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Ergodic theory for a superprocess
over a stochastic flow

Zenghu Li!, Jie Xiong? and Mei Zhang?

Abstract. We study the longtime limiting behavior of the occupation time of the
superprocess over a stochastic flow introduced by Skoulakis and Adler (2001). The
ergodic theorems for dimensions d = 2 and d > 3 are established. The proofs depend
heavily on a characterization of the conditional log-Laplace equation of the occupation
time process.
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1 Introduction

A superprocess over a stochastic flow were constructed by Skoulakis and Adler [13]. Let
o1 = (aij(x)) and o9 = (cr;j(x)) be d x d matrices defined on R?. Suppose that {WW(t)} and
{B1(t)},{Ba(t)},--- are independent d-dimensional Brownian motions. We consider a branch-
ing particle system on R? described as follows. Between its branchings the motion of the ith
particle is defined by the stochastic differential equation

dgi(t) = o1(&i(1))dW (t) + oa(&i(t))dBi(2). (1.1)

The particle splits into two or dies with equal probabilities when its standard exponential life
time runs out, independent of others. By the result of Skoulakis and Adler [13], a suitable scaling
limit of the above system gives a continuous superprocess {X;} with state space M (R?), finite
Borel measures on R%. (Those authors considered a diagonal form of oy, but their arguments
carry over to the present situation.) Let

(@) = (o7)"(07") + (05)"(03),
where “+” denote the transpose of the matrix. Let CZ(R%) be the collection of twice continuously
differentiable functions on R¢ with compact supports. We define the differential operator L by

82 f

daix; (x), reR? fe C’g(Rd). (1.2)

1 <&
Li@) =35 > aii()

,j=1

Throughout this paper, we assume the following conditions:
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(A1) the entries of oo = ( ;J(a:)) have bounded continuous derivatives up to the second order

and those of o1 = (o}’ (z)) have bounded continuous derivatives up to the third order;
(A2) ob0y = (0% (2))* (05 (x)) is uniformly positive definite on R®.

Let (u, f) and p(f) denote the integral of the function f with respect to the measure p. Then
the superprocess {X; : t > 0} over the stochastic flow is uniquely characterized by the following
martingale problem: For every f € C2(RY),

My(f) = (X ) — (Xos f) /0 (Xo, Lf)ds (1.3)

is a continuous martingale with quadratic variation process

M(f)): = /0 (Xa2f%) + (X0, 07V )?)ds. (1.4)

It is easy to see that {X;} reduces to a classical critical branching superprocess when o; = 0.
Otherwise, it has properties very different from the later; see, e.g., Xiong [15, 16]. A similar
model was studied in [4, 14].

Following Xiong [15, 16] we can construct the superprocess {X;} and the Brownian motions
{W(t)} and {Bi(t)},{B2(t)}, - on the same probability space (£, F,P). Throughout the
paper, we use the superscript “W” to denote the conditional law given {W(¢)}. Then the
superprocess {X;} can also be characterized by the following conditional martingale problem:
Under the conditional probability PV, for every f € C2(R?),

Nof) = (X ) — (Xo, f) — /0 (Xo, Lf)ds — /0 (Xe, 0}V £)dW (s) (1.5)

is a continuous martingale with quadratic variation process
t
V= [ (X2 fis (1.6)
0

The log-Laplace functional has been used for classical superprocesses by many authors to
study their asymptotic behaviors. In particular, the persistence property of the super-stable
motion was proved in Dawson [3]. Iscoe [6] gave a characterization of the log-Laplace functional
for the occupation time of the super-stable motion and studied its central limit theorems. The
ergodic theory and local time for super-Brownian motion were studied in Iscoe [7]. In Xiong [15],
the conditional log-Laplace functional of {X;} given {W (t)} was characterized as the solution
to a nonlinear stochastic partial differential equation (SPDE) driven by the later.

To explain the tools used in the exploration, we need some notation and results for SPDE’s
from Krylov [9]. Let H,' for p > 1 and n € R denote the Soblev space on R? with fractional
derivatives (cf. [9, p.186]). Let Hy be the Banach space of bounded measurable functions
equipped on R? with the supremum norm and let HZY be its subset consisting of the non-
negative elements. Let C, denote the set of bounded continuous functions on R?. We note that
H! C Cy when np > d (cf. [1] or [17, p.113]). It follows that X := Ny>oH? N HY, C Cj. For
fixed ¢t > 0 and f € X we consider the nonlinear SPDE:

vri(z) = f(2) —i—/ [Lvs () — vit(x)]ds +/ Uf(x)Vvsvt(x)ciW(s), 0<r<t, (1.7)
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where dW (s) denotes the backward It6 integral defined by

/mww@—hmEEmmwm—wmm»

|A|—=0 P

The limit here is taken in L?(2,P) and |A| is the maximum length of the subintervals of the
partition A = {r =r9g <7 < --- < r, =t}. Note that we have used the right endpoints in
the Riemann sum approximation of the stochastic integral. That is the reason we call it the
backward stochastic integral. We need to use this version of the stochastic integral in the SDE
(1.7) because that equation is defined with the time ¢ fixed and the time r < ¢ varies.

For r > 0 and v € M(R?) let P, , denote the conditional law given X, = v. The follow-
ing theorem was essentially established by Xiong [15, Theorem 1.4 and Lemma 2.5]; see also
Xiong [16].

Theorem 1.1 Suppose that conditions (A1,2) hold. Then for anyt > 0 and f € X there is a
unique X -valued solution r +— v.; to (1.7). Moreover, for any 0 < r < t and v € M(R?) we
have

P exp{—(Xy, f)} = exp{—(v,vr0)}. (1.8)

Using the above conditional log-Laplace functional as a tool, Xiong [16] proved the persistent
property of {X;} in high spatial dimensions d > 3. Following Xiong [16] for fixed ¢ > 0 and
f € X we consider the linear stochastic integral equation

t t
T f(x) = f(x) +/ LT f(x)ds + / 01 (@)VTs f(x)dW(s), 0<r<t. (1.9)
The solution of the above equation can be represented as
Tife) = [ 1" oo tdy),  0<r<t (1.10)
Rd

for a random kernel p"V (r, z, ¢, dy), which is intuitively the conditional transition probability of
{&(t)} given {W(t)}. It was proved in Xiong [16] that the solution of (1.7) is also the unique
non-negative solution of

t
vr,t(w)Jr/ dS/dvf,t(y)pW(w,S’dy) = df(y)pw(r,:v,t, dy), 0<r<t (1.11)

T R R
A similar characterization of the conditional log-Laplace functional of the model of [4, 14] was
given in [11]. The next theorem characterizes the conditional log-Laplace functional of the

weighted occupation time of {X;}.

