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Catalytic Discrete State Branching Models
and Related Limit Theorems

Zenghu Li' and Chunhua Ma?

Abstract. Catalytic discrete state branching processes with immigration are defined as strong
solutions of stochastic integral equations. We provide main limit theorems of those processes using
different scalings. The class of limit processes of the theorems includes essentially all continuous
state catalytic branching processes and spectrally positive regular affine processes.
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1 Introduction

Catalytic branching processes were introduced by Dawson and Fleischmann [7] in the measure-
valued setting and have been studied by many authors; see, e.g., [8, 9] for the surveys on the topic.
One motivation of the study came from the modeling of biochemical reactions such as glycolysis.
In the reaction involving two types of particles called ‘catalyst’ and ‘reactant’ respectively, the
catalyst particles propagate autonomously, but they catalyze the reactant particles. Let o1 and o9
be two real constants and let By (+) and Bs(+) be two one-dimensional Brownian motions. Following
the idea of [7], we define a class of catalytic continuous state branching processes (catalytic CB-
processes) by the stochastic differential equations

dz(t) = o1/ x(t)dB1(t) and dy(t) = oo/ x(t)y(t)dBa(t), (1.1)

where z(-), the catalyst, is a CB-process, and y(-), the reactant, is a CB-process with random
branching rate proportional to the catalyst. In contrast to the conventional set-up of catalytic
branching models, here the underlying Brownian noises that drive the corresponding branching
mechanism may be or may not be independent. As a useful and realistic modification, which allows
for immigration into the catalyst and reactant as well as for an additional branching mechanism
for the reactant that is independent of the catalyst, the catalytic CB-processes with immigration
(catalytic CBI-processes) were introduced and studied in Dawson and Li [11]. In terms of fluctua-
tion limit theorems, they established a connection between the catalytic CBI-processes and affine
Markov processes which have been used widely in mathematical finance as natural models of asset
prices, interest rates and so on; see, e.g., Duffie et al. [12] and the references therein.
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This paper originated from the curiosity of finding the proper formulation of the discrete state
counterpart of the catalytic CBI-processes and their connections with the affine processes. The
reason of the curiosity is that discrete state processes arise more naturally in describing branching
phenomena (see [3]) and the understanding of those processes is the final objective of the theoretical
work. We shall introduce a class of processes which we call catalytic discrete state branching
processes with immigration (catalytic DBI-processes). This model is justified by the fact that their
fluctuation limit theorems lead to the same class of spectrally positive affine processes as in [11],
which is a subclass of the processes studied in [12]. However, their high density limits give catalytic
CBlI-processes different from the models of [11]. To characterize the new catalytic CBI-processes
we introduce stochastic equations driven by time-space white noises instead of finite-dimensional
Brownian motions. In view of the connection with the discrete models, the new catalytic CBI-
processes seem more natural than those of [11]. In this sense, our results provide new perspectives
into the branching and the affine structures and the connections between them. On one hand
the results give an interpretation of the catalytic CBI-processes in terms of the more realistic
catalytic DBI-processes, and on the other hand the limit theorems imply that the catalytic DBI-
processes can be approximated by the catalytic CBI-processes or the affine processes via suitable
transformations. Those affine process approximations show that catalytic branching mechanisms
may have potential applications in finance. We refer the reader to [11, 12] for the characterizations
of the catalytic CBI-processes and the affine processes, and to [17, 22] for the limit results of
DB- and DBI-processes. We also mention that the fluctuation limit theorems proved here can be
regarded as a succession of several results connecting branching processes and Lévy processes; see,
e.g., [4, 19, 20].

In the sequel of this introduction we give some descriptions of the general pictures of the processes
mentioned above and the connections between them. To avoid involving too many technical
details, we first consider the models without immigration. Let Iy > 0 be a constant and let
{pi :i=0,1,2,---} be a discrete distribution on N := {0,1,2,---}. By a DB-process, we mean an
N-valued Markov chain with @-matrix (¢;;) defined by

hipj—it1 if j>i—1andj#i,
Qij = lli(pl — 1) lf] = i, (12)
0 others.

A DB-process models the size of a population of particles in an isolated island that propagate
according to stochastic laws; see, e.g., Athreya and Ney [3]. Let u; be the probability measure
on N defined by p1({i}) = p; and suppose that Ni(ds,dz,du) is a Poisson random measure on
(0,00) x N x (0,00) with intensity dspi(dz)du. Given the initial value £(0) € N, we consider the
stochastic integral equation

t 11€(s—)
£(t) = £(0) +/0 /N/O (2 = 1)Ny(ds, dz, du), ¢ >0. (1.3)

Here and in the sequel we make the convention that f: =—-[ = f(r‘,t] for r < t. Under a
suitable moment condition on w1, it is easy to show that (1.3) has a unique strong solution and
the solution is a strong Markov process with state space N; see, e.g., [11, Theorems 5.1 and 5.2].
Since {{(t) : t > 0} is a step process, for any bounded function f on N we have

t 11€(s—) -
FE®) = FEO) + /0 /N /0 [F(€(s—) + 2 — 1) — F(€(s—))]N1(ds, dz, du)
-/ s [ B + = 1) = fleen(a:)

— F(€(0) +mart. + [ [Zzlas)pjf(g(s) 1) — b F(E(s))] ds,
=0
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where Ni(ds,dz,du) = Ni(ds,dz, du) — dspi(dz)du. Then £(-) is a realization of the DB-process
with @Q-matrix (g;;) given by (1.2). The stochastic integral on the r.h.s. of (1.3) means that
the propagation of each particle occurs at rate I; and the propagations of all the particles are
determined by the Poisson random measure Ni(ds, dz, du).

Let I3 > 0 and let pug be another probability measure on N. Suppose that Na(ds,dz,du) is a
Poisson random measure on (0,00) X N x (0,00) with intensity dsua(dz)du. Given n(0) € N, we
may define another N-valued process 7(-) by

t 12€(s—)n(s—)
n(t) = n(0) +/0 /N/O ! (z — 1)Na(ds, dz, du), t>0. (1.4)

Under a moment condition on ug, this equation has a unique solution. The process 7(-) can
be interpreted similarly as £(+), except that the number of its jumps are dominated by the latter.
Following [7], we call (£(+),n(+)) a catalytic discrete state branching process (catalytic DB-process),
where £(-) is the catalyst process and 7(-) is the reactant process. In this formulation, the Poisson
random measures N; and No may be or may not be independent. If they are really independent,
&(+) is independent of Ny and we may regard 7(-) as a DB-process in a random environment
determined by &(+).

In applications, it is natural to consider the general situation where N7 and N, are not necessarily
independent. A convenient reformulation is to assume they are the projections of a Poisson random
measure on (0,00) x N2 x (0,00). Let p be a probability measure on N2 and let N(ds,dz,du) be
a Poisson random measure on (0,00) x N? x (0,00) with intensity dsu(dz)du. By a catalytic
DB-process, we mean the solution of the system of stochastic integral equations

t 11€(s—)
&(t) =€(0) —i—/o /N?/O (21 — 1)N(ds, dz, du) (1.5)

and

t 12€(s—)n(s—)
n(t) = n(0) +/0 /N2 /0 ! (22 — 1)N(ds, dz, du), (1.6)

where z = (z1,22) € N2 and (£(0),7(0)) is an N2-valued random variable independent of N.
Since (1.5) and (1.6) contain a common Poisson noise, the catalyst and the reactant may involve
dependent branching mechanism. It is not hard to show that the solution (£(-),7n(:)) is a strong
Markov process with generator A defined by

Af(i.d) = (i naig) [ 170+ 21 =13+ 2= 1) = £ D)l(d2)

[l — (i A )] / G+ 21— 1,9) — £ f)lu(dz)

N2

+llij = (i L] [ 1763+ 2 1) = S Dludo), (1.7
where the first term on the r.h.s. represents the common propagation of the system, and the second
and third terms reflect the independent propagations of the catalyst and reactant, respectively.
The form of the generator is not as simple as one might have expected from equations (1.5) and
(1.6). Compared with characterizations using the generator, the stochastic equations give a simple
formulation of the catalytic DB-process with clear intuitive meanings.

