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SKEW CONVOLUTION SEMIGROUPS AND
AFFINE MARKOV PROCESSES
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A general affine Markov semigroup is formulated as the convolution of a ho-
mogeneous one with a skew convolution semigroup. We provide some sufficient
conditions for the regularities of the homogeneous affine semigroup and the skew
convolution semigroup. The corresponding affine Markov process is constructed
as the strong solution of a system of stochastic equations with non-Lipschitz coef-
ficients and Poisson-type integrals over some random sets. Based on this charac-
terization, it is proved that the affine process arises naturally in a limit theorem
for the difference of a pair of reactant processes in a catalytic branching system
with immigration.
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1 Introduction

The concept of affine processes unifies a wide class of Markov processes including Ornstein-
Uhlenbeck processes (OU-processes) and continuous state branching processes with immigra-
tion (CBI-processes). Those processes involve rich common mathematical structures and the
unified treatment of them develops interesting connections between several areas in the the-
ory of probability. The “affine property” is roughly that the logarithm of the characteristic
function of the transition semigroup is given by an affine transformation of the initial state
x — (z,P(t,u)) + ¢(t,u); see Section 3. An important special case is where the affine trans-
formation is homogeneous, that is, it only contains a non-trivial linear part (z,v(t,u)). In
this case, we refer to the affine semigroup as homogeneous. A general affine semigroup can
be constructed as the convolution of a homogeneous one with an associated skew convolution
semigroup, which corresponds to the constant term ¢(¢,u) and gives the one-dimensional distri-
butions of the affine process started with the trivial initial state. A complete characterization
of general finite-dimensional affine processes was recently given by Duffie et al. (2003) under a
regularity assumption, which requires that the coefficients ¥ (¢, u) and ¢(¢,u) are both differen-
tiable at ¢ = 0. Based on this characterization, they discussed a wide range of applications of
affine processes in mathematical finance.
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The problems of characterizing different particular classes of affine processes have also been
studied by some other authors. In particular, Watanabe (1969) gave a complete description of
regular two-dimensional continuous state branching processes. He also proved that the regularity
property of such processes is implied by the stochastic continuity. A similar characterization of
finite-dimensional continuous state branching processes was given in Rhyzhov and Skorokhod
(1970). The same problem for measure-valued branching processes was investigated in Dynkin
et al. (1994). In those cases, the processes are defined by homogeneous affine semigroups. On
the other hand, a complete characterization for stochastically continuous one-dimensional CBI-
processes was given in Kawazu and Watanabe (1971); see also Shiga and Watanabe (1973). In
the setting of measure-valued processes, Li (1996a) gave a formulation of immigration structures
in terms of skew convolution semigroups. It was proved in Li (1996a) that the skew convolution
semigroups associated with a measure-valued branching process are in 1-1 correspondence with
a class of infinitely divisible probability entrance laws; see also Li (1996b, 1998). A construction
of trajectories of the corresponding immigration processes was given in Li (2002) by summing
up measure-valued paths in some Kuznetsov processes. Skew convolution semigroups and OU-
processes on real separable Hilbert spaces were studied in Bogachev et al. (1996), Dawson and Li
(2004), Dawson et al. (2004), Fuhrman and Réckner (2000), van Neerven (2000) and Schmuland
and Sun (2001). Roughly speaking, a skew convolution semigroup is regular if and only if it is
determined by a closable entrance law. For both the Hilbert spaces and the spaces of measures,
a stochastically continuous skew convolution semigroup can be irregular. A number of such
examples arising in applications were discussed in Dawson and Li (2004), Dawson et al. (2004)
and Li (1996b, 1998).

The main purpose of this paper is to investigate the basic characterizations and regularities
of affine Markov semigroups and processes. For simplicity of the presentation we shall con-
fine ourselves to the non-degenerate two-dimensional case, but most of the arguments can be
generalized to higher dimensions. From the results of Duffie et al. (2003) we know that the
constant part in the affine structure is usually smoother than the linear part. Therefore, we
discuss separately the regularities of homogeneous affine semigroups and those of skew convo-
lution semigroups. It turns out that a skew convolution semigroup always consists of infinitely
divisible probability measures. We prove that such a semigroup is regular if and only if the
linear part of the logarithm of its characteristic function is absolutely continuous. Some suf-
ficient conditions for the regularities of homogeneous affine semigroups and skew convolution
semigroups are given in terms of their first moments. Those results give a partial solution of the
problem of characterizing all affine semigroups without regularity assumption; see Duffie et al.
(2003, Remark 2.11). We then give a construction of the affine process as the strong solution of
a system of stochastic integral equations with random and non-Lipschitz coefficients and jumps
of Poisson type selected from some random sets. A similar equation system is used to construct
a class of catalytic CBI-processes. The concept of catalytic branching processes was first intro-
duced by Dawson and Fleischmann (1997) in the setting of measure-valued diffusions; see, e.g.,
Dawson et al. (2002) and Dawson and Fleischmann (2000) for some related developments. As
an application of the characterization by stochastic equations, we show that an affine process
arises naturally in a limit theorem for the difference of a pair of reactant processes in a catalytic
CBIl-process. This result is of interest since it seems that the connection between affine processes
and catalytic branching processes has not been noticed before. The studies of those two classes
of processes have been undergoing rapid developments in recent years with different motivations.
The interplay between them provides new motivations for both sides and might stimulate some
further studies on related topics.



Notation. Let R, = [0,00) and R_ = (—o00,0]. Let A\ denote the Lebesgue measure on R.
For a Borel measure v and a Borel function f on £ C R or R?, we write v(f) for i} g Jdv if the
integral exists. Write A¢f(z) = f(xz + &) — f(x) if the right-hand side is well-defined. Let ©
denote the characteristic function of v defined by

p(u) = /E exp{(w,E)}u(de), uel,

where U C C or C? is to be specified. For z € R set 1 (x) = |z| and l12(z) = |z| A ||, Let
x ifxel[-1,1],
x(x)=4¢ 1 ifze(1,00),
—1 ifx € (—o0,1).

For # = (z1,72) € R? define x(z) = (x(x1), x(72)). We make the convention that

f=l=1 = -l

forr<tekR.

2 Homogeneous affine semigroups

In this section, we give the definition and prove some simple properties of homogeneous affine
semigroups. Let D = Ry x R and U = C_ x (iR), where C_ = {a+ib:a € R_,b € R} and
iR = {ib : b € R}. Note that the word “homogeneous” in the following definition has a meaning
different from the one of “time-homogeneous”.

Definition 2.1 A transition semigroup (Q(t))s>0 with state space D is called a homogeneous
affine semigroup (HA-semigroup) if for each t > 0 there exists a continuous two-dimensional
complex function ¥ (t,-) := (¢Y1(t,-), ¥2(t,+)) on U such that

/Dexp{<u,§>}Q(t,a:,d§) — expl(z, 0t 0)}, zeDucl. (2.1)

The HA-semigroup (Q(t))¢>0 given by (2.1) is called regular if it is stochastically continuous and
the derivative ¥}(0,u) exists for all u € U and is continuous at u = 0.

Proposition 2.1 Let (Q(t))i>0 be a HA-semigroup defined by (2.1). Then v(t,u) € U and
Y(r+t,u) =Y(r,(tu)), r,t>0,u € U. (2.2)
Moreover, 12(t,u) has the form
Yo(t,u) = Baa(t)ug,  t>0,u€l, (2.3)
where (22(+) is a function on [0, 00) satisfying

522(7“ + t) = ﬂgg(?‘)ﬂgz(t), r,t > 0. (2.4)



Proof. From (2.1) we see that (x,1(t,u)) € C_ for all z € D. This implies that ¢ (¢,u) € U for
all u € U. For any z2 € R we have

Q(t’ (Oa m2)v ) * Q(ta (07 _x2)v ) = 5(0,0)'

Then Q(t, (0,22),-) must be degenerate. Let Q(t, (0,72), ) = dg(,2,) for B(t,z2) € D. It follows
that

exp{zata(t,u)} = /Dexp{<u,§>}Q(t7 (0,22), d€) = exp{(u, 5(t,22))} (2.5)

Then zov2(t, u) = (u, B(t,x2)) and so [(t,x2) = [(t,1)ze. Since B(t,x2) € D for all x2 € R, we
must have 31(¢,1) = 0 and hence ¥o(t,u) = Ba(t, 1)ug for all w € U. That is, (2.3) holds with
B22(t) = Ba(t,1). The relation (2.2) follows from (2.1) and the Chapman-Kolmogorov equation
for (Q(t))¢>0. By (2.2) and (2.3) we obtain

B2 + t)ug = Ya(r,(t,u)) = Baz(r)ha(t, u) = Paz(r)Baa(t)us,
which implies (2.4). O

Corollary 2.1 If (2.1) defines a stochastically continuous HA-semigroup (Q(t))¢>o, then there
is a constant (329 € R such that (22(t) = exp{faat} for all t > 0.

Proposition 2.2 Let (Q(t)):>0 be a HA-semigroup defined by (2.1). Then 1 (t,u) has the
representation

P1(t,u) = Bra(thur + Bra(t)ug + at)us + / (el — 1 — ugx(&))u(t, d€), (2.6)

D

where a(t) € Ry, (B11(t), f12(t)) € D and u(t,d€) is a o-finite measure on D supported by
D\ {0} such that

AM@+%@M@@<%

Moreover, for any r,t > 0 we have

Bu(r+1t) = B (r)Bu(t), (2.7)

Bra(r +t) = Pr1(r)Bi2(t) +512( )Ba22(t)
+ i [Q(t)x2(&) — Baz(t)x(&2)]u(r, dE), (2.8)
alr+1t) = fu(r)a(t) + alr )ﬁ%g(t)a (2.9)
plr 1) = [ plrd9QUE) + Au)n(. ), (2.10)

where
QON(©) = [ Xt dn (2.11)
D

and [322(t) is given by Proposition 2.1.