Theorem 1.2 Suppose that conditions (A1,2) hold. Let s — fs be a mapping from [0,00) to X
continuous in the supremum norm. Then for any r <t we have

PY exp{ - /Tt<Xs,fs>ds} = exp{— (v, urs)}, (1.12)

where r — .y is the unique X -valued solution to the equation

urt(x) = / ([Lugt(x) — ug,t(az) + fs(x)]ds +/ o3 (2)Vug 4 (x)dWs, 0<r<t. (1.13)



Following the proof of Xiong [16, Lemma 8] one can show that r — wu,, is also uniquely
characterized by the following equation:

Urt(x / ds/ st (ryx,s,dy) = / ds/ fs(y (ryx,s,dy), r<t. (1.14)
Rd

In the sequel, we need an extension of the state space of the superprocess. For p > 0 let
M,(RY) = {v: (v, ¢,) < 0o}, where ¢,(z) = eP* and |-| denotes the Euclidean norm. Clearly,
the Lebesgue measure A on R? is included in Mp(Rd). It was explained in Xiong [16, pp.45-
46] that the state space of the superprocess {X;} can be extended to M,(RY) with the above
martingale problem characterization remaining valid. The results of Theorems 1.1 and 1.2 can
also be extended to this situation. The occupation time of the superprocess is defined as

t
Yt:/ X,ds, t>0.
0

In the following theorems we assume in addition that

(B1) pu € M,(R%) is an absolutely continuous measure with bounded density x — u(x) and is
invariant for the conditional transition function p'V (s, x,t,dy), namely,

/ pW(S,ZL‘,t,)IM(dI’) =
R4
for all s <t and almost all given {W(t)}.

The existence of such a measure has been studied by Xiong [16]. Here we state this result
briefly for the convenience of the reader. Let

:_7 Z Ul 8a;k

]k 1
and
a9
L b’— J
/= Z S+ ]Zla T

where @/ = Zz 1 a%ka%k If there exists a constant K such that

|Viog p(z)| < K(1+ |z|), Vo € RY, (1.15)
and

L*p=0and VT (oyp) =0, (1.16)

(note that there is a typo in [16]), then p is an invariant measure.

Now, we discuss the existence and uniqueness for the solution to the equations in (1.16).
Firstly, the most interesting example is when o7 and oy are constant matrices. In this case,
the invariant measure is unique and is the Lebesgue measure. The uniqueness of the invariant
measure follows from that of the positive harmonic function (L*1 = 0). Secondly, the invariant
measure is not unique in general. For example, we may fix two measures p; and po such that



(1.15) holds and seek the matrices o1 and oy satisfying (1.16). Finally, if we add a constant
briefly b in the motion (1.1) with d = 2, such a non-uniqueness can be given explicitly if we take

_ (b —h _
0'1—<b2 —b1> andag—I.

Then -
dpy = dx and dps = e~ *dx

are two invariant measures.

To prove convergence in the space M,(R%), we define a metric on it. Let {f;, j = 1,2,---}
be a dense family in X with compact supports, and for v, 19 € Mp(]Rd), we define

plri,n) = 277 (1 — v, fi) A1)
j=1
Theorem 1.3 Suppose that d > 3 and conditions (A1,2) and (B1) hold. If Xo = p, then
p(tYou) B0, t— oo,

where “ 57 denotes convergence in probability.

The above theorem asserts that in high dimensions the average in time of the superprocess con-
verges to the invariant measure p of the conditional underlying transition function p" (s, z, ¢, dy).
For the critical dimension d = 2, we need to assume the following additional conditions:

(C1) limyo0 p(z) = p(00), and there exist two strictly positive constants c1,ca so that ¢; <
w(z) < e for all z € R?;

(2) there exist two constant matrices (5) and (%) so that
1 2
of (v) =67, of (@) > 5y,  |a| o0, ii=1,2

Under those conditions, let p" (s, z,t,dy) be defined by (1.9) and (1.10) with alij replaced by

&lij . It is easy to see that $" (s, z,t,dy) is absolutely continuous with respect to the Lebesgue
measure and has density p" (s, z,t,7) given by

B - 1 Gy 'y —x — a1 (W(t) — W(s)))
P (5o ty) = (t — 5)42 det(&z)g< 2 > (L.17)

where ¢ is the density of the 2-dimensional standard normal distribution. Recall that the
Lebesgue measure is denoted by A.

Theorem 1.4 Suppose that d = 2 and conditions (A1,2), (B1) and (C1,2) hold. If Xo = p,
then
7y, bt oo,

d o ) .
where “ — 7 denotes convergence in distribution, and £ is a random measure with Laplace
transform given by

1
P[exp{—<s,f>}]:Pexp{—<u,f>+u<oo> / <A,U2<3,.>>d5}, fex, (1)
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where (r,z) — v(r,z) is the unique positive solution to the following equation:

1
(r,z) / ds/ (5,9)p" (r, 2,5, y)dy = (), f)/ Wi(r,z,s,0)ds (1.19)
R2
with 0 <r <1 and x € R2.

Remark. (1) For d = 1, Xiong [16] has proved fOOO(Xt,f>dt < 00, P,-a.s. For the super-
Brownian motion without stochastic flow, the occupation time process {Z; : ¢ > 0} has been
constructed by Iscoe [6], and its ergodicity limits were obtained by Iscoe [7]: For d = 1, the total
weighted occupation time is finite; For the critical dimension d = 2, as t — oo, %Zt converges
vaguely to (A for some real random variable (; while for d > 3, the limit measure is A, see [7,
Theorems 1,2]. Hence, the ergodicity of the process with stochastic flow is similar to that of the
classical super-Brownian motion.

(2) It is known that the underlying motion {{(¢) : t > 0} is transient if and only if d > 2.
The asymptotic behaviors of the corresponding super-processes are mainly dependent on the
behavior of underlying process. So the d > 3 and d = 2 dichotomy appears in the present paper
and also Iscoe [7].

Under the conditions of Theorem 1.4 one can actually show that {T-'Y;r : 0 < t < 1}
converges as T — 0o to a measure-valued process {{; : 0 < t < 1} in finite dimensional
distributions characterized by

Pexp{ - zn:@ti, fl>} = Pexp{ — Zn:ti<u,fi> + p1(00) /01<)\,v2(5, .))ds},
i=1 i=1

where 0 < t; < --- < t, <1, f1,---,fn € X, and v(s,z) := v(s,x; f1, -+, fn) is the unique
positive solution to

(s,x) /du/]R2 (u,y)p" (s, 2, u,dy) = Z/ (A, fi) Loz, ()P Wis, z,u,0)du

with 0 < s < 1 and # € R?. With some additional work on tightness, one can also prove
the weak convergence in the space C([0,1],R"). The tightness can be established by checking
Kolmogorov’s criterion based on the third order moment estimate of 1(Y;, f). Suppose (T5,)5%,
is a sequence such that T, 1 co. Under the same conditions of Theorem 1.4, there exists a
positive constant Cp independent of (7},)22,, such that for 0 <t; <ty <1,

toTh 3
P { [Tln /tlTn <X5,f>ds} } < Co(ta —t1)2

Therefore, the sequence {T,;1(Y;r,, f) : 0 < t < 1} is tight in C([0,1],RT). That implies the
tightness of {T,;1Y;r, : 0 <t < 1} in C([0,1], M,(R?)). The calculations are complicated while
the idea is classical, so we skip them here.