Unfortunately, the high density limits of the catalytic DB-processes defined by (1.5) and (1.6)
can not always be represented by (1.1) even in the critical branching diffusion case (see Remark
2.1 for details). We meet here some difficulties brought about by the first term (covariation term)



on the r.h.s. of (1.7), which comes from the dependence of the branching mechanism. To find an
appropriate representation for the limit process, we first define a Feller branching diffusion z(-) by

t rx(s)
z(t) = z(0) —|—/0 /0 o1 W(ds, du), (1.8)

where W (ds, du) is a time-space white noise with intensity dsdu. Then we consider another process
y(-) defined by

tra(s)y(s)
y(t) :y(0)+/0 /0 ’ oW (ds, du), (1.9)

and y(+) is a ‘branching diffusion’ with random branching rate proportional to z(-). It turns out
that the high density limit of the catalytic DB-processes defined by (1.5) and (1.6) are typically
solutions of equations of the forms (1.8) and (1.9). See Theorems 2.1 and 2.2 for general results
on the high density limits of general catalytic DBI-processes.

Our next objective is to investigate the high density fluctuation limits of catalytic DBI-processes.
To do so, we choose a sequence of catalytic DBI-processes denoted by (£,(+), 7.(+)) with a slight
abuse of notation and consider the rescaled sequence

and Y, () = () —n* (1.10)

n

Xn(o) =

It is worthwhile to notice that although the scaling for &, () in (1.10) is standard, that for n,(-) is
of a higher order than the standard one. We shall see that the class of limit processes of sequences
of form (1.10) coincides with the regular affine process (X(+),Y(-)) with non-negative jumps (see
Theorem 2.3). In the diffusion case, the process is described by the following stochastic equations

X(t) = X(0) +/0t(b1+611X(s))ds+/Ot 011/ X (s) dB (s)

+ Otam\/mczBQ(s), (1.11)
Y(t) = Y(0) + /0 t(b2+ﬁ21X(s)+,6’22Y(s))ds+ /O tmczBo(s)

n /Otam\/mczBl(s)+/Otazz\/md32(8), (1.12)

for real constants a,b; > 0 and be, 811, B21, B22, (05), where B(-) = (B[)('),Bl('),BQ(‘)) is a three-
dimensional Brownian motion. The above process arises in financial applications as a general two-
factor affine interest rate model, where Y'(-) is the interest rate with its stochastic volatility factor
X (+), and it is computationally tractable and flexible in capturing many of empirical features of the
actual interest rate dynamics (see [12] and the references therein). However, there is an obvious
defect in this model as the last three terms on the r.h.s. of (1.12) may bring the interest rate Y (¢) to
the negative half line, which is not desirable. The fluctuation limit theorem shows that (X (-),Y(+))
is connected with the sequence of non-negative processes (&,(+),7,(+)) via (1.10). In other words,
the above affine interest rate model behaves approximately as some rescaled catalytic CBI- or
DBI-process representing a two-type population system. This implies that catalytic branching
mechanisms may have applications in developing a non-negative interest rate model which is outside
but closely connected with the affine class. See Example 2.1 for a detailed discussion.

The remainder of this paper is organized as follows. In section 2, we first give a very brief
introduction to the regular affine processes, and then the precise formulation of the catalytic DBI-
processes. At the end of this section the main limit theorems are presented. The subsequent three
sections are devoted to the proofs of the main results.



2 Definitions and main results

We first introduce some notations and definitions. For z € R set I1(2) = |z|, l12(2) = |2| A |2|? and
x(2) = (LA 2)V(=1). For z = (21, 22) € R? define x(z) = (x(21), x(22)). Let C(D) be the Banach
space of bounded and continuous functions on a domain D C R? endowed with the supremum
norm || -|[. For f € C(D) let Ac,, ., f(z,y) = f(x + 21,y + 22) — f(z,y) if the r.h.s. is defined.
Let C*(D) be the space of k times differentiable functions with partial derivatives up to order k
belonging to C(D). For f € CY(D) let Vf(x,y) = (fi(x,y), f3(z,v)).

Let us consider the regular affine process in two-dimensional case. Suppose that R, = [0, c0)
and let D = Ry xR. The ‘affine property’ refers to the fact that the logarithm of the characteristic
function of the transition distribution p((x,y), -) of the process is given by an affine transformation
of the initial state (z,y) € D (see [12]). A set of parameters (a, (aj), (b1,b2), (Bij), m, i) is said to
be admissible for a reqular affine process if

(a.1) a € Ry is a constant;

(a.2) (oyj) is a symmetric non-negative definite (2 x 2)- matrix;
(a.3) (b1,b2) € D is a vector;

(a.4) (Bij) is a (2 x 2)-matrix with 812 = 0;

(a.5) m(dz) is a o-finite measure on D supported by D\{0} such that
/D[ll(zl) + l12(22)m(dz) < oo;

(a.6) w(dz) is a o-finite measure on D supported by D\{0} such that
/D[llg(zl) + l12(22)|u(dz) < oco.

The regular affine process is a Feller process taking values in D characterized by the above set of
admissible parameters in terms of the generator A given by

Af(z,y) = anxfiy(z,y) + 20122 f15(2,y) + a2z foo (2, y) + afy(z,y)
+ (b1 + Brix) fi(x,y) + (ba + Borx + Laay) fo(z,y)

+ /D (Dor o f(@29) — fha9)z2)m(dz)
+ /D (Do @ 9) — (VF (), 2))ep(d), (2.1)

where f € C?(D). We say the corresponding regular affine process is spectrally positive if both u
and m are supported by Ri\{O} A regular affine process can also be described as the strong solu-
tion of a system of stochastic equations with non-Lipschitz coefficients and Poisson-type integrals
over some random sets (see [11]).

Let us give a formal definition of the catalytic DBI-process mentioned in the introduction. A
set of parameters (6, (11, 12),7;mo, po, o) is said to be admissible for a catalytic DBI-process if

(b.1) 0,1, lo and r are non-negative constants;



(b.2) mg(dz), po(dz) and vo(dzz) are probability measures on N?, N2 and N respectively such that

/1\12(21 + z9)mo(dz) + /1\12(21 + 29)po(dz) + / 2o (dze) < 00,

N

where z = (21, 22).

Let (92, F, F;, P) be a filtered probability space satisfying the usual hypotheses. Suppose that on
this probability space the following objects are defined:

(c.1) a Poisson random measure Ng(ds, dz) on (0,00) x N? with intensity 0dsmq(dz);
(c.2) a Poisson random measure Nq(ds, dz,du) on (0,00) x N2 x (0, c0) with intensity dspuo(dz)du;
(c.3) a Poisson random measure Na(ds, dz2,du) on (0,00) x N x (0, 00) with intensity dsvg(dzs)du.

Suppose that Ny, N; and N are independent of each other. Given any N?-valued Fy-measurable
random variable (£(0),7(0)) independent of Ny, N1 and N3, we consider the following system of
stochastic integral equations:

£() = £(0) + /0 t /N 21 No(ds, dz) + /0 t /N 2 /0 )N (ds. de du) (2.2)

and

t t Ia€(s—)n(s—)
n(t) = n(0) +/ / 22 No(ds, dz) +/ / / (20 — 1)N1(ds, dz, du)
0 N2 0 N2 0

+ /Ot/l\]/ows_)(z2 — 1) Ny(ds, dza, du). (2.3)

It can be proved as in [11] that the equation system (2.2)-(2.3) has a unique solution and we
call the solution (£(-),n(-)) a catalytic DBI-process with parameters (0, (l1,l2),r;mo, o, vp). For
the convenience of statement, we also refer (6, (I1,12),r; ho, go, fo) as the parameters, where hg, go
and fp are the generating functions corresponding to mg, o and vg, respectively. As described
intuitively in the introduction, &-particles branch at rate [; with the offspring generating function
go(+, 1), while some of n-particles, controlled by &, branch at rate l2£(t) at time ¢ with the offspring
generating function go(1,-), and others, not controlled by &, branch independently at rate r with
the offspring generating function fy(-). Meanwhile, particles from an outside source immigrate
into the system at rate § with the immigration-size generating function hy(-, ).

