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DISTRIBUTION AND PROPAGATION PROPERTIES OF
SUPERPROCESSES WITH GENERAL BRANCHING
MECHANISMS

ZENGHU LI* AND XIAOWEN ZHOU**

ABSTRACT. A theorem of Evans and Perkins (1991) on the absolute con-
tinuity of distributions of Dawson-Watanabe superprocesses is extended to
general branching mechanisms. This result is then used to establish the prop-
agation properties of the superprocesses following Evans and Perkins (1991)
and Perkins (1990).

1. Introduction

Suppose that E is a Lusin topological space. Let M(FE) be the space of fi-
nite Borel measures on E endowed with the topology of weak convergence. Let
B(F) denote the set of bounded Borel functions on E and B(FE)* the subset
of non-negative elements. For f € B(E) and p € M(E) write u(f) for [ fdu.
We consider a conservative Borel right process £ = (Q, F, F, &, P,) in E with
transition semigroup (P;):>o and a branching mechanism on E given by

bz, 2) = b(x)z + c(x)2* + /Ooo(ew — 14 zu)m(z, du), (1.1)

where b € B(E), ¢ € B(E)" and (u A u?)m(x,du) is a bounded kernel from E to
(0,00). Given f € B(E)™ let t — V,f be the unique locally bounded non-negative
solution to

Vif(z) = Pof(a) - /0 s [E S Vef W) Prs(tdy),  t>02€ B (12)

The Dawson-Watanabe superprocess with parameters (£, @), or simply a (£, ¢)-
superprocess, is a Markov process in M(E) with transition semigroup (Q:):>0
defined by

/ e DQ(uydv) = eV 1> 0, M(E), f € BE)".  (1.3)
M(E)

The operators (V;):>0 constitute a semigroup, which is called the cumulant (or log-
Laplace) semigroup of the (&, ¢)-superprocess; see, e.g., Dawson [2] and Fitzsim-
mons [7, 8].
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The branching mechanism is said to be spatially constant if it is independent of
x € E. In particular, we say the superprocess has binary branching if ¢(z, z) = cz?
for some constant ¢ > 0. For a spatially constant branching mechanism z — ¢*(z)
we often consider the condition:

(A1) There is some constant § > 0 so that
¢*(z) > 0 for z > 6 and / ¢*(2)"tdz < oo
0

A theorem on the absolute continuity of distributions of Dawson-Watanabe
superprocesses with binary branching was proved in Evans and Perkins [6]. As
applications of the theorem, they established some results on support prepara-
tions of super Lévy processes. Using a different approach, Evans and Perkins [6]
also proved some preparation results for superprocesses with general Feller spatial
motion processes and branching mechanisms given by (1.1) under a stronger in-
tegral condition on the kernel m(z, du); see also Perkins [11, 12]. The purpose of
this note is to extend some of those results to superprocesses with general local
branching mechanisms. This work was brought up by the recent paper Bojdecki
et al. [1]. Although the arguments follow closely those of Evans and Perkins [6]
and Perkins [12], we provide the details for the convenience of the reader.

2. Main theorem

Let X = (W, G,G:, X+, Q) be a canonical Borel right realization of the (§, ¢)-
superprocess, where W is the space of right continuous paths from [0, 00) to M (E).
The existence of such a realization was proved in Fitzsimmons [7, 8]. It is well-
known that the first moment of the superprocess is given by

/ V(H)Qudv) = u(PLF),  t>0,ue M(E).f e B(E),  (2.1)
M(E)

where (P})¢>0 is the semigroup of kernels on E defined by

Py f(x) = Pyem 5200 1(g))].
By (1.3), (2.1) and Jensen’s inequality it is simple to see that
Vif(z) < PP f(z),  t>02€E,feB(E)". (2.2)

If (z,2) — &(x,2) is bounded below by a spatially constant branching mecha-
nism z — ¢*(z) satisfying (Al), the cumulant semigroup (V;);>o of the (¢, ¢)-
superprocess admits the canonical representation:

