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Abstract

Let {X(t) : t > 0} be a one-dimensional generalized diffusion process with
initial state X (0) > 0, hitting time 7x(0) at the origin and speed measure m which
is regularly varying at infinity with exponent 1/ac — 1 > 0. It is proved that, for a
suitable function u(c), the probability law of {u(c)™'X(ct) : 0 < t < 1} converges
as ¢ — oo to the conditioned 2(1 — «)-dimensional Bessel excursion on natural scale
and that the latter is equivalent to the 2(1 — a))-dimensional Bessel meander up to
a scale transformation. In particular, the distribution of u(c)~'X(¢) converges to
the Weibull distribution. From the conditional limit theorem we also derive a limit
theorem for some of regenerative process associated with {X(¢) : t > 0}.
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1 Introduction

A number of limit theorems of generalized diffusion processes and their functionals have
been obtained in the literature; see e.g. Kasahara (1975), Minami et al. (1985), Ogura
(1989), Stone (1963), Watanabe (1995) and Yamazato (1990) among others. Let {X(¢) :
t > 0} be a non-negative generalized diffusion process with speed measure m(dz) which
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is regularly varying at infinity with exponent 1/a — 1 > 0. Stone (1963) proved that,
for a suitable scale function wu(c), the distribution of {u(c)™'X(ct) : t > 0} converges
in distribution as ¢ — 0o to a 2(1 — «)-dimensional Bessel diffusion process on natural
scale, and Kasahara (1975) showed that essentially only Bessel processes can arise in this
kind of limits. See Lamperti (1962, 1972) for discussions of scale limits leading to more
general classes of processes. On the other hand, a number of conditional limit theorems for
Brownian motion and random walks have been proved which lead to Brownian meander
and Brownian excursion processes; see e.g. Belkin (1972), Bolthausen (1976), Durrett et
al. (1977), Iglehart (1974), and Shimura (1983). Similar conditional limit theorems for
branching processes have also been studied; see e.g. Athreya and Ney (1972), Lamperti
and Ney (1968), Li (2000) and the references therein.

In this paper, we prove a conditional limit theorem of the generalized diffusion process
{X(t) : t > 0}. Suppose that X(0) > 0 and let 7x(0) = inf{t > 0 : X(¢) = 0}. We
prove that the distribution of {u(c) ' X(ct) : 0 < ¢t < 1} under P{:|7,(0) > ct} converges
in distribution as ¢ — oo and we characterize the limit in terms of Bessel excursion and
Bessel meander. In particular, the conditional distribution of u(c)™' X (c) converges to the
Weibull distribution. From the conditional limit theorem we also derive a limit theorem
for some of regenerative processes associated with {X(¢) : ¢ > 0}. Bessel meanders and
their generalizations have been studied by Yor (1992a,b, 1997).

2 Preliminaries

Let M be the totality of left continuous, non-decreasing functions m : [0,00) — [0, 00]
with m(0) = 0. For any m € M, set l,,, = sup{z > 0 : m(z) < co}. We shall identify
m € M with the measure m on [0,00) determined by m([0,z)) = m(x). Note that
m({ln}) = oo is possible. We sometimes think m € M as a measure on (—oo, 00). Given
m € M, let E,, denote its closed support and let m~! € M denote its inverse function,
that is, m~1(0) = 0 and m~!(z) = sup{y > 0: m(y) < z} for z > 0. Let M, be the set of
elements m € M such that 0 € E,,. For any given one-dimensional process {X (¢) : ¢t > 0}
and a point z in its state space we define the hitting time 7x(z) = inf{t > 0: X(t) = z}.

