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1 Introduction

Currently interactions and stochastic partial differential equations are two of the hot topics in
the field of Superprocesses. We have seen that diverse interactions have been introduced into
the models of superprocesses such as population interaction in the mutually catalytic model,
interactive branching mechanism, inter-particle interaction, particle random medium interac-
tion, mean-field interaction, and so on. (See the survey article [3] and the references therein).
In Dawson et al. [5], a particle random medium interaction model with location dependent
branching, which generalized the model introduced in Wang [14] [13], is introduced and the
limiting superprocesses, which will be called superprocesses with dependent spatial motion and
branching (SDSM’s), are constructed and characterized. An open problem left from the recent
work of Dawson et al. [6] and Wang [16] on this model has especially raised our interest in the
investigation and consideration presented in the present paper. In order to describe the question
clearly, we introduce necessary notations and the model first.

For fixed natural integers k,m > 1, let C*(R™) be the set of functions on R™ having
continuous derivatives of order < k and CA(R™) be the set of functions in C*(R™) which,
together with their derivatives up to order k, can be extended continuously to R™ := R™ U {9},
the one point compactification of R™. CF(R™) denotes the subset of C5(R™) of functions that,
together with their derivatives up to order k, vanish at infinity. Let M (R™) be the space of finite
Borel measures on R equipped with the topology of weak convergence. We denote by Cp(R™)
the set of bounded continuous functions on R, and by C(R™) its subset of continuous functions
vanishing at infinity. The subsets of non-negative elements of C;(R™) and Cy(R™) are denoted
by Cp(R™)* and Cy(R™)*, respectively. S(R) stands for the space of all infinitely differentiable
functions which, together with all their derivatives, are rapidly decreasing at infinity. Let B(R)
(resp. C(R)) be the collection of all Borel (resp. continuous) functions on R. For f € B(R) and
p € M(R), set (f,u) = [p fdu. Suppose that {W(x,t) : # € R,t > 0} is a Brownian sheet (see
Walsh [12]) and {B*(t) : t > 0},i € N, is a family of independent standard Brownian motions
which are independent of {W(z,t) : € R,t > 0}. For each natural number n, which serves as
a control parameter for our finite branching particle systems, we consider a system of particles
(initially, there are myg particles) which move, die and produce offspring in a random medium
on R.

The diffusive part of such a branching particle system has the form

da:?(t):c(x?(t))dBi(t)—|—/Rh(y—x?(t))W(dy,dt), £>0, (1.1)

where ¢ € Cy(R) is a Lipschitz function and h € CZ(R) is a square-integrable function. By
Lemma 3.1 of Dawson et al. [5], for any initial conditions z'(0) = x; € R, the stochastic
equations (1.1) have unique strong solution {z]'(t) : ¢ > 0} and, for each integer m > 1,
{(z(t), -,z (t)) : t > 0} is an m-dimensional diffusion process which is generated by the
differential operator

G™" = lia(x-)ﬁ—i& i (@i — m~)782 (1.2)
S 2 i—1 " Ox} 2z'j:1 z’;«éjp b 0wy .

In particular, {z]'(t) : ¢ > 0} is a one-dimensional diffusion process with generator G :=



(a(z)/2)A, where A is the Laplacian operator,
pla) = [ Il = )l (1.9

and a(z) := c2(z) + p(0) for 2 € R. The function p is twice continuously differentiable with p’
and p” bounded since h is square-integrable and twice continuously differentiable with A’ and
h"” bounded. The quadratic variational process for the system given by (1.1) is

t

(@ (0.330) = [ plai(s) =} (6)ds + 3y [ Eal9) s (1.4)

where we set d;;—;; = 1 or 0 according as i = j or i # j, where i,j € N. Here z'(t) is the
location of the i*" particle. We assume that each particle has mass 1/6™ and branches at rate
~0™, where v > 0 and 6 > 2 are fixed constants. We assume that when a particle 9%(590, which
has location at x, dies, it produces k particles with probability px(z);x € R,k € NU {0}. This
means that the branching mechanism depends on the spatial location. The offspring distribution
is assumed to satisfy:

pi(z) =0, kak(x) =1, and ma(x) = Zkzpk(x) < oo forall z € R. (1.5)
k=0 k=0

The second condition indicates that we are solely interested in the critical case. After branching,
the resulting set of particles evolve in the same way as their parents and they start off from the
parent particle’s branching site. Let m}* denote the total number of particles at time ¢ . Denote
the empirical measure process by

B = o S b () (1.6)
=1

In order to obtain measure-valued processes by use of an appropriate rescaling, we assume that
there is a positive constant £ > 0 such that mg /6™ < & for all n > 0 and that weak convergence of
the initial laws ;g = p holds, for some finite measure p. As for the convergence from branching
particle systems to a SDSM, the reader is referred to Wang [14] and Dawson et al. [5].
Let E := M(R) be the Polish space of all finite Radon measures on R with the weak topology
defined by
p' = p ifand only if  (f,u") — (f,p) for Vf € Cp(R) .