Theorems 1.1 and 1.2 are proved in Section 2. The proofs of Theorems 1.3 and 1.4 are given
in Sections 3 and 4, respectively. In the proofs of those results, we shall use C,Cy,Cs, -+ to
denote constants which can vary from place to place. Let || - [lo denote the norm of L?(R%, \).



2 The conditional log-Laplace equation

In this section we give the characterization of the conditional log-Laplace functionals of the
superprocess {X;} and its weighted occupation times. We here assume Conditions (A1,2) hold.
The results hold for all dimensions d > 1.

To prove Proposition 2.3 below, we will need to use Krylov’s L,, theory for SPDE. To make
our paper as self-contained as possible, we outline the main definitions and results of Krylov [9]
enough for our purpose (in a less general setup).

Let (Q, F,P) be the probability space, (F,t > 0) be an increasing filtration of o-fields
Fi: C F containing all P-null subsets of {2, and P be the predictable o-field generated by
(Ft,t > 0). Denote H(R™) = Ly([0,T] x Q, P, Hy(R™)) where H}(R™) stands for (f1,---, fn)
with f; € Hy, i@ = 1,2,--- ,n. Now we define the space H; which plays a key role in the L,
theory.

Definition 2.1 The space H;, consists of u € Hj} such that u(0,-) € Ly(S2, Fo, H, H,~ 2/p), Ugy €
Hg(RdXd), and there exist f € Hj) and g € HZ(Rd) such that for any ¢ € Cg°, the equality

(u(t, ), 6) = (u(0, ), 8) + /0 T ds+Z / 8) dWH(s)

holds for all t < T with probability 1, where uy, is the d X d matriz consists of all second order
partial derivatives of u and W (t) is a d-dimensional Brownian motion.

Consider the following SPDE:

d d
g L i )
du(t,z) = g a¥ (:E)@a:-(?mu(t’ z)+ flu,t,x)| dt + g oy (w)%u(t, ) dWk@t),  (2.1)
ij=1 v ik=1 v

where f is real-valued.
Let

1 d
=52t
Let v = 0 if n is an integer; and otherwise v > 0 is such that |n| + 7 is not an integer. Define
B(RY) if n =0,
By = & cInl=LI(RY) if = £1, 42, -,
CI"+7(RY)  otherwise,

where B(R?) is the set of bounded functions, C!"I=11(R9) is the Banach space of |n| — 1 times
continuously differentiable functions whose derivatives of (|n| — 1)st order satisfy the Lipschitz
condition on R¢, and C |”‘+'Y(]Rd) is the usual Holder space. Actually, we will need only the case
of n = 0 in the proof of Proposition 2.3 below.

The following conditions are imposed by Krylov [9].
(K1) (coercivity) For any = € R? we have

d
K|\? > Z [aij(x) - aij(m)] NN > 6N,
ij=1



where K, ¢ are fixed strictly positive constants.

(K2) (uniform continuity of a and o) For any € > 0, i, j, there exists a . > 0 such that
|a¥ (x) — a” (y)| + lo7' () — oY (y)| < €

whenever |z — y| < Ke.
(K3) a', o0 e BInl+,
(K4) For any u € H)'*?, the functions f(u,t,z) as a function taking values in H'.
(K5) £(0,-,-) € 7.

(K6) The function f is continuous in u. Moreover, for any € > 0, there exists a constant K,
such that for any u, v € HI’}”, t, we have

1f (st o) = Fos b, )lnp < el = vllngzp + Kelu = vllnp.
The following theorem is Theorem 5.1 in the book [9].
Theorem 2.2 Let Assumptions (K1-K6) be satisfied and let
uo € Ly (Q,]—"O, H"+1‘2/p) .

Then the Cauchy problem for equation (2.1) on [0,T] with initial condition u(0,-) = ug has a
unique solution u € 7—[;‘+2.

Now we apply Krylov’s result to our setup.

Proposition 2.3 Let ¢ > 0 be a constant. Then for any f € X there is a unique solution u € X
to the following SPDE

t t
u(t,z) = f(z) + / [Lu(s, ) — cu?(s, 2)]ds + / o (@) Vuls, 2)dW (s), (2.2)
0 0
where t — W (t) is a d-dimensional Brownian motion.

Proof. For ¢ = d =1 and f with compact support, it is proved in Xiong [15] that (2.2) has a
unique solution t — u(t,-) € HY. The same argument applies to ¢ > 0, d > 1 and f € X. We
only need to prove u(-,-) € ’Hg. Fix u(-,-) and consider the linear SPDE:

v(t,z) = f(x) —i—/o [Lu(s,z) + f(v,s,x)]ds —i—/o ol (x)Vu(s,z)dW (s), (2.3)

where f(v,t,x) = —cu(t, z)v(t, ). Note that f € HY) if v € H2. Moreover, for vi,vy € H} it is
easy to see

Hf("Ul,t, ) - f(vat7 )

where || - [0, denote the norm in LP(R?, )\). The verifications of the other conditions of (K1-K5)
with n = 0 are straight forward. Then have v € 7—[}2,. The conclusion of the proposition follows
because t — u(t,-) is the unique solution to (2.2) taking values in HJ.. ||

00 < Kollvr — vallop-



Corollary 2.4 For anyt >0 and f € X there is a solution r — v,; € X to the backward SPDE
t t .
ora(z) = f(z) + / Lows(z) — ev?, (2))ds + / o1 (@) Vo, (2)dW (s). (2.4)

Proof. This follows from the above proposition applied to the Brownian motion r W(r)
Wt —r)—W().

Proof of Theorem 1.1. For d = 1, the result was established in Xiong [15] using Wong-Zakai
approximation. Here we sketch a simpler proof by adapting an argument of Mytnik and Xiong
[12] to the current model. For fixed € > 0 we define a measure-valued process {X;} as follows.
Fori=0,1,2,--- we assume { X} : 2ie <t < (2i+1)e} is a classical superprocess corresponding
to the non-linear equation

@) = 1(@) ~ [ Lok (o) — 208 (0Pl

where 2ie < s <t < (2i+1)e. Fori=0,1,2,--- let {X7: (2i+1)e <t < 2(i+ 1)} be the
solution to the linear equation

t t

(X5, Lf)ds + /(M (X2, 01V )W (s).