Let m € M and let {B(t) : t > 0} be a one-dimensional Brownian motion with initial
state B(0) = 0 and generator d?/dx?. Let [(t,z) denote the local time of B(t). Of course,
B(t) and I(t,z) are defined on some probability space (£2,F, P). Let

S(x,t) = /Oo l(t,y —x)m(dy), t>0,z€ R, (2.1)
and
SN, t) =sup{r: S(z,r) <t}, t>0,x€ R (2.2)

For any = > 0 we define

X(z,t) =2+ B(S Y(x,t), t>0. (2.3)
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Then {X(z,t) : t > 0, P} is a cadldg strong Markov process in E,,, whose life time is the
hitting time at [,,. This process is the so-called generalized diffusion process with speed
measure m(dz); see e.g. Kasahara (1975) and Stone (1963). The process has formal
generator d*/dm(z)dz. Tts transition function can be characterized in terms of Krein’s
correspondence as follows. Consider the integral equations

S, N) =1+ A /0 " dy /[O}y) (2, ym(dz) (2.4)
and

Bz A) = 2+ A /0 dy /M b(z, \ym(dz). (2.5)

For each A > 0, the equations have unique solutions ¢(z, A) and ¥ (z, A). Furthermore,
for each « > 0, both ¢(z, \) and ¢ (x, A) can be extended to a entire function of A\. The
characteristic function h(\) of m(x) is defined as

© dx . Y(x, )
) = [ =1 2.6
V= G0 T ) 20
(under the conventions = = 0 and § = o0). The function ()) has representation
o(ds)
h(\) = / CA>0, 2.7
(W) =a+ [0,00) A+ S (2.7)

where a = inf{z > 0: m(xz) > 0} and o(ds) is a Radon measure on [0, c0) satisfying

[
[0,00)

The correspondence between m and (a, o) is one-to-one and known as Krein’s correspon-
dence. Let p(t,z,y) denote the density with respect to m(dy) of the transition function
of X(z). Then we have

p(t,z,y) = /[0 )e_%(% Aoy, =A)a(dA), >0,y >0. (2.8)
We refer the reader to Ito and McKean (1965), Kac and Krein (1974), Kasahara (1975),
Kotani and Watanabe (1982) and Yamazato (1990) for more detailed explanations of
those results.

For m € My and for X (z,t) defined by (2.3), let X°(z,t) := X (z,t A Tx(2)(0)). Then
{X%z,t) : t > 0, P} is the absorbing barrier generalized diffusion process. It is known
that m~! € My has characteristic function 1/Ah()), which may be represented as

I N 1 a(ds)
PYICY AR VIR Py wrips

A >0, (2.9)
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where 0°(ds) is a Radon measure on (0, 00) satisfying

/ o?(ds)
< 00
(0.00) (14 5)

see Minami et al. (1985; Lemma 3). The transition density of the absorbing barrier
process X(x,t) is given by

po(ta xay) = /(O )e_M’g/}(J," _A)¢(ya _A)UO(dA)a T > O7y > 0) (210)

see Minami et al. (1985; (3.17)). Now we have the following

Lemma 2.1 Forz € E,,, we have 7x(;)(0) = S(z, 75(—x)) and 7p(—x) = S~ (2, Tx(x)(0))
(a.s.).

Proof. For t > 7p(—x) we have [(t,—x) > l(tg(—x),—z). Since 0 € E,,, by (2.1)
and the continuity of (-, ) we get S(x,t) > o := S(z,75(—x)). That is, 75(—2z) is an
increasing point of S(z,-). Therefore, S~!(z,0) = 7p(—x). This implies that X (z,0) =
B(S7Yx,0)) + x = 0, and hence 7x(;1(0) < 0. On the other hand, since S(z,-) is
continuous, S™!(z,-) is strictly increasing. Then for any ¢t < o, we have S7'(z,t) <
S (x,0) = 7p(—x). From this it follows that X (x,¢) = B(S™!(z,t)) + = > 0, yielding
Tx(2)(0) > 0. The second equality is immediate. O

In the sequel, we consider a sequence m,, € Mg forn =0,1,---. Let X,,(z) and X?(x)
denote the corresponding generalized diffusion processes, and let p, (¢, z,y) and p2 (¢, x,y)
denote their transition densities. We also write 1), 02 and so on for the corresponding
quantities associated with m,. An earlier version of the following result was proved by
Stone (1963). We here present it in a form which is more convenient for our application
in the sequel.

