¢ with 8 < 1 to be decided (together with «).
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The novelty of this article is as follows. Firstly, to the best of our knowledge the
joint continuity for the solution to SPDE was only previously studied when the mild
solution for that equation can be defined. The current paper appears to be the first
attempt for such a problem when the SPDE does not allow a mild solution. Secondly,
a fractional integration by parts technique is introduced to obtain estimates for the
solution to SPDE. We believe this technique will be useful in studying other SPDEs.
Thirdly, a stochastic convolution technique is implemented, which provides the solution
to SPDE with a “conditionally mild” representation. This technique will be applicable
to other SPDEs arising from particle systems in random environments.

Besides the continuity of the solution, mild representation has been used by many
authors to derive various properties for the solution of the SPDE. For example, Foon-
dun and Khoshnevisan [4] use this representation to study the intermittency. We
believe that the methods we develop in this paper can be applied to study other prop-
erties of the SPDEs for which the mild representations are not available.

The rest of the paper is organized as follows. In Section 2 we establish some
estimates for the solutions to a class of linear SPDEs. Then in Section 3 we derive a
representation of the density X;(z) in terms of a random transition function. Based
on this representation, we estimate the spatial-increments of X;(x) in Section 4 and
the time-increments in Section 5. We conclude the proof of Theorem 1.1 in Section 5.

The following conventions will be used throughout the paper. We use K to repre-
sent a positive constant whose value can be different from place to place. We use I or
J with a subscript to represent a term in the quantity to be evaluated. Again, what

I; stands for can be different from place to place.

2 Two SPDE estimates

In this section we study the SPDE (1.9) where uy is either a real or a generalized
function for different purposes. To this end, we need to introduce some notation taken

from Krylov [8]. For a € (0, 1) and generalized function v on R, let

0 —t .
(I = AYu = c(a) / eﬁ#dt, (2.1)

0

and -
(I — A) ™ %u=d(a) / t* te ' Tudt, (2.2)
0



where ¢(a) and d(«) are two constants and T} is the Brownian semigroup. As being
indicated by Krylov [8], (2.1) and (2.2) are sufficient to define (I — A)"/? consistently
for any n € R (cf. Krasnoselskii et al [7]). In particular, (I —A)*(I—A)? = (I—A)>*P
for any «, 5 € R. In this paper we only need it for n € [—1, 1].

Let H) be the spaces of Bessel potentials with norms
ullnp = 11(1 = A)"2ull, (2.3)

where || - ||, is the norm in L,. Note that for n = 1 and p = 2, |Ju||; 2 coincides with
the usual Sobolev norm on H'2.

The existence and uniqueness of the solution to (1.9) has been studied by Krylov
[8] in suitable Banach spaces. In the remaining of this section, we assume this equation
has a solution (the existence will be evident from the applications in later sections),
and the aim of this section is to prove that, with the appropriate initial condition, the
solution actually lies in the spaces which will be useful for our purpose.

Let 8 € [0,1) and ug € Hy '. For f € C3°(R), i.e., f is infinitely differentiable

with compact support, we have

(e, f) = (o, f) + / (A, f)ds + / T / (Vush(y — ), £y W(dsdy) — (2.4)

where (u, f) stands for the duality between the Hilbert spaces Hy " and H}. Applying
[to’s formula to (u,, f )2 and summing up f over a complete orthonormal system of
Hy ™% by (2.4) we get

ol = Wuolfort [ 20 Sy ypdst [ [ IVt =l duds
+/OT/RQ (us, Vush(y —))g_1 9 W (dsdy). (2.5)
We first apply (2.5) for f = 0. The following lemmas will be used in Theorem 2.3.
Lemma 2.1 If h € H}, then for any u € HY,
JI9 bty = DIy < Il
Proof: Note that

/ IVuh(y — )P 1pdy = / sup (Ve hly — ) ) dy

[l fll1,2<1



N /R sup (u, f'h(y — ) — fH (y — )52 dy

I £ll1,2<1

= / sup ([[uh(y = Mlloall £ lloz + lub'(y = lloall fllo.2)” dy
R

1fll,2<1
< / (lahy — 125 + [luk' (g — )2,) dy
R

=[P 5 l1ull5 ».

where the first inequality follows from the definition of the norm using duality. ||