By Ito’s formula and the conditional independence of motions and branching, we can obtain
the following formal generators (usually called pregenerators) for the limiting measure-valued
processes:

EC,O'F(IU’) = AF (1) + Bo F'(u), (1.7)
where
2
Bt () =} [ o) Hu(as), (18)



and

2
() =} [ a5 Pt (1.9)

d, §*F(u)
s ldr)p(dy
// (dy)éu( )01 (y) (Ae)ply)
for F(u) € D(Ley) C C(E), where o(z) := y(mg(z)—1) for any € R, the variational derivative
is defined by

OF(n) _ . Futhdy) — F(u) (1.10)

dp(x) hl0 h

and D(L) is the domain of the pregenerator L.,. Especially, we denote Ly, = Ay + B, for
Leo = Ac+ By with e(x) = 0. Let B(R)™" be the space of all non-negative, bounded, measurable
functions on R. We cite one theorem proved in Dawson et al. [5].

Theorem 1.1 Let ¢ € Cy(R) be a Lipschitz function, h € CZ(R) be a square-integrable function
on R, and o(x) € B(R)*. Then, for any u € E, (Lcqs,d,)-martingale problem (MP) has a
unique solution which is denoted by X with sample paths in D([0,00), M(R)). Then X; is a
diffusion process.

Proof: For the proof of this theorem, the reader is referred to the section 5 of Dawson et al.
[5]. O

X, is often called the high density limit of the branching particle systems we discussed.

Similar to Konno-Shiga’s famous results for super-Brownian motion (See [9]), for this inter-
active model it was proved by Wang [13] that X; is absolutely continuous. Also, Dawson et
al [8] derived a stochastic partial differential equation (SPDE) for the density for the case of
¢(-) = € > 0. An interesting case is due to Wang ([13], [15]) who proved that when ¢(-) = 0, X,
is a purely atomic measure valued process. In addition, Dawson et al [6] derived a degenerated
SPDE

6. X)) = (6.X)+ /t /R (hly — )¢, X.) W (dydu)

1 t
+500) [ (X} du (1.11)
to
+ > ¢xz NV o (zi(u))ai(w)dB;( e SMR),t>t)>0
i€l(to)

for
Xe= Y ai(t)dy
iel(t)
and proved that the above degenerate SPDE has a pathwise or strong unique solution. On the
other hand, Wang [16] recently proved that if ¢(-) > € > 0, and h is a singular function (See
Wang [16] for the precise definition) which can be roughly defined as “the square root of the
Dirac delta function”, the high density limit X; is just the super-Brownian motion. Wang [16]



also pointed out by example that if ¢(-) = 0, the conclusion is not clear when h is a singular
function due to coalescence. This naturally raised a challenging question: Can we identify the
high density limit as well as its associated degenerate SPDE when c(-) = 0 and h is a singular
function?

We now outline the rough idea for approaching the problem. Since the “square root of
the Dirac delta function” cannot be defined in the sense of distribution, we have to find a
way such that it makes sense. The first idea is to seek a method to handle it as a sequential
limit. The scaling limit argument automatically becomes a good candidate for us. From the
related literature, we found that Dawson and Fleischmann [2] studied the clumping property of
the classical super-Brownian motion (SBM) using the scaling limit. Mimicking this paper, we
defined

X*(B) =K 'Xki(KB), ¥V BeBR). (1.12)