Now let us consider a sequence of catalytic DBI-processes (&,(+), n,(+)) with parameters (6, (n,
/M)y Tny Mp, fn, Vn) or with equivalent parameters (6, (Yn, /M), Tn; hn, gn, fn). Clearly, a
realization of (£,(-), 7n(-)) can be given by (2.2)-(2.3) with the parameters depending on the index
n in suitable ways. For 0 < A1, A2 < n, set

w22 (0]
and
Ha(Mr, Ao) :94%(1—%,1—%) —1] (2.5)

Let 8, = f}(1-=) — 1 and let 0,, = f}/(1—) < oco. Consider the following conditions:

n



(A) The sequence {R,} is uniformly Lipschitz in (A1, A2) on each bounded rectangle, and con-
verges to a continuous function as n — oo;

(B) The sequence {H,} is uniformly Lipschitz in (A1, A2) on each bounded rectangle, and con-
verges to a continuous function as n — oo;

TnOn

r
=09 and lim sup — 22 (dzo) = 0.
b—oo n N {z2>b}

(C) lim r,06, = (22, lim
Proposition 2.1 Under condition (A), the limit function R of {R,,} has representation
R(A1,A2) = —BuiA1 — Barde + a1 A} + 2012212 + a3
+ /2 (e_<’\’z> — 14 (A, z))u(dz), (2.6)
R+

where (811, 321) € R?, (ij) is a symmetric non-negative definite (2 x 2)-matrix and u(dz) is a
o-finite measure on R% supported by R2\{0} such that

[, o)+ tiale)] ) < o (2.7

+

Proposition 2.2 Under condition (B), the limit function H of {H,} has representation

H(A1, Ag) = —biA; — bado +/ (=N —1)u(dz), (2.8)
R}

where by > 0, by > 0 and v(dz) is a o-finite measure on R? supported by R%\{0} such that

/]R2 [ll(zl) —{—ll(ZQ)]v(dz) < 00. (2.9)

We actually obtain a set of parameters (o, (aij), (b1,b2), (11,821, 522), v, 1) which will play an
important role in the characterization of our limit processes. Let (x,(-),yn(:)) be defined by

fnét) and  yn(t) = nn(t)_ (2.10)

n

xn(t) :=

The next result gives the rescaling limit of the above catalytic DBI-processes.

Theorem 2.1 Suppose that (A), (B) and (C) are satisfied. If (x,,(0), yn(0)) converges in distri-
bution to (z(0),y(0)), then (x,(-),yn(:)) converges in distribution on D([0,00),R%) to a process
(z(-),y(+)), which can be constructed as the unique pair of solutions of the following stochastic
equation system

z(s—)
z(t) = z(0) + /t(bl + Pr1z(s) ds—|—/ / o1Wi(ds, du)

(s-)
/ / 0'12W2 dS du / / ZlNO dS dz
RQ
z(s—) B
+/ / / z1N1(ds, dz, du) (2.11)
0 JRZ Jo



and

¢ y(s—)
y(t) = y(0) + /(bz+ﬁ2133( )y(s) + Ba2y(s) ds+/ / ooWo(ds, du)

—)y(s—) (s=)y(s
/ / (721W1 dS du / / UggWQ(dS du)
+// zzNo(ds,dz)—f—// / 22]§f1(ds,dz,du)7 (2.12)
0 JRZ 0 JrRZ Jo

where (0;;) is a (2 x 2)-matrix satisfying (2ai;;) = (045)(045)7, (W;)?2_, are three orthogonal white
noises on Ry x R with intensity dsdu, No(ds,dz) is a Poisson random measure on (0,00) x R%
with intensity dsv(dz), Ni(ds,dz, du) is a Poisson random measure on (0, 00) x R% x (0,00) with
intensity dsp(dz)du and Ni(ds,dz,du) = Ny(ds,dz,du) — dsp(dz)du. Ng and Ny are independent
of each other.

Remark 2.1 (i) Conditions (A) and (B) originated from the sufficient conditions for the conver-
gence of DB-process; see, e.g., Li [21] for the discussions in the setting of measure-valued processes.
Those conditions describe a sequence of catalytic DBI-processes, where the offspring mean of the
catalyst (reactant) tends to its critical value one. Condition (C) is for the technical purpose and
we sometimes let 7, = n and let f,, be the critical binary generating function.

(ii) In view of the limit theorem, (z(-),y(:)) can be naturally regarded as a catalytic CBI-process
although it is slightly different from the one given by [11] (see also (1.1) for a special case). It is
worthwhile to notice that the corresponding branching mechanisms of x(-) and y(-) are driven by
the common time-space white noises W7 and W5 instead of finite-dimensional Brownian motions.
By Itd’s formula, (z(-),y(-)) has weak generator L by

Lf(l', y) = allefl(xa y) + 20{12(.% A xy)f{'g(x, y) + (04221’3/ + dy)fé,Q(xv y)
+ (by + Bux) fi(z, y) + (b2 + Barzy + Ba2y) fo(x,y) + /}R2 Ay o) f(,y)v(d2)

[ 18 () = (V). 2@ A )il
R-‘r

+ [ 180w - i alle - @ amu:)
R

+

+ [ 1B o) = Fag)zalloy - o Aay)lu(d), (213)
R

+

for a = %0(2) and f € CZ(Ri). In view of generators, the only difference between our catalytic
CBI-process and the one given by [11] lies in the second term on the r.h.s. of (2.13). Because of
the truncation in this covariation term, the stochastic equation for (z(-),y(-)) driven by Brownian
motions would have to involve non-smooth diffusion coefficients.

(iii) Stochastic equations driven by white noises were studied by El Karoui and Méléard [13].
This type of equations also appear, for example, in some particle systems with dependent spatial
motions, where there is an interaction in the term of diffusion (see [10], [28]). For the pathwise
uniqueness of solutions of (2.11)-(2.12), it can be easily proved by using a method similar to the
Yamada-Watanabe one with additional estimates for jumps of Poisson type (see Lemma 4.5).

(iv) A simple but interesting property for (2.11) is as follows. Let z;(-) and z2(+) be two solutions
of (2.11) satisfying x2(0) > z1(0) a.s.. Let ((-) = z2(:) — x1(-). By the properties of stationary
independent increment of white noises and Poisson processes, it is easy to check that ((-) is a
CB-process. However, in general, this result does not hold for the first equation in (1.1).



Theorem 2.2 Suppose that oy, (511, (21, Pe2 are real constants, (by,bs) € Ri, (0i5) is a (2 x 2)-
matrix, and p(dz) and v(dz) are o-finite measures on R? supported by R%\{0} satisfying (2.7)
and (2.9) respectively. Then the corresponding equation system (2.11)-(2.12) has a unique pair of
solutions, which can be approximated by a rescaled sequence of catalytic DBI-processes.

Now let us turn to another sequence of catalytic DBI-processes (&,(), 7,(+)) with parameters (n20,,,

(Y, Yn/N2)s On; M,y in, Vp) or with equivalent parameters (n%6,, (Yo, Yn/12), On; hny Gy fn).- A
realization of (&,(+), n,(+)) is given by

t t nén(s—)
&n(t) = £,(0) —I—/O /N2 21 Np o(ds, dz) —i—/o /N2 /(: (21 — 1)Nyp1(ds, dz, du), (2.14)

t o e ()
(t) = 1 (0) + / / 2o Ny o(ds, dz) + / / / (22 — 1)Np 1 (ds, dz, du)
0 JN2 0 JN2Jo
t Onnn(s—)
+/ // (Zg—l)NnQ(dS,dZQ,d’U,), (2.15)
0 JNJO

where (£,(0), 7,(0)), Ny o(ds, dz), Ny 1(ds,dz, du) and Ny 2(ds,dz,du) are given as in (2.2)-(2.3),
but depend on the index n. Suppose that a, = 1 — f/(1—) > 0 and o, = f/(1-) < oco. For
0 < A, A <, set

Fo(M, Aa) = n26,, [hn (1 - % 1- %) - (1 - a’;&)] (2.16)

In addition to (A), which concerns =, and g,,, we will need the following conditions:

(D1) As n — oo, we have 0,a,, — ag, for some ag > 0;

(D2) The sequence {F,} is uniformly Lipschitz in (A;, A2) on each bounded rectangle, and con-
verges to a continuous function as n — oo;

n—oo

. _ . 2 _
(E) lim 6,0, =0 and blilélo sup O f{22>b} 250n(dza) = 0.

Proposition 2.3 Under conditions (D1,2), the limit function F of {F,} has representation

F(A,Aa) = —bid1 — bodg + X2 + / (e—<%2> 1+ AQZQ)m(dz), (2.17)

w2
where a > 0, by > 0, bo € R and m(dz) is a o-finite measure on R supported by R2\{0} such
that

/ [1(z1) + ha(z2)]m(dz) < oc. (2.18)
RY

Under the above conditions, let a = oo+ ag + 0/2 and (22 = —ag. Then (a, (aij), (b1,b2), (Bij),
m, ) is clearly just a set of admissible parameters for a spectrally positive regular affine process.

Let (X, (), Y,(+)) be defined by

M (t) — n’ .

n

and Y, (t) :== (2.19)

The following result gives the fluctuation limit of the above catalytic DBI-processes.