Lemma 2.2 If h € HZ, then for any v € H,*,
[t Vubty = )2 dy < Kl
R

Proof: Let g = (I — A)~!u. By integration by parts, we get

<U, fvu>—1,2 = <(I - A)_lu’ fvu>072 (26)
= {9902 = (f+ 19902+ (f9,9") 02— (f'd 9 )00

By Lemma 3.2 in [9], we get

2
[ by =gy < KRNI
R

Applying Cauchy-Schwartz inequality to the other terms of (2.6) with f replaced by
h(y — ), we have

/ (u, Vuh(y — N2, o dy < K|[BI2 102 (2.7)
R

As
19 o2 = V(I = A)tullos < K[[(T — A) 2ullos = K] 12,

the conclusion of the lemma then follows from (2.7), where the last inequality follows
1

from the boundedness of the operator V(I — A)~z (cf. [8]). i

Theorem 2.3 Forp>1, ug € Hy', h € Hj and ||h||}, < 2, we have

T p
2 2
e supllul®+8 ([ lulfade) < Kl 29
< 0



Proof: In this proof we adapt the arguments of Kurtz and Xiong [9] for the norm
given by (2.3). Using a smoothing technique as in [9] if necessary, we may assume that
u; € HY. Note that for u € HY. By (2.3) we have

(u, Au)_y 5 = (u, Au—u)_y 5+ [Jull2y g = —llullg + w2, 2. (2.9)
By Lemma 2.1 we then have
2 (u, Au)_y 5+ / IVuh(y — )21 2dy < = (2= [IRI3 ) llullge + 2lul2y o (2.10)
R

It follows from Lemma 2.2 that

¢ V4
E sup / /2<U5,Vush(y—-)>_12W(d3dy)
t<r 0 R 7
, p/2
< KE ( / / <us,wsh<y—->>2_1,2dsdy)
0 R
< K= / lusll? ods. (2.11)
0

Using (2.5) with 8 = 0, together with (2.10) and (2.11) we have

T p r
2 2 2
2 sup s +8 ([ ulfads) < K8 ol + K [ 8 ulads. (212
s<r 0 0
Removing the second term on the LHS of (2.12), we get

s
 sup %, < Killuol %+ Ko [ 2 [ s
s< 0

It follows from Gronwall’s inequality that

E sup ||Us||2—p1,2 < K1||U0||2—p1,2€K2r-
s<r

Removing the first term on the LHS of (2.12), we get

r p r
E ( / ||us||3,2ds) < Kalluola+ Ko [ Kol 06 ds < Kool
0 0

In most applications, we shall take ug = 0, or ug = d,, — d,,. It is well known that
for any y € R, 6, € H;® for any a > 1 (cf. Example 1 of Section 5.2 in the book of
Barros-Neto [1]). This justifies the applicability of the last theorem.

We will prove a stronger version of Theorem 2.3 which is useful in estimating time-

increment of the random field X;(y). To this end, we need the following two lemmas.
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Lemma 2.4 For h € H} and for any o € (0, %] there exists a constant K such that

3
/ [Vuh(y — ')"32a,2dy < §|‘Vu"32a,2 + K”“Hg,z-
R

Proof: Note that

I(t,z,y) = T,(u'h(y —-)) (@) = Ti(«) (@) Th(y — ) (x)
_ %/Rdzl /Rdzg(u’(zl) C(22)) (= 22) — By — ) or(z — 2 )en( — 23)
= 5 [t [[datuta) — ) 04— )~ W= )l — 2l — )
43 [ da [ daalule) = ) (hly = 20) = iy = 2) 22l = 2o = )
Then

/M/MWwMQ
R R

Kﬁyxédgéwﬁéd@wwﬂ—M@»Wﬁw—a)—M@—@D%Mx—mwﬂm—@>

LK /R da /R dy /R dx /R doa(u(z1) — u(z2))? |[— / i |

21— X
|Zl—2‘2|2
X—

IA

pi(z — 21) (T — 22)

K/dzl/dzg(u(z1)2 4 u(22)?) o (21 — 22) + K/dzlfdzg(u(zl)Q + u(z2)2)¢(2+6)t(z1 — 29)
R R R R
= Kllullf,,