We found that the limit of X is the same as that of [2]. The external term is simply too weak
to carry over at the end of the scaling. However, this does not give all that we want. When we
carefully checked the proportions of scaling for different coefficients, we realized that we must
adjust the scaling proportion of the random medium term. This adjustment also matches the
real world situation. In fact, h and W characterize the outside force applying to the whole
system. It should use a much larger scale compared to the motion of each individual in the
system. Imagine our own movement and that of the earth! Therefore, we replaced the original
h(x) by VKh(z) and applied the scaling (1.12). We denote the resulted process by Z/<. Assume
that the scaled initial measures converge. We then prove that the limit Z; of ZK exists and is
characterized as follows: At time ¢y > 0, Z;, is a Poisson random measure with intensity ¢, ! 1o-
The particles move according to coalescing Brownian motion, whose mechanism is determined
by the external term p, until its mass, governed by independent Feller’s branching diffusions,
reaches 0. Note that when h = 0, the particles do not move and we get the same result as
Dawson and Fleischmann [2]. From this procedure, we derive a singular, degenerated SPDE
for the limit process, where the motion dynamic is driven by a sequence of coalescing Brownian
motions. Nevertheless, the singular, degenerated SPDE does not have strong uniqueness due
to coalescence. After we replace the coalescing Brownian motions by killing Brownian motions,
the strong uniqueness of the singular, degenerated SPDE is recovered and we get our expected
results.

A similar problem is studied by Dawson et al. [7] from a different point of view. Since
the paper is not yet published, we briefly list here the contents of that paper. The main
purpose of the paper is to give a proof of the observation of Dawson et al. [5]. Section 2 gives
characterizations for a coalescing Brownian motion flow and shows that the flow is actually the
scaling limit of the interacting Brownian flow that serves as the carrier of the purely atomic
SDSM in the excursion representation given in Dawson and Li [4]. Section 3 constructs the
limiting superprocess in terms of one-dimensional excursions using the coalescing Brownian
flow as a carrier. Section 4 derives the scaling limit of the SDSM from that of the interacting
Brownian flow and the excursion representations. The major differences between [7] and our
paper are as follows: First, we consider the usual scaling (1.12) and compare with the results of
Dawson and Fleischmann for classical SBM. In [7], the scaling K ~2X (K B) is used. Secondly,
our scaling limit is for a general superprocess over a stochastic flow, namely, we derive the
degenerate limit from random fields. In [7], it started from the degenerated process (i.e. ¢ = 0)
so that the scaling limit is essentially for finite-dimensional processes. Thirdly, our proof makes



use of a new representation theorem which provides an easy approach to Wang’s (cf. [15], [13])
result for the non-singular case. Finally, [7] has discussed the excursion representation of the
limiting superprocess. In the current paper we consider an SPDE for the superprocess which is
degenerated as well as singular. These two topics distinguish the two papers’ emphases.

A related model was studied by Skoulakis and Adler [11], and its properties were investigated
by Xiong [18], [17].

This article is organized as follows: In section 2, we prove the weak convergence of XX and
characterize the limit by a martingale problem. In section 3, we discuss the weak convergence
of ZK with h replaced by v Kh and prove that the limit martingale problem coincides with
that studied by Dawson et al [7] which arises from a system of coalescing Brownian motions.
In section 4, we show the nonuniqueness for the solution to the degenerated SPDE which is
a natural extension of (1.11) for the singular case. Finally, We modify the driving Brownian
motions and prove strong uniqueness for the modified SPDE.

2 Weak convergence under clumping scaling

To accommodate a larger class of processes, we consider tempered measures. Let

1 1
oa(z :/ dye M*=Yl exp <— ) / dy exp <— )
() lyl<1 1—y? lyl<1 1—y?

Note that to each A € R and m > 0 there are positive constants c, ,, and €y, such that

dm
erm (@) < |7 62 (@) Seamda@),  VreR,

(cf. (2.1) of Mitoma [10]). We define M., (R) to be the collection of all measures p such that
<¢)\,/.L><OO, VA>0.

Let Crqp(R) be the collection of all functions f such that for all A > 0, there exists ¢y such that
|f(z)] < expa(x) for all z € R.

Lemma 2.1 Assume that a, o and p are bounded and

s%p<¢,\,,uK><oo, VA>0

where € is define by the same fashion as in (1.12). Then for any o > 2, X\, T > 0, we have

sup E sup <¢>\,XtK>a < 00.
K t<T

Proof: Denote ax(z) = K 'a(Kz). ox and pg are defined similarly. Note that XX satisfies
the following martingale problem: V ¢ € Ciqp(R),

M) = (6, X = () = 5 [ {axd”, XL) du 2.1)
0
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is a martingale with quadratic variation process

(ME (), = / (Kord®, X5 du + / du / prc(y — 2)8 ()9 () XE (dy) XK (d2).  (2.2)
0 0 R2

