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Measure-valued Diffusions and Stochastic
Equations with Poisson Process !
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1 Introduction

Suppose that we are given a locally compact metric space E. Let C(FE) denote the
set of bounded continuous functions on F, and Cy(FE) its subset of continuous functions
vanishing at infinity. The subsets of non-negative elements of C'(E) and Cy(E) are denoted
respectively by CT(E) and Cf (E). Let (P);>o be a strongly continuous conservative
Feller semigroup on Cy(E) with generator (A, D(A)), where Dy(A) C Cy(E), and let
D(A) = Do(A) U {1}. Suppose in addition that b(-) € C(F) and ¢(-) € C*(E) have
continuous extensions to E, the one point compactification of E, and that ¢(-) is bounded
away from zero.

Let M(FE) be the space of finite Borel measures on E equipped with the topology
of weak convergence. Let W = C([0,00), M(F)) be the space of all continuous paths
w :[0,00) — M(E). Let 1o(w) = inf{s > 0 : w(s) = 0} for w € W and let Wy be the set
of paths w € W satisfying w(0) = w(t) = 0 for all ¢ > 79(w). We fix a metric on M(E)
which is compatible with its topology and endow W and W, with the topology of uniform
convergence. Then for each p € M(FE) there is a unique Borel probability measure Q,
on W such that for f € D(A),

M(f) = wilf) — u(f) - / w(Af —bf)ds, >0, (11)

under @, is a martingale with quadratic variation process

<M(f)>t=/O wy(cf?)ds, >0, (1.2)

where pu(f) = [ fdpu. The system {Q, : p € M(E)} defines a measure-valued diffusion,
which is the well-known Dawson-Watanabe superprocess. In the sequel, we shall simply
refer to it as a (A, b, ¢)-superprocess. We refer the reader to Dawson [1] and the references
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therein for the construction and basic properties of the process. A modification of the
above model is to replace (1.1) by

t t
M) = wlf) = ulh) = [ wAf=bpds— [ Viws s 120, (13)
0 0

by using a kernel V(u,dz) from M(E) to E, which can be regarded as a (A,b,c)-
superprocess with interactive immigration. Some interesting special cases of this modi-
fication have been studied in the literature. Using a Cameron-Martin-Girsanov formula,
Dawson [1, pp.172-173] treated the special case where b(-) = 0 and

Vip, dx) = r(p, x)p(de), pe M(E),x € E,

for a continuous function r(+,-) on M(E) x E and obtained a superprocess with non-linear
birth-death rate. The conditioned superprocess constructed by Evans and Perkins [5] and
Roelly-Coppoletta and Rouault [16] corresponds to the case

V(p,dr) = p(1) " u(dz), pe M(E)\{0},z € E.

An interesting representation of the conditioned superprocess was given by Evans [4] in
terms of an “immortal particle” that moves around according to the underlying process
and throws off pieces of mass into the space.

Let m be a o-finite Borel measure on E and let ¢(+, -) be a non-negative Borel function
on M(FE) x E. We have another particular form of (1.3) given by

My(f) = wi(f) — p(f) —/ ws(Af —bf)ds —/0 m(q(ws,-)f)ds, =0,  (L4)

0

where ¢(+, -) can be interpreted as an interactive immigration rate relative to the reference
measure m. The process defined by (1.4) and (1.2) is of interest since it includes as
special cases (at least formally) the superprocess with non-linear birth-death rate and
the conditioned superprocess as they are a.s. absolutely continuous with respect to the
reference measure m, both of which has arisen considerable research interest. If ¢(v, z) =
q(z) only depends on z € F, the martingale problem has a unique solution and defines
a superprocess with independent immigration; see e.g. Konno and Shiga [8] and Li and
Shiga [12]. In the general case, a solution of the martingale problem could be constructed
by an approximation by particle systems, but the uniqueness of solution seems hard. This
is similar to the superprocess with mean field interaction studied by Méléard and Roelly
[13, 14] for which the uniqueness still remains open. Instead of the martingale problem,
Shiga [17] suggested another approach to the interactive immigration superprocess, who
gave the formulation of a stochastic integral equation involving a superprocess and a
system of independent Poisson processes on the space of excursions of one-dimensional
branching diffusions. For the particular case where A =0 and u — m(q(y,-)) is bounded
and Lipschitz relative to the total variation metric, Shiga [17] constructed a solution of
the integral equation and showed that his solution also solves the martingale problem



(1.4) and (1.2). He proved that the pathwise uniqueness of solution for the stochastic
integral equation holds so his solution is a diffusion process. This is a very interesting
result since the uniqueness of solution of (1.4) and (1.2) is not known. A generalization of
his result was given in the recent work by Dawson and Li [2], where some superprocesses
with dependent spatial motion and interactive immigration were constructed from one-
dimensional excursions carried by stochastic flows.