IA

where the constant K depends on ||7']|§ , and we used the inequality

L @) = SVIT G
—_— i € X = — € eX _— — —
¢ PPt ¢ Plogr ot @
1‘2 €$2
— V1t __ e
+€t exp( 4t(1—l—e)>
€
< 1+ esu exp | — = K(e).
S v y£<y p(zu+fﬂ)) (€

On the other hand,

//dmdy
RJR

2

Léww*fwuwmeMy—»WMt




= [ [ty [ [ dsintes) e T @)@ B @) Ty = @ Ty = @)
R JR o Jo
< p(O)/da:/ / dsdt(ts)* e IT, (u/) (2) Ty (u') ()
R o Jo
= ||VU||%2a,2~
By the triangular inequality, we have

1/2 00 1/2
([1unts = Pastn) = ([ [aoay [Temtetreania) s 19ulan
R R JR 0

K|ulloz + [[ V|| —2q,2-

N

The conclusion then follows from the elementary inequality (a + b)* < 3a* + 302,

Lemma 2.5 For h € Hl, there erists a constant K such that for any 0 < u € HY,

/ (10, Fuh(y = ) g dy < K 1] 1] -
R

Proof: Note that

( /R (1, Vuh(y = )’ dy> "
_ ( / ( / da / ) / (k) e dtds Ty T (o By — ~>><x>)2dy>

S \/I_l+ IZa

where
o0 o0 2
I, :/(/ dm/ / (ts)a—le—(t+s)dtdsﬂu(x)Tsu’(m)h(y—x)> dy
R \JR o Jo

I, = /(/da:/ / (ts)*Le= 9 dtds
rNJr o Joo Jo

xTou(z) (T, (W'h(y — ) (z) — Tou!' (z)h(y — )) >2dy.

1/2

and

By integration by parts and changing the order of T, and V, we get
/dx/ / (ts)*Le= T dtdsTyu(z) T (2)h(y — x)
R o Jo
1 o o
=3 / dx/ / (ts)* e dtdsTyu(z)h (y — ) Tyu(x).
R o Jo
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Thus,
I < K/dx/ / (ts)* e~ dtdsTyu(x) Tyu(z)
R o Jo
X/dl’// / (t’s')o‘_le_(t'+$/)dt’ds”]}/u(x’)TS/u(x')
R o Jo
= KHUHAiza,z < KHuHZ—QOA,QHqu,2'

Note that we used the non-negativity of u(z) in the inequality above.

Now we estimate I5. Note that
L= / () /< Ll st S T Tl ),
; -
where
o) = [y [ dsdnto = 2)(hy - 2) ~ iy - 2)u' (2
L i = )y — ) — by — ()
= [ dsdno = 2hoels’ - ()
(e ) = pla— ) — plz— )+ plz— ).
By integration by parts again, we can continue with
J(z,2") = /2 dzdz'V ps(x — 2)V g (2" — 2 u(2)u(Z)
(e ) = pla— ) — ple— 2 ol — )
" / 0202V p3(x — 2)pu (&' — ) (0 (x — &) = /(= — ) u(z)u(2)
.
+ [ 4o - ) Varpela! = 2) (912 = ) = e = o) ulu(?)
.
= [ dedea = ool - D)o/ - Dulz)u(z)
= J1EJ2+J3+J4.
Note that for some € > 0 we have

Jo < K/ dzdz ps(x — 2)
R2

|z — zf*

oo (2" — 2Nu(z)u(z") < KiTatesu(z)Tyu(x').
s

Let Gu(z) = [~ s* e *Tj1esu(z)ds. Then the corresponding term of Jo in I is

bounded (up to a constant multiplication) by
ol a0 [ [ [ (t5) e S T Tt
T JUR o Jo
1

1



Huuzza,z <(I — A) ", gu>0,2

1]l 20, 5] Gullo.2

0o oo 1/2
[l o ( I <ts>a-1e-<t+s>dtds||u||3,2)
0 0

< K|Iu||i2a,2||u||072 < K||u||2_2a’2||u||§’2.

IN

VAN

The other terms can be estimated similarly. | |

The following estimate will be used in the arguments in Section 5.

Theorem 2.6 Suppose that the conditions of Theorem 2.3 hold. Then for 8 € [0,1/2],ug =
0, and p > 1 we have

T p
e sl 2 ([ lul2adt) < K0, 213)

Proof: Similar to Theorem 2.3 we may assume that u; € Hg a.s.. Further, using a
stopping argument if necessary we may and will assume that the LHS of (2.13) is finite.