Theorem 2.3 (i) Suppose that conditions (A), (D1,2) and (E) are satisfied. If (X, (0), Y,,(0)) con-
verges in distribution to (X (0),Y (0)), then (X, (-), Y, (+)) converges in distribution on D([0, c0), Ry x
R) to a spectrally positive regular affine process (X(-),Y(-)) with parameters (a, (cvj;), (b1,b2),
(ﬁij)7 m, :U’) Satjsfyjng 522 <0 anda > _ﬂ22-

(ii) Conversely, if (X (),Y()) is a spectrally positive regular affine process with admissible
parameters (a, (oij;), (b1,b2), (Bij), m, p) satisfying B2 < 0 and a > —[2, there exist pos-
itive constants ri, ro and a sequence of catalytic DBI-processes (§,(-),nn(+)) such that the se-
quence (r1Xn(+),72Yn(+)) converges in distribution on D([0,00), R4 x R) to (X(-),Y(-)), where
(X (), Yn(:)) is defined by (2.19).

In view of equation-system (1.11)-(1.12), the first coordinator of a two-dimensional affine process
is a CBI-process and the second one appears to be an Ornstein-Uhlenbeck type process (OU-type)
whose (Lévy) driving terms are dominated by the first one. The above theorem implies that
any spectrally positive ‘dominated OU-type process’ arises as the fluctuation limits of ‘dominated
DBI-processes’, which goes back to Li [22] in some sense.

Example 2.1 Consider a simple example of affine processes, the CBI-diffusion applied to interest
rate modeling by Cox, Ingersoll and Ross [6] (CIR), that is

dy(t) = (0 — y(t))dt + o\/y(t)dB(2),

where y(t) denotes the short-term interest rate, B is a one-dimensional Brownian motion, and &, ©
and o are non-negative constants. Here y(¢) mean-reverts towards the level 0, k measures the speed
of the reversion, and the term o+/y(t) gives the rate volatility. This CIR model guarantees non-
negativity and captures an aspect of conditional heteroskedasticity by having volatility increase
with the level of the rate, the so-called ‘level-effect’. However the general affine models do not
constrain the short rate to be non-negative (see (1.11)-(1.12)). To overcome this defect, inspired by
the connection between catalytic branching models and affine processes, we may propose another
extension of the CIR model, which evolves as a catalytic CBI-diffusion:

dx(t) = k1(01 — x(t))dt + o1/ z(t)dBi(t), (2.20)
a2 — y(0))dt + o2\ TDY DB (D), (2.21)

where the reactant y(t) represents the short rate, the catalyst x(¢) represents the stochastic volatil-
ity factor, B; and Bs are two one-dimensional Brownian motions, and k;, U;, 0; (i = 1,2) are
non-negative constants. This so-called randomly controlled CIR model incorporates both level
and stochastic volatility effects and thus is outside the affine class. It assures non-negative rates
by having volatility be proportional to the product of the two effects. See the model of Andersen
and Lund [2] for a similar idea. Now consider a sequence of these models (z(-),yn(-)), where x(-)
is defined by (2.20) and yy,(+) is defined by

dyn(t) = Kka(n — yp(t))dt + oo/ x(t)yn(t)/n dBa(t). (2.22)

It is shown in [11] that as n — oo the limit of the processes {(z(:),y,(-) — n)} is an affine process
(X(+),Y(:)) defined as in (1.11)-(1.12). Observe that the level effect \/y,(t)/n goes to one. This
means that for the sequence (z(-),y,(-)) which is non-affine and less tractable, we scale the level
effect away just to get the process (X (-), Y ()) which is affine and much easier to handle analytically
and computationally in pricing and estimation. As a cost, the non-negativity of Y'(-) can not be
guaranteed since it is obtained approximately by shifting y,, () by a negative quantity —n. In this
sense, the affine model is applied as a simple approximation of the randomly controlled CIR model.

QU
<
—~
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Based on similar considerations, we may consider the catalytic DBI-processes as some kind of
Markov-chain interest rate models. See Mamon [24] for other related models. In some cases, the
affine class also gives these models a tractable approximation. For example, consider a sequence
of catalytic DBI-processes:

t t Ynén(s—)
En(t) = €,(0) +/ / 21Ny 0(ds, dz) +/ / / (21 — 1)Nyp,1(ds, dz, dzu),
0 JN2 0o JnzJo
t t 23&n(s—)nn(s—)
M (t) = 1 (0) +/ / 29Np o(ds, dz) +/ / / (22 — 1)Np 1(ds, dz, du).
0 Jn2 o JnzJo

We choose v, = 2n + 8 with 8 > 0. Let

s1(1+ s3) 1+ s¥s3
2 ’ 2

Let p € [0,1] and let the offspring generating function be defined by

9 (s1,82) = 9P (s1,82) =

1
gn(s1,82) = P 2n(1 — p*)gM (s1, 52) + 2np°gSP (51, 52) + Bsa .
For by, by > 0, let 6,, = by + by and hy(s1,52) = (1 —1/n) + (b1s1 + b2sa)/(nb,). We can check that

R(A1,22) = BA1+ p2AT + 202\ A0 + A3,
F()\l, )\2) = —bi A1 — boa.

By Theorem 2.3, the sequence (X, (-), Y, (+)) defined by (2.19) converges weakly to the affine process
(X(-),Y(-)) given by

dX(t) = (by — BX (1)) dt + p\/2x(t) dBi (1), (2.23)
dY (t) = bodt +/2X(t) (pdBi(t) + /1 — p2dBs(t)), (2.24)
where B(-) = (Bi(-), B2(+)) is a two-dimensional Brownian motion. The above affine process

was applied in Heston [15] to model an asset price ¢¥() with stochastic volatility X (-). In his
point, the correlation between volatility and spot assets (driven by Bi(+)) can capture important
return skewness effects in simulation. In view of our discrete state models, the above correlation
is approximately from 97(12) showing that &,(-) and its volatility 7, (-) may increase or decrease one
unit with the common probability 1/2. O

Finally we shall show that a spectrally positive regular affine process may also arise as the fluctu-
ation limit of catalytic CBI-processes obtained in Theorem 2.1. Let (a, (), (b1, b2), (Bi), m, ) be
a set of admissible parameters with 322 < 0 for a spectrally positive affine process. Let og = v2a
and let (0;;) be a (2 x 2)-matrix satisfying (2a;;) = (03;)(04;)7. Let Dn = {(z1,22) € R+ 29 >
1/n}. If Bao = 0, set the sequence Bn = fD zom(dz)/n? and let 0,, = n?; If Bay < 0, set ﬁn = (a9
and choose 8,, such that —8990,, > fDn zom(dz), 6, > 1 and 6, — oo as n — oco. Suppose that
x(+) is defined by (2.11). For each n > 1, let y,(-) be defined by

n(®) = 10+ [ (=.0,+ P <s>yn<s>+§iyn<s>+ﬁnyn<s>>ds

yn(S )

w(s
/ / 0'()W0 dS du / / Uglwl(ds,du)

022W2(ds,du)+ / / 29 No(ds, d¢)
0 n

yn(9 )

/ /R , / 22N1(ds,dz,du), (2.25)
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where (W;)?_,, No and Nj are given as in Theorem 2.1 and the initial value (x(0),y,(0)) is
independent of (W;)2_,, No and Ni. Set X/, = z(-) and Y,/() = yn(-) — On.

Theorem 2.4 If (X/(0),Y,/(0)) converges in distribution to (X'(0),Y’(0)), then (X},(-),Y;(-))
converges in distribution on D([0,00),R; x R) to a spectrally positive regular affine process
(X'(-),Y'(-)) with the above admissible parameters (a, (cvj), (b1, b2), (8i;), m, ) satisfying Faz < 0.

3 Representation results for limit functions

In this section, we introduce and prove some representation results for the limit functions of (2.4),
(2.5) and (2.16), which play an important role in the proof of Theorem 2.1 and Theorem 2.3.
Recall that i, is the probability measure on N? corresponding to g,. Fixn > 1. Let G = [~1,00)?
and G, = {((i —1)/n,(j —1)/n) : i,j € N}. Let p, be the measure defined by

o) =1 3 pn (L6 )= 11, (3.1)

n

i,j=0
Then p,, is a finite measure on G supported by G,.

Proof of Proposition 2.1 Set 1, (A1, A2) = nvy, [gn(e*)‘l/", e N2/my — =1/, )‘>] and it follows from
mean-value theorem that

Ry(M1,A2) = UM, A2) + 190 [ 1 (1, 1n2) — Mn2] (1= Ay /n— e~ 21/™)
+ 1% [0 2 (M1 Mn2) — ] (1= Ao /m — e722/™), (3.2)

where 1 —\;/n < np; < e~ Ai/m and g;m denotes the partial derivative of g, with respect to the ith
variable for ¢ = 1,2. Under condition (A), the sequences

R, (A1, A2)| = ym|(1 = A2/n) — gr 1 (1= A1/n, 1= Ay /)|
|R;, (A1, A2)| = n|(1 = A1/n) — g o(1 = A1/n, 1= Ay /)|

are uniformly bounded on each bounded rectangle [0, 0}2 for ¢ > 0 and thus the sequences v, ‘7777"2 —
9%,1(7771,1,7771,2)’ and ’yn|77n,1 - 91/172(%,177}71,2” are also uniformly bounded. By (A) and (3.2), we
have ¥, (A1, A\2) — R(A1,A2), as n — oo. It is enough to consider the limit representation of v,
and we use Venttsel’s classical method (see [27], [26] or [12]) to prove it.