Proof. Inview of (2.1) it is easy to see that each Q(¢, (x1,0), -) is an infinitely divisible probability
measure on D. Then (2.6) follows by the special structure of D and the Lévy-Khintchine
representation for the characteristic function of an infinitely divisible distribution; see, e.g.,
Laha and Rohatgi (1979, pp.499-500). From (2.6) and the results of Proposition 2.1 we get

Yr(r+t,u) = B (r)(t, u) + B12(r)Baa(t)ug + o(r) B3y (t)u3
+ /D VDO 1 B (upx ()] u(r, dE)

= S11(r) B (t)ur + Bri(r)Bia(t)us
+ 511(7“)04(75)16% + B12(r) Baz(t)us

)8 (1)l + B (r) / e — 1wy (&0)]a(t, de)
D
+ / DO 1wyt ()] u(r, d€)
D
ug / QU)X (€) — Boa(E)x(€)]a(r ).
D

Then (2.7) — (2.10) follow by a comparison of the above expression with (2.6). O

Lemma 2.1 If (2.1) defines a stochastically continuous HA-semigroup and 11 (t,u) is given by
(2.6), then t — [312(t) is continuous.

Proof. The proof of Duffie et al. (2003, Lemma 3.1) shows that ¢(¢,u) is jointly continuous in
(t,u). Let po(t,d&s) denote the projection of p(t,d§) to R. Then

U1t (0,i2)) = ifra(t)z — alt)2? + /]R (€2 =1 — izx(&2))palt, ds)

is a continuous function of (¢, z) € [0,00) x R. It is not hard to find universal constants 0 < ¢; <
co < 00 so that

<(1- Sigf)x@g)-? < (2.12)

for all & € R\ {0}. Then for each ¢ > 0 we can define the Borel measure G(t,d¢2) on R by
setting G(¢,{0}) = a(t)/3 and

sin
Gt dg) = (1- ) e dgr), & e R\ o).
&2
It follows that
. . iz : sin &z —1
Qpl(tv (O’ ZZ)) = Zﬂl2(t)z + / (6 2 1- ZZX(é-?)) (1 - §2£2> G(ta d§2) (213)
R
where the integrand is defined at & = 0 by continuity as —32z2. By dominated convergence,
A+1
l— U(tv )‘) = 2¢1(t7 (07 2)‘)) - wl(tv (07 ZZ))dZ
A—1



is continuous for each A € R. One may check easily that v(t,\) is the characteristic function
of G(t,d¢2). Then Lévy’s continuity theorem implies that ¢ — G(t,d&2) is continuous by weak
convergence. For any fixed z € R, the integrand in (2.13) is bounded and continuous in &5, so the
integral term is continuous in ¢t > 0. By the continuity of 1 (¢, (0,iz)) we find that ¢ — (2(¢)
is continuous. ]

Proposition 2.3 Suppose that (2.1) defines a stochastically continuous HA-semigroup and
1(t,u) Iis given by (2.6). Then

B(t) = u(t) + Bia(t) + alt) + /D[X(él) + X2 (&)]ult, d€) (2.14)
is a locally bounded function of t > 0.

Proof. Let pi(t,d&;) denote the projection of u(t,d¢) to Ry. Then

Yi(t, (=2,0)) = =u()z + /0 T~ 1t d6y) (2.15)

is continuous in (¢,z) € [0,00) x Ry. In particular, (2.15) is locally bounded in ¢ > 0 for any
fixed z € R;. Taking A = 1 one finds that

Bua(t) + /0 T Em(tdey)

is locally bounded in ¢ > 0. By the proof of Lemma 2.1,

(1 B SiEfQ),U,Q(t,dfg)

is continuous and hence locally bounded in ¢t > 0. In view of (2.12) we find that

V(£,0) = éa(t) +/R
a(t)+/x2(§2)ﬂ2(t,d£2) (2.16)
R

is also locally bounded in ¢ > 0. By Lemma 2.1, (312(t) is locally bounded in ¢ > 0. Then we
have the desired result. O

Proposition 2.4 Let (Q(t)):>0 be a stochastically continuous HA-semigroup defined by (2.1).
Then there is a locally bounded non-negative function cy(-) on [0, 00) such that

/D ME)QE ., d€) < colt)x (1) (2.17)
and

/DX2(§2)Q(t7$ad§) < co(t)[x(x1) + x*(22)]. (2.18)



Proof. In view of (2.15), we have ¥1(t,(—z,0)) < 0. From (2.1) it follows that

/D(l - e_zgl)Q(tvxa dﬁ) =1- exp{_xlh/)l(t: (_Za 0))|} < Cl(tv z)(l - e—x1)7

where ¢ (t,2) := 1V |¢1(t, (—2,0))| is locally bounded in ¢t > 0. Then we get the first inequality
by letting A = 1. The second inequality is obvious if 1 > 1 or |z2| > 1. On the other hand, we

have
sin &y B 1352
/D (1— & )Q(t7x7d£) = / dz/ — (t,z, dE)
= 2/1(1 —exp{z1¢1(t, (0,i2)) + ixefan(t)2})dz
1 (! )
< 2/_1[$1|T/)1(t, (0,i2))| + h(t, 1, 29, 2)]dz,
where
it 1,22,2) Z,z w1l (1, (0, i2)] + [aboa(0)2])*
= Zki (21 + |z2) " (|l (2, (0,i2))| + | B2 (t)2])*
— k!
< 2z + 23)q(t, 21, 22, 2)
with

ot 01,02,2) = Y 1+ el 2 (e, (0,82)) + B (0)2])"
k=2

It follows that

sin &9 1 L .
[ (-2 qnde) < g [ fn(e.0))as

1
+(.YJ% +$%)/ Q(tam17$27z)dza
-1

which implies (2.18) for 0 < z; <1 and |z2| < 1. O

As an immediate consequence of the above proposition we have the following

Corollary 2.2 Suppose that (Q(t))+>0 is a stochastically continuous HA-semigroup defined by
(2.1). Let U. = [0,¢) x (—e¢,¢) for € > 0. Then for each T' > 0 we have

lim sup Q(t,z,D\U:) = (2.19)
|lz[—00<t<T



3 Skew convolution semigroups

In this section, we give a formulation of the general affine Markov semigroup in terms of a
homogeneous one and a skew convolution semigroup. It turns out that a skew convolution
semigroup always consists of infinitely divisible probability measures. We prove that such a
semigroup is regular if and only if the linear part of the logarithm of its characteristic function
is absolutely continuous. We shall fix a regular HA-semigroup (Q(t))i>0 on D defined by (2.1),
where (¢, u) = (1(t, u), B2a(t)uz) is given by Corollary 2.1 and Proposition 2.2.

Definition 3.1 A family of probability measures (y(t)):>0 on D is called a skew convolution
semigroup (SC-semigroup) associated with (Q(t))i>0 if

Vr+1) = (v(Q®) x~(t),  rt=0, (3.1)

where “«” denotes the convolution operation and ~(r)Q(t) is the probability measure on D
defined by

1(r)Q(H)(B) = /DQ(MU B)y(r,dg), B e A(D). (3-2)

The concept of SC-semigroup generalizes that of the usual convolution semigroup; see also
Dawson and Li (2004) and Li (1996a, 1996b, 1998, 2002). We refer the reader to Bertoin (1996)
and Sato (1999) for the general theory of convolution semigroups and Lévy processes.

Proposition 3.1 Let (y(t))i>0 be a stochastically continuous SC-semigroup associated with
(Q(t))t>0. Then each ~(t) is an infinitely divisible probability measure, so we have the repre-
sentation

/D expl{u, )}t dE) = exp{o(t,w)},  uwel, (3.3)
with
qﬁ(t,u) = bl (t)ul + bQ(i)Ug

Ta(tyd + /D (€9 1 — uyx(€2)ymt, de), (3.4)

where a(t) € Ry, (b1(t),b2(t)) € D and m(t,d¢€) is a o-finite measure on D supported by D\ {0}
such that

/D[x(&) + 2 (&)m(t, d€) < co.

Moreover, for any r,t > 0 we have

bi(r + ) = bi(r)Bua(t) + bi(2), (3.5)
ba(r +t) = bi(r)B12(t) + ba(r) Bz (t) + ba(t)

+ [ [@(0xa(9) - Bnlt)c(@im(r. do) (3.6)

a(r+1t) = bi(r)a(t) + a(r)ﬁSQ(t) + a(t), (3.7)

mir ) = [ m(r Q€ +hIn(t) + mit,). (3.8)



Proof. Based on Corollary 2.2, the proof is a simplification of the arguments of Schmuland and
Sun (2001). Let ¢t > 0 be fixed. For each integer n > 1 we may use (3.1) inductively to obtain

(1) = [T = (t/mQ(G - Dt/n).
j=1

From the stochastic continuity of the SC-semigroup, we have lim,_.o~y(t/n) = d9. By virtue
of Corollary 2.2, it is easy to show that {y(t/n)Q((j — )t/n) : 5 = 1,---,nsm = 1,2,---}
form an infinitesimal triangular array. It follows that (¢) is infinitely divisible. Then we have
representation (3.3) with ¢(¢,u) given by (3.4); see, e.g., Laha and Rohatgi (1979, pp.499-500
and pp.515-519). From (3.1) we have

Br +tyu) = Sr, bt w) + o), > 0u el (3.9)
Then relations (3.5)—(3.8) follow as in the proof of Proposition 2.2. O

Definition 3.2 A SC-semigroup (v(t)):>0 associated with (Q(t))s>o is called reqular if ¢(t,u) =
log 4(t,u) has representation

bt ) = /0 Fl(s,u)ds,  t>0uel, (3.10)

where F' = log I for an infinitely divisible probability measure v on D.