The main purpose of this paper is to establish the results of Shiga [17] when the spatial
migration mechanism A is non-trivial. Since in this case the mass is mixed, it is not clear
how to construct the process from one-dimensional excursions as in [17]. Fortunately, the
techniques developed by Li and Shiga [12] can be combined with those of Shiga [17] to
solve the difficulty. The main idea of our approach is to formulate a stochastic equation
with a Poisson process on the space of measure-valued excursions. Let {X; : ¢ > 0} be
an (A, b, c)-superprocess with deterministic initial state Xy = p and N(ds,dz, du, dw) a
Poisson random measure on [0,00) x E x [0,00) x W, with intensity dsm(dz)duQ®(dw),
where @ is an excursion law of the (A, b, ¢)-superprocess carried by excursions growing
up at © € E. We assume {X; : t > 0} and N(ds, dx,du,dw) are defined on a standard
probability space and are independent of each other. We shall prove that the stochastic
equation

t q(Ys,z)
Y, = X, +/ / / / w(t — s)N(ds,dz,du,dw), t>0, (1.5)
o JEJo Wo

has a pathwise unique continuous solution {Y; : ¢ > 0} and its distribution on W solves the
martingale problem given by (1.2) and (1.4); see Theorem 4.1. The pathwise uniqueness
implies the strong Markov property of {Y; : ¢ > 0}, so our result gives a partial solution of
the open problem on the Markov property of the superprocess with mean field interaction;
see Méléard and Roelly [14, p.103].

In particular, when E = {a} is a singleton, equation (1.5) gives a decomposition of
the one-dimensional diffusion process {y(t) : t > 0} defined by

dy(t) = v/ey(DAB(E) + Bly(®)y()dt +y(y(D)dt, ¢ >0, (L6)

where ¢ > 0 is a constant, () is a bounded Lipschitz function on [0,00) and () is a
non-negative locally Lipschitz function on [0, co) satisfying the linear growth condition. In
the special case where §(-) and () are constant, Pitman and Yor [15] gave a construction
of {y(t) : t > 0} by picking up excursions by a Poisson point process, which served as a
preliminary to their well-known results on decomposition of Bessel bridges. See also Le
Gall and Yor [9].

In section 2 we recall some basic facts on the (A, b, ¢)-superprocess and its immigration
processes with deterministic immigration rates. In section 3, we discuss construction of
immigration processes with predictable immigration rates. The stochastic equation with
a Poisson process of excursions is studied in section 4.



2 Deterministic immigration rate

In this section, we summarize some basic facts on the (A, b, ¢)-superprocess and its immi-
gration processes with deterministic immigration rates. Let (Q;):>o denote the transition
semigroup of the (A, b, ¢)-superprocess, which is determined by

/M(E) e DQy(p, dv) = exp{—p(Vif)}, feCH(E),ue M(E), (2.1)

where V; f is the unique positive solution of the evolution equation

Vif(x)+ %/Ot ds[Ec(y)VSf(y)2Ptbs(x,dy) = Pf(z), t>0,x€FE, (2.2)

where (PP);>o denotes the semigroup of kernels on E generated by A° := A —b. By [l,
pp-195-196], there is a family of finite measures L;(z,dv) on M(E)° := M(E) \ {0} such
that

/ (1—e"NLy(z,dv) = Vif(x), t>0,z€E, feCT(E). (2.3)
M(E)°

Let (Q7):i>0 be the restriction of (Q:)i>o to M(E)°. It is easy to check that (Li(x,-))i=0
is an entrance law for (QF)¢>o0, that is L,.(x,)Qf = L,i4(z,-) for r > 0 and ¢t > 0. Then
there is a unique o-finite Borel measure Q on (W, B(W)) such that

Q% (w(ty) € dvy, -+, w(t,) € dv,)
= Ly (I7 dl/l)Ql?g—tl(V17 dV2) T an—tn,1<’/n—1, an) (2‘4>

for 0 <t; <ty <---<t,and vy,ve,---,1, € M(E)°. Indeed, Q is carried by the paths
w € Wy such that w; (1) tw; — d, as t — 0; see [11] and [12]. Moreover, it is easy to
obtain that

Q{w(t)(f)} =P f(x), t>0,x€E feC(E). (2.5)

Let B;(W,) be the o-algebra on Wy generated by {w(s) : 0 < s < t}. Roughly speak-
ing, (Wo, B:(Wp),w(t)) under QF is a Markov process with semigroup (@7 ):~o and one-
dimensional distributions (L;(z,+))¢~o. The measure Q° is known as an excursion law of
Q)0

Now we fix a o-finite reference measure m on E and suppose that ¢(-,-) is a non-
negative Borel function on [0,00) x E such that m(q(t,-)) is a locally bounded function
of t > 0. Then