(XE, f) = (X1 ) + /

(2i4+1)e

Observe that {X7 : (20 + 1)e <t < 2(i + 1)e} corresponds to the backward equation

t t
o () = f(z) + / Log () dr + / o7 () VS () dW (1),
where (20 +1)e < s <t < 2(i+ 1)e. Then we claim that
PY exp{— (X7, f)} = exp{— (v}, £ =720, (2.5)

In the case of 2ke <t < (2k+ 1)e for some k > 0, we observe that the behaviors of the processes
{X5 1 2ke < s <t} and {vg, : 2ke < s <t} do not depend on {W(¢)}. It follows that

Pm [6_<Xf’f> ’nga] = eXp{_(‘nga’ U%ka,t>}v
and hence

P}Z/ eXp{_<th7 f>} = P}Z/ eXp{—<X2Ek,€, U§k57t>}'
By Xiong [17, Corollary 6.21] we have

<X§kav nge,t> = <X€2k—1)57 Uka—l)e,t%

and so
P exp{—(X;, /)} = P exp { = (X{p_1)r Vor_1)e) }-

Continuing this pattern gives (2.5). The proof of the equality in the case of (2k 4+ 1)e <t <
2(k + 1)e for some k > 0 is similar. The conclusion of the theorem then follows by proving the
weak convergence of (X¢, W, v%) to (X, W,v) using the same techniques as in [12]. We omit the
details here. ||



Proof of Theorem 1.2. Let s3 > 51 > 0 and f1, fo € X. For s1 < r < s3 let 1,5, (x) be given
by

roa(@) = o) 4 [ L) = s+ [ 0100 T 0 )V
For r < 51 let ¢, () be the solution to
brir(®) = F) 4 @)+ [ (L (0) = o, ()
+ [ i@ Vo .
By Theorem 1.1 for r < s1 < s9 we have
PV exp{ — (X5, i) — (X f2)} = PV exp{— (X, fi +1s1,50) }

= eXp{_<,u7 ¢7‘,51 >}

Now we define

u(r,z) = Vrsy(T), 51 <71 < 8,
? ¢T,51 (:U)) r < Si.

It is easy to see that
52
U(T,$) = fl(x)l{r<51} + f2(x)1{r<sz} +/ [LU(&Z‘) - u2(3¢$)]d8
—|—/ o3 (x)Vu(s, z)dWs.

By similar arguments as the above we get

n

PZK/ exp { a Z <st., :Lfsz>} = exp{—(v,u{(r, "))}, (2.6)

=1

where s; = it/n and up(-,-) is the solution to

uy(ryx) = f'(x) —|—/ [Lul (s, z) — ul(s, z)?]ds —I—/ of (z)Vul (s, z)dWs, (2.7)

where

1 & t
fr@) = 0 Y fu@) sy = [ fela)ds.
i=1 T

To prove the convergence of u}(r, x) we consider the forward version of (2.7). Setting u"(s,z) =
up(t — s,x) we have

@l s,0) = () + [ (Lar o) — a4 [ oi()VaR (o),
0 0
where W (r) = W(t) — W(t — r) and the stochastic integral is the usual It6 integral. Let

ug™" (r,x) = ap (r,x) — a(r,2), 57 (2) = 3 (@) - [7(2) and ¢ (x) = a} (s, z) + 7" (s, 7).

Then we have

(s ) = f () + /0 L™ (1, ) — ™ (@)™ (r, )
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—|—/ ot () Vul ™ (r, 2)dW,..
0
As in the proof of Xiong [17, Corollary 6.13], one can show there exists C' > 0 such that

sup P |uy" (s, )[I3] < € sup |12 = £,
0<s<t 0<s<t

Then there is a random function (s, z) — u¢(s, x) such that

sup P [l (r, ) = us(r, )] — 0.
0<r<t

It is easy to see that (r,x) + wu(r,z) solves (1.13). The uniqueness of the solution follows by
a similar calculation. Then (1.12) follows from (2.6) for a finite measure v. We can extend
the result to the o-finite measure v using the same arguments as in the proof of Lee et al [10,
Theorem 2.5]. ||

3 Ergodicity for high dimensions

In this section we assume Conditions (A1,2) and (B1) hold. We shall need some estimates of
the transition densities of diffusion processes. Let (T}):>0 denote the transition semigroup of the
standard d-dimensional Brownian motion and let

(t,z,y) = gi(x —y) = g(t,x —y)

denote the corresponding transition density.

Lemma 3.1 For anyt; >0 and z,y; € R? (i=1,--- ,n) we have
n n 7d/2 n _ n _ n
t oty 1y -1 1y -1 ;
[Totto - < (X)) o((X5) W o= (7)) 2 Y).
i=1 i=1 i=1 i=1 =1

Proof. By elementary calculations,

n

1

ti,x — y; —
gg(’ TS gy P

. % . %
=1 =1 =1
n —1 n n 2
1 1 Yiy; ;]
_ Pa_1 U] — ()
1= ’L,J— Z?J_



where

Yiy; lyil* + ly;* !
AL A N
tw—Z 50, Z

i,0=1 3,0=1

Then we have the desired inequality. [ |

Next we consider d-dimensional diffusion processes generated by differential operators. Let
us consider the operator A defined by

d 2
Af@) =5 3 )5 (a). (31)

where the coefficients are S-Holder continuous for 0 < § < 1 and bounded by a constant B > 0.
In addition, we assume (a"(z)) is a symmetric and positive definite matrix that is uniformly
elliptic. More precisely, there are C' > ¢ > 0 so that

cl¢]? < Z 2)6& < ClEPR, €eRrY

1,7=1

It is well-known that A generates a diffusion process in R% with continuous transition density
p(t, @, y).

Lemma 3.2 (Aronson [2] and Friedman [5, p.24]) For any T > 0 there are constants co > 0
and K >k > 0 only depending on (¢, B,T) so that

kg(COtax - y) < p(tvxay) < Kg(cotaw - y)a 0<t< T7 T,y € Rd'

Corollary 3.3 Let p"V(r,z,t,dy) be defined by (1.9) and (1.10). Then for any 0 < r < t; <
ty < --- <, there is C,, > 0 so that

P[E/Rd fi(yi)pw(r,xi,ti,dyi)} < Cnil;ll/Rd fiyi)g(eo(ti — 1), zi — yi)dy; (3.2)

for all x1,--- ,x, € R and f1,--- , fr € B(R)*.