We remark that if v is an infinitely divisible probability measure on D, the function F' is
well-defined and (3.10) really determines a SC-semigroup. A simple but irregular SC-semigroup
can be constructed by letting Q(¢) be the identity and letting (t) = & 4,(1)), Where ba(t) is a
discontinuous solution of ba(r + t) = ba(r) + ba(t); see, e.g., Sato (1999, p.37). This example
shows that some condition on the function ¢ — by(t) has to be imposed to get the regularity of
the SC-semigroup (v(¢))>0 given by (3.3) and (3.4).

Definition 3.3 A transition semigroup (P(t)):>0 on D is called a (general) affine semigroup
associated with the HA-semigroup (Q(t))¢>o if its characteristic function has representation

/DeXp{<u7£>}P(t, x,dg§) = exp{(z, ¥ (t,u)) + ¢(t,u)}, (3.11)

where ¢(t, ) is a continuous function on U satisfying ¢(t,0) = 0. The affine semigroup (P(t))i>0
defined by (3.11) is called reqular if it is stochastically continuous and the derivatives 1;(0, u)
and ¢}(0,u) exist for all uw € U and are continuous at u = 0.

Proposition 3.2 Let (y(t))t>0 be a stochastically continuous SC-semigroup associated with
the HA-semigroup (Q(t))¢>0. Then P(t,z,-) = Q(t,x,-) *(t,-) defines a Feller affine semigroup
(P())e=0-

Proof. 1t is easy to show that the kernels P(t,x,-) satisfy the Chapman-Kolmogorov equation.
From Duffie et al. (2003, Proposition 8.2) we know that (Q(t)):>0 is a Feller semigroup. For any
f € Co(D) we have

P(t)f(x) = /D At dy) /D F(E+9)Q(t ., ).

9



Then we can use dominated convergence to find that P(t)f € Co(D). Since both (Q(%))t>0
and (y(t)):>0 are stochastically continuous, so is (P(t))¢>0. It follows that (P(t)):>0 is a Feller
semigroup. ]

Clearly, if (y(t)):>0 is a regular SC-semigroup, then the general affine semigroup (P(t))i>0
defined in Proposition 3.2 is also regular. To study the regularity of SC-semigroups, we need
some preliminary results. The proofs in the sequel rely heavily on estimates derived from the
relations (3.5)—(3.8).

Proposition 3.3 Suppose that (3.3) and (3.4) define a stochastically continuous SC-semigroup
(7(t))t20- Then

A(t) = ba(t) + B3() + a(t) + /D X(E) + P (E)]mt, d€) (3.12)

is a locally bounded function of t > 0. Moreover, we have A(t) — 0 ast — 0.

Proof. The stochastic continuity of the SC-semigroup implies that ¢(¢,u) is jointly continuous
in (¢t,u). Since ¢(t,u) — 0 as t — 0, the results follow by slight modifications of the arguments
in the proof of Proposition 2.3. O

Let B(+) and co(+) be given respectively by Propositions 2.3 and 2.4. In the next two lemmas,
we fix a constant 7' > 0 and let C(T') > 0 be a constant such that

max{B(t),co(t), Bo(t)} < C(T), 0<t<T. (3.13)

For 0 <7y <t1 <rg <ty <---weset o, =>",(t—rj)

Lemma 3.1 Suppose that (3.3) and (3.4) define a stochastically continuous SC-semigroup
(7(t))t>0. Then for 0 <1y <t; <1y <ty <---<T we have

n

> [ba(ty) = bi(r))] < C(T)ba(om) (3.14)
j=1
and
> lat;) = a(rj)] < C(T)[bi(ow) + alon)]. (3.15)
=1

Consequently, by(t) and a(t) are absolutely continuous in t > 0.

Proof. We shall only give the proof of (3.15) since the proof of (3.14) is similar. By (3.7) we
find that ¢ — a(t) is non-decreasing and

a(tl) — a(rl) = bl(tl — rl)a(rl) + a(t1 - Tl)ﬁ%(rl)
S C(T) [bl (tl — 7“1) + a(t1 — 7’1)],

10



that is, (3.15) holds for n = 1. Now suppose that (3.15) is true for n — 1. By (3.13) and
Propositions 2.2 and 3.1,

> laty) = a(ry)] < [a(tn) = alra)] + C(T)[bi(0n-1) + a(on-1)]
7j=1
= ( —n)a(rn) + alty —rn) 63 (rn)
C(T)[br(on- ) + a(op-1)]
= bl(tn — 1) [Br1(on-1)a(rn — on-1)
+ a(on— 1)522(7% —op-1)] +alty — rn)ﬁ%Q(rn)
C(T)[br(on-1) + alon-1)]
(T)bl(tn =) B11(on-1) + C(T)b1(tn — rn)a(on-1)
la(tn — Tn)/322(0n 1) +a(on-1)]

| /\

That proves (3.15) by induction. The absolute continuity of b;(t) and a(t) follows by Proposi-
tion 3.3. 0

Lemma 3.2 Suppose that (3.3) and (3.4) define a stochastically continuous SC-semigroup
(v(t))z0. Set

10 = [ xenmitde) and o) = [ Plemit.de) (3.16)
Then for any 0 < 11 <t < --- <1y < tn <T we have
imm — £ < C@)bi(00) + F(ou)] (3.17)
and -
S lalts) — g(ry)] < C(T)ba(ow) + Flow) + glom)] (3.18)

j=1
Consequently, f(t) and g(t) are absolutely continuous in t > 0.
Proof. The proofs of (3.17) and (3.18) are based on ideas similar to those in the proof of the

last lemma. We here give the proof of (3.18) since it involves more careful calculations. By (3.8)
we find that ¢ — g(t) is non-decreasing and

g(tr) — g(r1) = /D m(ty — ry, d) /D (1) Q1. €. di)
+ b1 (t1 —7“1)/ Y2 (&2)plr, d€)
D

o(T) /D (E) + X2E)m(ts — 1, d€) + C(T)by (b1 — 1)
= C(T)[bl(tl — 7‘1) + f(t1 — 7“1) + g(t1 — 7“1)],

IN
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where we used Proposition 2.4 for the inequality. Then (3.18) holds for n = 1. Suppose the
inequality is true for n — 1. By (3.13) and the results of Propositions 2.4 and 3.1 we have

n

> l9(ty) = 9(r)] < lg(tn) = g(ra)] + C(D)[b1(0n-1) + f(on-1) + g(on-1)]

j=1
= / m(tn — T'n, df)/ XQ(HQ)Q(TTM& dn)
D D
ot =) [ €t de)
D
+C(T)[b1(on-1) + f(on-1) + g(on-1)]
<c I’L/n7” =€) [ (m)+ 3 (1))@ 1.6,
bty =) [ plonrd9) [ 2m)Qr = o0 €d)
+ bl(tn - rn)ﬁll(an—l) / XQ(T]2)IU/(TTL — On—1, dn)
D
T)[b1(on-1) + f(on-1) + g(on-1)]
<c /nz =€) [ [xm) X IQ 1.6, )
Ot =) [ (1l + X2 €)n(o1,d0
+C(T)[b1(on) + f(on-1) + g(on-1)]
= C(T)[br(on) + flon) + g(on)]-
Then (3.18) follows by induction. The second assertion follows by Proposition 3.3. O

Lemma 3.3 Suppose that (3.3) and (3.4) determine a stochastically continuous SC-semigroup
(7(t))t=0. Then there is a o-finite kernel m’(s,d¢) from (0,00) to D supported by D \ {0} so
that

m(t,d§) = /Ot m/ (s, d€)ds, t>0. (3.19)

Proof. From (3.8) we see that m(t,d¢) is increasing in ¢ > 0. By Lemma 3.2, the function

twjmm+ﬂ@mmw
D

is absolutely continuous. Then the assertion follows as in the proof of Dawson et al. (2004,
Theorem 2.2). O

Theorem 3.1 Let (v(t)):>0 be a stochastically continuous SC-semigroup given by (3.3) and
(3.4). Then (v(t))i>0 is regular if and only if the function t — ba(t) is absolutely continuous on
[0,00).

12



Proof. Suppose that ¢t — bao(t) is absolutely continuous. In view of Lemma 3.1, we can find
Borel measurable functions a’(-) > 0 and b;(-) such that

t t
a(t) = / a/(S)dS and b](t) = / b‘/]'(S)dS, j — 1’2
0 0
Let m/(s,d€) be given by Lemma 3.3 and let

¢/ (s,u) = b (s)us + y(s)uz + /()3 + /D (e — 1 — y(€2)uz)md (s, dg).