[ rauan =ew { ~utvion) - [ ms Wunas) o

defines an inhomogeneous transition semigroup (Q;,)i>,. A diffusion process with tran-
sition semigroup (Q?,);>, can be constructed as follows. Let {X; : ¢t > 0} be an (A, b, ¢)-

r,t
superprocess with deterministic initial state Xy = p and N(ds,dz,du,dw) a Poisson
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random measure on [0,00) x E x [0,00) x Wy with intensity dsm(dz)duQ®(dw). We
assume {X; : t > 0} and N(ds,dz,du,dw) are defined on a standard probability space
(2, A, P) and are independent of each other. For t > 0, let G; be the o-algebra generated
by the P-null sets in A and the random variables

{X,,N(Jx A):JeB(0,s] x Ex[0,0)),A € B;_(Wp),0<s <t} (2.7)
We define the M (FE)-valued process {Y; : t > 0} by

q(s,x)
Y, =X, + / / / / (t — s)N(ds,dx,du,dw), t >0, (2.8)
Wo

where the integration area refers to
{(s,z,u,w): 0<s<t,x € E,0<u<q(s,x),we Wy}
(We shall make the same convention in the sequel.)

Theorem 2.1 The process {Y; : t > 0} defined by (2.8) is an inhomogeneous diffusion
process relative to (Gy);>o with transition semigroup (Q},)i>,. Moreover, for each f €
D(A),

M(f) = Yilf) — Yolf) - / Y,(Af — bf)ds - / ma(s, ) f)ds, ¢>0,  (29)

is a martingale relative to the filtration (G;);>0 with quadratic variation process

<M(f)>t:/0tYS(cf2)ds, t>0. (2.10)

Proof. Let Ny(ds,dz,du,dw) denote the restriction of N(ds, dzx, du, dw) to
{(s,z,u,w):s>0,x € F,0<u<q(s,x),we W}

and let N;(ds, dw) be the image of Ny(ds,dz, du,dw) under the map (s, z,u, w) — (s, w).
Then Nj(ds,dw) is a Poisson random measure on [0, 00) x Wy with intensity dsQ~%(dw),
where

Q" (dw) = / o(s, 1)@ (dwym(dz), w € W,

Then the first assertion follows by an obvious modification of the arguments of [12, The-
orem 1.3] and [17, Theorem 3.6]; see also [10, Theorem 3.2]. The martingale charac-
terization (2.9) and (2.10) can be proved by a calculation of the generator of (Q7;)i>r-
O

The construction (2.8) gives clear interpretations for reference measure m and im-
migration rate ¢(-,-) in the phenomenon. Since (2.9) is linear in f € D(A), it defines
a martingale measure M (ds,dz) with quadratic variation measure c(z)Y;(dx)ds in the
sense of Walsh [18]. By a standard argument one gets the following

Theorem 2.2 For eacht > 0 and f € C(F) we have a.s.

Yi(f) = Yo(PPS) //Pfs M (ds, dx) + /m PP f)ds. (2.11)



3 Predictable immigration rate

In this section, we fix a o-finite reference measure m on E. Let ({2, A, P) be a standard
probability space and N(ds, dx,du,dw) and {X; : t > 0} be as in the last section. Let
G; be the o-algebra on {2 generated by the P-null sets in A and the random variables in
(2.7). Let P be the o-algebra on [0,00) x E x {2 generated by functions of the form

9(s, v, w) = no(x,w) ey (s) + Zm T, W)L ri00) (8), (3.1)

where 0 =19 <7y <71y <...and n;(-,-) is B(E) x G,,-measurable. We say a function on
[0,00) x E x {2 is predictable if it is P-measurable.

Theorem 3.1 Suppose that q(-,-,+) is a non-negative predictable function on [0, 00) X
E x  such that E{m(q(t,-))*} is locally bounded in t > 0. Then the M(E)-valued

process
t q(s,x)
Y, = X, +/ / / / w(t — s)N(ds,dx,du,dw), t>0, (3.2)
o JEJo Wo

has a continuous modification. Moreover, for this modification and each f € D(A),

M(f) = Yilf) — Yolf) - / Y,(Af — bf)ds - / ma(s, ) f)ds, ¢>0,  (33)

is a martingale relative to the filtration (G;);>0 with quadratic variation process

M) = [ Veryas, t=0 (3.4

Let M(ds,dzx) denote the stochastic integral with respect to the martingale measure
with quadratic variation measure ¢(x)Y;(dx)ds defined by (3.3) and (3.4). Then we have

Theorem 3.2 For eacht > 0 and f € C(FE) we have a.s.

Y, (f) = Yo(PPf) //Ptbs M (ds, dx) + /m VP! f)ds. (3.5)

The process {Y; : t > 0} constructed by (3.2) can be regarded as an (A,b,c)-
superprocess allowing immigration with immigration rate given by the predictable func-
tion ¢(-,-,-). To give the proof of the above theorems we need a set of lemmas.