Step 1: Decomposition. Let ||z||? = 27 + 23 and let I(2) = |[2[|* A 1. Set 0, = [ 1(2)pn(dz).
If 0, > 0, define the probability measure P, (dz) = (I(z)/on) pn(dz) supported by G,\{0}. Let
G = G U {oo} be the one point compactification of G. Choose any subsequence denoted again
by {P,}, which converges weakly to a probability measure P on G* supported by R% U {co}. Let
E be the set of £ > 0 for which P(||z]| =) =0. For € € E, define Q := {2z € G : ||z|]| < &} and Q
is a P-continuity set. We have

2
e N (A1, A2) = —Bna At — Brada + on Z an, (i, AN + In.e + JIn,e), (3:3)
ij=1
where

Bui = [ el o) = [ M) Pl

h(z,\) = A (X(2),A),  Jne= /G\Q h(z,)\)(l(z))_lpn(dz),

I = [ (b)) = 5 ()N U:)) Pald), (3.4)
Q\{0}
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for i = 1,2 (If o, = 0, the last term of (3.3) is zero). It is easy to see that limpgs.|o limy, o0 In,c = 0.

Step 2: Limiting. Fix ¢ € E for a moment. Let k() = (1A&?)!. Define A, = 0n,+|Bn1|+|8n2]
for n > 1 and consider two cases as follows. If liminf,,_, A, = 0, in this case ¥(A;, A2) = 0. If
liminf, . A, > 0, there exists a subsequence, denoted again by {A,}, converging to A € (0, oc].
Then the following limits exist (passing to a subsequence if necessary)

L el B oL anulid) - alig) € L1
(3.5)
1 5 X(2:) A
——P,(dz) — ¢ € [0, k(e)], P,(dz) — ¢; € [<k(e), k(e)],
a0 l(2) aq U(z)
for i =1, 2. Dividing both side of equation (3.3) by A,, we get in the limit
lim e M2 (1(2)) " P, (dz) = L(N), (3.6)
where L()) is some function of A and is continuous at 0. It is not hard to show that
/ (I(2))"*P(dz) = lim e~ (1(2)) L P(dz) = lim L( Ly o). (3.7)

It follows that P({oo}) = 0. Thus the subsequence { P, } converges to the probability distribution
P on G and P is supported by R2. Define v({0}) = 0 and v(dz) = (I(z)) "' P(dz) on {z € R? :
||z|| > 0}, we can show that

lim lim J, . —/ h(z, A\v(dz), (3.8)
E>e|0n—o0 R2
Elélﬁo hnnilo%f an,c(1,7) = Elérriohis;p an,(1,7) = a(i, j) (3.9)

for 7,57 = 1,2 and (a(i, j)) is a non-negative definite matrix. Then we obtain a Lévy-Khintchine
type representation for (\)/A.

Step 3: It remains to verify that 1/A > 0. This can be proved as step 4 in the proof of [12,
Lemma 4.1]. Then set o;; = o0 Aa(s, ) for 4,5 = 1,2 and p(-) = o Av(-). By the definition of u
and Lipschitz continuity of R, we get (2.7) and then [ (25 — x(2i))u(dz) < oo (i = 1,2). Let

+

Bi1 = AB; + fRi(zi — x(2i))u(dz) < oo (i = 1,2). Thus, we have (2.6). O

Let us write f € C.(R?) if f is bounded continuous function from R? to R satisfying f(z) =
o([[][?) when [|z] — 0.

Proposition 3.1 Under conditions of Proposition 2.1, we have

(i) /GX(Zi)pn(dZ) — B — /R2 (2 — x(2:))u(dz) asn — oo fori=1,2;

+

(i) /G ¥(z0)X(27)pa(dz) — 204 + /R XGX()pldz) asn — oo fori,j = 1,2

+

(iii) lim f 2)pn(dz) / f(2)u(dz), for f € C(R?).

n—od

13



Proof. In the proof of Proposition 2.1, we actually choose a subsequence {n;} C {n} such that
{P,,} converges weakly to P on G* (step 1) and then we also choose a subsequence {ny} C {n;}
such that {A,, } converges to A € (0, 00] and (3.5) holds (step 2). In fact, the results from (3.6) to
(3.9) hold via the subsequence {ny} and P,, converges weakly to P on G supported by R?. Recall
that A > 0 and we have lim,, .o 0n, = Ap and lim,, fo(Zi)pnk(dZ) = AfB; for 1 = 1,2.
Then, for f € C,(IR?), it is easy to check that

_ f(z)
/Gf(z)pnk (dz) = Ony /Q MI{Z#O}PRk (dz)

which converges to Ap fQ e 1{Z¢0}P(dz) namely ng Yu(dz). Thus (i) and (iii) hold via
the subsequence {ny}, which, combining (3.9), imply that (11) holds via {ny}. Moreover, the
uniqueness of the representation of the function R on the r.h.s. of (2.6) by ((611,521), (cuj), 1)
(see [25, Theorems 8.1]) ensures that (i), (ii) and (iii) hold for the whole sequence {n}. O

Proposition 3.2 Given the representation (2.6) of the limit function R with admissible parame-
ters ((Bi;), (cuj), p), either of the following conditions implies that there is a sequence R,, in form
(2.4) satisfying condition (A):

(i) az; >0 fori,j=1,2;
(ii) a2 <0 and |aj2| < oy fori =1,2.

Proof. Firstly, suppose |B11|+ 821 > 0 (if |B11|+|B21] = 0, set g1.n(A1, A2) = A A2). If 11 > 0 and
Pa1 2 0, set g1n(A1, A2) = ﬁ11ﬁ+,821)‘2/\2 + Blﬁﬁm)\l)\g If f11 > 0 and fB21 < 0, set gin(A1, A2) =

B21 B11 2 — B21 2 B11
B21—P11 AL+ B11—PB21 )\1)\2' If 11 < 0 and 21 > 0, set gl’"()\l’)Q) T B21—P1n1 /\1)\ + B11—PB21 Az I

P < 0 and fF21 <0, set gl’"()\l’)\2) ﬂnﬁfﬁzl A1+ 511541r1ﬁ21 A2

Secondly, suppose that a1 > 0 (if a1 = 0, set g1.,(A1, A2) = A1 A2). If condition (i) holds, then

2
we set w = (wy,ws), where wy = /2a1; and wo = v2a12//ar;. Let g = 1+w1+w2+2(a22—a—11)
Define the sequences 72, = nyo + v/nwi + v/nwy and

g2n(A1,A2) = Yo {)\1)\2 + ; (0422 - Z%)( —A2) /\1}

1
4+
Y2,n

(ef\/ﬁ<17m> )MA L Ve Vi

Y2,n 72,n

If condition (ii) holds, then we set 9 = 2(a11 + a22). Define the sequence v, = nyo and

o o o
920 (A, A2) = Ao + — (1= A)2ha + —2 A1 (1 = A2)? + “2 (A1 4+ A2)(1 = A1)(1 = o).
Y0 Y0 Y0
Thirdly, suppose that p # 0 (if u = 0, set g1, (A1, A2) = MA2). Let Dy, = {(z1,22) € Ri D2 >

1/, zo > 1/y/n} and wiy = [}, (z: — 1/n)p(dz). Define the sequences y3, = (U1, + u2y,) +
w(Dy)/n and

1 1 U
gS,n()\la )\2) — / e n(l /\’Z>u(dz) _|_ 1,n
nvy3n n 73 n Y3.n

Finally, let Yn = Vin + Y2,n =+ Y3,n and let gn = ’7771(71,ngl,n + Y2,n92,n =+ ’ygmgg’n). Then {Rn}
defined by (2.4) satisfies condition (A). O
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Proof of Proposition 2.2 It can be proved with the same method as in Proposition 2.1. ]

Recall that m,, is the probability measure on N corresponding to h, and G, = {(i/n,j/n) :
i,7 € N}. Let v, be the measure defined by

i.j=0

Then vy, is a finite measure on R? supported by Gn. Let us write f € Co(R%) if f is bounded
continuous function from R to R satisfying f(z1,22) = o(|21| + |22|) when ||z| — 0.