Theorem 2.1 Suppose that E,,, = [0,00). If E,,, > x, — xo and my(x) — mgy(x) for
all continuity points x > 0 of mg, then X, (z,,t) — Xo(zo,t) and X°(z,,t) — X (zo,1)
uniformly in t € [0,a] for each a > 0 (a.s.).

Proof. Let S, (z,t) be define by (2.1) with m replaced by m,. Under the assumption,
So(z0,t) is strictly increasing in ¢ > 0, so Sy *(x,t) is continuous in ¢+ > 0. By (2.1)
we have S, (z,,t) — So(zo,t), and hence S;*(z,,t) — Sy '(xo,t) for all t > 0. Since
the functions are non-decreasing and the limits Sy(x,t) and Sy *(x,t) are continuous in
t > 0, the convergences are uniform in t € [0,a| for every a > 0. Then the assertions
follow from the relations X,,(z,,t) = B(S, '(z,,t)) + z, and

X2z, t) = B(S; Hap, t A TXn(zn)(0))) + Tp = B(S M (xn,t) ATa(—1,))) + 24,

where we have used Lemma 2.1 for the last equality. O



Theorem 2.2 Suppose that E,,, = [0,00) and m,(x) — mq(x) for all continuity points
x > 0 of mg. Then for any t > 0 and a > 0 we have

. 1
lim sup —[p(t 7, y) — p(t, 2, 9)| = 0. (2.11)

=0 o<, y<a TY

Proof. By (2.5), for any A € IR and x5 > 1 > 0 we have

P(z2,A) w(xla)\)'

T2 x

IN

<

<

AL [
p O 7Y IR CRVATED
=) [y [ bz Nm(d2)
0 [0,y)
AL, [
p L0 Y NG CRVTCD)

taa =) [Mdy [ e N m(a:)]
2])\\(1'2—31;1)/ LGV

[0,22) z

2 |\ (2 — x1)m(z2) cosh {\/2 I\l azgm(wg)} ,

where we have used the inequality

b, \)| < 2 cosh {w/z i xm(x)} . x>0, AeR; (2.12)

see Ogura (1989; (5.4)). Using these and (2.10) we get

VAN

p%(t7 X2, y) . p(rjz(t7 L1, y) ’
T2y 1y

e Mol (dN)

Jion

X2

< 2|A (23 — x1)ma(22)

Ynlz2,)) wn(wl,MHwn(y,A)‘
1 )

. /( | cosh { 2| xgmn(xg)} cosh { 2 )| ymn(y)} e Mal(dN).
0,00

By Ogura (1989; Lemma 5.3) and the symmetry of pY (¢, -, -), for every ¢ > 0 and a > 0 the
sequence {(zy)~'pY (¢, z,y)} is equi-continuous and uniformly bounded in (z,y) € (0, a] x
(0,a]. Thus there is a subsequence {n} C {n} such that (zy)~'p) (t,z,y) converges to
some function ¢(t,z,y). Since p2 (¢, z,y) — pd(t,z,y) by Ogura (1989; Theorem 2.1), we
must have ¢(t, z,y) = (zy) 'pY(t, z, y), yielding the desired result. O

3 Conditional limit theorem

Given an interval I C IR, let D(I) denote the set of cadlag paths from I to IR. We
topologize D(I) by the convention that w, — wy in D([I) if and only if w,(t) — wo(t)