Lemma 3.1 The results of Theorems 3.1 and 3.2 hold if ¢(-,-,-) is of the form (3.1).



Proof. Observe that n;(z) is a deterministic function on E under the regular condi-
tional probability P{-|G,.}. Since G,, and the restriction of N(ds, dzx,du, dw) to (r;, 00) X
E x [0,00) x Wy are independent, this restriction under P{-|G,.} is still a Poisson ran-
dom measure with intensity dsm(dz)du@Q®(dw). Note that {X; : ¢ > 0} is also an a.s.
continuous (A, b, ¢)-superprocess under P{:|Gy}. Then we conclude by Theorem 2.1 that
{Y; : 0 <t < ri} under P{-|Gy} is an a.s. continuous (A, b, ¢)-superprocess allowing
immigration with immigration rate 7(-). Let

1 no(z)
th>:Xt+/ // / w(t — $)N(ds, dz, du, dw), t>ry.
0 EJO Wo

By Theorem 2.1, {Yt(o) :t > r1} under P{-|Gp} is an a.s. continuous (A, b, ¢)-superprocess.
Of course, {Y;(O) .t > ry} is still an a.s. continuous (A, b, ¢)-superprocess under P{:|G,, }.
It is not difficult to see that

t m(x)
Y, = Y;(O) _|-/ / / / w(t — s)N(ds,dx,du,dw), 1 <t <.
r JE JO Wo

By Theorem 2.1 again, {Y; : r1 <t < ry} under P{-|G,, } is an a.s. continuous (A, b, ¢)-
superprocess allowing immigration with immigration rate 7, (-). Using the above argument
inductively we can see that {Y; : r;, < t < r;i1} under P{:|G,.} is an a.s. continuous
(A, b, c)-superprocess allowing immigration with immigration rate n;(-). By Theorem 2.1,
{Y; : t > 0} has a continuous modification. The martingale characterizations of Theorems
3.1 and 3.2 follow from those of the immigration process with deterministic immigration
rate. U

Lemma 3.2 Suppose that there is a non-negative deterministic function q,(-) € L'(E, m)
such that q(t,z,w) < q(z) for a.a. (t,z,w) € [0,00) x E x 2. Let {g,} be a sequence
of non-negative predictable functions of the form (3.1) such that g,(t,z,w) < ¢(x) and
gn(t,z,w) — q(t, z,w) for a.a. (t,z,w) € [0,00) x E x 2. Let {Y;(") :t > 0} be defined by
(3.2) in terms of g,(-,-,-). Then there is an M (FE)-valued process {Y; : t > 0} such that

limy, 00 E{HYt(n) —Yi||} = 0 uniformly on each finite interval of t > 0, where || - || denotes
the total variation metric.

Proof. Since the result of Theorem 3.2 holds for {Yt(n) :t > 0}, we have

E{Y" ()} = (P ) + /OtE{m(gn(& VP f)Yds, [ € C(E). (3.6)

Observe that for any k > n > 1, both g, V g, and g, A gx are predictable functions of the
form (3.1). Let

(n,k) t gn(5,2)Var(s,2)
" :Xt+/// / w(t — s)N(ds, dz, du, dw)
0 EJo Wo
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and

. n($,2)Agk (s,2)
z"h = X, —l—/ // / w(t — s)N(ds, dx, du, dw).
Wo

Since |V, — Y®|| < V"M (1) — 2" (1), we may apply (3.6) to {¥,"™ : ¢ > 0} and
{Ztn’q it > O} so that

E{Iy," -y} < /0 NI E{m(lgu(s, ) — gu(s,)]) ds.

By dominated convergence, the right hand side goes to zero uniformly on each finite
interval of t > 0 as n — 0o. Then there is an M (FE)-valued process {Y; : t > 0} such that

BN} = wPD)+ [ Blmlals. JPLOs, T € CE) 3.1)
and lim,, o E{||Yt(n) —Y;||} = 0 uniformly on each finite interval of ¢ > 0. O

Lemma 3.3 Suppose that the condition of Lemma 3.2 holds. Then the process {Y; : t >
0} obtained there is independent of the choice of {g,} in the sense that if {Z, : t > 0}
obtained from another sequence with the same properties, then Y; = Z, a.s. for eacht > 0.
Moreover, (3.2) holds a.s. for each t > 0.