Proof. Fori =1,--- ,n define {§(t) : t > r} by (1.1) with &(r) = ;. Then {(&1(t), -+ ,&(t)) :
t > r} is an nd-dimensional diffusion with generator L,, given by

s & 4, . O°F
LnF(xlv"'a-Tn) = 52 Za’l(mp) : .($1,-'-,$n)

7 J
p.g=11i,j=1 8xp8xq
d
1 ; 0’F
- J
+2Z Z ay (:Z:P a$za$] (mlv 71'71)7
p:l 7,’]:1 P p

where



Conditions (A1,2) imply that the coefficient matrix of L, is uniformly elliptic. By the arguments
of Xiong and Zhou [18] it is simple to see that

P[E/Rd fily)p" (r, xi,ti,dyi)] =Py (a1, 00) [ilfllfi(&@i))} (3.3)

By Lemma 3.2 we get (3.2) for t; = --- = t,,. In the general case 0 < r <t; <tg <--- < tp, we
prove the result by induction in n > 1. For n = 1 this is trivial. Suppose the result holds for
n — 1. Then

n

Pr,(aﬁl,m,xn)[Hfi(fi(ti)):| = Pr,(x1,~~~,xn){fl(gl(tl)) r(E2(t1) v (1)) {Hfz it ]}

i=1 .
< C’anr,(a;l,m,xn){fl 1(t1) [HTCO ti—t) fi &(tl))]}
. i=2
< Co [ Teottimr) filw)
i=1
by the semigroup property of (73)¢>0. That gives the desired inequality. [ |

Lemma 3.4 Let A and A, be differential operators of the form (3.1) with coefficients (a¥)
and (ai}), respectively. Let p(t,z,y) and p,(t,z,y) denote the transition densities of the cor-
responding diffusion processes. Suppose that F' C R? is a set of zero Lebesque measure and
limy, 00 ay) (x) = a¥(x) for all x € FC. Then for anyt > 0 and x € F° we have

lim pn(t,z,y) = p(t,z,y),  yeB (3-4)
uniformly for each bounded set B C RY.

Proof. We need a construction of the transition density p(¢,x,y) given in Friedman [5]. Let
(& (z)) be the inverse matrix to (a”(x)). For t > 0 and z,y € R? let

et(a(x))1/? .
2(t) = LU e [ - LS ) i)y — ) -

(2mt)d/2 2t =
Then define
d
1 . . %7
LZ2)(t,z,y) = = av(y) —a"’ ()] ———(t,x,y
(L2n(ta) = 5 D10~ @l )

and define inductively

ELDymr(tas) = [ ds [ (L2)u(s.0.0)(L2)s0 = € )

By [5, p.23, Theorem 10] we have
t
ptay) = 2t + [ ds [ P20 s (3.5)
0 R

13



where

o0
F(t,x,y) = Z m(t,x,y).

m=1

A similar construction can be given for p,(t,x,y). Fix t > 0 and z € F°. If y, — y as n — o0,
one can use (3.5) and dominated convergence to see p,(t,z,y,) — p(t,x,y). The estimates to
justify the application of the dominated convergence can be found in [5]. Then we have the
desired result. [ ]

Proof of Theorem 1.3. By Theorem 1.2 and (1.14), for any 6 > 0 we have
P exp { - t_1<yvt7 9f>} =P €xXp { - <M> ut(ov 3 9)>}7 (36)

where (7, x) — u(r, x;0) is the unique positive solution to
u(r, ) / ds/ (5,9)*p" (r,z,5,dy) = / ds | f(y)p" (r,z,s,dy). (3.7)
R4 Rd
Recalling that p(dz) is an invariant measure of p" (r, z, ¢, dy) we obtain

Pexp{—tlYt,Gf} Pexp{—ﬁu, /dr/Rdutr:U dx}

—T

The inequality |e™® — e Y| < |z — y|, z,y > 0, together with (3.6) and (3.7), implies that

[Pexp { —+71(Y5,01)} — exp{~0(u, )} < PL(1)) (3.8)

_ /Ot dr /Rd W2(r, 2)pu(dz).

where

In view of (3.7) we have

Pl(r) < f;P{ [ar ], |/ s P 5. 2M(df€)}
= fZP[/Otdr/Rd,u(dm) /Ttdsl /TtdSQ/Rd fy)pY (r,z, 51, dy1)
/ Fy2)p" (r, 3, 89, dys)
< [/dTRdda:/dsl/dSQ/ Fn) f ()

P (7‘ x,81,dy1)p (7‘ T sz,dyg)]

By Corollary 3.3 we get

U

Ple(t)]

IN

R2d

IN
<9

t t t
/Odr/ sl/s dss Gs1+sa—2r (Y1 — y2) [ (y1) [ (y2)dy1dy2

1
t t
81/{1/\(81+52—27‘)_g}d52

14



C It t t s
< t2/ dr/ dsl/ {1A (814 s2—2r) 2}dso
Ot Tt E o .
C _1 1
< o) dr/(sl—r) 2d51§752/(t—r)2d7‘,
0 T 0
which tends to zero as ¢ — oco. Then the result follows by (3.8). ||

Remark. When both o1 and o9 are constant matrixes, the conditional transition function
pV(r,x;5,y) can be expressed by (1.17). In this case, we can prove Theorem 1.3 along Iscoe’s
line as [7, Page 203-204]. But Theorem 1.4 can not be proved in this way even if o1 and oy are
constant; see the Remark after the proof of Lemma 4.5.

4 FErgodicity for dimension two

In this section, we give the proof of the ergodic theorem for the critical dimension d = 2.
We assume Conditions (A1,2), (B1) and (C1,2) hold. Let {W(t)} and {Bi(¢)},{B2a(t)}, - be
independent standard 2-dimensional Brownian motions and let {¢/'(¢)} be defined by

de] (1) = o (& (1))dW (t) + o3 (& (t))dBi(1), (4.1)

where ol (z) = 0;(v/Tx). Let pWT (r,z,t,dy) denote the conditional transition probability of
{€7'(t)} given {W(t)}. Let {&(¢)} be the Brownian motion defined by

d&;(t) = 61dW (t) + G2dB;(t), (4.2)

Let "V (r,z,t,dy) denote the conditional transition probability of {él(t)} given {W(t)}. Note
that both pW"T (r, z, ¢, dy) and p" (r, z, t, dy) are independent of i = 1,2, - - -. The following result
gives a conditional scaling limit theorem of the process defined by (4.1).

Proposition 4.1 For0<r <1, T >1and f € X, let
1 2
a1 = [ P{| [ (TPLAVTE @) - 0 (s, 0))as]
R2 r
Then supg<,<j €o(r,T) — 0 as T — oco.