5



uniformly in ¢ € [a,b] for each bounded closed interval [a,b] C I. Let C(I) denote the
subspace of D(I) comprising of continuous paths. Fix a function m € M that is regularly
varying at infinity and assume that

m(x) ~ 2V K (z), = — oo, (3.1)

for a constant 0 < a < 1 and a slowly varying function K(x). Let u(-) denote the
inverse function z'/*K(x). It is easy to check that u(z) ~ 2 L(x) for some slowly varying
function L(z). If we define X (z,t) by (2.3), then {X.(¢) = u(c)'X(z,ct) : t > 0, P}
is a generalized diffusion process with initial state u(c)™'z and speed measure m.(z) :=
clu(c)m(u(c)z). Observe that

lim m.(z) = JLIEO[UI/QK(U)]_lul/axl/a_lK(ua:) = gl/el x>0 (3.2)
The generalized diffusion process X, with speed measure mq(dz) := (1/a — 1)x'/*2dx is
called a 2(1 — «)-dimensional Bessel diffusion process on natural scale. Indeed, Xy has

2 ~1,2-1/a g2 /1.2 1/2a .

generator d?/dmodr = ol — o) to?~Y2d?/dx? so that \/2a(1 — a)Xy'™ is a standard
2(1 — «)-dimensional Bessel diffusion. We shall also need to consider the generalized
diffusion processes with absorbing boundary condition at the origin. For any ¢ > 0,
let P.(t) denote semigroup of X, and let P°(¢) denote semigroup of the corresponding
absorbing barrier processes.

Lemma 3.1 The transition function PY(t,z,dy) has density

th@ exP{ _a(l =)@ 4yt }IQ(QO‘(l - OzZ(wy)”Qa)) (3.3)

t

ot z,y) =

with respect to mo(dy), where

Sy
lal2) =2, nl(a+n+1)

n=0

(3.4)

Proof. Tt is not hard to check that Y;(t) := 2a(1—a)X(t)"/* is the squared Bessel process
generated by 2xd?/dz* + 2(1 — «a)d/dz with absorbing boundary condition at zero. By
Borodin and Salminen (1996; p.117), Yy(¢) has transition function

1 T+y Ty [ 2\ */?
Stn) = S oo L~ TEVL (VY (D Py gy
QO( » L, y) 2texp Qt n y Y, y Ly Y

Then (3.3) follows by a simple transformation. O

Let us describe a o-finite Markovian measure associated with Pg(¢) which plays an
important role in the study of our conditional limit theorems. For ¢ > 0 and y > 0, let
ke(dy) = Ki(y)mo(dy), where

a* (1 —a)y a(l—a) i/
(1 + a)tet! eXp{ ot v’ } (3:5)

Ki(y) =
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It is simple to check that

) = lim ey (t, @, y), t>0,y >0, (3.6)

and (k;)¢=o form an entrance law for PY(t), that is ke = kP (t) for all s > 0 and ¢ > 0.
By the general theory of Markov processes, there is a o-finite measure @ on C'(0, c0) such
that

Q{w(ty) € dry,w(ty) € dxg, -+, w(t,) € day, t, < 7,(0)}
== /itl (dxl)P(?<t2 - tla €, dx?) tet P(())(tn - tn*h Tn—1, dxn)

for 0 <t <ty <---and xy,x9, -+ > 0. Indeed, for Q-almost all paths w € C(0,00) we
have w(0") = 0, 7,(0) < oo and w(t) = w(t A7, (0)). In the theory of diffusion processes,
Q is known as the excursion law of the a-Bessel diffusion; see e.g. Biane and Yor (1987)
and Pitman and Yor (1992, 1998) for some properties of the excursion law.

Lemma 3.2 Suppose x > 0 and let . = u(c)"'z. Then for each t > 0, we have
2 ' PO(t, z., ) — ry(+) weakly as ¢ — oo.

Proof. Let p°(t,z,y) denote the density of P°(t,x,dy) with respect to m.(dy). For
b > a > 0 we may appeal Theorem 2.2 and (3.6) to see that

b b
lim z ' P2(t, ., [a,b]) = lim [ x.'p2(t, 2., y)me(dy) = / ke(y)mo(dy) = K¢([a, b]).