Proposition 3.3 Under (B), as n — oo we have the following:

(i) /]RQ X(zi)vp(dz) — b; +/R? x(z)v(dz), i=12;

+

(i) lim f(z)vp(dz) = - f(z)v(dz)., for f € Co(RL).

n—oo [p2
R
+

Conversely, given the representation (2.8) of the limit function H with parameters ((b1,b2),v),
there is a sequence H,, in form (2.5) satisfying condition (B).

Proof. The first part is proved with the same method as in Proposition 3.1. We only prove the
converse part. Firstly suppose that by +bg > 0. Set 0y, = n(by + b2) and hy (A1, A2) = blelbz)\l +

A2. Secondly, suppose that v # 0. Let D, = {(21,22) € R2 cz1 > 1/y/ny 20 > 1/y/n}.

b1+b
Define the sequences 0, = v(D,,) and hga (A1, A2) = v( fD e~ {1=A2) v(du). Finally, we let
0, = gl,n + 92,71 and h, = en (gl,nhl,n + 92,nh2,n) ]

Let k, be another measure defined by
Kn(+) = n20n Z mn{(ivj)}(s(i/n,j/n)(')'
4,j=0

Then k, is a finite measure on R%— supported by Gn. Let us write fe C#(Ra_) if f is bounded
continuous function from R2 to R satisfying f(z1,22) = o(|21] + |22|?) when ||z — 0.

Proposition 3.4 Under conditions (D1,2), (2.17) holds. In addition, as n — oo we have

0 [ xCom@) = b+ [ xtemido)

+

@) [, (v = %)) = b= [ (2 = x(ea))

+

(iii) /}R2 Xz(ZQ)Kun(dZ) — 20+ ag + /]Rz Xz(ZQ)m(dZ);

+

(iv) lim f(2)kn(dz) = » f(z)m(dz), for f € Cx(R2).

n—0o0 JR2
+
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Proof. Using the same method as in Proposition 2.1, 3.1, we have (2.17) and (i)-(iv). But we still
need to verify o > 0. It follows from (ii), (D1) that

o , Xrn(dz) = o , (x2) = 52 )nl@s) +

which tends to ag as n — oo. Let E be the set of € > 0 for which m(]|z|| =€) = 0. By the above
equality and (iii), we have

1
lim lim <X2(22) — —X(22)>f£n(dz) = 2a. (3.11)
E2el0m=00 J{jjzl<e} "
1 R N
Note that x?(z2) — ﬁX(ZQ) > 0if z € Gy, and the support of x, is G,,. Then a > 0. O

4 Proof of Theorem 2.1 and Theorem 2.2

The proof of weak convergence involves two steps: tightness and identification of the limit. Recall
that x,(-) = &,.(-)/n and yn(-) = u(-)/n. Then (z,(-),yn(-)) can be given by

t 2 t mnan(s=) o q
ZTn(t) = 2,(0) + / / — Npo(ds,dz) + / / / Ny (ds, dz, du), (4.1)
0 JN2 T 0o JN2Jo n

t 29 t NYnZn (5—)yn(5—) 29 — 1
yn(t) = yn(O)—i—/ / Nn,o(ds,dz)—i—/ / / Ny (ds, dz, du)
0 JN2 T 0 JN2Jo n
t nrayn(s=) 5 1
n / / / 2 N, a(ds, dza, du). (4.2)
0 JNJO n

Lemma 4.1 Assume (A) holds. Let E™ be the set {z,(0) + yn(0) < ¢} for some ¢ > 0. Let p,, be
defined by (3.1) and let v, be defined by (3.10). Then we have for any t > 0,

(i) sup Elz,(t)1gn] < (c+ lot) exp {lot},

N

t t
(ii) supE[ sup x,(s)lgn] < c+ ot + 3l0/ (¢ +los)elo*ds + 4(l0/ (c+lps)elosds)2,
0 0

n 0<s<t
where Iy = sup,, S2, [| g o (d2)| 4| fg X(26) pn(d2)| + Jo xX*(20)pn(d2) + fa 2 0n(d)].

Proof. This lemma can be proved by using Gronwall’s inequality and standard stopping time
argument. So we omit it. ]

Lemma 4.2 Under the conditions of Theorem 2.1, (xy,(+),yn(:)) Is a tight sequence of processes
in D([0, 00), B2).

Proof. For any ¢ > 0, we choose ¢ > 0 such that sup,, P(2,(0) + y,(0) > ¢) < e. Let of =
inf{t > 0 : z,(t) > k or x,(t—) > k}, 28(t) = 2,(t A oF) and y¥(t) = y,(t A oF). Note that
{oF < T} C {supy<seq|zn(s)] > k —1}. For any T > 0, by Lemma 4.1 (ii), we can choose k
to be large enough such that sup, P(c¥ < T + 1) < 2¢. Fix k above. By condition (C), we have
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Iy :=sup,, (|rn [y (22— Dvn(dz2)|+|(rn/n) [y2(22—1)%vn(d22)|) < co. Using Gronwall’s inequality
and stopping time argument we get that

sup E[y¥(t)1pn] < (c+ lot) exp {(klo + 11)t},

for t > 0. Hence there exists a positive number R = R(c, k,¢) such that sup, P (2, (t) + yn(t) >
R) < 4e for any fixed t < T

Let {7,} be a sequence of stopping times bounded above by T' > 0. By the properties of
stationary independent increments of the Poisson process we obtain that

E[1gn |2 (7, + 1) — 2% (7)]] < (2k + Dlot + (Klot)?.

Then there exists a positive number § = §(c, k, ) (6 < 1) such that

+ 3¢ < 4e

o + 1)lo6 + (klod)?
sup sup P(’xn(Tn"i_t)_l'n(Tn)‘ >€) < ( + ) 0 +( 0 )2
n  t€0,0] e

and similarly we can show that sup,, supscg 5 P (|yn(mn 4+ t) — yn(mn)| > €) < 4e for suitable .
Thus the criterion of Aldous (see [1]) yields tightness for {(z,(-), yn(:))}- O

Let (z(+),y(:)) be any limit point of {(z,(-),yn(-))}. Without loss of generality suppose that
(xn(+),yn(-)) converges weakly to (z(-),y(-)). By Skorokhod’s theorem we may assume that on
some Skorokhod space (Q, F, 7, P), (1 (-), yn(+)) == (z(-),y(+)) in the topology of D([0, 00), R2).

Lemma 4.3 Assume the conditions of Theorem 2.1 hold. Then for any fixed A\ = (A1, A2) € R?,
M(t) = exp{idiz(t) +iray(t)} — exp{iriz(0) +ir2y(0)}
t
_ / Lexp{ihia(s) + iday(s)}ds
0
is a complex-valued local Fi-martingale. Here the operator L is defined by (2.13).

Proof. Let || - || be the supremum of R?. Define the stopping times

r = inf{t > 0: [ ((t), y(0)| = a or [|(2(t-), y(t-))]| = a,
r8 = inf{t > 0: [ (a(t), ya(®)]| = a or [|(za(t=) yu(t-)] = a}.

v

Let z%(t) = z(t A7), 2%(t) = xn(t A7), and analogously y®(t), y%(t). Switch to the Skorokhod

space. Since (x,(+),yn(-)) — (x(-),y(-)) on this space, it follows from Jocod and Schiryaev [18,
Lemma 2.10 and Proposition 2.11] that for all but countably many a,

o =St Roand  (z5(), 95 ()) = (@), y°() (4.3)
in the topology of D([0,00),R?). Define 7%(t) = 72 At and 7%(t) = 7 A t. We claim that
70 E5 79 in C([0,00),Ry), asn — oo. (4.4)

In fact, since 0 < 79(t + ) — 72(t) < € for any t > 0, the criterion of Aldous yields tightness for
{r%(-), n > 1}. By (4.3) we have that (4.4) holds. Set

t
Mn(t) — ei)\lmn(t)—l—i)\gyn(t) o ei)\lxn(O)—l—i)\gyn(O) _/ Lnei)\lxn(s)—l-i)\gyn(S) ds, (45)
0
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where L, is the weak generator for (z,(-),y,(-)) defined by (4.1)-(4.2) and can be easily obtained
by using It6’s formula. Thus M (t) := M, (t A 7)) is a complex-valued local martingale. Now let
M*(t) = M(t A7*) and we will show that

M) E5 M9 in D(]0,00),C), asn — oo. (4.6)