Proof. Let {q,} be another sequence having the properties of {g,}. Then {g, V ¢,}
and {g,Agn} have the same properties. Let {Y, : t > 0} and {Y,” : ¢ > 0} be the processes
obtained respectively from {g, V ¢,} and {g, A g,}. Clearly, ¥} <Y; <Y/ a.s. for each
t > 0. But, E{Y/(1)} = E{Y/ (1)} = E{Y:(1)} by (3.7), so we have YV =Y/ = Y;
a.s. for each t > 0. Thus {Y; : ¢ > 0} is independent of the choice of {g,}. To show
(3.2), let Z; denote the value of its right hand side. We first assume in addition there is a
strictly positive deterministic functions ¢o(-) € L'(E,m) such that ¢.(x) < ¢(t,z,w) for
all (t,z,w) € [0,00)x Ex 2. For k > 1,let {Y;,:t > 0} and {Zy, : t > 0} be the process
obtained by Lemma 3.2 from the non-negative predictable functions ¢(t,z,w) + ga(x)/k
and ¢(t,z,w) — q2(x)/k, respectively. Since

q(t,z,w) — @) [k < q(t, 2, w) < q(t, z,w0) + g(2) /K,
we have Z; < Z;, Y; <Y}, as. for each ¢t > 0. But, by (3.7) it is easy to show that
E{Y;.,(1) = Z.,(1)} < 2tel®ltm(gy) /E,

so we must have Y; = Z; a.s. for each t > 0. In the general case, we may apply the above
reasoning to q(t,r,w) + g2(x)/k and {Yy, : t > 0} to get

t q(s,z)+q2(x)/k
Yie= X + / / / / w(t — s)N(ds, dzx, du, dw)
o JEJo Wo
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and

E(Yi,(f)} = u(FY) + / E{m(q(s,-) + qu/HP! . f)}ds.

Clearly, Y}, decreases to Z; as k — 0o0. As in the proof of Lemma 3.2, it is easy to show
that limy_o E{[|Ys: — Y;||} = O uniformly on each finite interval of ¢ > 0, so the desired
results hold. O

Lemma 3.4 Under the assumptions of Theorem 3.1, choose a strictly positive function
@ (1) € LY(E,m) and let qu(t,z,w) = q(t,z,w) A (nqy(z)). Let {Z™ : ¢ > 0} be defined
by (3.2) in terms of q,(-,-,-). Then we have lim,,_. E{HZt(") — Yi||} = 0 uniformly on
each finite interval of t > 0, where {Y; : t > 0} is defined by (3.2).

Proof. As in the proof of Lemma 3.2 one can show that there is an M (F)-valued
process {Z, : t > 0} such that lim, ..o E{||Z" — Z]|} = 0 uniformly on each finite
interval of t > 0. As in the proof of Lemma 3.3 we have Y; = Z; a.s. for each t > 0. [

Lemma 3.5 The results of Theorems 3.1 and 3.2 hold if E' is compact.

Proof. We first assume the condition of Lemma 3.2 holds. Let {Y;(n) :t > 0} be the
approximating sequence given by Lemma 3.2 and define {Mt(n) :t >0} by (3.3) in terms
of {¥,' : t >0} and gy(-,-,-). By (3.6) we have

/ot E{y™(1)}ds < / e [yu(1) + sm(qr)]ds.

Then for T'> 0 and € > 0, there is n > 0 such that

p{ / v (pl)ds > n/2} < 207 o] / l¥IS[yu(1) + sm(gy)]ds < <.

Moreover, from (3.4) we obtain

E{M(1)%) = / E{Y"()}ds < || / l¥I5[14(1) + sm(qy)]ds. (3.8)

In view of the martingale characterization (3.3) and (3.4) for {Yt(n) : t > 0}, choosing
n > 2u(1) + 2m(q1)T we have

P{ sup (1) >y

0<t<T

T
< e P{sup YW > g [V (bds < 02}
0

0<t<T
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< &t—l—P{ sup [u(l)—l—Mt(”)(l)+/Otm(gn(s,~))ds} > n/2}

0<t<T

< e+ P{ sup MM (1) > /2 - (1) - m(q)T}

0<t<T

< 4(/2 = (1) = mia)T) 2B {0 (1)?}
< (/2 — p(1) — m(g)T)2e] / M9 (1) + sm(qy)ds

by a martingale inequality; see e.g. [6, p.34]. Consequently,
lim sup P{ sup Y, (1) > 77} = 0.
n—=00 p>1 0<t<T

Thus {Y;(") : t > 0} viewed as processes in C([0,00), M(E)) satisfy the compact con-
tainment condition of [3, p.142]. (Note that C([0,00), M(E)) is a closed subspace of
D([0,00), M(FE)).) By Ito’s formula, for G € C?*(IR™) and {f1,- -, fm} C D(A),

GO (f), - Y (F)) — GOV Y (F)

=30 [ G YOG onlants 0+ VAL b

0

ij=1

is a continuous martingale. From (3.8) and the martingale characterizations of Lemma 3.1
we see that E{Y,"”(1)?} is dominated by a locally bounded positive function independent
of n > 1. By [3, pp.142-145] we conclude that {Yt(n) :t > 0} is a tight sequence in
C(]0,00), M(E)). Consequently, {Y; : t > 0} has a continuous modification and {Y;(") ;
t > 0} converges a.s. to this modification in the topology of C([0,00), M (FE)). Note also
that