Vif(z) = /M(E)O (1—e ") Ry(x,dv), t>0,x€E, feBE)T, (2.3)

where R;(z,dv) is a bounded kernel from E to M (E)° := M(E)\ {0}. In fact, we
have

ht(l') = Rt(I, 1) S ’l_Jt, t> O,l’ € E‘7 (24)
where t — ¥; is the minimal non-negative solution of the differential equation
d

= —¢" (), t>0
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with the singular initial condition 9y = oo; see Dawson [2, Section 11.5] or Li [10,
Sections 3.2 and 8.1]. From (1.3), (2.1) and (2.3) it is simple to see that

Pl f(x) = /M(E)° v(f)Ri(z,dv), t>0,r € E, fecBE)". (2.5)

Then Ry(z,1) >0 for allt > 0and x € E. For any 0 <r <t and € E we can
use (1.3), (2.3) and the semigroup property of (V;);>0 to see

Riw)= [ Rl dw)@irla) (2.6
M(E)°
as measures on M (FE)°. For ¢ > 0 and u € M(E) write

Relp) = [ pldn)Ri(a).
In view of (1.3) and (2.3), we have the following

Lemma 2.1. Suppose that (x, z) — ¢(x, z) is bounded below by a spatially constant
branching mechanism z — ¢*(z) satisfying (A1). If ' is a Poisson random
measure on M(E)° with intensity Ri(p,-), then

X} = / v E(dv) (2.7)
M(E)°
has distribution Q¢(u,-) on M(E). In particular, if u € M(E)°, for any Borel set
F C M(E)°® we have
Qu(p, F) = P{X{' € F.E{(M(E)°) = 1} = e~ 0D Ry (u, F), (2.8)
where Ry (p,-) = Re(u, )/ Re(u, 1).

The representation (2.7) is known as the cluster decomposition of the random
measure. For ¢t > 0 let (f,g) — Vi(f,g) be the operator from B(E)* x B(E)* to
B(E)* defined by

Vi(f,9)(z) = /M(E)0 1/(g)e_”(f)R,g(917,du)7 r€E,f,ge B(E)". (2.9)

We have

Vi(f, 9)(z) = Pig(x) — /Ot ds /E Oy, Vs f(y), Vs(f, 9) W) Pis(z,dy),  (2.10)
where
Wz, y, 2) = b(x)z + c(z)yz + /Ooo uz(1 — e~ m(z, du);
see Li [10, Section 2.4]. From (2.5) and (2.9) we get
Vi(f,9)(x) < Vi(0,9)(z) < Plg(x), t>0,z€E. (2.11)

The next theorem was first proved in Evans and Perkins [6, Theorem 1.1] for
a binary branching; see also Perkins [12, Theorem II1.2.2]. The ideas of the proof
given below follow those in the two references.
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Theorem 2.2. Suppose that (z,z) — ¢(x,2) is bounded below by a spatially
constant branching mechanism z — ¢*(z) satisfying (A1). Then for any fixed
w1, o € M(E) the following properties are equivalent:

(i) p1Pr < po Py for all0 <r <t;
(ii) Ry-(p1,") < Ri(pa,-) on M(E)° for all0 <7 <t;
(iil) Qr(p1,-) <€ Qi(p2,+) on M(E) for all0 <r < t;
(iv) Qu(Xrt. € ) € Quy(Xiy. € ) on (W,G) for all0 < r < t.
Proof. “(iii) < (iv)” The implication (iv) = (iii) is trivial and the implication (iii)
= (iv) follows from the Markov property:

Q,u(XT’-i-' € ) = Qr(ﬂadV)Qv(X- € )
M(E)

“(i) = (ii)” Suppose that (i) holds. Let 0 < u < r < t and let F' C M(E)° be
a Borel set so that R;(us2, F) = 0. From (2.6) and (2.8) we have

Ripa) 2 [ Riuldie ™00 R; )
M(E)°
It follows that
0:/ Rt,u(,ug,d,u)/ w(dx)Ry(z, F). (2.12)
M(E)° E
By (2.5) and (2.12),

Ry(z,F) =0 for s PP ,-a.a. v € E.