By Burkholder’s inequality, it is easy to see that

Esup (¢y, X[)" < C—I—CIE</ <¢A,XtK>dt)
t<s 0

s a2 s a/2
+cE (/ <¢§,X{<>dt> + cE </ <¢A,XtK>2dt> :
0 0

Since (25?\ < ¢y, using |z| < 1+ 22 and Hélder’s inequality, we can continue with

S
< c—l—c/ E (¢, X[)" dt.
0
The conclusion of the lemma then follows from Gronwall’s inequality. U

Theorem 2.1 Under the conditions of Lemma 2.1, {X¥ : K > 1} is tight in C(Ry, Myem(R)).

Proof: It is well known that we only need to prove the tightness of {<¢,XK> . K > 1}
in C(R4,R) for each fixed ¢ € Cpqp(R). Note that by the martingale problem (2.1,2.2) and
Lemma 2.1, we have

E (¢, X{) = (¢, X[)|" < et — s[*/2.
Take o > 2; the tightness then follows from Kolmogorov’s criterion. O
Theorem 2.2 Suppose that 0(00) = lim,| o 0(z) and p> = limg X exist and 0 is not an

atom of u>®. Under the conditions of Lemma 2.1, XX converges in law to the unique solution
of the following martingale problem: ¥ ¢ € Crqp(R),

M=(9) = (6, X7°) — (¢, 1) (2.3)
s a martingale with quadratic variation process
t
(M (g)), = /0 (o(00)8%, X2°) du. (2.4)

Proof: Note that for any € > 0 fixed, Ko g (y) converges to o(co) as K — oo uniformly for y € S¢
where S = (—¢,€). On the other hand, if we choose f € Cy(R) such that 15, < fe < 1g,_, then

limsupE (¢*15,, XS) < limsup / " (dz) / fe()d* ()pf (z, dy)

K—oo K—o0
B / o (d) fo(z)d? (),

where p& (2, dy) is the transition probability of the Markov process generated by Lx ¢ = %a K.
Let € | 0; we have

/ §(dz) fo() 2 (z) — .

By (2.1), (2.2), it is then easy to see that every limit point of XX solves the martingale problem
(2.3), (2.4). The uniqueness of this martingale problem follows from [2]. The conclusion of the
theorem then follows easily. g



3 Weak convergence under strong interaction

In this section, we consider strong interaction, namely, replace h by v Kh and then apply
clumping scaling discussed in the previous section. For any ¢ € Cyqp(R), we have that

UK (0) = (6.2) = (0. = 5 [ (K13 0a) 4 0))0", 28

is a martingale with quadratic variation process

WU 0), = [ (Kowe?, 2 dut [ au [ o= ) )0/ (2) 28 (@) 22 a2),

We shall prove that Z¥ is a tight sequence and characterize the limit Z. Note that ZX is a
measure-valued process with density and, as we will show, Z is a purely atomic measure-valued
process. Therefore, it is not easy to derive the limit martingale problem of type (3.8) below from
the martingale problem for ZX studied in Dawson et al. [5]. With a complicated argument as
that in Xiong and Zhou [19], we believe that it can be proved that Z satisfies the martingale
problem (3.6), (3.7). However, that martingale problem is not well-posed. To determine the
distribution of Z uniquely, we start with the dual relation between Z% and (Y, M) and prove
the convergence of the latter; then the distribution of Z is determined by the limit of (Y M).
Finally, we construct a process which is clearly a Markov process, since it is the unique solution
to the martingale problem (3.8) and has the same distribution as Z.

First we need the following lemma.

Lemma 3.1 Suppose that lim, o p(z) = 0 and 1y is governed by the following SDE:

dnx (t) = v/p(0) — p(Kni (t))dB;.
Then nxg — n which is a Brownian motion with 0 as an absorbing boundary.

Proof: It is easy to see that nx is a tight sequence of diffusions on [0, 00), each with 0 as an
absorbing boundary. Let

Do = {f € C*([0,00)) : f"(0) = 0}.

Then for any f € Dy,

¢
1
fnk () — /0 5 (p(0) = p(Knic () " (nx (5))ds
is a martingale. Let n be a limit point. Then for any f € Dy,

£t = [ 50000 n(s))ds

is a martingale. This proves the conclusion of the lemma. O

To characterize the limit of Z%, we need the concept of the coalescing Brownian motion
(CBM) which was first introduced by R. Arratia [1], where the coalescing Brownian motion is
constructed from a system of discrete random walks. An interesting thing here is that we can
construct the coalescing Brownian motion simply from a given Brownian sheet.