/Otm(gn(s, N fi)ds — /Otm(q(& Nf)ds, >0,

in the topology of C'([0,00), IR). Then the martingale characterization (3.3) and (3.4) for
{Y; : t > 0} follows from Lemma 3.1 and [7, p.342]. If the condition of Lemma 3.2 does
not hold, we may consider the additional approximating sequence {Zt(") :t > 0} given
by Lemma 3.4. Then a modification of the above arguments shows that {Zt(") (1 >0} is
a tight sequence, so we also have (3.3) and (3.4). The equality (3.5) follows in the same
way as Theorem 2.2. ([l

Proof of Theorems 3.1 and 3.2. Note that (P;):;>¢ can be extended to a Feller transition
semigroup (F;);>0 on E, the one point compactification of E. Since m can be viewed as
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a o-finite measure on £ and since b(-) and ¢(-) have continuous extensions b(-) and ¢(-)
on E, we can also regard {X; : ¢t > 0} and {Y; : t > 0} as objects associated with (P;):>o.

Applying Lemma 3.5 in this way we see that {Y; : t > 0} has a M(£)-valued continuous
modification {Y; : ¢ > 0} which satisfies the corresponding martingale characterization
(3.3) and (3.4). Then the two theorems will follow from Lemma 3.5 once it is proved that

P{Y,({0}) =0forallt€[0,T]} =1, T > 0. (3.9)

Observe that for any f € C(E),

M) = VP~ NP - | m(Ph_ Fa(s, ))ds

_ /0 t /E Ph_F(x) N (ds, dx)

is a continuous martingale in ¢ € [0, T with quadratic variation process
— t — — —
(M) = [ ValelPh s,
0
where (PP);> is defined from (P;);>o and b. By a martingale inequality we have
2
P{ sup }

0<t<T

< 4 / B{Y.(e(Ph,])?)}ds.

V(P ,J) — Yo(PLJ) - / m(Ph_Fa(s,)ds

Choose a sequence {fy} C C(E) such that fi — 15y boundedly as k — oo. Since each
Y, is a.s. supported by FE, replacing f by fr in the above and letting k& — oo we obtain
(3.9). OJ

4 A stochastic equation with Poisson process

We fix a o-finite reference measure m on E. Let ({2, A, P) be a standard probability
space on which N(ds,dz, du,dw) and {X; : t > 0} are given as in section 2. Let G; be
the o-algebra on (2 generated by the P-null sets in A and the random variables in (2.7).
Suppose that ¢(-, ) is a Borel function on M (FE) x E such that there is a constant K such
that

m(q(v,-)) < K1+ |v|), ve M(E), (4.1)
and for each R > 0 there is a constant Kr > 0 such that
m(|g(v.-) —q(v,)]) < Kgllv — 7|l (4.2)
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for v and v € M(F) satisfying v(1) < R and (1) < R. We consider the stochastic
integral equation:

t q(Ys,x)
Y, =X, + / / / / w(t — s)N(ds,dx, du,dw), t>0. (4.3)
o JEJo Wo

By a (strong) solution of (4.3) we mean a continuous M (E)-valued process {Y; : ¢t > 0}
which is adapted to the filtration (G;);>o and satisfies (4.3) with probability one. A
solution of this equation can be regarded as an immigration (A, b, ¢)-superprocess with
interactive immigration rate given by ¢(-,-).

Lemma 4.1 Let R > 0 and let ¢,(-,-) and ¢s(+,-) be Borel functions on M(E) x E
satisfying q1(v,-) = ¢(v,+) = q(v,-) for v(1) < R. Suppose that {Yt(l) :t > 0} and
{Yt(Q) :t > 0} are solution of (4.3) with q(-,-) replaced by ¢ (-,-) and ¢a(-,-) respectively.
Let 7 =inf{t > 0: VY (1) > R or Y, (1) > R}. Then {Y;\") : t > 0} and {V;}2 : t > 0}
are indistinguishable.

Proof. Since each {Yt(i) : t > 0} is continuous, q(Yt(i), x)I <7y is predictable. Note also
that m(q(Y,", ) 1<-y) is bounded. Let

tAT q(YS(D@)Vq(Ys(Q)J)
Y = / / / / w(t — s)N(ds,dz, du, dw)
0 EJo Wo

AT q(vi @) ng(v? )
7 = / / / / w(t — s)N(ds,dz, du, dw).
0 EJo Wo

Applying Theorem 3.1 to the predictable function

and

(s,z,w) — q(YS(l), x)V q(YS(Q), ) s<ry

we see that
¢ ¢
My (1) =Y (1) +/ Y (b)ds — / m(q(YV, )V q(Y?, ) s<ryds
0 0

is a continuous martingale. By Doob’s stopping theorem,

B{Y;,.(1)} = / E{m(g(YV, )V gV, ) Iery }ds — / B{Y (0)I{ser) Hds.