In fact, by (4.3), Ethier and Kurtz [14, Problem 13, P151], Jocod and Schiryaev [18, Proposition
1.23], it suffices to prove the convergence of the last integral terms in (4.5). Let f) be a complex-
valued continuous function on R%. By (4.4), we get that

o(t) T(t)
/ a(@(s), 2 (s)) ds — / a(@(s), g (s))ds
0 0

in the topology of C([0,00),C). By Proposition 3.1, 3.4 and condition (C), it is not hard to show
that (4.6) holds. Then for almost all + > 0, M%(t) “% M4(t) in C. Fix arbitrary T > 0. For any
t<T,

O A
‘ / MR+ () 40 (5)03(8) ds| < 2T, (4.7)
0

where the bound holds uniformly in n. Then for almost ¢t < T, M4 (t) L1, M®(t), asn — oo. Thus,
by the right continuity and boundedness of M?(t) (¢t < T'), we have that M®(t) is a martingale.
Note that 7* — oo as a — oo, and hence M (t) is a local martingale. O

It follows from the above lemma and Jocod and Schiryaev [18, Theorem 2.42, P86] that (x(-),y(+))
is a semimartingale and it admits the canonical representation

t t
z(t) = x(0) + by + 2°(2) +/ Briz(s)ds +/ /2 z1J(ds, dz), (4.8)
0 0o Jr
o) = 90) 4B+ [ (Ga(s) + Beahuo)ds + [ [ adldsidn) (@)
0 0o JrR2
where b; = b; + ng ziv(dz), (x°(t),y°(t)) is a vector of two continuous local martingales with

quadratic covariation process (fo cij (s ds)” , by ci1(s) = 2an1z(s—), c12(s) = 2a12z(s—)(1 A

)
y(s—)), and caa(s) = 2(az(s—) + a)y
(0,00) x R2 with compensator K (¢, dz)

(s—). J(dt,dz) is an integer-valued random measure on
dt by
K(t,dz) = z(t=) (1 Ay(t—)) p(dz) + z(t=) (1 — L Ay(t—)) p(dz)

+ x(t=) (y(t—) — L Ay(t=—)) pz(dz) +v(dz),

where p1(-) = pu(- N {22 = 0}) and pa(-) = p(- N {z1 = 0}). J(dt,dz) = J(dt,dz) — K(t,dz)dt.

Lemma 4.4 There exists a standard extension (Q,J’E, .7:},]5) of (Q,F,F, P) supporting three
orthogonal white noises (Wi)?zo on R, x R with intensity dsdu, a Poisson random measure Ny on
(0,00) x R2 with intensity dsv(dz) and a Poisson random measure Ny on (0,00) x R% x (0, 00)
with intensity dsu(dz)du (Ng and Ny are independent of each other), such that

t  px(s—) t rx(s—)
= // 011W1(d5,du)+// g12Wa(ds, du), (4.10)
0o Jo 0o Jo
t ry(s—) t o ra(s—)y(s—)
ye(t) = // aoWo(ds,du)—i—// 021 W1 (ds, du)
0o Jo o Jo
t ra(s—)y(s—)
+// o922 Wa(ds, du), (4.11)
0o Jo
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and for any E € B(R%),
t t
J((0,t] x E) :/ / 15 (0(s, z,u)) Ni(ds, dz, du) —|—/ / 1g(z) No(ds,dz), (4.12)
0 JRZ x(0,00) 0 JRZ

where 6(s, z,u) = (le(o,x(s—)} (u),221(07x(s_)y(5_)}(u)), (s,2,u) € (0,00) x RZ x (0, 00).

Proof. By [13, Theorem I11-10] (4.10) and (4.11) hold. Define the measure V (dz, du) = p(dz)l(du)+
v(dz)dp(du), where I(du) is the Lebesgue measure on (0,00) and dp(du) is the Dirac measures at
u = 0. Since v(dz) and pu(dz) are the o-finite measure supported by R%\{0}, we can check that

Kt,E:/ 1 ) de,du, forEe%RQ.
(t,E) R2 x[0,00) {(z0) :0(t,z,u)EE} ( ) (R2)

where 0(s, z,u) = (211 j0,2(5—)) (1), 2210 (s )y(s—) ()5 (5,2, u) € (0,00) x RE x [0,00). Note that
J(ds, dz) is quasi-left-continuous and 0~(s, z,u) is a predictable Ri—valued process. From Ikeda and
Watanabe [16, Theorem 7.4, P93] (see also [5]), there exists a Poisson random measure N (dt, dz, du)
on (0,00) x R% x [0, 00) with intensity dsV (dz,du) such that for any E € B(R%),

t ~
J((0,t] x E) = / / 15 (0(s, z,u)) N(ds,dz, du). (4.13)
0 JR3 x[0,00)
Set No(ds,dz) = N(ds,dz,{0}) and set Ni(ds,dz,du) = N(ds,dz, du)‘(o 50) X2 X (0,00)" Then (4.12)
bl + ?
holds. t

Lemma 4.5 The pathwise uniqueness of solutions holds for the equation-system (2.11)-(2.12).

Proof. This lemma is proved with the same method as Theorem 5.1 and Theorem 6.3 in [11]. [

Proof of Theorem 2.1 By Lemma 4.5, it suffices to show that (z(-),y(-)) is a pair of solutions
of (2.11)-(2.12). Applying Lemma 4.4, we obtain that

t B t z(s—) 5 t B
/ / z1J(ds, dz) :/ / / z1N1(ds, dz, du) —I—/ / 21 No(ds, dz),
0 J|z|>e 0 J]z1|>eJ0 0 Jl|z|>e

for any € > 0. By the above equality,

t B t z(s—) 5 t B
/ / z1J(ds,dz) = lim (/ / / 21 N1 (ds, dz, du) —|—/ / leo(ds,dz)>
0 J|z1I<1 el Mo Je<|z|<1 Jo 0 Je<|z1|<1
t z(s—) B t B
= / / / lel(ds,dz,du)—l—/ / z1No(ds, dz).
0 Jizl<tJo 0 Jlz|<t

The above limit holds in Ly. By (4.8)-(4.9), (2.11)-(2.12) holds for (z(-),y(-)). O

Proof of Theorem 2.2 Let () = 5(0i;)(04;)7. If the matrix («;) satisfies condition (i) or (ii)
of Proposition 3.2, set the sequence r,, = 1 + nogy + | 22| and

[ — Bo2 + (14 noo) A2 +noo(1 — X2)? /2] /rn, i P22 < 0;
fn()\Q) —
[(1 + 7’LO’0))\2 + ﬂgg)\% + TLO’()(I — )\2)2/2]/7"7” if /822 > 0.
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In this case we have Theorem 2.2. If not, we introduce positive constants ¢1 and o such that
lana|/age < t1/ta < aq1/|aiz| (@12 < 0). Define the bijection T : Ri S (21,22) — (21/11,22/12) €
Ri. Consider the parameters:
oo - b g . . .
—; b= 6y =—2; P =P, Por = ufa, Paz2 = Ba;
L9 L Li

0(dz) =v ol Ydz); j(dz) = poT Ydz).

oy =

for 4,j = 1,2. Note that (&;;) = 3(6i;)(6:;)7 satisfies condition (i) of Proposition 3.2. Then

there exists a sequence (€n(-),7in(-)) with parameters (0n, (Yns Yn/n)s Tn; hns gns fn) such that
(&n()/n,Mn(-)/n) converges weakly to (2(-),9(-)) defined by (2.11)-(2.12) with parameters (6o,

(b1, 52), (6i5), (B11, P21, P22), U, fu). Then we can choose the sequence of catalytic DBI-processes

(&n(+),mn(+)) with parameters (0, t17n, t1L2Yn/My L2705 Bny Gn, fn) and (01€,(2)/n, tan(-)/n) con-
verges weakly to (z(-),y(-)). O

5 Proof of Theorem 2.3

Proof of Theorem 2.3 (i) It is easy to see that {(X,(t),Y,(t)),t > 0} is a strong Markov process
with values in E, := {(i/n, (j —n?)/n) : i,j € N}. For any bounded function f on E,, define the
operator A, f = Ap1f + Apaf, where

A (o) = oA G 1)] [ A @)

walt =1L+ 1) [ Ao S o)

ol + )= 1A L) [ Al )pald), (1)

An 5 == Qn 2 A z9—1 5 n d
2f@9) = Oty +0%) [ A ) F(a )i (z)
4 / Aoy F (@, y)in(d2). (5.2)
R2

Let A be the generator of (X(-),Y(+)) defined by (2.1). For f € C?(D), set

Arf(z,y) = Pufi(e,y) + Barfo(z,y) + can fih(z,y)
+ 2012 f15(, y) + a2 fos(z, y)
[ B @) — (9 F9),2)n(dz)
R2