Proof. For T > 1 and y € R? write y7 = T~Y2y. By a change of the integral variable we have
TP, f(VTE] (s)) —T/ VT (ra,s,dy) = | fy)p™ (r @, s, dy").
R2 R2
It is simple to see
1 1
1) = P{ [ (P /Te ) - 003" (r.51.0)
R r Jr
(TPK; (VTEL (s9)) — <)\,f>ﬁw(r,:v,82,0))d31d32}d:v

1 1
= /ds1/ dsz/ FT(r,sl,SQ,a:)dx
r r R4

15



1 1
= 2/ dsl/ dss FT(r,sl,SQ,x)dm,
r s1 R4

where for r < min(sy, $2),

Fl(rs1..2) = P /R F T 1, 0 1,50,
[ [ S )" (052,00
P[00 51, 00T 0,5 ]

P [ H0 " (. 07 00, Odpdie]. (43

By the property of independent increments of {W (t)}, for r < s; < s2 <1 we have

P [pW’T(T? €T, s1, dy,{)pW’T(rv Z, 82, dyg)]
= P|:pW’T(T,:E751,dy{)/QPW’T(T,J,‘,Sl,dZ)pVV’T(Sl,Z782,dyg)i|
R

= /2 ps (51—, (,2), (Y1, 2))p" (2 — 1,2, Y3 )dyady1dz,
R

where p?'(t, ,y) is the transition density of {&] (¢)} and pZ' (¢, (21, 22), (y1,y2)) is the transition
density of the diffusion process {(&7(t),£2(t))}. We can use similar reasoning to the other three
terms in (4.3) to see

FT(r,s1,80,2) = /6 F) fy2)hT (s1 — 1,89 — s1, 2,91 ,yd , 2)dyady1dz,
R
where

W (s, te oyl yg,2) = py(s,(@a), (yl,2))p" (8 2,93 ) + Pa(s, (2, 2), (3, 2))B(t, 2,0)
- qg(‘S? (:Ea x)a (yg7 Z))ﬁ(t, 2y O) - qg(S, (:L‘, x)v (y{v Z))ﬁ(t, Zs 0)

where p(t, z, %) is the transition density of {1 (t)}, pa(t, (1, z2), (y1,¥2)) is the transition density

t,x,
of {(&1(t),&x(t))}, and ¥ (¢, (1, 22), (y1,y2)) is the transition density of {(&7(¢),&2(t))}. Then
we have

1 1
o) =2 [ dsi [ dsa [ Fn) S (o1 = rse = s, 0] of 2 dodyadnds.
r S1 R
Observe that eo(r, T) < 2e9(T'), where

1 1
eo(T) —/0 dS/O dt/Rgf(yl)f(ya)\hT(&t%le,yg,Z)!dmdyadyle-

However, an application of Lemma 3.2 shows

T (s,t, 2,91, 3, 2)| < Cleos(T = 2)geos (@ — Y1 )geot(z — 3 ).

By dominate convergence,

1 1
/O ds /O dt /R . F1) F(Y2)geos (T — 2)Geos(T — Y1 )gegt (2 — 3 )dxdyr dyadz

16



1 1
ds/ dt glco(2s + 1), yi + yd )dy1dys
4
R T
ds/ dt/
4
1 1

= / ds dt/
0 0 RS

Applying Lemma 3.4 by setting F' = {0} therein, it is easy to show |hT(s,t,z, 941,y ,2)| = 0
for x # 0. Then another application of dominated convergence shows eo(7") — 0. [ |

S—

=)
=

fly
fly g(co(2s +1),0)dy1dy2
fln)f

y2 gcos( Z)gcos(x)gcot(z)dmdyldy2d2~

Now let us consider a rescaled version of the equation (1.14). Given f € X and let (r,z) —
vp(r,x) be the solution to

(r,x) /ds/ 2(s,y)p"V T (r,x, s, dy) = /ds/Tf\/»y)WT(szdy) (4.4)
where 0 < r <1 and z € R2.

Lemma 4.2 For any n > 1 there is Cy, > 0 so that

[HvT T, T ] <C, H/ ds chs<m —%)dz.
Proof. From (4.4) and Corollary 3.3 we have

P[i]i[lv%(r,xi)] < T”/rldsl.-/ [H/ FVTy)p" " (r, wz,sz,dyz)}dsn

1
< cT n/ d81 / dsn/ Hf fyl gco (si—7r) ( Tj — yz)dyl te dyn
]RQn n
< _ A .
= C/ dsy-- / dsy, /Rzn Hf Zj gcosl (xz \/T>dz1 dzp
= CH/ ds gcos< €Z; ﬁ)dz
That proves the desired inequality. [ |

Lemma 4.3 For0<r<1landT >1 let

(r,T) / ds/Rz {(/ U (s.9) [P (1,2, 5. dy) — B (1,25 dy)DQ}dx. (4.5)

Then supg<,<1 €1(r,T) — 0 as T — oo.

Proof. By the property of independent increments of {W(t))} we have

/ ds/2 {/ S yl)UT(S y2) [pW,T(TvxaS7dy1)va’T(7",I',S,dy2)
R
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WT(r7 Zz,s, dyl)ﬁw(ra z,s, dy2) - ﬁw(ra Zz,s, dyl)pWVT(Ta z,s, dy2)

-bp
=3 s ) (s, )| o
1
= / d5/2d$/4P[U%(Sayl)v%(s,yz)]RT(s — 72,91, Y2)dy1dys, (4.6)
T R R
where
RT(S_Tax’ylayZ)dyldyZ = P[pW7T(T7x,Sadyl)pVKT(ra'IaSadyQ)]

— P[pW’T(T, T, s, dyl)ﬁw(r,x, s, yg)dyg]

— P[ﬁw(r,x, s,yl)dylpW’T(T,a:, s, dyg)]

+P [ﬁW(T, T, s, yl)ﬁW(r, T, s, yg)dyldyg]
= p3(s—r (2,2), (1, 92))dy1dys

=3 (s =7, (2,2), (y1, y2))dy1dys

— a3 (s = 7. (2, 2), (y2.91))dyrdys

+ﬁ2(s - ('% x), (yla y2))dy1dy2'

Then we use Lemma 4.2 to see

P[vF(s,y1)v7(s,y2)] < CFr(y1)Fr(ya), (4.7)
where
1 1 -
FT(y) = /0 d81/0 d82 /]1%4 f(zl)f(ZQ)gcosl (y - %)gcoSz (y - ﬁ)dzldz2

C5152 S221 + S122

1 1
< d d Y — dz1dz
< /0 31/0 P S2 R4f(zl)f(z2)g(51+82 Y \/T(31+32)> 1422
= GT(Z/)