Denote 1 — 8 = 2« for simplicity. By (2.5) and Lemma 2.4 we get

1 T T
P ons < Nl 20 =5 [ IVl s +3 [ s
0 0
+/ /2<us,Vush(y— ~))5_1’2 W (dsdy)
0 R
1 T 7 T
JulPsns = 5 [ Nl + 5 [ ulfods
0 0

i /0 /R 2 (s, Vutsh(y =)}y , W (dsdy),

where the last inequality follows from

[Vul? e = d(a)? </ taletTtu’dt,/ to‘letTtu'dt>
0,2

0 0

= —d(a)? </ ta_le_tTtudt,A/ ta_le_tTtudt>
0 0 0,2
= d(a)? </ t* e " Tudt, (I — A)/ to‘_le_tTtudt>
0 0 0,2

—d(a)? </ taletTtudt,/ taletTtudt>
0 0 0,2

= ||(I - A)F(I = A)™ul} — ||(1 — A)ul)2

IN

= HuH?_m - HUH2—20¢,2 > HUH%—za,z - HquQ
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Thus,

r P
2 sup w5 ([l
) p/2
Kllug|%, » + KE (/ ||us||02ds) | KE (/ [ e vuand —->>5_1,2dyds)
K g % » + KE (/ / us,Vus<—>>ﬂ_1,2dyds) |

where the last inequality follows from Theorem 2.3 and the fact ||ug||—12 < [Juo||—20.2-

IN

IA

By Lemma 2.5, we get

r P
E sup lu.]% 5 + 2 ( / ||usr|z,2ds)
s<r 0

r p/2
2
K62, + KB < / ||us||%_1,2||us||a2ds)

IN

p/2

IN

K602, + KE <sup el / ||us||02ds)

1 p
2 2
< K||5z”5p—1,2 + §E Sngungp_l,g +8K°E (/ ||u5||3’2ds)
s<r 0
1 2
< K|, || —12 T 2IE SUPHUsH,B 1,2+K1||5z||—p12

The conclusion then follows from easy calculations. ||

3 A convolution representation

In this section, we establish a convolution representation for the density X;(z) in
terms of a random transition function. We first define the random transition function

by considering the spatial motion of a typical particle in the system, which satisfies

t
&=+ B+ [ [ty cowdsdy)
o Jr
For r <t and x € R fixed, we define the conditional transition probability
pr= () =" (st ) = PY(& €6 = ).

Then for r and z fixed p:’x’W can be regarded as the optimal filter with vanishing

observation function. Thus, it is a P(R)-valued process satisfying the Zakai equation

< mw’f> (@) / TR Af>d8+/ /<p””W Vih(y —-)) W(dsdy), (3.1)



where P(R) is the space of Borel probability measures on R. We refer the reader to
the books of Kallianpur [5] and Xiong [17] for an introduction to nonlinear filtering
and the related Zakai equation.

Next, we consider the dual equation on Cy(R):

T,o(x) = f(z) + / AT, ,(2)ds + / / VT (@)h(y — 2)W(dsdy),  (3.2)

where ds stands for the backward It6 integral. We refer to Li et al [12] for the defi-
nition of the backward It6 integral. We also denote T, (x) by quj () to indicate the
dependence on f. Similar to Corollary 6.22 in Xiong [17] it is easy to show that

= /Rf(y)p s, ot dy) =E ¥ f(&), (3.3)

where E !V denotes the conditional expectation given W and &, = .

The follovvmg convolution representatmn is the key in proving the joint continuity
of Xi(y). We shall denote Z(dsdx) = \/Xs(x)B(dsdzx).