Definition 3.1 (z1(¢t),-- -,z (t)) is a CBM if the components move as independent Brownian
motions until any pair, say x;(t) and x;(t), (i < j), meet. Starting from the meeting time, z;(t)
assumes the values of x;(t), x;(t) disappears, and the system continues to evolve in the same
fashion.

Theorem 3.1 Suppose lim ;o p(x) = 0 and the conditions of Theorem 2.2 hold. Then, 7K
is tight and its limit finite marginal distribution is determined by the following duality relation:
for all f € Crqp(R™),

1 t
E(f,(Z)™) = By {(K,MMt> exp {2/ My(Mg — 1)ds}] (3.1)
0
and recursive relation: forty <tg < --- <tji1,

E (2] (5 (Z0)™)) (3.2
ti+1—t;
=k (E%J‘ﬂ,fﬁl |:<}/tj+1—tj7 (th)Mthitj > exp {;/0 M (M — 1)d3}}
XTT_y (fis (Z2,)™) )

where My is Kingman’s coalescent process starting at m with jumping time 0 = 19 < 11 < -+ <
Tm = 00, and where Yy, starting at f, is a function-valued process defined by

Ty PY T PYOYe, Vit e [ ), 0 <k <m (3.3)

T2—T1

Y, = P

t—Tk

where P[™ is the semigroup of the m-dimensional coalescing Brownian motion, Iy, is taking one
of the ®;; randomly and

Qi f(w1, s Tm—1) = 0(00) f(T1, ++, Tm—1, "+, Tn—1, "+, Tm—2), (3.4)
where Tn,—1 s in the places of the ith and jth variables.

Proof: The tightness follows from an argument similar to that in section 2. By [5], we have

E(f,(Z5)") =By [<Yfﬂ plt) exp {; /0 M1, - 1)ds}] :

where Y starting from f is defined similarly as in (3.3)-(3.4) with ®;;, o(c0) and P/ replaced
by
@g (21, Tme1) = O(KZme1) f(T1, s Tt Toeds -+ 3 Tyna),

o(K-), and Ptm’K, respectively. Ptm’K is the semigroup with generator

1 & 0> 1 0?
MK — SN KTV (Kay) = 4 - K(z; — x;)) =—=—.

i 1<i,j<m



Let

Gm=1 > p(o)n >
- 2 — p {:”1:””}8%8%
1<i,5<m
We define
Dy = {f € C3(R™): 0’ =0 if z; = z,;, for some i # j}
1= b '6:@895]-_ v 7

Let 2 (t) be the process generated by G™¥. It is easy to see that 2 is tight as an m-
dimensional process. Let = be a limit point. For f € Dy, we have G™¥ f — G™f and hence

F(x(t)) - f(x(0)) - /0 G™ f (x(s))ds

is a martingale. From this, it is easy to see that z(¢) is an m-dimensional Brownian motion
before it reaches the set {z : 3 i < j,x; = x;}. To study its behavior after it reaches that set,
we consider 25 (t) — T K(t). Note that

d

o (@ = af), = KA (Kal (1) + K1 (Kajt (1) + (p(0) — p(K (2" (1) — 257 (1)))-

J

The first and the second terms converge to 0 uniformly. As in Lemma 3.1, it is then easy to
show that z;(t) — z;(t) is a Brownian motion with 0 as absorbing boundary. This implies that

x(t) is the coalescing Brownian motion. Hence, Ptm’K converges to P/, and hence Y converges
toY.

AS f € Crap(R™), we have f(z1,+,m) < cxdr(31) < d(wm) = cxdr(@). It is easy to
verify that Pth¢(:U) < cg\”’t@\(ac). Therefore, <YtK,th> < cyt (@, ) . (3.
dominated convergence theorem. The same argument as in [5] shows that (3.
distribution of Z; uniquely. Thus, for any fixed m and n, we have that < f,(zE

uniformly in K since
m\2n n mn
E ((f,(ZE)m)") =B (f52, (282,

Finally we prove (3.2). Note that
B (W5 (i (ZE)™)) = B (B ((fn (25 )™ ) 1FE) 1, (i (25)™))

M., —t.
= ]E<ET);L]+17}C]+1 |:<1/tﬁ1—tj7(ztlj<) t'H_l tj> (35)