Then we have
o(t,u) = /t ¢ (s,u)ds. (3.20)
0

By (3.9) and (3.20) it is easy to show that

/T ¢ (s +t,u)ds = /T &' (s,(t,u))ds. (3.21)
0 0

Let v, be the infinitely divisible probability measure on D such that 7s(u) = exp{¢’(s,u)}. Based
on (3.21), it is easy to modify the definitions of ¢(s,-) and v, accordingly so that v, = Q4
for all t > s > 0 while (3.20) remains true; see Li (1996a). In other words, (vs)s>0 is an entrance
law for (Q(t))i>0. But (Q(t))s>0 is a Feller semigroup by Duffie et al. (2003, Proposition 8.2).
Then the Ray-Knight compactification of D with respect to (Q(t))s>0 coincides with its one point
compactification D := DU{d} and the Ray-Knight extension of (Q(t))¢> satisfies Q(t, 9, ) = s
and Q(t,z,{0}) = 0 for every x € D. It follows that the entrance space for (Q(t)):>0 is just
D. By Sharpe (1988, p.196), there is a probability measure vy on D such that vs = 1pQs for all
s> 0. Then ¢'(s,u) = log y(¢(s,u)) and hence (y(t))i>0 is regular. Conversely, if (v(t))¢>0 is
regular, the function ¢ — ¢(¢,u) is absolutely continuous on [0, 00) for every w € U. Then (3.4)
and Lemmas 3.1 and 3.3 imply that ¢ — by(¢) is absolutely continuous. U

Corollary 3.1 Let (v(t)):>0 be a stochastically continuous SC-semigroup defined by (3.1).
Then (y(t))i>0 is regular if and only if t — 4(t,u) is absolutely continuous for all u € U.

Proof. By (3.4) and Lemmas 3.1 and 3.3, ¢ — ba(t) is absolutely continuous if and only if
t — ¢(t,u) is absolutely continuous on [0,00) for all w € U. Then the result follows from
Theorem 3.1. g

4 Regularities under moment conditions

In this section, we prove the regularities of HA-semigroups and their associated SC-semigroups
under some conditions on the first moments. Suppose that (Q(t)):>0 is a stochastically continu-
ous HA-semigroup defined by (2.1), where 1 (t,u) = (11 (t,u), B22(t)ug) is given by Corollary 2.1
and Proposition 2.2. Let us consider the following hypothesis.

13



Hypothesis 4.1 Suppose that

/D €1 + La(€)]ult, d€) < oo (4.1)

for all t > 0 or, equivalently,

| 1€lQ.d) < o0 (12)
D

for allt >0 and x € D.

If Hypothesis 4.1 holds, we have a more convenient representation for the function (¢, u).
Indeed, we may differentiate both sides of (2.6) to see that

I

qu(t) :== 9,

St )| = n) / Eau(t, d€) (4.3)

and

0
aalt) = 52t w)

o= Pa) + /D[€2 — x(&2)]p(t, d€). (4.4)

u=

On the other hand, differentiating both sides of (2.1) we find that

/[‘)le(t,aj, df) = xlqn(t) (4.5)
and

/D &Q(t,z,dE) = x1q12(t) + x2P22(t). (4.6)

Proposition 4.1 If Hypothesis 4.1 holds, we have

Pi(t,u) = Bu(t)ur + qua(t)us
+a(t)u3 + / (et — 1 — ug&)ut, d€), (4.7)
D

where a(t), (11(t) and pu(t,d§) are as in Proposition 3.1 and q12(t) is given by (4.4) and satisfies
q2(r +t) = qui(r)q12(t) + qr2(r) Ba2(t), rt 2> 0. (4.8)

Proof. The representation (4.7) follows immediately from (2.6). By Proposition 2.2,

qia(r +8) = Buolr + 1) + / € — x(E))ulr + 1, d€)
= pu(r)s ( )+ 512( )B22(t)
+ / — B (®)X(&)]lr, )

+ / E112(t) + E2Ba(t) — Q)X (€)ulr dE)

U

o
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() [l — x@ln(t.de)
D
= Br11(r)Bi2(t) + Br2(r)Baz(t) + Ba2(t) /D[& — x(&)]p(r, d€)
+aalt) [ €anr,d) + Bn(r) [ fea — xlnte.de
= B (r)qi2(t) + q12(r) Ba2(t) + qr2(t) /D &1 p(r, dE).

Then we get (4.8) from (4.3). O

Hypothesis 4.2 Suppose that (4.2) holds and for every fixed x € D the mapping

t— [§1Q(, z, df) (4.9)

is continuous by the weak convergence of finite measures.

The following theorem can be regarded as an extension of Watanabe (1969, Theorem 5) to
the state space of the positive half plane.

Theorem 4.1 If Hypothesis 4.2 holds, the HA-semigroup (Q(t)):>0 is regular.

Proof. Under the hypothesis, we may differentiate both sides of (2.1) with respect to u; and wug
to get

/ij exp{{u, £)}Q(t, (z1,0),d&) = m19f ,,; (¢, u) exp{z19ha (£, u)}

for j =1,2. On the other hand, since (4.9) depends on ¢ > 0 continuously, we have

tig [ & exp{(u,€))Q(t (21,0),d€) = 1 expuna)
—0Jp
and
tim [ € exp{(©)}Qt. (a1.0).) =0
Comparing the above equalities we obtain
lim i, (hu) =1 and lm o, (t.u) = 0 (4.10)

For t > 0 let

1 t

st =7 [ olsu)ds

t Jo

Then (4.10) implies that lim;—opj ,, (t,u) = 1 and lim¢ o p} ,,(t,u) = 0. By Proposition 2.1

and Corollary 2.1 we have p’27u1 (t,u) = 0 and lim; o py ,,, (t,u) = 1. Let Uy be any fixed bounded
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subset of U. It is easy to see that the above limits hold with uniform convergence on U;. Then
we can choose sufficiently small » > 0 so that the matrix

Op(r.u) = < Pl (15 0); Py (75 ) ) (4.11)

is invertible for all u € Uy. Observe that

p(r ¢(t, u)) = pr,u) =

It follows immediately that

lim < {p(r, ¥, 0)) — plr )] = - (0(r,w) — ). (412)
For t > 0 and v € Uy let
q(r,t,u) == [p(r, (¢, w)) — p(r,w)](Op(r, u)) .

Then we have

Tim () = (0, ) — w)(Op(r, )~ (4.13)
By Taylor’s expansion,

p(r,¢(t u) — p(r,u) = (Y(E,u) —u)(Op(r, u) + o[¢(t, u) — ul)
and consequently
q(r,t,u) = (Pt u) —u) +o([Y(t,u) — ul) (4.14)

as t — 0. It follows that

lq(r,t, u)| = [ (¢, u) — ul + oY (£, u) — ul)
and hence

lim [q(r, £, )] [(t,0) — |~ = 1,

which together with (4.13) implies that

1 1 1
li (¢, u) — ] = lim ~q(r,, u)| = ~ (00, u) — u) (@p(r,w) Y]

Then we get from (4.14) that

q(rt,u) = (Y(t,u) —u) + o(t). (4.15)
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From (4.13) and (4.15) it follows that

lim ~(6(t, ) — ) = ~((r, u) — u) (Op(r, u)) "

t—0 t T

for all u € Uy. Clearly, the entries of dp(r,u) and hence those of (Op(r,u))~! are continuous

in u € Uy. Then the derivative 1;(0,u) exists and is continuous in w € U;. Since U; can be
arbitrary, we get the desired regularity. O

Now let (v(t))i>0 be a stochastically continuous SC-semigroup associated with (Q(t))¢>0
with characteristic function determined by (3.3) and (3.4). We consider the following

Hypothesis 4.3 Suppose that

/D[§1 + l12(&2)Im(t, d§) < oo (4.16)

or, equivalently,

/ [€ly(t, dE) < oo (4.17)
D

for all t > 0.

Under the above hypothesis, there is a more convenient representation for the function ¢ (¢, u).
Indeed, from (3.4) it follows that

hl(t) = aaj)l(t, u) 0 = bl(t) + /Dflm(t,df) (4.18)
and
alt) = g (t| =00+ [ &~ x(Emit.do). (4.19)

By differentiating both sides of (3.3) we get

/ Eiy(t,dE) = I (1) and / Exy(t,d€) = ha(t). (4.20)
D D

The proof of the next proposition is similar to that of Proposition 4.1.

Proposition 4.2 If Hypotheses 4.1 and 4.3 hold, the function ¢(t,u) has representation

d(t,u) = by (H)ur + ha(t)us + a(t)ud + /D (€€ — 1 — uy&s)mlt, dE), (4.21)

where a(t), by (t) and m(t,d§) are as in Proposition 3.1 and hs(t) is defined by (4.19) and satisfies

hQ(’I" + t) = hy (T)qlg(t) + ho (T)ﬁgg (t) + hQ(t), r,t > 0. (4.22)

Proposition 4.3 If Hypotheses 4.2 and 4.3 hold, the function t — hy(t) is continuously differ-
entiable on [0, c0).
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Proof. By (3.11), for any u; € C_ we have

/ eXp{U1§1}P(t, xz, df) = eXp{xlwl (ta (uh 0)) + d)(tv (ub 0))}7 up € C_. (423)
D

Then the projection of P(t,z,-) to Ry is independent of o € R. Let Pi(t,z1,-) denote this
projection. In view of (4.23), we see that (P;(¢)):>0 is the transition semigroup of a CBI-process

in the sense of Kawazu and Watanabe (1971). By Kawazu and Watanabe (1971, Theorem 1.1),
we have the representation

o1t w1, 0) = | t {bm(s, (ur,0))

+ /0 " (exp{wn (s, (un, 0))61} — D (dér) | ds, (4.24)

where by > 0 is a constant and m(d€;) is a o-finite measure on (0, 00) such that

/OOO x(§1)mi(déyr) < oo.