Lemma 3.1 Suppose that X, satisfies condition (I) and f € CZ(R). Then we have

(X, ) = (Xo, Tog) + / / wi(2)Z(dsd). (3.4)

Proof: Similar to Theorem 2.1 in Lee et al [11], we can prove that X; € HY and

supE [| X, |5, < oc.
s<t

Denote the RHS of (3.4) by (Y}, f). Tt is easy to show that Y; is an HY-valued process.
Note that for f € CZ(R) we have

0id) = (o)~ [ Wespyas— [ [ bty =90 Wiasiy
= Xo, v //Tsft Z(dsdz) — (Xo, f)

_/ { Xo, T¢ //TAf drda:)}ds
/ / { X, Ty / / Th=IVI (3 (drdm)}W(dsdy)
_ <X0,Tg;—f— /0 T ds — /0 / Téfsy"WfW<dsdy>>



/ / (€)Z (dsdz) / / / W Af(E,)dsZ (drdx)
[ Rt - v st widsdy 2ty
= [l (1€ - 10~ [ aneas— [ [no-evsewiasa)
v [ [ 2asaare s {rie - [ astear— [ [ n-ervse i)
_ / / (@) Z(dsdz).

Let X; = X, — Y;. By (1.5) X is an HY-valued solution to the following linear SDE

<Xt,f> - /Ot <XS,Af> ds + /Ot/R<XS,h(y - -)Vf> W (dsdy). (3.5)

By Theorem 3.5 in Kurtz and Xiong [9] we have that X = 0. i

4 An estimate in spatial increment

In this section we estimate spatial increment of the density X;(y). As a consequence,
we shall see that for ¢ > 0 fixed, X,(y) is Holder continuous with exponent 1/2 — .

Applying Theorem 2.3 to (3.1), we see that p'V' (s, z;t, ) has a density, denote it by
pV(s,z;t,y). By Lemma 3.1, X;(y) can be represented as

Xi(y) = /u( (0, 2ty d:zH—/ / (s,2:t,9)Z(dsdz) = X[} (y) + X2(y). (4.1)

To prove the joint continuity by Kolmogorov’s criteria, we need the following estimate.

Lemma 4.1 Suppose that Condition (I) holds. Then ¥ p > 1,

E
0
K@

Proof: By BDG inequality, we have

2p
W(Sa xZ; ta yl) - pw(57 xZ; ta yZ))Z(dex)

p

2:0—1) o : (4.2)

2p

W(87 Z; tu yl) - pw<87 xT; tu y2))2d517d5

L Wis,ait,yn) — p" (s, 23 t,y2)) Z (dsdz)

p
KeEr "W

IN

t
//W%wmm—ﬂ@awm%mmm
0 R
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2

t 2p—1
L < KE (/ /(pw(s,x;t,yl)—pW(s,x;t,yg))deds
0 Jr

[NIES

For 2 = (2p — 1)/p + 1/p, applying the Cauchy-Schwarz inequality we have
t
X / /(pw(s, zit,y1) — pV (s, 7;t,92)) 2 X (z) P dxds
0o Jr
2p—1
< K (E )

t
X (E / /(pW(Sax;tvyl) —pW(s,x;t,yg))QXs(x)dexds)
0o Jr
= KIxJ.

D=

t
/ /(pW(S,.ZC,t,yl) _pW(S7$;t7y2))2dxds
0 R

(NI

Since p is bounded, it is easy to show that
Sup (1, pr(x —+)) < o0 (4.3)

It then follows from the same arguments as in the proof of Lemma 3.1 of Lee et al [11]
that E X,(2)%* is bounded. Therefore,

t 2
o Jr
Thus, L < KI?/?=1) which coincides with the RHS of (4.2). [ |

As a consequence of Theorem 2.3, we get

Proposition 4.2 Suppose the conditions of Theorem 1.1 hold. Let t € [0,T] and
p > 1 be fized. Then, there exists a constant K = K(p,T') such that

E X7 (y1) — X7 () < Klyi — e’ Yy, y2 €R. (4.4)

Consequently, for t > 0 fived X? is Holder continuous with exponent 1/2 — € for any
e > 0.

Proof: Let ug(z) = pW(t —s,z,t,41) — p" (t — s,2,t,92). Then u solves equation (1.9)
with ug = &,, — dy,. For any f € Hy we have

/y y F(s)ds

16

| (w0, £) | = [f(v1) — fly2)| = < VIy2 = nlll fll12-




Thus,
uoll-12 < V|y2 — vl (4.5)

By Theorem 2.3 we get

¢ P
E (/ / |pW(3,x,t,y1) —pw(s,x,t,y2)|2dxds) < Kly — yoP.
0 Jr

Inequality (4.4) then follows from Lemma 4.1. i

Finally, we consider X} (y).