X exp {; /;Hl_tj My (M — 1)d5H Hg:1 (fis (Ztlf)mi>>
E (1, (7. (2™))

1) follows from the
1) determines the
)m>n is integrable

where fZK = f; for i < j and

1 [+l
f f] mj1, 41 <Y;fﬁ1—tj exp {2/0 Ms(Ms - 1)d5}) :

Note that fJK < cagy. Letting K — oo in (3.5), we have (3.2). O

10



Next we construct Z; from another point of view. Let

(r.zr)= Z&

where {&; } are independent Feller’s branching diffusions with branching rate o(co) and (z;(t), - - -, 2, (t))
is the n-dimensional coalescent Brownian motion with diffusion coefficient p(0). Here we consider
the limit of Z™ by adapting the method of Xiong and Zhou [19].

Theorem 3.2 Under the conditions of Theorem 3.1, Z™ is tight and its limit Z solves the
following martingale problem:

00 — 7 00 1 ! 11 77
Ue(0) = (6.20) = (0.1) = 3000) | (6.2, (36)
18 a martingale with quadratic variation process
t
W), = [ (oloc)o?, ) du+ / au [ o000 @2k Zild), B7)
where A = {(x,z) : = € R}.
Proof: Applying It&’s formula, it is easy to show that
n — 7n ) 1 ! I on
U7 (0) = (00 20) = (0™) = 5p(0) [ (0. 22)

is a martingale with quadratic variation process

@) = Y /0 0 (00)Ei(s) b () s

= /< (00)¢?, Z" du—i—/ du/ '(2)Z3(dy) Z;} (d2),

where 7;; is the first time z;(¢) and 2;() meet. It is easy to prove the tightness of {(Z", (U™ (o))}
Denote the limit by (Z,A). By arguments similar to those in [19], we see that

A(t)—/0t< (00) 2, 7 du+/ du/ () Zu(dy) Zu(d2)

and hence Z solves the martingale problem (3.6)-(3.7 O

Remark 3.3 The solution to the martingale problem (3.6)-(3.7) is not unique.

For example, if we replace (xz1(t),---,z,(t)) by n-dimensional ordinary Brownian motion,
the limit will provide another example.

The ordinary SBM with diffusion coefficient p(0) and branching rate o (o) is a third example
of the solution to the martingale problem (3.6)-(3.7).

11



Finally, we prove Z and Z have the same distribution.

Theorem 3.4 Under the conditions of Theorem 3.1, Z = Z in distribution. Therefore, Z; is a
Markov process.

Proof: We only need to prove (3.1) holds with Z replaced by Z. For f € CZ(R™), let F,, (1) =
(f,u™). Define

1
'CFm,f(M) = Fm,Gmf(M) + 5 Z Fm—l,éijf(:u)'
1<i#j<m

By It0’s formula, it is easy to see that Zt” solves the following martingale problem: V f € C’g (R™),
t
Fonf(Z0) = Fuug(Z5) = [ £ (2305

is a martingale. Let n — oo, we see that Z; satisfies: V f € CZ(R™),

Fon p(Z2) — Fon g (1) — /0 LFy p(Z0)ds (3.8)

is a martingale. Mimicking the proof of Theorem 2.1 in [5], we see that (3.1) holds with Z,
replaced by Z;. Since Z; is a Markov process, it is easy to verify that (3.2) holds with Z;
replaced by Z;. Therefore, Z and Z have the same distribution and Z is a Markov process. [

4 SPDE

In this section, we first show that Z; is of purely atomic type. Then we characterize Z; as the
unique strong solution to an SPDE.

Since we are only interested in establishing the property for Z;, we may and will assume that
¢ =0 and o = o(00) are constants. Let h,, converges to the “square root of the delta function”
so that py(z) converges to 0 when x # 0 and p,(0) — p(0) > 0.

Fix h,, as in [5], we first reprove a theorem of Wang [13] (see also [15]) by a new representation
of Z}'. This representation in a more general setup will involve Perkins’ historical calculus and
will be developed in another paper. Throughout this section, we assume that the conditions of
Theorem 3.1 remain in force.

Theorem 4.1 Let X[*(xz, W) be the strong solution of

t
X =z+ / /hn(y — X)W (dsdy).
0
Let (¢ be the superprocess with branching rate o and spatial motion-free. Define

Z¢(-) = Gl - Xi' (e, W) € -}.