By differentiating both sides of (4.24) with respect to u; at zero and appealing to (4.3) and
(4.18) it is easy to show that

hi(t) = <b1 +/D§1m1(d§1)> /Ot q11(s)ds. (4.25)

Then we must have
/ §1m1(d§1) < 0.
0

In view of (4.5), Hypothesis 4.2 implies that g11(s) is continuous in s > 0 with ¢;;(0) = 1. By
(4.25) we find that h(¢) is differentiable in ¢ > 0. O

Theorem 4.2 Suppose that Hypotheses 4.1 and 4.3 hold. Then ((t))¢>0 is regular if and only
if t — ha(t) is absolutely continuous on [0, 00).

Proof. Based on representation (4.21), this follows as in the proof of Theorem 3.1. ([l

Corollary 4.1 Suppose that Hypotheses 4.2 and 4.3 hold. Then (y(t))>0 is regular if and only
if the function hs(-) is differentiable at some and hence all t > 0.

Proof. By Proposition 4.3, the function ¢t — hj(t) is continuously differentiable. From (4.22)
we know that the differentiability of ho(-) at any tp > 0 implies its differentiability at 0. Using
relation (4.22) once again we see that ho(-) has right derivative at every ¢ > 0 with

hy(t+) = Ry (04)qi2(t) + hi(0+4) Baa(t).

This function is continuous in ¢ > 0, so ho(+) is absolutely continuous. Then the desired result
follows from Theorem 4.2. O
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5 Omne-dimensional stochastic equations

In this section, we prove the existence and pathwise uniqueness of solution of a one-dimensional
stochastic equation with non-Lipschitz coefficients and jumps of Poisson type. To simplify
the calculations, we only consider a special case for the coefficients which is sufficient for the
applications in the next section. The result may be regarded as an extension of the well-known
result of Yamada and Watanabe (1971); see also Fang and Zhang (2005) and the references
therein for various generalizations of their result in the setting of diffusion processes. For the
general background and notation of stochastic equations we refer to Ikeda and Watanabe (1989).

Let 6p > 0 and 67 > 0 be constants and let m(d§) and p(d€) be o-finite measures on
(0, 00) satisfying m(l1) + p(l12) < oco. Suppose that (Q2,.%, %, P) is a filtered probability space
satisfying the usual hypotheses on which the following are defined:

(a) an r-dimensional Brownian motion B(:) = (Bi(+), -, By());
(

)
b) a Poisson random measure Ny(ds, d¢) on (0, 00)? with intensity dsm(d¢);

(c) a Poisson random measure Np(ds, du,d€) on (0,00)® with intensity dsduu(d€);

) a

(d) an r-dimensional progressive process o(-) = (o1(-), -+, 0.(+)) such that |o(t)| < a(t) for all

t > 0 and a non-negative deterministic increasing function (-) on [0, c0);

(e) anon-negative progressive process b(-) such that b(t) < b(t) for all t > 0 and a non-negative
deterministic increasing function b(-) on [0, 00);

(f) a progressive process 3(-) such that |3(t)| < B(t) for all t > 0 and a non-negative deter-
ministic increasing function () on [0, c0);

(g) anon-negative progressive process [(-) such that [(¢) < (¢) for all ¢ > 0 and a non-negative

deterministic increasing function I(-) on [0, co).

We assume that B(-), No and N; are independent of each other and (.:%;):>¢ is the augmented
natural filtration generated by them. Consider the stochastic integral equation

z(t) = x(0) + /0 (b(s) + B(s)z(s))ds
+;1 /0 0;(s)/22(s)dB;(s) + /0 /0 00 No(ds, d€)

t pl(s)x(s—) poo B
+/ / / 0.¢ Ny (ds, du, d€), (5.1)
0 JO 0

where Ny (ds, du,d¢) = Ny (ds, du, d€) — dsdup(d€). Clearly, the diffusion coefficients of (5.1) do
not meet the requirements of Ikeda and Watanabe (1989, p.265). Observe also that integration
in the last term on the right-hand side is taken over a random set. By a solution of (5.1) we
mean a non-negative cadlag progressive process x(-) satisfying the equation a.s. for each ¢t > 0.
We say pathwise uniqueness of solution holds for (5.1) if any two solutions of the equation with
the same initial state are indistinguishable.

19



Proposition 5.1 Let z(-) be a solution of (5.1) satisfying E[z(0)] < co. Then we have

E[z(t)] < {E[z(0)] +tb(t) + fom(l )t} exp{t3(t)} (5.2)
for all t > 0.
Proof. Let 7, = inf{t > 0: z(t) > n} and x,(t) = z(t A1,). By Ethier and Kurtz (1986, p.131),

we have E[z,(s)] = E[z,(s—)] < E[n V 2(0)] < co for almost all s > 0. Since b(t) and 3(t) are
both increasing in ¢ > 0, it follows from (5.1) that

t
Bl (£)] < E[e(0)] + t5(t) + bom(l)t + B(2) /0 Efa (5)]ds.
By Gronwall’s inequality we get

E[2,,(t)] < {E[z(0)] + tb(t) + fom(l)t} exp{B(t)t}.
Then (5.2) follows by Fatou’s lemma. O

Proposition 5.2 Let z(-) be a solution of (5.1) satisfying E[z(0)] < co. Then we have

E[Oiggtm)} < E[z(0)] + [b(t) + fom(11)]t

I3 + B T(0u(la)] / Elz(s))ds

o(0) + 0 in (2] (1+ [ Bistolas) 5.3

for allt > 0.

Proof. Applying Doob’s inequality to the martingale terms in (5.1),

B[ sup o(6)] < Ble(0)]+ [ BB + Bopa(olds+ oo [ em(ae
+4iE% [(/toxs)mwj(s))z]

+4E2 K/ / / 01¢ Ny (ds, du dg)ﬂ
+E[ / / e / 01¢ Ny (ds, du dg)}

< Elxz( / ds+/ﬂs)E )|ds + fotm(l)

+SZ_: < /O E[a;(s)x(s)]ds>é

t 1
+491u l12 ( E >
0
t
+601(l12) /
0
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Then we obtain (5.3) by combining the terms. O

Theorem 5.1 Suppose that x1(-) and xa(-) are two solutions of (5.1) satisfying E[z2(0) +
x1(0)] < co. Then we have

E[|za(t) — 21(1)[] < El22(0) — 21(0)[] exp{t(t)}. (5-4)

Consequently, the pathwise uniqueness of solution holds for (5.1).

Proof. By Proposition 5.1 it is easy to find that E[za(t) + z1(¢)] is locally bounded in ¢ > 0.
Let z(t) = x2(t) — z1(t). Then we have

2(t) = 2(0) Jr/ot B(s)z(s)ds
+i%%@@%wFJM@M&@

t  pl(s)xa(s—) poo ~
+/ / / 9151{x1(s—)§x2(s—)}N1(dS,du>df)
0 Ji(s)z1(s—) JO

t  pl(s)zi(s—) fpoo B
-/ AT AT TS (55)
0 Ji(s)za(s—) JO

Let {ax} be the sequence defined inductively by ap = 1 and ap = ap_1e™* for k > 1. It is
easy to check that f;l:*l(k:u)*ldu = 1. For k > 1 let g, be a non-negative continuous function

on [0,00) which has support contained in [ax,ar_1] and satisfies 0 < gx(u) < 2(ku)~! and
faa:*l gr(u)du = 1. Then

|| Yy
ha(w) = /0 dy /O g(w)du, T ER,

defines a twice continuously differentiable function hy such that hx(x) — |z| increasingly as
k — oco. Set Hy(x,§&) = A¢hi(x) — hi(z)¢. By (5.5) and It6’s formula,

hi(z(t)) = hi(2(0)) +/0 hi.(2(s))B(s)z(s)ds + mart.

+i/t hZ(Z(S))U?(S)(\/xQ(s) - \/xl(s))st
=170

[ [T ). 001002601 o)
= [ ds [ ), 01 o coppl ) (5.6)
0 0

see, e.g., Dellacherie and Meyer (1982, p.334-335). Note that |h)(z)| < 1 and 0 < hj(z) =
gr(Jz]) < 2|kz|~L. Tt follows that

P (=) (Vaa(s) - ¢m1<s>)2 < 1(2(s))|wa(s) — 21(s)] < 2/k.
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By the mean-value theorem and Taylor’s expansion it is easy to show that |Hy(z,&)x| < |26x| A
|k~1¢2| whenever x¢ > 0. Then we may take the expectations in (5.6) to find

Bl (:(0))] < Elbx(:0)] + A(0) [ Ellz)llds+ 13 [ Bl s)las
j=1

oui(t) [ ds [ BRI A G0l (5.7)

Letting k — oo in (5.7) we obtain

t
E[|z(t)[] < E[]z(0)]] +5(t)/0 E[|2(s)|]ds.
Then (5.4) follows by Gronwall’s inequality. O

Now we turn to the existence of the solution of (5.1). The Picard iteration method fails
for this equation because the diffusion coefficients are not Lipschitz. Since the coefficients are
random, we cannot follow the standard argument of martingale problem. In the approach given
below, we first approximate the random coefficients by some simple processes and consider a
sequence of equations without small and large jumps. The original coefficients and the small
jumps are retrieved by a limit argument based on the second moment analysis. Finally, we
obtain the solution of (5.1) by adding the large jumps.

A stochastic process ¢(-) defined on (2, #, %, P) is called a simple process if there is a
sequence 0 = g < 71 < ro < --- increasing to infinity and a sequence of random variables {n}
such that 7y, is .#,, -measurable and

q(t) = nolyoy(t) + chl(rk,wkﬂ}(t), t>0. (5.8)
k=0

We approximate the coefficients of (5.1) in the following way:

(a) Let {o,} be a sequence of r-dimensional simple processes such that |0, (t)| < &(t) for all
t >0 and o,(-) — o(-) a.s. in L2([0, J], ) for all integers J > 1.