+

and Asf(z,y) = Af(z,y) — zA1f(z,y). Let C.(D) be the space consisting of f € C(D) with
compact support. Let C°(D) = (N2, C¥(D) N Ce(D). By [12, Theorem 2.7], C°(D) is a core of
A. To prove Theorem 2.3 (i), by Ethier and Kurtz [14, Corollary 8.7], it suffices to show that

nh—{go [Anf(mm yn) - Af(xna yn)] =0 (5'3)

for all f € C2°(D) and for every sequence (X, Yn)nen With (2, yn) € E, such that z, — x € [0, o0]
and y, — y € [—00,+00]. We will consider (x,,yy) in three cases.
Case 1: for (zpn,yn) € En, v, = x € [0,00) and y,, — y € (—00, +00). Set
_ 1 &
H(w,y,2) = Doy oy F(0,9) = (VF(2,9),X(2)) = 5 D Fiz (. )x(@0)x(z),

ij=1
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for f € C*(D). Note that H(x,y,z) € C.(R?) as a function of z € R? for fixed (x,y) € D.
Then for any ¢ > 0, there exists a positive number § (20 < 1) such that |z|| < 26 implies
H(z,y,z) < e(z} + 23) for every (z,y) € D. In addition, the function gs(z) = (0|z| — 1)Jr Al
belongs to C(R?) and gs(z) < (62V1) (|[2]|*A 1); see, e.g., [18]. Then Proposition 3.1 (iii) implies
that as n — oo,

pull0>8) < [ ay(pataz) = [ ay(utaz) < el > 5/2) (5.4)

2
RY

By (2.7), sup,, pn(||2]| > §) < co. By the uniform continuity of H in (z,y) € D and Proposition
3.1 (ii), it is easy to check that

/ |H (20, yn, 2) — H(x,y, 2)|pn(dz) — 0 as n — oo. (5.5)
G
Based on (5.5) and Proposition 3.1, we have that

| A f@non(a)
- / H(x,y, 2)pn(dz) + / [H (0,4, 2) — H(z,9, )] pu(d2)
G G

s [ (V@) x(@hpalds) + Z @) [ GG (60)

1,j=1

which converges to Ay f(z,y), as n — co. Hence Ay, 1 f(xn, yn) — vA1f(z,y). Let

1
S f3a(2,9)X3(2)-

K(x7y7 Z) = A(zl,zz)f(x)y) - f{(xay)X(zl) - fé(xa y)X(ZQ) - )

Applying Taylor’s formula to the first term in (5.2), A, 2f(xp,yn) can be rewritten as

[ Ky 2n(d) + [ [K(mam2) = Kl 2] nde)

( / () ) imsn) (620 = ) — ) oo
( 2)a(dz) + On(1 4+ 22 (0 + an)>f5’2(xn,yn) - %(1 + 21, (5.7)
where
Iz@/ [”(w y—i—ﬁL_l)— o y)i|(2—1)2y(d22) 0<¥<1
n n Ni 22\ 4ny Yn n 22\tns Yn 2 n ’ =V =L

We obtain as in the proof of (5.5) that the second term of (5.7) converges to 0. By the uniform
continuity of f4,, condition (D1) and (E), we deduce that I,, tends to 0 as n — oo. Note that
K(z,y,2) € Cx(R?) as a function of 2 € R? for fixed (z,y) € D. Then by Proposition 3.4,
Apof(xn,yn) — Aaf(x,y). Hence, (5.3) holds in this case.

Case 2: For (zpn,yn) € Epn, x, — +00 or y, — +00. Since f € C°(D), we denote by M a
constant such that ||(z,y)|| > M implies f(z,y) = 0. Choose n to be large enough such that
Tp > M+ 1ory, >M+1, then A, f(zn,yn) = Af(xn,yn) = 0.
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Case 3: For (z,,yn) € En, v, — & < 400 and y, — —oo. Let n be large enough such that
Yn < —M. Then f(x,+ 21, yn+ 22) # 0 or f(xpn,yn + 22) # 0 implies that y, + 2o > —M. We have

[Anaf @asy)] < (224 1) 1F 9w (22 > =M ). (5.8)

If y,, —» —00, then 0 <y, /n+1 <1 for any n to be large enough. As in the proof of (5.4), for any
e > 0, we can choose § to be big enough such that sup,, pn(z2 > §) < €, which implies that (5.8)
tends to 0 as n — co. When y,, < —M, we also have

A (@nst) = Ol +0%) [ Fnet + 2w (d2)

+/ f(Zn + 21, Yn + 22)kn(d2).
"3

We obtain as in the proof of (5.8) that A, 2f(zpn,yn) — 0 as n — oco. In addition, Af(xy,,yn) — 0
as n — oo. Hence, (5.3) holds in case 3. O

Lemma 5.1 Let (X (-),Y(-)) be a spectrally positive regular affine process with admissible param-
eters (a, (aj), (b1,b2), (Bij), m, 1). Suppose that F22 < 0 and a > —[322. Moreover, if (o;;) satisfies
condition (i) or (ii) of Proposition 3.2, then there exists a sequence of catalytic DBI-processes with
parameters (n20,,, (Yn, Yn/1?), On; hn, gns fn) that satisfies conditions (A), (D1,2) and (E).

Proof. Suppose, for a moment, that 822 < 0. Let ¢ = —f22 and d = a + (22. Since a > —f22, we
have d > 0. The following proof is divided into three steps.

Step 1: Set a, =1— f/(1=) =c¢/(c+2d+ 1), 0, = fl/(1-) = 2d/(c+ 2d + 1) and

c d

e =)+ — (1= A2
c+2d+1( 2)+c+2d+1( 2)

Jn(A2) = Ao +
Step 2: Suppose that m # 0. Let D, = {(21,22) € RZ : 21 > 1/\/n, 22 > 1/y/n} and
vn = [p (22 — an/n)p(dz). Then we define the sequences

(c+2d+ 1)vy,

o + m(D,,)/n?

= (c+2d+1)+

%+ 1), 1 o
hin(Ag, g) = LEF 24 Don / e 1N ()

cnb n?0;
(c+2d+1) { ann? ann?
dat (1-257) |
+ 61 1, n?+1 2+ n2+1

Suppose that by + |ba| > 0. If by > |ba|, we set

2d +1 c
hon(M1; o) = cr2d+1 ecrods A

bgC 1{b >0}
——— XM (A = 1)A,?
Tcr2d+D) 12 = 1)

and 02, = b1(c+2d+1)/c. If |ba| > by, we set

blc .
1 — (1 =\ fb 0;
Tt aarn M) Hos

hon(Ai, A2) =
2d +1 c 9 bic

A+ (A = 1)A3,  if by > 0.
crod il T evad i 1 e yad T e i b
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and 0a,, = |bo|(c + 2d + 1)/(cn). Then let 0, = (01, + 62,,) and hy, = 60,1 (01,0h1,0 + O2.0h21).
Then the sequence {F,,} defined by (2.16) satisfies conditions (D1,2).

Step 3: By Proposition 3.2, there exists a sequence {R,} defined by (2.4) with (s, gn) such
that {R,,} satisfies conditions (A) and the limit function R has the representation (2.6).

We find the desired sequence of catalytic DBI-processes with parameters (n%6y,, (Yn, Yn/17?), On;

By gns fn). Now, if ¢ := —[333 = 0, then we define the sequences ¢,, = \/%. It is easy to check
that lim,, . ¢, = 0 and the above proof still holds if ¢ is replaced by c¢,. O

Proof of Theorem 2.3 (ii) By Lemma 5.1, we only need to consider the case that a3 < 0. Let
r1 = a2y/kagy and 1y = |aia|/k, where k is a positive integer such that 7o < 1. Then define the
bijection I : R2 > (z1,22) — (21/71, 22/72) € R%. Consider another set of admissible parameters:

N - - ~ . - T -
a=afry; bi=bi/r,ba="ba/ro; P11 =P, iz =0, a1 = 17?221, Baz = B22;
k
G = %7 12 = ag1 = —k, G = k;  m(dz) =moT " (dz), i(dz) = ripo I (dz).
12

The above set of admissible parameters determines a unique regular affine process (X(-),Y(+)),
which satisfies the condition of Lemma 5.1. Then there exists a sequence of catalytic DBI-processes
(€n(),mn(+)), such that (X,,(-), Y, (-)) converges weakly to (X(-),Y(-)), where (X,,(-), ¥;(-)) is de-
fined by (2.19). We also have (r1X,(-),72Yy()) converges weakly to (11X (-), Y (-)); see, e.g.,
[14]. Tt is easy to check that (r1X(-),r2Y(-)) and (X(-),Y(-)) have the same finite-dimensional
distributions. O

Proof of Theorem 2.4 This theorem can be proved with the same method as Theorem 2.3. [J
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