Proposition 4.3 Suppose the conditions of Theorem 1.1 hold. Let t € [0,T]. Then,
for p > 1, there exists a constant K = K(p,T) such that

E X/ (y1) — X} (o) < Kly1 — va]”.

Proof: Note that

2p

E |th(3/1) - th(y2)\2p = E / (pw(07$;t,y1) —pW(O,x;t,yQ)) p(x)dz
R

2 2
< E ”pW(Oa 7tay1) _pW(0> ';t7 y?)”—pl,QHPJHI?Q
2 2
> K1H5y1 - 5y2”—p1,2”/LH1f)2

A

The conclusion then follows from (4.5). i

5 Estimates in time increment

In this section we consider time-increments of the types of

/ / (s,xta,y) — " (s,25t1,y)) Z(dsdx) (5.1)

/ / (5, 23, ) Z (dsdz). (5.2)

For the type of (5.1), we first use Theorem 2.3 to obtain a preliminary estimate by

and

E ||ug,—t, —5y\|2_p1,2, where v, is a solution to SDE (1.9) with uy = J,. To further estimate
this quantity, we need to develop two major techniques, i.e., the partial convolution by
kernel ¢« and the partial integration by parts introduced in Section 1. For the type
of (5.2), we will use a technique developed by Xiong and Zhou [18].

17



Lemma 5.1 For any t; <ty and y € R, we have

2p
(/ / (5,362, ) — pW<s,x;t1,y>)Z<dsd:c>) < KE [ (t1, s 12, 9)— 5,

Proof: Note that pV(t; — s, z;ts,y) — p" (t1 — s, 2;11,y) is the solution of SPDE (1.9)
)

with initial condition p" (¢, -;t2,y) — , and hence,

(/ / (s.5t2,y) — P (5,231, y)) Z(dsdx))Qp
( ([ [o"en >pW<s,x;t1,y>>2dsdx>2pl>z;u

S KE Hp (tlv';t%y) _5ZIH712

IN

Let ug(x) = p"(ty — s,2;t2,y). Then u solves (1.9) with ug = §,. As Auy is not
in H,! we cannot use (1.9) directly to get an estimate on E |lug, ¢, — 5y|]2f)1’2. Instead,
fixing ¢ and taking differential of [, u;—(2)¢,e(z — x)da with respect to r, and then
taking integral we get (1.10). Denote the second and the third term on the RHS by I,
and I3, respectively. Write the fourth term by I, — I5 with

¢
I, = a/ /(I — My (2)pra (2 — 2)dar® dr
0 Jr

t
Is = a/ /utT(:c)@ra (z — x)dor® tdr.
0o Jr

Ut(Z) — 6y(Z) = ]1 + _[2 —|— 13 —I— ]4 — ]5.

and

Then

We now estimate [, j =1,2,---,5, separately. Although the following result can
be implied directly from the analyticity of A on L?(R), we give a brief and elementary

proof for the convenience of the reader.

Lemma 5.2 For 3 € (0,1) there is a constant such that for r € (0,T) we have

/

(I — A o (z)| de < Kr=?. (5.3)

18



Proof: Note that the integral in the definition of (I — A)” can be split up into two

parts: I; denotes the part from 0 to r and I from r to co. Then

et 41 2 4

For t < r, we have

‘eitSOtJrr(x) - QOT(Z')‘ (thrr('x)il

t+r x? x?
7t_ = -
¢ V r exp( 2T+2(t+7”)>'
1 \/t+r +\/t—|—r 1 ta?
r r P 2r(t +r)

ta? t
\/5(#+t+;>.

2r(r + t)

IA

‘e_t — 1‘ +

Multiplying both sides by ¢y, (x) and taking integral we see that [, [I;(x)|dz < Kr=7.
|

Now we estimate I,. Note that

@

t
Ll e < a/ /(J—A)ltuH(.—x)(f—A) Foe()dz| o ldr
o Il/r ~1,2
t s . X
< K ‘(I—A) 2 Uy / (I —A)>2 gpra(x)‘da:ro‘ dr
0 —-12 Jr
t
< K/ ’(I—A)#ut_r r2(=Apa=lgy
0 ~1,2
t 148 2 2 ¢ 2
< K (/ (I—A)= u, dr) (/ Ta(1+5)_2dr)
0 —1,2 0

1
L
e[ ) oo
0 b

where 8 € (0,1/2) is chosen such that a(1+ ) > 1. Thus, E || I]|*, , < Kte(+5)-Lp,
I and I5 can be estimated similarly (easier).