(b) Let {b,} be a sequence of non-negative simple processes such that b, (t) < b(t) for all t > 0
and by, () — b(-) a.s. in L2([0,J], A) for all integers J > 1.

(c) Let {8,} be a sequence of simple processes such that |3,(t)] < B(t) for all t > 0 and
Bn(-) — B(-) a.s. in L2([0, J], ) for all integers J > 1.

(d) Let {l,,} be a sequence of simple processes such that [,,(¢) < i(¢) for all ¢ > 0 and [,,(-) — I(+)
a.s. in L2([0, J], A) for all integers J > 1.

Let L > 1 be an integer and let {e,,} be a decreasing sequence such that u({e, : n > 1}) = 0,
0<ep,<1ande, — 0asn— oco. Suppose that z(0) is a non-negative .#p-measurable random

variable satisfying E[z(0)] < oo. Let z,(-) denote the non-negative solution of the stochastic
equation

xn(t) = z(0) —i—/o (bn(s) + Bn(s)xn(s))ds
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T t . .
+j§=:1/0 O (8) v/ 2n()dBy s) +/0 /an 0o No(ds, d§)

t pln(s)zn(s—) pL B
+/ / / 016N, (ds, du, d€). (5.9)
0 0 En

Based on Proposition 5.2 and the results in Tkeda and Watanabe (1989, pp.235-237), the exis-
tence of the strong solution the above equation follows by arguments similar to those of Ikeda
and Watanabe (1989, pp.245-246). Let

Un,;() ::/0 on,j(8)V/ 2z (s)dBj(s) (5.10)

and
t ln(8)zn(s—) L
zn(t) :—// /le(ds,du,dé). (5.11)
0 0 En

Lemma 5.1 For1 < j <r the sequence yy ;(-) is tight in C(]0,00),R), and the sequences xy,(-)
and zp(-) are tight in D([0, 00), R).

Proof. By Proposition 5.1 it is easy to show that C(t) := sup,,>1 E[z,(t)] is a locally bounded
function of ¢ > 0. By (5.10) we have

B[y (1)]2] = 2 /0 Elo2(s)an(s)]ds < 2 /O 52()C(s)ds (5.12)
and

t L t L
E[|20 (1)) = / Bl ()0 (s)]ds / Eu(de) < /O I(s)C(s)ds /O Eu(d).  (5.13)

0

Then yy ;(t) and z,(t) are tight sequences of random variables for every fixed ¢ > 0. Now let
{mn} be a sequence of stopping times bounded above by T" > 0. By the properties of independent
increments of the Brownian motion and the Poisson process we obtain as in the calculations in

(5.12) and (5.13) that

t
Ellyn (7o + 1) ~ png(m)) <2 [ 0T 4 5)O(T + 5)ds
0

and

t L

ElJon(r + 1) = 2n(m)?) < [ UT+5)O(T + s)ds [ €plde).

0 0
Then y, ;(-) and z,(-) are tight in D([0,00),R) by the criterion of Aldous (1978). Since
C([0,00),R) is a closed subset of D([0,00),R), we infer that yy ;(-) is also tight in C([0, c0), R).

By similar calculations for other terms on the right-hand side of (5.9) we find that x,,(-) is tight
in D([0,00),R4). O
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By Lemma 5.1 we may construct a new filtered probability space (Q2,.7,.%;, P) satisfying
the usual hypotheses on which the following stochastic equations are realized:

zn(t) = xn(0)+/0 (bn(s) + Bu(s)zn(s))ds
ot t L
+; /0 0,5 (8)\/ 220 (5)d B j(s) + /0 /6 n 00 Ny o(ds, d)

t pla(s)zn(s—) pL B
+ / / / 016N, 1 (ds, du, d€), (5.14)
0 JO

En
where the processes {xy,, By, 0n, bn, Bn, In} and the random measures { Ny, 9, N, 1} are distributed
as {xn, B, opn, by, B, ln} and {No, N1} in (5.9). Moreover, as n — oo we have
(a) xn(-) — a process z(-) a.s. by the topology of D([0,00),Ry);
(b) Bp(-) — an r-dimensional Brownian motion B(-) a.s. by the topology of C([0,0), R");

(c) ENpo(ds,d&) — ENo(ds, d§) a.s. by the weak convergence of finite measures on (0, J] x (0, L]
for all integers J > 1, where Ny(ds,dy) is a Poisson random measure on (0,00)? with
intensity dsm(dy);

(d) €2Np1(ds,du,d€) — £2Ny(ds,du,d) a.s. by the weak convergence of finite measures on
(0, J)2 x (0, L] for all integers J > 1, where Ni(ds, du, dy) is a Poisson random measure on
(0, 00)3 with intensity dsduu(dy);

(€) on(+), bu(+), Bn(-) and I,(-) converge a.s. to processes o(-), b(+), 3(-) and I(+), respectively,
by the topology of L?([0, J],\) for each integer J > 1;

(f) for each 1 < j < r it holds that
t
Yn,j(t) == / on,j(8)\/2xn(s)dBy j(s) — a process y;(t) a.s. (5.15)
0
by the topology of C([0,c0),R);
(g) it holds that
t pla(s)zn(s—) pL
zn(t) ::/ / / ENp.1(ds, du,df) — a process z(t) a.s. (5.16)
0 0 En
by the topology of D([0,c0),R).
The existence of such a probability space follows by the Skorokhod representation; see, e.g.,
Ethier and Kurtz (1986, p.102). Indeed, we can and do assume that the probability space is
constructed so that the above assertions hold simultaneously for all integers L > 1. Of course, the
processes {Tn (), Yn;i(+); 2n(-), 2(-),y;(-), 2(-)} all depend on L > 1. We suppress this dependence

for simplicity of the notation. Note also that the processes {B(:),o(-),b(:),3(-),1(-)} and the
random measures {Ny(ds, d§), Ni(ds, du,d§)} are distributed as those in (5.1).
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Lemma 5.2 For each t > 0 we have a.s.

u () = /O o3 (s)/22(3)d B (s) (5.17)
and
A(t) = / t / e / " Ny (ds du. de). (5.18)
0o Jo 0 7 T

Proof. Form > 1let 7, = inf{t > 0 : (t) > m or z,(t) > m for some n > 1}. Let {qx m(-)} bea
sequence of non-negative simple processes bounded above by m such that g m(s) — 2(8)1{s<r,.}
a.s. by the topology of L%([0,7],\) for each T > 0. By (5.15) we have

t
Yn,j(E AN Tm) = / Ok, ($)\/ 2Qk,m (8)d By, (8) + Mnem,j (1), (5.19)
0

where

Mnkeym,g (1) = /Ot Un’j(s)(\/%n(s) — \/295(5)) 1{s<rydBnj(s)
- /ot on,j($) (m - \/m) Ls<r,ydBnj(s)
+ /Ot(an,j(s) - Uk,j(s))\/mdBn,j(s).

It is simple to see that

B0 (0] < 650 [ B[(Vaul] = V) L b

#6507 [ B[(VE) ~ k) Vo] 05
+6m /0 "E [(0my(5) — o;(s))?] ds. (5.20)

In view of (5.19), the limit 7, ;(t) = limy, o0 M k,m,;(t) exists and

t
Yi(t A7) = /0 01,5 (5)\/ 2Qk,m (8)dBj () + Nim,; (1) (5.21)

By (5.20) and Fatou’s lemma,

E[nl%,m,j(t)] < 65(t)2 /OtE[(\/x(T)_ \/Qk,m(s))Zl{SSTm}] ds
+6m /Ot E [(cj(s) — U;w(s))Q] ds,

which goes to zero as k — co. Now we can take the limit in (5.21) to obtain

yi(t AN Tm) = /0 Jj(s)\/2x(s)1{sSTm}dBj(s).

Then we have (5.17) since 7,, — 00 as m — oco. The equality (5.18) can be proved using similar
ideas. g
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Lemma 5.3 For each t > 0 we have a.s.
o) = 2(0)+ [ 0) + B)a(s))ds
T t t prL
+;/O 0j(s)\/2z(s)dBj(s) —l—/o /0 00ENo(ds, d€)

t pl(s)z(s—) rL B
+ / / / 01¢ N, (ds, du, d€). (5.22)
0 JO 0

Proof. By dominated convergence we have a.s.

t

lim [ (bu(s) + Bu(s)za(s))ds = /0 (b(s) + B(s)z(s))ds.

n—oo 0

On the other hand, it is easy to show that a.s.

Tim_ / / ¢ Npo(ds, dé) = / / ¢Np(ds, dg).

Then (5.22) follows from (5.14) and Lemma 5.2. O

Theorem 5.2 There is a solution x(-) of (5.1).

Proof. By Lemma 5.3 there is a sequence of processes {x(-)} satisfying the equations

wi(t) = @(0) + | (b(s) +B(s)an(s))ds + Y [ a;(s)/2wi(s)dBy(s)
0 =Jo

t rk t pl(s)zr(s—) pl B
[ [ eemtasag+ [ [ | oréas. du.ae)
0 0 0 0 0
t pl(s)zk(s—) rk
+ / / / 016N, (ds, du, d€)
0o JO 1

N /100 Or&pde) /Ot 1(5)ak(s)ds.