Since Py(z,-) and P’(z,-) are equivalent for every s > 0 and = € E, property (i)
implies

Ry(z,F) =0 for ;1 P*_,-a.a. z € E.
Then we can reverse the above steps to conclude

OZ/M(E)O Rr,u(ul,du)/Eu(da:)Ru(x,F).

Consequently,
0 = [ Rendie SOVR ()

M(E)°

- / Ry (u, dp)P{ X} € F,E(M(E)°) = 1}
M(E)°

> R, dp) [PX4 € F} = P{ZL(M(E)) = 2}
M(E)°

= Rr(lulaF) _/ P{EZ(M(E)O) > Q}Rr—u(uhd/’b)a (213)

M(E)°

where for the inequality we have used the fact that X# € F C M(FE)° implies
EX(M(E)°) > 1. From (2.3), (2.4) and (2.9) we see that the last term on the right
hand side of (2.13) is equal to

/ [1 — e Rulnl) R, (M) 1)8_R“(#’1)} Rr—u(ﬂla dlj')
M(E)°
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/ [1 _ e—nlha) _ H(hu)ew(hu)}RT_u(m’ dp)
M(E)°

m(% ha = Vieu(hus b ))

/T udS/ (Y, Vsl (), Vs (hus hu) (y)) pr P (dy)

/ ds/ d(y, Vshu(y) 1 Pr—s(dy),

where we also used (1.2) and (2.10) for the last equality. Using (2.2), (2.4) and
(2.11) it is elementary to see that the right hand side of the equation above tends
to zero as u — r. By (2.13) we conclude R,.(u1, F) = 0.

“(ii) = (iii)” By the cluster decomposition of the superprocess we see that
Qr(p1,-) and Q(p2,-) are the laws of Y /%, v} and Y 72, v2, respectively, where
m and 7o are Poissonian random variables with means R, (u1,1) and Ri(ue, 1),
respectively, and conditional on n; and 7y the sequences {v} :i > 1} and {v? :i >
1} are i.i.d. with laws RX(u1,-) and R} (ue,-), respectively. Clearly, (ii) implies
the n-fold product of RX(u1,-) is absolutely continuous to the n-fold product of
R (p2, ). Therefore we can sum over the values of 771 and 72 to obtain Q. (1, ) <
Q+ (2, ) as required.

“(iii) = (i)” From (2.1) we see that (iii) implies p; P? < o PP for all 0 < r < t,
which in turn implies p1 P, < poP; for all 0 < r < t. O

We remark that Dynkin [4, Theorem 6.2] gave a result on the equivalence of the
exit distributions from a domain for a superdiffusion with branching mechanism
given by (1.1) with b(z) = 0 and with «™m(z, du) being a bounded kernel from F
to (0, 00) for every n > 2.

3. Propagations of supports

It is well-known that a (£, ¢)-superprocess {X; : t > 0} has no negative jumps.
The following characterizations of the superprocess can be derived from the results
of Fitzsimmons [7, 8]; see El Karoui and Roelly [5] for the results under Feller
assumptions. Let F be the set of functions f € B(FE) that are finely continuous
relative to . Fix 8 > 0 and let (A4, D(A)) be the weak generator of (P;)¢>o defined
by D(A) = UPF and Af = Bf — g for f = UPg € D(A). Let N(ds,dv) be the
optional random measure on [0,00) x M(E)° defined by

N(ds,dv) = 1{ax.00(s,ax.)(ds, dv),
s>0

where AX; = X, — X,_, and let N (ds, dv) denote the predictable compensator of
N(ds,dv). Then N(ds,dv) = dsK(X,_,dv) with the kernel defined by

/M(E)o F(v)K(p,dv) = [E p(dz) /O F(ud,)m(z, du).
Let N(ds,dV) = N(ds,dv) — N(ds,du). For any f € D(A) we have

X,(f) = Xolf) + ME(f) + MI(J) + /0 X.J(Af — bf)ds, (3.1)
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where .
e = [ /M(E)D V()N (ds, dv)

is a purely discontinuous local martingale and t — M{(f) is a continuous local
martingale with quadratic variation 2X;(cf?)dt. Let {X;_(f) : t > 0} denote
the left limit process of the semimartingale {X;(f) : ¢ > 0}. (In general, the
limit measures {X;_ : ¢t > 0} only exist in M(E) with E being the Ray-Knight
completion of E with respect to £.)