CcC—00 Cc— 00 a a

By Yamazato (1990; Theorem 4), we have

ol-a)fr _[a(l—a)z,
I'(1+4 a)(ct)*L(ct) I'(l+a)te

P2(t, z,(0,00)) ~
Then x ' PO(t, z.,") — K4(+) weakly as ¢ — oco. O

Lemma 3.3 Suppose {f.: ¢ > 0} is a bounded family of Borel functions on [0, 00) such
that f.(x.) — fo(x) whenever ¢ — oo and x. — z. If {p. : ¢ > 0} is a family of Borel
probabilities on [0, 00) such that p. — py weakly as ¢ — oo, then

lim [ fpldn) = [ ola)plda). (3:5)
Proof. By Skorokhod’s result, we can construct a family of random variables {. : ¢ > 0}
such that £, has distribution p. and £, — &y as ¢ — oo (a.s.). Then the assumption implies
that f.(¢.) — fo(&o) as ¢ — oo (a.s.), and (3.8) follows by bounded convergence theorem.
O

Theorem 3.1 For each x > 0, the distribution on D(0,1] of {u(c) ' X (z,ct) : 0 <t < 1}
under P{-|Tx ) (0) > c} converges as ¢ — oo to Qy := Q{:|7,(0) > 1}.
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Proof. Let P¢ denote the distribution on D[0,00) of the generalized diffusion process
with initial state x > 0 and speed measure m.(dy). Suppose that 0 <r < 1 and F(-) is a
continuous function on DIr,1]. By (3.7) and the Markov property,

lim E{F(((Xe(t))r<i<i)|Tx(@ (0) > ¢}

CcC— 00

= lim P{ryn)(0) > o} B{F((Xo(t))<21)i T (0) > )

= im—F(l—i—a)u(c) - O(r,u(c) 'z y w(t—r 0T, —r
= Jim e | P @) e d) PR (= )iz ) () > 1)

_ fil(()loo) /0 " ki (dy) PUF(w(t = 1))pcrer); 7(0) > 1 — 1}
- MQ{F(((w(t))r§t§1);Tw(O) > 1},

where we also used Theorem 2.1 and Lemmas 3.2 and 3.3 for the third equality. O

Corollary 3.1 For each x > 0, the distribution of u(c) "' X (x, ¢) under P{:|7x(1(0) > ¢}
converges as ¢ — oo to the Weibull distribution

k1(0,00) ki (dy) = (1 — )y Lexp {—a(l - a)yl/a} dy, y>0. (3.9)

From Corollary 3.1 and the results of Mitov and Yanev (2001) and Mitov et al. (1996)
we can deduce a limit theorem for some kind of regenerative processes associated with
generalized diffusions. Let G be a probability measure on (0, 00) such that

g:= /(0700) yG(dy) < oo. (3.10)

Let {X;(t) :t >0}, i=1,2,---, be a sequence of i.i.d. generalized diffusions with initial
distribution G and speed measure m(dy), and let &;, i = 1,2,---, be a sequence of i.i.d.
non-negative random variables with E¢; < oo. Assume that the two families are defined
on the same probability space and are independent of each other. Let o¢p = 0 and let

n
Un:Z(Ti—i_gi)a n:1727”'7

i=1

where 7; = 7x,(0). Then 0, — oo as n — oo (a.s.). The regenerative process {Y (t) : t >
0} is defined by

V()= Xo((t —0n-1) ATh),  0n1 <t <0y (3.11)
Corollary 3.2 For each x > 0,

Jlim P{u(t) 'Y (t) <2}

= 7 'sin(ma) /01 y (1 — )t (1 — exp {—oz(l — oz)xl/ay_l} )dy.