Next, we estimate I5. Note that
t

Iy
t

!

2
drdy

~1,2

2

/R Vit (2)h(y — 2)po (- — 2)da

drdy

/Rutr(x)Vh(y — )y (- — x)dx

1,2
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2

d’l"dy = 131 + 132.
—-1,2

Up—r(z)h(y — 2)Vipra (- — x)dx
We calculate

U—r(- — 2)h(y + = — ) Vpa(x)de drdy

1,2

_ / / / / (e ( = D)y + 7 — ) — V(g + 2 — )y,

XV ra(2)Vora (2’ )dad' dydr
= [ LS e
RJR JR
X //gou(z — 21U (21 — 2)h(y + 2 — 21)dz
R JR

X /gpv(z — 29U (22 — " )A(y + 2" — 29)dzodzdudv
R
XV pra(2)Viora(z')dxds' dydr

< K[ [ = =)0 (Ve ()] Ve

< K/Ot (/Rllut—r(-—x)||—1,2|V<Pra($)|dw)2dT‘

t
< Ksupllu]P / rdr < K sup Juy |2, ot
r<t 0 r<t

I32 =

where in the first inequality we used the identity (1.4) and p(z) < 1. I3 can be

estimated similarly. Estimation for I; is easy. To summarize, we get

Proposition 5.3 Forp > 1, a € (0,1) and g € (0,1/2) satisfying a(1+ ) > 1, there

exists a constant K such that ¥V t; < t, we have

(/ / (s,2: 0,y pW(s,x;tl,y))2Z(dsdx))p

< Kmax(|t2—t1\ a+B)=Dp |1y — ¢, |A=P Py

([ [ntrian)”

Similar to Section 4, the above moment is bounded by

to 2p—1 %
E (/ /pW(s,x,tg,y)dedS)
t1 R

20

Finally, we estimate



which we shall estimate using the method of Xiong and Zhou [18].
The key identity proved in [18] is given in the following lemma. We sketch the

proof for convenience of the reader since [18] is not easily accessible.
Lemma 5.4 For any k €N, s <t and z,y € R¥, we have
E HlepW(S,iCi,t,yi) = Pk(t -5 x,y),

where Py is the transition function of the k-dimensional Markov process consisting of

the motion of k particles of the branching particles system introduced in Section 1.

Sketch of the proof Let t and y be fixed. We define v (z;) = pV(t — r, 2%, t,y), i =
1,2,---, k. Then v’ is a solution to (1.9) with initial é,. Applying It6’s formula to the

product and taking expectation, we get
%E im1Up(2") = ARE I up (o)

where Ay, is the generator of the k-dimensional Markov process consisting of the motion
of k particles of the branching particles system. The conclusion of the lemma then

follows easily. |

Lemma 5.5 For any integer n > 1, we have

to n
E (/ /pw(s,x,tg,y)gdxds> < Kty — t,|"/2. (5.4)
t1 R

Proof: Let t; = 0 and ¢, =t for simplicity. The LHS of (5.4) is estimated as follows.

¢ t ¢
L = nlE / d81/ ds2---/ dsn/--~/dx1---dan?ZIpW(si,xi,t,y)Q
0 s1 Sn—1 R R
¢ t ¢
= nlE / dsl/ dSQ"'/ dsn/~~/dxl'--dan:-L:ZpW(si,xi,t,y)Q
0 51 Sn—1 R R

></pW(Sh!I?l,827$11)PW(82,$11,t7y)d$11/pw(Sh901,82,9012)PW(82,$12,75,?J)CZI12

R R
¢ t ¢
= nlE / dsl/ dsg - - / dsn/~~~/d1’1 e da, I op™ (84, 24, 1, y)?
0 51 Sn—1 R R

X//P2(82—51,(5131,931),($11,$12))pw(82,$11,t,y)pW(S%$12,t,y)d$11d$12,
RJR
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where the last equality follows from Lemma 5.4. Note that