Now we prove a supporting property of the (£, ¢)-superprocess. The following
theorem was obtained in Evans and Perkins [6, Proof of Theorem 5.1] for binary
branching; see also Perkins [12, Theorem III1.2.1].

Theorem 3.1. Let D(A)™ denote the set of non-negative elements in D(A). Then
for any p € M(E) and f € D(A)T we have

Qu{X:(Af) # 0 implies X(f) > 0 for Lebesgue a.a. s > 0} = 1.

Proof. Let I, = 1?(X(f)) denote the local time of the semimartingale ¢ — X;(f)
at zero. For any € > 0 and ¢ > 0 we have

t
Q. [6_1/ 1{O<Xs(f)<e}d<Mc(f)>S:|
0 t
QM |:6_1/ 1{0<Xs(f)<e}Xs(Cf2)d8:|
0 t
Ief1Qu [ [ o0 Xt)as]
. 0
< |Cf||Qu[/ 1{0<Xs(f)§e}d3]a
0

which goes to zero as € — 0. Then I; = 0 for all ¢t > 0. Since f is non-negative,
Tanaka’s Formula implies

IN

IN

N

t t
X = XD+ [ om0 + [ o ppodd)
t
+/ Lix,_ (>0 Xs(Af —bf)ds + Z Lix,_ (H=0yXs(f);(3.2)
0 0<s<t

see, e.g., Dellacherie and Meyer [3, Section VIIL.29]. As s — X, has at most
countably many jumps, we have

Qu[ } < ||b|QM[ T ds] L

t
/0 Lix, (=03 Xs(bf)ds

and

t 2 t
QuK/ 1{Xs(f)—0}dM§(f)> ] = Qu{/ 1{Xs(f)—O}XS(cf2)d5] =0.
0 0
Observe also that
Lix,_(n=0yXs(f) = Lix,_(n=0yAXs(f) = Lix,_ (=0 AMI(f)-
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Then (3.2) implies
t

Xi(f) = Xo(f) + ME(f) + M (f) +/0 1{Xr(f>>o}Xs(Af)d8—/o Xs(bf)ds.

From this and (3.1) it follows that

t
/ Lix, =0y Xs(Af)ds = 0.
0

Since X, (f) # Xs(f) for at most countably many s > 0, we get

t
/ l{XS(f):O}XS(Af)dS = 0.
0

Then l{Xs(f):O}XS(Af) = 0 for Lebesgue a.a. s > 0, and the theorem is proved.
|

In the sequel we consider the special case of E = R%. Given a o-finite Borel
measure v on R? let S(v) denote the closed support of v and let M, (R?) = {n €
M(R?) : S(v*n) C S(n)}, where “¥” stands for convolution of measures. It is
easy to see that n € M, (R?) holds if and only if S(v**xn) C S(n) for k =1,2,---.
In particular, if

G S(v**) = RY, (3.3)
k=1

then n € M, (R?) implies S(n) = R? or (). The following results provide some
propagation properties of super Lévy processes.

Theorem 3.2. Suppose that & is a Lévy process on R? with Lévy measure v. Then
for every p € M(R?) we have Q,{X;s € M, (R%)} =1 for Lebesgue a.a. s > 0.

Proof. The generator A of ¢ has domain D(A) containing C$°(R%), the set of
infinitely differentiable functions on R? with compact support. Let B be an open
ball in R? and choose f € C(R%)* such that {f > 0} = B. Then

Af(z) = | fle+yv(dy), =¢B;

Rd
see, e.g., Gikhman and Skorokhod [9, Theorem IV.4.1]. This means that X (B) =
0 implies

X(Ap = [ Kuldo) [t pldy) = Xoe(s)