Here we also used Lemma 3.1 for the inequality. From (4.6) it follows that

1
e1(r,T) < C/ d5/2d$/4FT(yl)FT(y2)|RT(S>5L'ay17y2)|dyldy2a (4.8)
0 R R

By dominated convergence, for any y # 0 we have

CS1859
81+ S2

81+ S92

Grt) > 6= [ s [ [ iGosan( 20y e,

By Lemma 3.2 it is simple to see that

’RT(‘S?xayhyQ)‘ < Cgcos<x7y1)gcos(x,y2), 0<s < 17 T,Y1,Y2 € R2'
On the other hand,

1
/ ds / dz | Gr(y1)G7T(Y2)deos(T — Y1)geos (T — y2)dy1dy2
0 R2 R4
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= /01 ds [/GT Y)geos(x )dy] dx
= /Olds/RQ [/ Geos (T dy/ d31/0 51t 59 dso R4f(zl)f(z2)

2
g( C5152 - 8221 + S122 >d21d22:| do
$1+ S2 81 + 52

= /OldS/Rz[/dsl/os—i—SQ SQ/fZl (22)

CS159 S9%21 + 8129
cs + , L — ———— |dz1dz ] dx
g< 51+ s ﬁ(51+52)) 1

1 1 1 1
= ds [ dsy-- / 84/ f(z1) - f(za
/0 0 0 81+ 8283+ 54 (24)
( - C5159 CS354 8921 + 8129 S423 + S324

+ dz1 -+ - dzg, 4.9
s51+ 52 s34+ 584 \/T(51+52) \/T(S3+84)> ' ! (49)

where

(2 N €5159 €83584 8921 + 8129 8423 + 8324 )
g\ 4¢s ,
s1+s2 s34+ 84 VT(sy+s2) VT(s3+ s4)
1

cS1S cS3S8 B
SC 152 + 394
s1+s2  s3+ 84

It is elementary to show

1 1 -1
1 1
/ ds, - / < CS5159 N c83584 ) dss

0 0o S1+ 8283+ 84\ 81+ 82 83 + S4

1 1

1
= /dsl-"/ dsy < o0.

0 0 S152(83 + s4) + s354(51 + 52)

By dominated convergence we have

1
/ ds /R2 dz s Gr(Y1)G1(Y2)geos (T — Y1) Geos (T — y2)dyr1dy2

1 1 1 1 1
N d dsq - - - d
/7" S/o o /o §1 1+ S2 83 + s4 o RS U fza)

gl 2¢s + o152 5354 ,0)dzy - - dzy
81 + S92 83 + S4

/ ds/ dﬂ?/ dy/ G gcos( y)gCOs(fo)dZ.
R2 R2

By Lemma 3.4 we have

|Rr(s,2,91,12)| — 0, 0<s<1,zecR*\ {0}, y1,y0 € R

Then we can use dominated convergence to the right hand side of (4.8) to obtain the desired
result. ||

Lemma 4.4 For any n > 2 we have

sup sup PK /R 2 v%(r,x)dx)n/2] < oo. (4.10)

T>10<r<1
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: o _2el |\ T
Proof. By Jensen’s inequality, if we set C,, = ( fRQ e n dx) ’ , then

P[(/RQU%(T,x)dx>n/2] - P[(/Wv%(r,x)emnmle_mnﬂdx)nm}

< C, P [v%(r, m)]e‘x|d:c,
RQ

where

Plui(r,2)] < Ch [/01 s || f(z)gcos(:v - \/Zf)dz]n

by Lemma 4.2. Let t = (31", 1/si)_1. It follows that

1 1
1
Lh.s. of (411) < Cn/ dsy - / ds, f(zl) .. ‘f(Zn)dzl codzy,
0 0 S1°°°8np R27

1 " 2 |2
- | ex — — |z —t 2| Lelelgg
Joo{ =S gle-t> 2=

i=1 =1

1 1
1
= Cn/ dsl"'/ dsnp, f(Zl)f(Zn)d21dZn
0 0o S1°°"Sn R2n

./exp{—zt|y| }exp{‘y%—t;&ﬁ }dy

1 1 1 1
< o[ | s [ oxo{ = o+ bl fay
0 0 81"'Sn R2 Qt
~ |z }
. exp<t z1) - flzp)dz -+ - dzy,

L. p{;ﬁ F() - f(zm)da
<C/1d / s, [ - 5ol 02 b
n 8 PR Sn X - -
< ; 1 ) 51 5n p o1 Yy Yy

<l }
exp<t —_ z1) -+ flzp)dz1 -+ - dzy,
Lo o0 S e stz
1 L 1 1\ !
< Cn/ <_|_..._|_> dsi---dsy
0 0 Sl...sn 31 Sn
oo oo 1
= O, / dvy -+ - dvy
1 1 Ul...vn(vl+...+vn)
oo oo 1
< Cn d ...dn< ,
- /:; /1 1}1-~-'l)n<1)1~--1)n)1/n Ul v o

where we have used the compact support property of f.

Lemma 4.5 For 0 <r <1 and T}, T > 1 let
q(r,Th,T) :== /2 P{[UT1 (r,x) — vp,(r, x)}Z}dx.
R

Then supg<,<1 q(r,T1,T2) — 0 as Ty, T — oco.

20
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Proof. Step 1. By considering the difference of two equations in the form of (4.4) we have

1
’UTI (Tv (IZ) —vn (T, x)‘ < / TlPZZ: [f(\/iéfl (3))] - TQPXZ: [f(\/ié‘%b (S))] ’ds
1
+/ /R2 v, (s, y)p" T (r, 2, 5, dy)

Let £1(r,T;) be defined by (4.5) and let

»{(/ BRIV (5) - TngfWEs?(s))]dsf}dm

- ) U%Q(S,y)pW’TQ(T,.%,S,dy) ds.
R

eo(r, T1, 1) =/

R

By Lemma 4.3, we have supg<, < €2(r, T1,72) — 0 as T1,T> — oo. We can now write

q(r,T1,Tp) < Cler(r,T1) + e1(r, To) + e2(r, T1, T2) + b(r, T1, 1), (4.13)

110 = [ ([ s [ b6~ i) b

Step 2. In view of (1.17) we have

where

C
ﬁW(T,%t, z) < and / ﬁW(r,x,s,y)dx =1.
t—r R2

By Cauchy-Schwarz inequality,

1
b(r,T1,T2) = QP{/le’/ dSl/JU%l(Slayl)_U%g(slayl)]ﬁw(ramaslayl)dyl
R r R

i
/ d82/2[v%1(327y2) —U:2F2(32,y2)]l3w(7“790,82,y2)dy2}
S1 R

< CP{/T1 dsy /RQ[’U%I(Shyl) —U%Q(Slayl)]dyl
/511 - 1_ TdSQ /]R2 [’U%I(SQ,y2) — v%2(32,y2)]dy2}
< CP{/T1 \/Slli_rd:ﬂ /RQ[U%I(SLZH)_U%z(slayl)]dyl
[ s [ o () — ol
< opl( [ s [ phiw - s0iw) )
1 2
< CP{a(r,Tl,Tg)/r |’”T1(S);¢f”7;(s)”0ds}, (4.14)

where

1 2
a(?“,Tl,T2):/ vz, (5) jj}?(s)”ods.
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By Lemma 4.4 we have

sup  sup P{a(r, Ty, 1) > m} <m™! sup sup P[a(r, Tl,Tg)] -0

0<r<1T73,T2>1 0<r<1T1,7T2>1
as m — 0o. The same lemma implies that the random variable under the expectation on the
right hand side of (4.14) is uniformly integrable; see e.g. [8, p.67]. Then for any € > 0 there
exists mg > 1 so that