The pathwise uniqueness of solutions holds for those equations by Theorem 5.1. Then it is easy
to show that zx(+) is increasing in k > 1. Let (-) := limy_,~ =% (). By Propositions 5.1 and 5.2
and Fatou’s lemma we conclude that E[supy<s<7 x(s)] < oo for each T' > 0. Then we infer that
x(-) satisfies (5.1). o O

In particular, if {o,b, 3,1} are all deterministic constants, Theorems 5.1 and 5.2 imply that
(5.1) has a unique strong solution x(-) and the solution is a strong Markov process; see, e.g.,
Ikeda and Watanabe (1989, pp.163-166 and p.215). By It6’s formula, we find that x(-) has
generator L determined by

Lf(x) = axf"(x) + (b+ Ba)f / Ague f(x)m(de)
" /0 w(Aelgﬂw)—f’(a:)el&)lxu(d& (5.23)
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where a = 7., ajz. Then z(-) is a CBl-process; see Kawazu and Watanabe (1971) and
Shiga and Watanabe (1973). The stochastic equation (5.1) gives explicit representations of
the two types of jumps of the process in terms of the Poisson random measures Ny(ds, d€) and
Ni(ds,du,df). As far as we know, this characterization of the CBI-process has not appeared
in the literature. In the general case, the solution of (5.1) can be regarded as a generalized
CBI-process with random parameters.

6 Constructions of the two-dimensional processes

Based on the results in the last section, we here construct two classes of Markov processes as
strong solutions of stochastic integral equations. The first class is the regular affine process and
the second is the catalytic CBI-process. The characterizations of those processes in terms of
stochastic equations play the key role in the study of the limit theorems in the next section. To
simplify the discussions, we impose some conditions on the jumps so that the processes possess
finite first moments.

Definition 6.1 A set of parameters (a, (oj), (b1,b2), (8i;), m, ) is called admissible if

(i) a € Ry is a constant;
(ii) (cuj) is a symmetric non-negative definite (2 x 2)-matrix;
(iii) (b1,b2) € D is a vector;
(iv) (Bi;) is a (2 x 2)-matrix with B12 = 0;
(v) m(d§) is a o-finite measure on D supported by D \ {0} such that

[ () + ha(@)m(dg) < o<

D

(vi) p(d€) is a o-finite measure on D supported by D \ {0} such that

/D[llz(&) + 112(&2)]pu(d€) < oo.

Theorem 6.1 (Duffie et al. 2003) Suppose that (a, (cj), (b1,b2), (Bi;j), m, 1) is a set of admis-
sible parameters. For u = (ui,u2) € U set

F(u) = biuy + baug + aud + / (€€ — 1 — &ug)m(dE) (6.1)
D

and
R(u) = Briur + Barug + Oénu% + 2ai0u U9

+ qpou3 + /D(6<u’£> — 1 —&uy — Sua)p(dE). (6.2)

Then there is a unique regular affine semigroup (P(t))¢>0 determined by (3.11) where ¥s(t,u) =
e%22tyy, 4y (t,u) solves the generalized Riccati equation

(iewl (t,u) = R(¢1(t, u), e72uy), ¥1(0,u) = uy, (6.3)
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and

gb(t,u):/o F(wl(s,u),eﬁ”SuQ)ds. (6.4)

Let (a, (asj), (Bij), (bj), m, 1) be a set of admissible parameters and let A be the generator
of the regular affine semigroup (P(t));>0 characterized by Theorem 6.1. It is not hard to show
that

Af(x) = anz f11(x) + 201221 fio(x) + aser foo(x) + afos(z)
+ (b1 + Biiz1) f1(z) + (ba + Borz1 + Baowa) f5()

+ /D (Aef (@) — fol@)Ea)m(de)
4 /D (Aef () = (V(2), )arp(de) (6.5)

for f € C2(D), where Vf(x) = (f{(x), f3(x)).

Let 09 = v/a and let (0y5) be a (2 x 2)-matrix satisfying (oi;) = (045)(045)7. Let (Q, %, %, P)
be a filtered probability space satisfying the usual hypotheses. Suppose that on this probability
space the following objects are defined:

(a) a 3-dimensional Brownian motion B(-) = (By(-), Bi(+), B2(+));
(b) a Poisson random measure No(ds, d§) on (0,00) x D with intensity dsm(d¢);

(c) a Poisson random measure Ni(ds,du,d¢) on (0,00)? x D with intensity dsdup(d¢).

We assume that B(-), No and N; are independent of each other and (.%;);>0 is the augmented
natural filtration generated by them. Let 2(0) be a non-negative .%#j-measurable random variable
defined on (92, %, %, P). By Theorems 5.1 and 5.2 there is a unique strong solution z(-) of

z(t) = z(0) + /Ot(bl + Buiz(s))ds + /Ot 11V 22(s)dBy(s)
+ /O ' 1o /20(3)dBa(s) + /0 t /D €1 No(ds, d€)

n /0 t /0 e /D £y (ds, du, d€). (6.6)

As explained at the end of the last section, z(-) is a CBI-process. In addition, let z(0) be an

Fo-measurable random variable defined on (92, .%,.%;, P). We consider the equation

0 = =0+ [ by + Bario(s) + foa=(s))ds + / ' VasodBo(s)
+ Ot 0921 \/MdBl (s) + Ot O'QQMCZBQ(S)

+/Ot/sz]\~fo(ds,d£)+/0t /Om(s_)/D&J{ﬁ(ds,du,dg). (6.7)

28



Theorem 6.2 The equation system (6.6) and (6.7) has a unique strong solution (z(-), z(+)).
Moreover, (x(-),z(+)) is an affine Markov process with generator A given by (6.5).

Proof. By Ito’s formula it is not hard to show that
t
2(t) = e72!2(0) + eﬁm/ e 225 (by + Bo12(s))ds
0

t t
—}-eﬁz?t/ ﬁUQGﬁQZSdBQ(S)'F@ﬂmt/ 021676228\/MdB1(8)

0

+ 2t / ga9e” %225 /2(5)d By (s) + 2t / / P8¢, No(ds, dE)
z(s—)
4 P22t / / / —B225¢) N (ds, du, d€) (6.8)

defines a solution of (6.7) and conversely any solution of (6.7) must be given by (6.8). The
uniqueness implies the strong Markov property of (z(-), z(+)). By Itd’s formula, we find that the
Markov process (z(+), z(+)) has generator A. O

Now suppose that bs > 0 and ms(l1) < 0o, where mg denotes the projection of m to R. Let
D, = Ri C D. Given another non-negative .#y-measurable random variable y(0) defined on
(Q, #, %, P), we consider the equation

y(t) = y(0) +/0 (b2 + Bar1x(s)y(s) + Pazy(s))ds + oo\/2y )dBy(s
+/O 021\/2x(s)y(s)dB1(s)+/0 022/ 2x(s)y(s)dBa(s)

t t plz(s—)y(s—) -
+ / £2No(ds, d€) + / / €2, (ds, du, d€). (6.9)
0o JDy 0o Jo Dy
A solution y(+) of (6.9) can be regarded as a generalized CBI-process with random parameters
governed by the process z(+). Following Dawson and Fleischmann (1997), we shall call the pair

(z(+),y(-)) a catalytic CBI-process, where x(-) is the catalyst process and y(-) is the reactant
process.

Theorem 6.3 The equation system (6.6) and (6.9) has a unique strong solution (z(-),y(-)).

Proof. 1t suffices to consider the case where the initial states x(0) and y(0) are deterministic.
For n > x(0) let 7, = inf{s > 0 : z(s) > n} and z,(t) = (¢t A 7). By Theorems 5.1 and 5.2,
there is a unique strong solution (z(-),y,(-)) of the equation system formed by (6.6) and

(®) = 90)+ [ (b2 + Barz () (5) + Bz ()
+ ; 00V 2yn(s)dBo(s) + ; 091V 22, (8)yn(s)dB1(s)
+ [ omy/2, G (s)aBa(s) + /0 [ aNo(as.ag)

t plen(s—)yn(s—) B
+/ / &2N1(ds, du, dE). (6.10)
0o Jo Dy
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By the uniqueness, for any n > m > x(0) the two processes y,(t A 7,) and yp,(t A 7o) are
indistinguishable. Since 7, — 00 as n — o0, it is easy to see that y(t) := lim, .o yn(t) is the
unique solution of (6.9). O

By Theorem 6.3, the catalytic CBI-process (z(-),y(+)) is a strong Markov process with state
space Dy. Let D_ = R, x R_. By Ito’s formula we find that (x(-),y(-)) has generator L
determined by

Lf(z) = anxyfi)(z) + 200021/T2 f1o(2) + aom122 fob () 4 axs fos(x)
+ (b1 + Br1x1) f1(x) + (b2 + Barx122 + Bo22) f5(x)
[ At@ma)+ [ Agofamid)

Dy

+ /D A (2) — (V1 (). 6] (1 A Leye) u(de)
+ /D Aoy (@) — Fl@)enller — (o1 Alwyas)|u(de)
+ /D Doen (@) — Fi(e)elllares — (1 Al s)]u(de)

+ / A0 (@) — Fl(@)E)e1p(de). (6.11)
D_

7 Fluctuation limit theorems

In this section, we show that an affine process arises naturally from a limit theorem based on
catalytic CBI-processes. By virtue of the characterizations given in the last section, we can
establish the limit theorem in the sense of convergence in probability. Let (2, #,.%;, P) be a
filtered probability space satisfying the usual hypotheses and let B(-), Ny and N; be given as
in the last section. Let (a, (cij), (Bi;), (bj),m, 1) be admissible parameters with G2 < 0 and
ma(l1) < co. Let o9 = v/a and let (0;) be a (2 x 2)-matrix satisfying (a;) = (04;)(04)"-