Proof. With Corollary 3.1 in hand, the only thing we need to do is to check the tail of
the hitting time 7x(,)(0) is of the right order and to appeal the general results of Mitov
and Yanev (2001) and Mitov et al. (1996). Observe that u(z,\) := Eexp{—A7x()(0)}
satisfies

d d*

dm(x) dq}u(x7 ) U(LU, ); U(O, ) , 3;_07 >O7 (3 )

where dt/dx denotes the right derivative. But, it is well-known that
u(z,\) = ¢(x, \) — h(N) 1p(x, N), = >0,A>0; (3.13)

see e.g. Ito and McKean (1965; p.129). By (2.4), (2.5) and (3.13) we get
dr _
%u(o, A) = Am(0T) —h(N)t A>0.
Combining this with (3.12) we get
w(@, ) =1 —h(\) 'z + /\/Ox dy [ uzNmldz), =00 >0.

0,9)

Then it is easy to see that 0 < h(A)[1 —u(z, )] < z, and A(N)[1 —u(z,\)] — x as A — 0.
Now the dominated convergence theorem yields

h(A)[1 — Eexp{—A7r;}| = /(0,00) h(AN)[1 —u(z,N)|G(dx) — g, X — 0.

Using Kasahara (1975; Theorem 2) we get

g le(—a)]*I'(1 —a)gh®

N~ Taxarany o 7Y

1 — Eexp{—\r;} ~ :

By Tauberian theorem,

[a(1 = a)]%g
I'(14 a)e~L(c)’

P{r;, >c} ~ c — 00
see e.g. Feller (1971; p.447). Then the result follows immediately from Corollary 3.1 and
Mitov and Yanev (2001, Theorem 2.1) or Mitov et al. (1996; Theorem 1). O

Note that the three limit distributions obtained above are universal, in the sense that
they only depend on the constant 0 < a < 1 rather than the explicit form of the speed
measure. In particular, the Weibull distribution came from the conditional excursion
law of the Bessel diffusion. These are rather similar to the results for critical branching
processes; see e.g. Athreya and Ney (1972), Lamperti and Ney (1968) and Li (2000).
It would be interesting if one could establish conditional limit theorems for generalized
diffusions under the assumption (3.1) with o = 1, which would correspond to the theorems
for sub-critical branching processes and lead to limit laws depending on the speed measure
explicitly; see e.g. Li (2000; Theorems 4.1 and 4.3).
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4 Conditioned Bessel excursion and Bessel meander

In this section, we give a characterization for the limit law @, in Theorem 3.1 in terms
of stochastic differential equation. From this characterization we get that @, is in fact
the law of the 2(1 — a)-dimensional Bessel meander on natural scale. Let us define a
conservative inhomogeneous transition semigroup (Qs+)o<s<t<1 on the state space (0, c0)
by

Qs dy) = (1 — s)L(z) " (1 = ) L{y) Py (t — s, @, dy). (4.1)

In view of (3.6) and (4.1), we can extend (Qs+)o<s<t<1 to a transition semigroup on [0, c0)
by continuity. It is easy to check that @, coincides with the distribution on C(0, 1]
of a Markov process with semigroup (Qs+)o<s<t<1 and initial state zero. The following
result is already known; see Yor (1992a, sect.2) for a detailed discussion of the result
and its variations. We here include a short proof of the result based on Lemma 3.1 for
completeness.