Similarly, we have
t t
B{Z,. (1)} = / E{m(a(Y®,) A q(Y?, ) Iuery}ds — / B{Z:(0)Ijsery }ds.
0 0
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By (4.2) we obtain
E{Y;, (1) - Zi, (D)} = / E{m(la(V{",) — gV, )| [nery) s
/ B{Y; () - Z:(8) jcn) s

— Y| I1s<ry bds

A
Z

\
. =
T =

+o] / B{[Y: (1) — Z: (1)} {yer) s
< Ky / E{v) - v s

I [ B 0) - Zi, s
< (Kn+ bl / B{[Y;, (1) — 2, (1)]}ds.

Observe that ||Y;\) — V,%|| < Y (1) — Z/,.(1). Then Gronwall’s inequality yields
1 2 * *
E{||Yi) = Va2l < B{[Y;,(1) = Zi (1)} =0
for all £ > 0. Since {Y;S\IT) :t > 0} and {Yts\QT) :t > 0} are continuous, they are indistin-
guishable. 0

Lemma 4.2 There is at most one solution of (4.3).

Proof. Suppose {Y; : ¢t > 0} and {Y/ : t > 0} are two solutions of (4.3). Let
T, = inf{t > 0 : Yy (1) > n or Y/(1) > n}. By Lemma 4.1, {Yip,, : t > 0} and
{Y/\, :t > 0} are indistinguishable for each n > 1. Thus

=inf{t > 0:Y,(1) > n} =inf{t > 0:Y/(1) > n}.

By continuity of paths, 7,, T oo a.s. as n — oo and hence {Y; : t > 0} and {Y/ : ¢ > 0}
are indistinguishable, that is, (4.3) has at most one solution. 0J

Lemma 4.3 Suppose there is a constant L > 0 such that m(q(v,-)) < L for allv € M(E)

and (4.2) holds for all v and v € M(E) with Kg replaced by L. Then there is a solution
{Y; :t > 0} of (4.3). Moreover, for this solution and each f € D(A),

M) =Yl =Wl - | YLAS - bf)ds - / mq(Ye, ) f)ds, 30,

is a continuous martingale relative to the filtration (G );>o with quadratic variation process

()= [ Vileas, t=0.
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Proof. Since {X; : t > 0} is a.s. continuous, the function (s,z,w) — ¢(Xs(w),z) is
predictable. We define an approximating sequence {Y;(n) :t > 0} inductively by Yt(o) =X,

and
Y(n 1)
v =X, + / // / w(t — s)N(ds, dx, du, dw)

forn > 1. Let

t gV o)va(vi" Y )

—/ // / w(t — s)N(ds, dx, du, dw)

o JEJo Wo

and

Y(n 1)

2)Ag(v{" ) )
/ w(t — s)N(ds, dx, du, dw).
Wo

L

From Theorems 3.1 and 3.2 it follows that

B} = [ Bnllav v v, R D
and

BZ W) = [ Bty A gV )P )}
Then we use (4.2) and the fact |V, — Y, V| < v;"™ (1) — Z;™ (1) to see

E{|v" -v" Y} < / B {m((g(Y D, ) — g(Y D, P 1) ds
< 1 [ By s
0
and
BUYY 31} = [ Bln(a(X,, )P 1)) < T
0

for 0 <t < T. By a standard argument, one shows that there is an M (E)-valued process
{Y; : t > 0} such that lim,_, E{HYt(n) — Yi||} = 0 uniformly on each finite interval of

t > 0. Let
t Q(stx)
Y/ =X, +/ / / / w(t — s)N(ds, dx, du, dw).
0 E JO Wo
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By a calculation similar as the above we get
t
BV -1} < 27 [ By -, s
0

for 0 < ¢ <T. Then we also have lim,,_, E{||Yt(") —Y/||} = 0 uniformly on each finite
interval of ¢ > 0, so that a.s. Y/ =Y, and (4.3) is satisfied. By Theorem 3.1, {Y; : ¢t > 0}
has a continuous modification and we have the martingale characterization. 0

Lemma 4.4 For each n > 1 define a continuously differentiable function a,(-) on [0, c0)
such that

] itz<n-—1,
an(2) = n/z ifz>n+1,

and 0 > al(z) > —1/z for all z > 0. Then q,(v,z) = q(a,(v(1))v,z) satisfies the
conditions of Lemma 4.3.

Proof. Observe that the assumptions on a(-) imply that a,(z)z < n for every z > 0.
By (4.1) and the definition of ¢,(-,-) we have

m(g.(v,-)) < K(1+a,(v(1))r(1)) < K(1+n).