By Theorem 3.1 we conclude Q,{X, * v(B) > 0 implies X(B) > 0 for Lebesgue
a.a. s > 0} = 1. Taking a union over balls with rational radii and centers we get
Qu{S(Xs*v) C S(X,) for Lebesgue a.a. s > 0} = 1. Then the result follows by
Fubini’s theorem. O

Corollary 3.3. Suppose that & is a Lévy process on R% with Lévy measure v and
that (z,2) — ¢(x, 2) is bounded below by a spatially constant branching mechanism
z — ¢*(2) satisfying (A1). If any one of the properties (i) — (iv) in Theorem 2.2
holds for py = pa = , then for every t > 0 we have Q. {X; € M,(R%)} = 1.
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Proof. By Theorem 3.2 there is a sequence r, — oo so that Q,{X,,, € M,(R%)} =
1 for each n > 1. But, Theorem 2.2 implies that Q,(X; € -) is absolutely con-
tinuous with respect to Q,,(X,, € -) for any 0 < t < r,. Then the desired result
holds. (]

The results of the above theorem and its corollary were already obtained in
Evans and Perkins [6, Theorem 5.1] and Perkins [11, Theorem 1.5 and Corol-
lary 1.5] for binary branching. The proofs here follow those of Evans and Perkins
[6, pp.674-676] and Perkins [12, pp.202-203]. A different approach for general
Feller spatial motion processes was also provided in Evans and Perkins [6, Corol-
laries 5.3 and 5.4], which implies the above results when (u V u?)m(x,du) is a
bounded kernel from E to (0,00). Some simple consequences of those results are
given as follows.

Theorem 3.4. Suppose that € is a Lévy process on R with Lévy measure v and
absolutely continuous transition semigroup, that is,

Pi(z,dy) = pi(x,y)dy, t>0, z,y € RL

If (z,2) — ¢(x,2) is bounded below by a spatially constant branching mechanism
z > ¢*(2) satisfying (A1), then for everyt >0 and p € M(R?) we have Q,{X; €
M,(R%)} = 1.

Proof. Note that uP; is absolutely continuous with respect to A for any ¢ > 0.
Choose € M (R?) that is equivalent to the Lebesgue measure \. It is easy to see
that (1 + en)P; is equivalent to A for every ¢t > 0 and ¢ > 0. By Corollary 3.3 we
have Q4en{X: € M, (R%)} = 1 for every t > 0. Note that X; under Q,i+¢n has the
same distribution on M(R?) as X}' + X;", where {X}' : ¢ > 0} and {X;" : ¢t > 0}
are independent (£, ¢)-superprocesses with initial values p and en, respectively. It
is easy to see that

P{X{" =0} = lim exp{—en(V;0)} = exp{—cRi(1,1)} = exp{—en(hu)},
which tends to one as € — 0. Then we have
P{X}'e M,(RY)} = lim P({X}' € M,(R")} N {X]" =0})
= lm P{X} + X;" € M, (R)} N {X;" = 0})
= lmP{X}'+X;" € M,(R)} =1,

giving the desired result. O

Corollary 3.5. Suppose that £ is a symmetric a-stable process with index 0 <
a < 2 and (x,2) — ¢(x,z) is bounded below by a spatially constant branching
mechanism z — ¢*(z) satisfying (A1). Then for every t > 0 and p € M(R?) we
have Q. {S(X;) =R or (} = 1.

Proof. The spatial motion process & now has Lévy measure v(dz) = c|lz|~4%dz
for some constant ¢ > 0. Since v has full support, we have (3.3) and the desired
result follows from Theorem 3.4. ]
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Finally, we point out that assuming (z,z) — ¢(z,2) is bounded below by a
spatially constant branching mechanism z — ¢*(z) satisfying (A1) is an artifact
of the cluster representation approach in the proof of Theorem 2.2. This condition
was not required in Evans and Perkins [6, Corollaries 5.3 and 5.4]. Nevertheless,
the condition is satisfied if ¢(z,z) = v(z)z'*? for a constant 0 < 8 < 1 and a
function v € B(E)* bounded away from zero, which was excluded from Evans
and Perkins [6].
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give our sincere thanks to Professor E.A. Perkins and an anonymous referee for
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