Then

@) = (6.2~ 6.20) - [ (3on0)6".25 )

12



18 a martingale with quadratic variation process

t t
(U"(9)), :/0 <a¢2, Z3>du —I—/O du /]R2 pn(y — 2)8' (v)¢' (2) Z1 (dy) Z7(dz).
Proof: Applying It6’s formula, we have

d(¢,2i") = d((Xi(,W)),G)

= (do(X{" (- W), G) + (o(X{' (-, W), dGr)
pn(0)

= OBz e+ [ (O W) haly . G) W dedy)

+{O(XP (W), dG) -

Hence, U*(¢) is a martingale with quadratic variation process

U (9), = /O / (¢ W)y — ), ) dsdy + /O (062 (X2(, W), &) ds
- / du / puly — 2)6 (9) () 22 (dy) Z2(dz) + / (062, Z1) du
0 R2 0

Theorem 4.2 For allt > 0, Z; is of purely-atomic type.

Proof: It is well-known that ¢ =3,/ €16, is of purely-atomic type (cf. [2] and [13]). Hence
Z =3 i 1) i6 X7 (i, W) Taking a limit, it is clear that Z; is of purely-atomic type. O

Mimicking [6], we consider the following SPDE

(b)) = (Do) + Y V(0 ¢ @i ())& (u)dW;(u) (4.1)

ZEI to)

100 [ ()

+ > qm )V (00)&(w)dBi(u

where (Wl, Wy, - ) are coalescing Brownian motions independent of {B; : i > 1}.
If z;(t) = \/p(0)W;(t) and &(t) is the Feller’s branching diffusion generated by B;, it is easy

to see that
pe= 3 &t (4.2)

satisfies (4.1). It is easy to verify that the solution of (4.1) satisfies the martingale problem
(3.8). Therefore, weak uniqueness holds for the solution to (4.1). The next theorem shows the
non-strong-uniqueness of the solution.

Theorem 4.3 Let to = 0 and po = Y ;g §i(0)04,(0), where I is a countable set. Then, the
pathwise uniqueness for the SPDE (4.1) does not hold.

13



Proof: Let
=inf{t: 3i # 5, Wi(t) = W;(t)}.

Define 75 similarly. Suppose W; and W; (i < j) meet at time 7. For t < 71, we define
£k( ) = &(t) for all k. For 0 <7 <t <7, if k# i, j we define §k( ) = &k (t); otherwise, we
define that £;(¢) = 0 and let &(t) be the unique solution of the following SDE

E(t) = &i(m1) + €(m1) + /(o) / VEéi(w)dBi(u)

Then .
fir =" &(t)d4,0) (4.3)

is another solution to (4.1). Therefore, the pathwise uniqueness for the SPDE (4.1) does not
hold. O

To derive an SPDE with strong uniqueness, we need to modify the Brownian driving system

n (4.1).

Definition 4.1 W = {W}} is a system of killing Brownian motions (KBM) if each starts with
an independent Brownian motion until a pair of them meet; at that time, the process with higher
index will be killed and the indexes of the other higher indexed processes is lowered by 1. The
system continues to evolve in this fashion.

= {By.} is a system of adjoint (to W) killing Brownian motions (AKBM) if each starts
wzth an independent Brownian motion. A member will be killed when the corresponding member
in W is killed.

Now we modify (4.1) and consider

<¢nut> = <¢7Mto>+ Z VP(O) \ ¢($1( ))51( ) z( ) (4'4)

icI(to)

1 t
2p(0) [ (@ ) d
to

t

If we construct W and B in an obvious way, it is then clear that it defined by (4.3) is a
solution to (4.4).

Theorem 4.4 Let to = 0 and po = ) _;c;§i(0)0,,(0), where I is a countable set. Then, the
SPDE (4.4) has a pathwise unique solution.

Proof: Let us be a solution and

= inf{t: Ji # 5, Wi(t) = W;(t)}.

14



Now we prove the uniqueness of the solution before time 7; by adapting the technique of [6] to
the present setup. Let

eo = inf{|z;(0) —2;(0)| : i # j € I}

and
1
m = inf{t € [0,71) : |z;(¢t) — x;(0)] > 3€0 for some i € I}.

Then 7; is a stopping time. Take ¢ such that its support is within %eo of z;(0). Then
G()o(xi(t)) = &i(0)d(xi(0)) + \/P(O)/O ¢’ (4(w))&i(u)dWi(u)
+5000) [ &) (@) + v/l [ olaiw)VEWdBw.
0 0

Also, take ¢(z) =1 for 2 within %eo of z;(0). Then for t < my

(1) = £(0) + /o (o) /0 Ve (w)dBi(u).