K
P2(32 — S1, (xhﬂ?l), (1'11,3712)) < —*9032731(371 - 1'11)-

S2 — 51

We now continue the estimate with

t dSl t t
L < KE / —/ dSQ"'/ dSn/"'/d.%lldl'lgdl’g"'dl'n
/Gy — 501

82,$11,t y)p 52,$12,t y) I 2p (8, i, Z/
= KIE/ m/ dsg - / dsn/ /d:z:ndx12dm2~--dxn
X/Rp (52,11, 53, 24,)p" (83, 21, 1, y)da’y
></RPW(Szaxwa33’-73'12)PW(53,37'12>?5’y)dflfllz
></RPW(SQ,Iz,837Izl)pw(53,$21,t,y)d$21

></pW(SQ,!JUz,83,$22)pw(83,9622,t,y)d$22ﬂ?3PW(Si7$i,t,y)2
R

t d81 t t
— KE | dsy--- ds, | - | deyydrpdas - - dx,
[ L [t o [t

/ / / /
><////d9311d$12d$21d352zp4(53—82,($11,$12,$27£B2),(9011,51512,%2175522))
RJRJR JR

XpW(S37 *I,117 ta y)pW(S37 .13/127 ta y)pw(33a X21, t? y)pw(s?)a X22, t) y)H?:SpW(Sﬂ Ty, t7 9)27

where the last equality follows again from Lemma 5.4. Note that

Py(s3 — 2, (#11, T12, T2, T2), (T4, T9, T21, Ta2))
K
T =5, P (211 — 1) Psg—s: (T2 — T12)Psg—s (T21 — 22).

Finally, we continue to estimate the LHS of (5.4) with

! dsl ¢ d82 t
L < KE | —m | —/—-- ds, [ - [ do' da desydoydas - - - dz,
B /0 VS2 — 81 /sl V53 — 52 /snl ’ /R /]R GG Endts e

XpW(S37 *I,117 ta y)pW(S37 .13/127 ta y)pw(s?n X21, t? y)pw(s?)a €22, t) y)H?:fSpW(Sﬂ Ty, t7 y)2

Continue this procedure, we see that

L < KE /t dsy /t ds, /t dsn / /d d dad
.« o o S — P $ x P xn xn
N 0 VS2—51Js VS3— S2 sno1 VE— 80 Jr R HEE B

22



H?:lpW(Sn, Ti1, t7 y)pw<8n7 T2, t? y)

< KE /t dsy /t dss /t ds,
- 0 VS2 — $S1 51 \/S3 — S92 Sm—1 \/t—Sn
< Kt"2
Thus we finish the proof by replacing ¢ by to — ¢;. |

To summarize, we get

Proposition 5.6 Suppose the conditions of Theorem 1.1 hold. Then, there exist in-
teger p > 1 and real numbers ¢ > 0 and K > 0 such that V t; < ty and y € R, we
have

E XE (1) — Xo, )" < K|ty — o (5.5)

Proof: Choose p > 2, o € (0,1) and § € (0, %) such that

min {(a(l +5)—1)p, (1 —a)p, g} > 2+ e
By Proposition 5.3 and Lemma 5.5, we see that (5.5) holds. [
Note that

2p

E ‘thl (y) - Xt12 (y) |2p = E

/ (P (0,2 ta,y) — p"V (0, 2 t1,y)) pulx)da
R

< E ||pW(07 '315272/) _pW(07 ';t1,y>H2—p1,2||N”?2-
Similar to the proof for X?(y), we get

Proposition 5.7 Suppose the conditions of Theorem 1.1 hold. Then, there exist in-
teger p > 1 and real numbers € > 0 and K > 0 such that V t; < ty and y € R, we
have

E X} (y) — Xo, () < Kty — .

Remark 5.8 It is conjectured by Yaozhong Hu and David Nualart that for x fized,
X, (x) should be Hélder continuous in t with exponent 1/4—e. However, the method in
this paper cannot confirm this conjecture. Instead, it follows from Proposition 5.3 that
Xi(x) is Hélder continuous in t with ezxponent min (a(1+ 8) — 1,1 — «) /2 — €. Since
a <1 and B < 1/2, the best Héolder exponent we can get here is 1/10 — e.
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Proof of Theorem 1.1: Combining Propositions 4.2, 4.3, 5.6 and 5.7, we get

E | Xp, (y1) — Xoy (92)|? < K|(t1,51) — (f2,52) 7T

The joint continuity then follows from Kolmogorov’s criteria. |
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