Let {6x} be a sequence such that 1 < 6 — oo as k — oo. For each k > 1 let y;(0) be an
Fo-measurable random variable and let yx(-) be the solution of

t
yr(t) = yk(0) +/O (=022 + Ba12(s)yr(s) + b2tk (s) + P22y (s))ds
t t
+ [ 00V20k(s)dBo(s) + | o21v/22(s)yr(s)dBi(s)
0 0
t t
+ 022\/2x(8)ﬂk(8)d32(8) +/ szo(dS,df)
0 o Jp,
t ro(s=)ge(s—) .
+/0 /0 b, £2N1(ds,du, dg), (71)
where gi(t) = yr(t)/0r and z(-) is defined by (6.6). When 6y is sufficiently large, (7.1) is

essentially a special form of (6.9). Then the pair (x(-),yx(-)) is a catalytic CBI-process. Set
2k(t) = yr(t) — Ok
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Theorem 7.1 Suppose that z(0) is an .Z#p-measurable random variable such that E[|z(0)|] < oo
and

lim E[|z;,(0) — 2(0)|] = 0. (7.2)

k—o0

Then zy () converges in probability by the topology of D([0,00),R) to the solution z(-) of
t t
() = 200+ [ Gt Bura(s) + Baa(s))ds + [ VIoudBo(s)
0 0
t t
+ [ o921v/22(s)dB1(s) + | o022/ 22(s)dBa(s)
0 0
t ~ t rz(s—) -
o) eNotas.ag s [0 [ s, e (73)
Proof. From (7.1) we get
t
) = 0)+ [ (=24 07 Buaa(s)i() + 6 bui(s) + i)
t t
+/0 0;100\/2]]]{(8)6130(8) —I—/O 916_10'21\/2.%'(8)]]]6(8)6131(8)
t t
+/ 0 ‘02222 (s)g1,(s)dBa(s) +/ / 0, '¢2No(ds, d€)
0 0o Jp,

t pa(s=)in(s—) By
+ / / / 0, &Ny (ds, du, d€). (7.4)
0 Jo Dy

For n > 1 let 7, = inf{s > 0 : z(s) > n}. Then 7,, — 00 as n — oco. Under condition (7.2) we
clearly have sup~; E[fx(0)] < oo. By Proposition 5.2,

supE[ sup gr(s A Tn):| < 0. (7.5)
k>1 Lo<s<T

Let 14(t) = §ix(t A7) — 1. By (7.4) and Doob’s martingale inequality we get
E[|nn1 ()] < El[n,6(0)[] + [Ba2] /OtEH??n,k(S)HdS
+0, ! /Ot(b2 + n|B21|)E[k (s A n)]ds
—i—@;l(\@(fo +V2n0o9; + \/%022)</0t E[gr(s A Tn)]d8>é
+ 0.1V tma(li2) + 20, tmoa(l12)
1
+ 0,1 /npz(ln2) ( /0 Elji(s A m]ds) 2

20 (o) /O “Ble(s A m)lds, (7.6)

where my and uo denote respectively the projections of m and g to R. An application of
Gronwall’s inequality shows that

E[|rne ()] = E[Jge(t A7) — 1] — 0 (7.7)
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as k — 0o. From (7.1) we see that zx(-) satisfies
t
z(t) = 2,(0) +/0 (bak(8) + B212(8)Tk(5) + Bazzk(s))ds
t ¢
+ ; 00\/2gk(8)d30(8)+ ; 021\/21‘(8)gk(8)d31(8)
t t
+ [ onvEEREBe + [ [ aldsd
0 o Jpy
t pa(s—)gr(s—) .
" /0 /0 [ cias, . ac)
Let Cpk(t) = 2, (t A7) — 2(t A 7,). Then we have
tATh
Goalt) = Gua0)+ [+ B ()i
tATn tATn
o / Cols)ds + / V2a0(v/iin(5) — 1)dBo(s)
0 0

t/\’Tn

+ 1V 21,‘ \/ — 1 dBl( )
0
t/\’Tn

—+ \/QZE \/ —1 dBQ( )
0

tATn  px(s—)Tk(s—) 5
[ €2V, (ds, du, dg).
0 z(s—) Dy

By Ito’s formula,
tATn

e G, k(1) = Gan(0) + / €725 (by + Bo12(5) )0k (5)dss

t/\Tn
" ome 2 /2(s) (Vi (s) — 1B (s)

t/\Tn
+/ oaze”25\/22(s)(\/k(s) — 1)dBa(s)

0

tATh —)k(s—)
AL
0
(s

=
tATn =)k (s—)
+ / / 6_’8228521{|52|>1}N1(d5,du,df)
0 r(s— D+

J
e

6228521{|§2|§1}N1(d37 du, d§)

B a)ins) ~ s [l el
+
By Doob’s inequality we get

E| sup e ¢ (s)]]

0<s<t
t

< ElCor(0)] + / 2 (b 4 1| Bos | Bl (5) 1ds

0
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2

+4\/§00< /0 t e VA 1)2]d5>

+4V2n (093 + 091) < /t e 2P25B(/ (s A ) — 1)2]ds> :

0

rav/amala)( [ P Blpnao)ds)

t
+ 2npa(l12) / e 2B |n, 1 (s)[]ds,
0

1
2

where

E[(v/r(s ATa) = 1)°] < Ellg(s A 1) = 1] = Ellmr(s)]]-
Then (7.2) and (7.7) imply that

E| sup |e™2G,4(s)]| — 0 (7.9)
0<s<t

as k — oo. For any € > 0,7 > 0 and T > 0 we first choose n so that P{r, < T} <¢e/2. In view
of (7.9), there is some ko so that

P{ swp [Gui(s)| =0} <0 7B sup [Gur(s)]] < ¢/2
0<s<T 0<s<T

for every k > kg. It then follows that

P{ sup |zk(s) — z(s)] > 77} <P{r <T}+ P{ sup |G k(s)| > 77} <e.
0<s<T 0<s<T

Then zj(-) converges to z(-) in probability by the topology of D([0,00),R). O

Clearly, the pair (z(-), z(+)) defined by (6.6) and (7.3) is an affine process with non-negative
jumps. In other words, Theorem 7.1 gives an interpretation of a particular class of affine pro-
cesses in terms of catalytic CBI-processes. To consider general affine processes, we assume the
following decompositions of the parameters:

0'0:0'8_—0'0_, Ugj:O';_j—UQ_j, bQZbé‘_—b;, ﬁm:ﬁ;i—ﬁgl. (7.10)

Let z(-) be defined by (6.6) and let y,:f() be the solutions of the equations
vi (1) =y (0) + /Ot(—9k522 + By2(9)7 (5) + b5 (5) + oyl (5))ds
+/0t Uar\/2g],j(s)dBo(s) + /Ot 05“1 2x(s)§,:“(s)dBl(s)
+/0t 0'3_2\/2.%'(8)@2—(8)ng(8) + /Ot b 52]\70(ds,d§)

t pa(s=)g;(s—) 5
+ / / / &8, (ds, du, d), (7.11)
0 Jo Dy
t

yi, (1) =y, (0) + /0 (—0k B2 + By12(8)7;, (8) + b3 Gy, (8) + B2y, (5))ds
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+ [ o2 0amnto) + [ oo ()i
+/0t UimdBQ(s) B /Ot . & No(ds, d€)

t rx(s—)f, (s—) -
- / / / £2N1(d3,du; d£)7 (712)
0 JO D_

where g],f(t) = yf(t)/@k. We may regard (z(-),y; (+),y; () as a catalytic CBI-process with a
pair of reactant processes. Set z,f(t) = y,;t(t) — 0k and z,(t) = 2} (t) — 2, () = y; (1) — y;, (1).

Theorem 7.2 Suppose that z*(0) and 2~ (0) are .Fy-measurable random variables such that
E[|27(0)] + |27 (0)]] < co and

lim E {\Z;(O) — 2T (0)] + |2 (0) — z_(0)|] = 0. (7.13)
Then zy () converges in probability by the topology of D([0,00),R) to the solution z(-) of
t t
2(t) = =(0) + / (bs + Bora(s) + Braz(s))ds + / Vao0dBo(s)
0 0
t t
+/0 091/ 2x(s)dB1(s) + /0 092/ 2x(s)dBa(s)
t ~ t rz(s—) -
+/0 /l)ng()(dS,df) +/0 /0 /D@Nl(ds,du, df), (7.14)
where 2(0) = 27(0) — 27(0).

Proof. By Theorem 7.1, the sequence (2 (+), z;, (-)) converges in probability by the topology of
D([0,00),R?) to the solution (27 (), 27 (+)) of

2H(t) = 27 (0) + /Ot(b§r + B4 2(s) + B2z (s))ds + /Ot V20§ dBy(s)
—i—/o a;rl\/Qx(s)dBl(s)+/0 095/ 27(5)dBa(s)
t ~ t px(s—) -
+/0 b, & No(ds, d§) +/0 /0 b, &Ny (ds, du, df),
27 (t) = z7(0) +/0 (b5 + By z(s) + Pa2z™ (s))ds +/O V20, dBy(s)
+ ; ooV 2x(s)dB(s) + ; 059V 22(s)dBa(s)

t _ t rx(s—) -
—/0 . ggNo(ds,df)—/O /0 . &Ny (ds, du, dE).

It is simple to check that z(-) = 27 (-) — 27(+) solves (6.7). That proves the theorem. O

The pair (z(-), 2(-)) defined by (6.6) and (7.14) is an affine process with admissible parameters
(03, (i), (Bij), (bj),m, n). Then the above theorem establishes a connection between catalytic
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CBI-processes and affine processes. This result is of interest since the studies of catalytic branch-
ing processes and affine processes have been undergoing rapid developments in recent years with
rather different motivations; see, e.g., Dawson and Fleischmann (2000) and Duffie et al. (2003).
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