Applying [t6’s formula, we then have

A6(ei(1)) = /o016 (a:(D)AWH() + 3 p(0)6 (i)t
This implies that z;(t) = \/p(0)W;(t). By the definition of 7y, we have {z;(n;) : i € I} are all
distinct; hence we may start from 7, and define 7y accordingly. As in [6], we then can prove
that n, converges to 7 and get the uniqueness for ¢ < 7. Continuing this procedure, we get
the uniqueness for all ¢.
The argument for countable [ is the same as that at the end of the proof of Theorem 4.1 in
[6]. O

Acknowledgment The authors would like to express their gratitude to Professor Steven N.
Evans and the anonymous referee for their helpful suggestions. In particular, the authors thank
Professor Kenneth A. Ross for his comments and suggestions.

References

[1] Arratia, R. (1979). Coalescing Brownian motion on the line. Ph.D. thesis, University of
Wisconsin, Madison, 1979.

[2] Dawson, D. A. and Fleischmann, K. (1988). Strong clumping of critical space-time branch-
ing models in subcritical dimension. Stochastic Process. Appl., 30:193-208, 1988.

[3] Dawson, D. A. and Perkins, E. A. (1999). Measure-valued processes and renormalization
of branching particle systems. Stochastic Partial Differential Equations: Siz Perspectives,
Mathematical Surveys and Monographs,Vol. 64 ,Amer. Math. Soc.,Providence:45-106, 1999.

[4] Dawson, D. A.; Li, Z. (2003). Construction of immigration superprocesses with dependent
spatial motion from one-dimensional excursions. Probab. Th. Rel. Fields, 127,1:37-61, 2003.

15



[5]

[6]

[11]

[12]

[13]

[14]

Dawson, D. A.; Li, Z. and Wang, H. (2001). Superprocesses with dependent spatial motion
and general branching densities. FElectron. J. Probab., V6, 25:1-33, 2001.

Dawson, D. A.; Li, Z. and Wang, H. (2003). A degenerate stochastic partial differential
equation for the purely atomic superprocess with dependent spatial motion. To appear in
Infinite Dimensional Analysis, Quantum Probability and Related Topics, 2003.

Dawson, D. A.; Li, Z. and Zhou, X. W. (2002). Superprocesses with coalescing Brownian
spatial motion as large scale limits. Submitted, 2002.

Dawson, D. A.; Vaillancourt, J. and Wang, H. (2000). Stochastic partial differential equa-
tions for a class of interacting measure-valued diffusions. Ann. Inst. Henri Poincaré, Prob-
abilités et Statistiques, 36,2:167-180, 2000.

Konno, N. and Shiga, T. (1988). Stochastic partial differential equations for some measure-
valued diffusions. Probab. Th. Rel. Fields, 79:201-225, 1988.

Mitoma, I. (1985). An oo-dimensional inhomogeneous Langevin’s equation. Journal of
Functional Analysis, 61:342-359, 1983.

Skoulakis, G. and Adler, R.J. (2001). Superprocesses over a stochastic flow. Ann. Appl.
Probab., 11,2:488 543, 2001.

Walsh, J. B. (1986). An introduction to stochastic partial differential equations. Lecture
Notes in Math., 1180:265-439, 1986.

Wang, H. (1997). State classification for a class of measure-valued branching diffusions in
a Brownian medium. Probab. Th. Rel. Fields, 109:39-55, 1997.

Wang, H. (1998). A class of measure-valued branching diffusions in a random medium.
Stochastic Anal. Appl., 16(4):753-786, 1998.

Wang, H. (2002). State classification for a class of interacting superprocesses with location
dependent branching. Electron. Comm. Probab., 7:157-167, 2002.

Wang, H. (2003). Singular spacetime It6 integral and a class of singular interacting branch-
ing particle systems. Infin. Dimens. Anal. Quantum Probab. Relat. Top., Vol.6, N 2:321-335,
2003.

Xiong, J. (2002). Long-term behavior for superprocesses over a stochastic flow. Submitted,
2002.

Xiong, J. (2002). A stochastic log-Laplace equation. Submitted, 2002.

Xiong, J., Zhou, X. W. (2002). On the duality between coalescing Brownian motions.
Submitted, 2002.

16