Lemma 4.1 Fort > 0 and x > 0, we have P(t)1(x) = I'(a) ' F (¢, z), where

1 20(1—a) /e
F(t,x) = o) / u e W2 dy. (4.2)
*Jo

Proof. By Lemma 3.1 we have

R = Y reo| -

a(l _ a) xl/a} Z [a(l _ a)xl/Qa]2n+a
t nll(n+ o+ 1)tnte

*© a— a(l —«a o

/0 y )/ 1exp{_ ( t )yl/ }dy

_ (1-aqa) \/Eexp{ _a(l— O‘)xua} i (1 — @)z /2eprte plagntt

t t n!l(n+ o+ 1)2vte ol — a)t!
o) n+o .n/o+1
| ) foll e
t = I'(n+a+1)tnte
1 a(l—a)zl//t 1
= — 2% e dz,
I'(«) /0

where we have used the equality

n+oz 1

)
e Y a—1 —zq
Z n+a+1) F(a)/oz ¢

which can be checked by differentiating both sides in y > 0. O
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Theorem 4.1 Let {B(t) : 0 <t < 1} be a standard Brownian motion (with generator
271d? /dx?) and let {Z(t) : 0 <t < 1} be the solution to

(204)1/22(15)1_1/20‘
(1— )2

1-1/a all — o 1/a
22(1) exp { - 20=Z0)

dz(t) = (1= o) H(t, Z(0) I—t

dB(t) + }dt (4.3)

with Z(0) = 0, where

1

HE2) = ol = a)lea

2a(1—a)zt/e
/ u e 200 qy, 0 <t <1,2>0. (4.4)
0

Then the distribution of {Z(t) : 0 <t < 1} on C([0,1)) coincides with Q,.

Proof. Fix r > 0 and x > 0 and let X2(x,t) = X(z,(t — r) A Tx(x)(0)) for t > r,
where {X (z,t) : t > 0, P} is the generalized diffusion process defined by (2.3) with speed
measure mg(dy) := (1/a — 1)y"/*2dy. Let

p(t) = F(1,z) ' F(1 —t, X(x,t)), r<t<l, (4.5)

and let Q, ,(dw) = p(1,w)P(dw). Then {X?(z,t) : r < t < 1} under the probability
measure @, , is a Markov process with semigroup (Qs)r<s<i<1. Recall Lemma 2.1 and
observe that

oo 11—«

S(a,t) = [ Uty — a)mo(dy) =

0 «

/Ot(B(s) + z)Yo2ds

for t < 7p(—x) and

« (0%

t
S~ Ha,t) = / X (z,u)> " Ydu
0

11—« 11—«

¢
[ (B @w) + 2y =
0
for t < 7x(4(0). Using Lemma 2.1 again one sees that
X0, t) =2+ BS™ (&, (t = 1) A (0))) = @+ B(S™(z (¢ — 1)) A 7).

Therefore {X%(z,t) : r < t < 1} is a continuous martingale with quadratic variation
process

2 (t=T)ATX () (0) 9 tAT 04 (0)
(X)) == [ X eds = = [T X ) eds,
0 T

11—« -«
By 1to’s formula
dp(t) = F(1,2) ' F.(1 —t, X0(x,1))dX2(x,t), r<t<l, (4.6)

where

Fl(1—tz)= 1[04(1_06)rexp{ — a(l_a)xl/“}, r<t<l.



It follows that

p(t) " dlp, XP(@)(t) = F(1—t, X (2,1) F(1—t, X2 (2, 1)) d(X](2))(¢)

. 1 (l/(l — Oé) @ 0 2-1/a 0 -1
- 1—Oé|: 1—+¢ ] Xr(xat) F(]- tuXr(I7t))
a(l —a) o
’eXP{'— ¢ X ()Y }1ﬁ<5¢w%®}dt
By the relation
1 _ «
F(1—t,z)= M(l ?)E THt, ), (4.7)

we have

p(t) Nl X)(0) = X, t)' O H (1, XD, 1))

a(l
. exp{ — (1_t)X0(x t)l/oc}l{KTXO( ,(0) }dt

Then we may appeal Girsanov’s formula to see that

dX%(z,t) = dM(t) + fXO(x Ve g (t X0 (2, 1))
afl
.exp{ — (1_t)X0<x t)l/a}l{KTXO( )(0)}dt

where {M(t) : 7 <t < 1} under @, , is a continuous martingale with quadratic variation
process