1 _ 2
b(T‘,Tl,TQ) < CP{l{a(T,Tl,TQ)Smo}a(T’Tl;TQ)/ HUTl(S\)/vaCZ:(S)HOdS}_‘_g
1 T
< Cmy / P{|or, (s) — vy (5) 2] ﬁdsﬂ

Step 3. Recalling (4.13) and applying the above estimate for b(r, T1,T») we get

Lg(s, T, T:
Q(raT17T2) S8+C[€2(T7T17T2)+51(T,T1)+51(T,T2)]+C/ Q(S, 1, 2)d8.

r o VS—T

For sufficiently large T1, T2 > 1 we have Clea(r,T1,Ta) + e1(r, Th) + e1(r, T2)] < e for 0 <r < 1.
Let h(t) = supge,<; Pl[lvr (1 — s) — v, (1 — 5)|3] for 0 < ¢ < 1. Then we obtain

) <2+ C’/
Vi—s s
We can use the above inequality twice to get
h(t) < 25—1—0/ 25+0/ dr ds
- Vs—r]t—s

< 2+ 2eC 02/ d/

< 26+ 2 Vs + r %—Sx/m
\f 5 (r+t/2

< 2e+4eC +2V2C %/

S—rT

t
< 26 +4eC 4 4C3 / h(r)dr.
0
Then we obtain (4.12) by a standard application of Gronwall’s inequality. [ |

Remark. Our proof of Theorem 1.4 is different from that of Iscoe [7, Theorem 2]. To prove
Theorem 1.4 , the key step is Lemma 4.5. Note that in (4. 14) v7, (s1,41) — v7, (s1,41) depends
on the path {Wu : 51 < u < t}, and not independent of " (r,x;s2,72) (51 < s2). The four
terms under [, dx frl ds; fsll dsy [ge dy1 [go dy2 are intervolved, where [’U%l(sl, Y1) — U%2 (s1,y1)]
and [v%l (s2,y2) — U%Q (52,12)] can not be separated with p" (r, z; s1,%1) and p" (7, z; s2, y2) when
we take the expectation by P. Hence we can not integrate 3" (r,x;s1,41) - 7 (1, x; 82, 92) by
[ dz and thereafter use the scaling property of PV as in Iscoe [7, the proof of Theorem 2]. Even
if o1 and o9 are constant, the above problems still exist.

Lemma 4.6 There is a unique positive solution r — v(r) := v(r,x;0) to (1.19). Moreover, as
T — 00, we have

sup Pllor(r) — v(r)||3] = 0. (4.15)

0<r<1
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Proof. By Lemma 4.5 there exists a random function (r,z) + v(r, z) so that (4.15) holds. By
Proposition 4.1 the right hand side of (4.4) converges to that of (1.19) in L?(2 x R%, P x \).
Then we only need to prove the convergence of the second term on the left hand side of (4.4).
Observe that

[T ) = [ 2 s )| < o 5,0 2 r5.0),
where
Bs.) = | [ A s ) -7 s, )

and
s =| [ 60 = o] (.|

By Lemma 4.3 we have

1
sup / ds/ P(nd (r,5,x)%dz — 0.
0<r<1Jr R2

Arguing as in the proof of Lemma 4.5 one can prove

1
sup / ds/ Pnd (r, s, x)%|dz — 0.
0<r<1Jy R2

Then (r,z) — v(r,x) is a solution to (1.19). Now suppose (r,z) — ©(r, x) is another solution to
(1.19). Then we have

TlPK; [f(\/zTl {1(3))] —ﬁW(T,JI,S,O) ds

1

lop(r,x) —o(r,x)| < /
T
+ng(r7 87 m) + ﬁg(lr7 87:1;)7

where 77 (r, s, z) is defined from vy and 9. Then the above arguments shows (4.15) also holds
when v(r) is replaced by ©(r), which implies the uniqueness of the solution to (1.19). [ |

Proof of Theorem 1.4. By Theorem 1.2, for f € X we have

Pexp{ — <T_1YT,f>} = Pexp{ — (p, ur (0, ))}, (4.16)

where u7 (-, ) is the solution to
T T
u®'(r,x) + / P [u" (s,&5)%ds = / P f(&)ds, 0<r<T
T T
It is not difficult to prove that (r,z) — T (r,z) := TuT (T'r,/Tz) is the solution to

1 1
’UT(’I“, x) —I—/ Pm[vT(s,ﬁT(s))Q]ds = / Pm[Tf(\/TgT(s))]ds, 0<r<i,

where €7 (t) = T~1/2¢,(Tt) satisfies

de™ (t) = o1 (VTE (1)) W (1) + o2(VTET (¢))dB (1)
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for independent standard Brownian motions W7 (t) := T—Y2W (Tt) and BT (t) := T~1/2B,(Tt).
Then {¢7(t)} is a weak solution of (4.1). Since u(v/Tdr) is an invariant measure of {¢7(t)},
from (4.16) we have

Pexp{ — <T_1YT,f>} = Pexp{ —/ UT(O,aj)u(\/T:U)dx}
R2
= Pexp{ —(u, f) + /01 ds /R2 vT(s,x)Qu(ﬁx)dx}.
This together with (1.18) implies

[Pexp { — (T, £)} = Plexp{~ (& N}

P[/O1 ds . |vT(s,x)2,u(\/Tx) - v(s,x)%u(oo)’dﬂ
1
P[/ |v (5,2)? — (s, z) ‘,u\ﬁx)dm}
+P / ds/RQ S, ) |u (VTz) — p(co ‘dx} (4.17)

By Cauchy-Schwarz inequality we have

P[/Ol ds - ‘UT(S,J})Z - v(s,x)ﬂdw}
< {P[/Olds B \UT(s,x)—v(s,x)\de}}Q
.{P[/Olds [ 107 (s, +ofs,x)da }

which tends to zero by Lemma 4.6. Then we can apply dominated convergence to the right hand
side of (4.17) to see

IN

IN

[Pexp { — (771, £)} = Pexp{~(& N}]| = 0.

That proves the desired result. [ |
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