On the other hand, for v and v € M(E) let n = v+ and let g, and g, denote respectively
the densities of v and v with respect to n. Without loss of generality, we may assume
v(1) < ~(1). By the mean-value theorem we have that

v(D]an(v(1)) = an(v(D)] < v(D)]ay,(2)][v(1) = v (D] < flv =71,
where v(1) < z < ~(1). It follows that

Im(q(an(v(1))v, ) — qlan(v(1))7,-))]

I
~—
—
3

[m(qn(v;+) = qn(v,°))]

< Kallan(v(1)v = an(y(1))7]l
< Kan(lan(v(1)) gy — an((1))g41)
< Kaflan(v(1)) — an(y(1)In(gr) + an(v(1))n(lg, — 941)]
< Kaflan(v(1)) = an(y(1)[(1) + [[v = 7]
< 2Ky =1l
That is, g, (-, -) satisfies the conditions of Lemma 4.3. O

The following theorem generalizes the result of [17, Corollary 5.5]:

Theorem 4.1 Under the conditions (4.1) and (4.2), there is a unique solution {Y; : t > 0}
of (4.3). Moreover, {Y; : t > 0} is a measure-valued diffusion and for each f € D(A),

M(f) = Yi(f) — Yo(f) —/0 Ys(Af—bf)dS—/o m(q(Ys,-)f)ds, >0,  (4.4)
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is a continuous martingale relative to the filtration (G;);>o with quadratic variation process

(M(f)), :/0 Yi(cf?)ds, t>0. (4.5)

Proof. The uniqueness of (4.3) holds by Lemma 4.2. For the proof of existence, we
first construct an approximating sequence. For each integer n > 1 let g, (-, ) be defined

as in Lemma 4.4. By Lemma 4.3 there is an unique continuous solution {Y;(n) :t >0}
of (4.3) with ¢(-,-) replaced by ¢,(-,-). Then, by Lemma 4.1, for & > n, we have a.s.
)Q(AnT)n = }QS@)” for each ¢ > 0, where

T =inf{t > 0:Y,"(1) > n} =inf{t > 0: ;1) > n}.

Since {Y;s@n :t >0} and {Yt(AkT)n : t > 0} have continuous paths, they are indistinguishable.
Using Theorem 3.2, condition (4.1) and noticing that qn(Y;(n),-) = q(Y;(n),-) for s €
[0,t A 7,] we get

B, 1)}y < ellty) + / te“b”“*s)E{m(q(Y;(;?n,->>}ds
< elM(u(1) + Kt) + KelPlt / t E{YS" (1)}ds.

By Gronwall’s inequality there is a locally bounded function C'(-) on [0, c0) independent
of n > 1 such that

E{Y.. (1)} < C(0). (4.6)
By the definition of 7,, we have nP{0 < 7,, < t} < C(t), and so
P{r, <t} =P(1r, =0)+ P(0 < 7, < t) < L0y (u(1)) + n7'C(1),

which goes to zero as n — oo. But {7,} is an increasing sequence, so we conclude that
a.s. 7, 1 oo as n — oo. Thus there is a continuous process {Y; : t > 0} such that a.s.
Y™ =Y, for all t € [0,7,]. Clearly, {V; : ¢ > 0} satisfies (4.3) with probability one. By
(4.6) and Fatou’s lemma, E{Y;(1)} < C(t). The martingale characterization (4.4) and

(4.5) follows by Lemma 4.3. The strong Markov property can be proved as [17, Theorem
4.4]. O

Suppose that ¢ > 0 is a constant, 3(-) is a bounded Lipschitz function on [0, 00) and
v(+) is a non-negative locally Lipschitz function on [0, 00) satisfying the linear growth
condition. The stochastic differential equation

dy(t) = v/ ey(H)dB(t) + 6(y(t))y(t)dt + y(y(t))dt, =0, (4.7)

defines diffusion process {y(t) : t > 0}, which may be called a continuous state branching
diffusion with interactive growth and immigration. Setting

b= —inf((z) and ¢(z) = B(2)z + bz +v(2), z>0,
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we can rewrite (4.7) as

= /cy(t)dB(t) — by(t)dt + q(y(t))dt, t>0. (4.8)

The last equation may be regarded as the special case of the martingale problem (4.4)
and (4.5) with E = {a} being a singleton. Thus equation (4.3) gives a decomposition of
the paths of {y(t) : t > 0} into excursions of the diffusion process {z(t) : t > 0} defined
by

= /ex(t)dB(t) — ba(t)dt, t>0. (4.9)

This generalizes a result of [15], who considered the case where (3(-) and ~(+) are constants
and hence the right hand side of (4.3) is independent of {y(t) : £ > 0}. See also [9].
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