2 tAT0 © (0)
a / e Xo(x,s)Q_l/o‘ds;
1—aoJr

T

(M)(t) =

see e.g. Chung and Williams (1990; Theorem 9.8). But, Q,  {7xow > 1} = 1, so
{X2(x,t) : r <t <1} under Q,, satisfies equation (4.3) on the time interval [r, 1). Now
the desired result is immediate since Q{w(r) >0} =1foreach 0 <r <1. O

Recall that the 2(1 — «)-dimensional Bessel meander {M,(t) : 0 < ¢t < 1} is defined
by

Ma(t) = ?R—a(ga + t(l - ga))7 0<t< 1a (48)
— Yo
where {R_,(t) : t > 0} is the 2(1 — «)-dimensional Bessel process starting at zero and
Ja —sup{0<t 1 R_.(t) = 0}; see Yor (1992b, p.42). Let {X,(t) : 0 <t < 1} be the
squared 2(1 + «)-dimensional Bessel process starting at zero, which is governed by the
equation
X(t) =2/ X(t)dB(t) + 2(1 + a)dt, X(0) =0, (4.9)
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where {B(t) : 0 <t < 1} is a standard Brownian motion.
It is known that the processes {M,(t) : 0 <t < 1} and {X,(¢) : 0 <t < 1} are related
in the following way: For any bounded measurable function ' on C([0, 1)),

E{F(M2(t): 0 <t < 1)} = c(a) B{F(Xa(t) : 0 < t < 1)X. (1)}, (4.10)

where ¢(a) > 0 is a constant; see Yor (1992b, p.42).
Using those and Theorem 4.1 we now prove the following

Theorem 4.2 Let {Z(t) : 0 <t < 1} be defined by (4.3). Then the probability law of
20(1 —a)Z(t)V/2*: 0 <t < 1} coincides with the 2(1— «a)-dimensional Bessel meander
{M,(t): 0 <t <1}

Proof. Let Y (t) = 2a(1 — a)Z(t)"/*. By Ito’s formula, we have

dY (t) =2\Y(t)dB(t) + 2(1 — a)dt + 4Y§;>(Zég£:)/)(t>)dt, (4.11)
where
V(t,x) = /Oz u* e 20 qy, 0<t<1,2>0. (4.12)
Let

N(#) = exp{/otb(s,X(s))dB(s) - ;/Ot s, X(s)Pds),  0<t<1,

where

/
Va(t,z) a} 0<t<l,z>0.
V(t,z) =

bt ) = 2\/5[
By Girsanov’s formula,
E{FY({#):0<t<1)}=E{F(X(#):0<t<1)N(1)}. (4.13)
Setting
U(t,z) =logV(t,z) — alogx, 0<t<l,2>0,

one may check that

VI « x V] o'
U == =2 U — Tz
S 1tV 1=t
and
() B 2 ()
AN vV o2z \V T 201 —t))V = a?



Then we have
@

U + 21+ a)U. + 22U+ T

xz V! VI o«
- = s 1 Yo @
1—tV+2( +a>(V x)

ol ()4 (e
1% x 20—¢t)) V. 22

B 2(1+oz)Vgc’_2a(1+oz)+2x{_<Vz’)2+o¢—1‘/;’+a
N Vv x V x V oox?
o _(V;’)2+M¥_a2
N V A VAR

1
= —§b(t,$)2

By 1to’s formula,
Ut X (1)) — U0, z) = /Ot b(s, X(5))dB(s) — ;/Otb(s,X(s))zds +alog(l — 1),
Then we have
N(1) = liir%exp{U(t,X(t)) —U(0,2) — alog(l —t)} = c(a) X (1),

and the desired result follows from (4.10) and (4.13). O

By the above result, our Theorem 3.1 can be regarded as an extension of the first con-
ditional limit theorem of Durrett et al. (1977), where convergence to Brownian meander
was considered.
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