THE BATALIN-VILKOVISKY STRUCTURE OVER THE
HOCHSCHILD COHOMOLOGY RING OF A GROUP ALGEBRA

YUMING LIU! AND GUODONG ZHOU?*

ABSTRACT. We realize explicitly the well-known additive decomposition of
the Hochschild cohomology ring of a group algebra at the chain level. As a
result, we describe the cup product, the Batalin-Vilkovisky operator and the
Lie bracket in the Hochschild cohomology ring of a group algebra.

1. INTRODUCTION

Let k& be a field and G a finite group. Then the Hochschild cohomology ring of
the group algebra kG admits an additive decomposition:

HH*(kG) ~ € H*(Ca(x), k)
reX

where X is a set of representatives of conjugacy classes of elements of G and Cg(x)
is the centralizer of x € G. The proof of this isomorphism can be found in [2] or
[17]. The usual proof is abstract rather than giving an explicit isomorphism. For
example, one of the key steps is to use the so-called Eckmann-Shapiro Lemma,
one needs to construct some comparison maps between two projective resolutions
in order to write it down explicitly, and this is usually difficult. In [17], Siegel and
Witherspoon used techniques and notations from group representation theory to
interpret the above additive decomposition explicitly. For our purpose, we need
to give an explicit isomorphism at the chain level.

A priori, the additive decomposition gives an isomorphism of graded vector
spaces. The left side has a graded commutative algebra structure given by the cup
product, a graded Lie algebra structure given by the Gerstenhaber Lie bracket
([8]), and a Batalin-Vilkovisky (BV) algebra structure given by the A operator
([19]). It would be interesting to describe these structures in terms of pieces from
the right side.

For graded algebra structure, it was done by Holm for abelian groups using
computations ([10]), then Cibils and Solotar gave a conceptual proof in ([4]). The
general case was dealt with by Siegel and Witherspoon ([17]), they described the
cup product formula by notations from group representation theory. Our goal in
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the present paper is to represent the cup product, the Lie bracket and the BV
operator in the Hochschild cohomology ring in terms of the additive decomposi-
tion. This is based on the explicit construction of an isomorphism in the additive
decomposition (although there is no canonical choice for such an isomorphism).

The main obstruction in realizing an isomorphism in the additive decomposition
comes from the fact that, it is usually difficult to construct the comparison map
between two projective resolutions of modules. There is a way to simplify such
construction, namely, one can reduce it to construct a setwise self-homotopy over
one projective resolution, which is often much easier. This method was already
used in a recent paper by the second author jointly with Le ([12]). For convenience,
we shall give a brief introduction to this idea in Section 2.

This article is organized as follows. In Section 2, we recall Le and Zhou’s method
on constructing comparison maps. In Section 3 and 4, we review the definitions of
various structures over Hochschild cohomology and group cohomology, using the
normalized bar resolutions. We always use the normalized bar resolutions since
they are easy to describe and can greatly simplify the computations.

In Section 5, we give a way to realize explicitly the additive decomposition of the
Hochschild cohomology of a group algebra. The main line of our method follows
from [17]. In Section 6, we shall use some idea from [4] to give another way to
realize the additive decomposition.

We give the cup product formula in Section 7. Our formula shows that the group
cohomology H*(G, k) can be seen as a subalgebra of the Hochschild cohomology
HH*(kG) at the complex level, and that the additive decomposition naturally
gives an isomorphism of graded H*(G, k)-modules.

We deal with the A operator and the graded Lie bracket in the next section.
In particular, we show that the operator A restricts to each summand under the
additive decomposition, and that H* (G, k) is indeed a BV subalgebra of HH*(kG).

In the final section, we use our formulae to compute the BV structure of the
Hochschild cohomology ring for symmetric group of degree 3 over F3. This paper,
with [11], should be the first attempts of concrete computation for the BV structure
of a non-commutative algebra.
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2. HOW TO CONSTRUCT COMPARISON MORPHISMS? [12, Appendix]

Definition 2.1. (cf. [1]) Let A be an algebra over a field k. Let

d” n
CF i = O 28 0 2 Oy — -
be a chain complex of A-modules. If there are maps (just as maps between sets)
Sn i Cp, — Cpyq such that s,,_1d, +dy 118, = ide, for all n, then the maps {s, }
are called a setwise self-homotopy over the complex C*.

Remark 2.2. (i) There is a setwise self-homotopy over a complex C* of A-
modules if and only if C'* is an exact complex, that is, C'* is a zero object
in the derived category D(ModA). Compare this with the usual self-
homotopy, which is equivalent to saying that C* is split exact, and hence
it is a zero object in the homotopy category K (ModA).

(ii) Usually a setwise self-homotopy can be taken to be linear maps, so it is a
self-homotopy in the usual sense in the category of complexes of k-vector
spaces. In case that the exact complex is a right bounded complex of A-A-
bimodules, a setwise self-homotopy can even be chosen as homomorphisms
of one-sided modules.

We will show how to use a setwise self-homotopy to construct a comparison
map. Let M and N be two A-modules, and let f : M — N be an A-module
homomorphism. Suppose that P* = (P;, ;) is a free resolution of M, and that
Q* = (Q;,d;) is a projective resolution of N. Suppose further that there is a
setwise self-homotopy s = {s,} over @* (including N):

ds d2 d1 do

Q2 Q1 Qo N 0
S a A e A | A
o ds Q2 ds Ql dy QO do N 0.

For each i > 0, choose a basis X; for the free A-module P; (the i-th term of P*).
We define inductively the maps f; : X; — Q; as follows: for z € Xy, fo(z) =
$_1f0o(x); for i > 1 and for z € X, fi(x) = s;-1fi—10:(z). Extending A-linearly
the maps f; we get A-homomorphisms f; : P, — @Q;. It is easy to verify that
{f:} gives a chain map between the complexes P* and Q*. We illustrate the above
procedure in the following diagram:

8 6’7’1.

P,—~P, x On ()
lfnl lfnl
In anl In fnflan (LL')
v Sp—1 v Sn—1
Qn Snflfnflan(x)

We shall use the following standard homological fact.
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Lemma 2.3. Let A and B be two rings and let F' : ModA — ModB be an
additive contravariant (resp., covariant) functor. If C* and D* are two projective
resolutions of an A-module M, then the cochain complexes FC* and FD* of B-
modules are homotopic. In particular, if ¢ : C* — D* and ¢ : D* — C* are
two chain maps inducing identity maps idy; : M — M, then Fp : FD* — FC*
(resp., Fp : FC* — FD*) and Fv : FC* — FD* (resp., Fi: FD* — FC*)
are inverse homotopy equivalences.

3. REMINDER ON HOCHSCHILD COHOMOLOGY

In this section, we recall the definitions of various structures over Hochschild
cohomology. For the cup product and the Lie bracket in the Hochschild cohomol-
ogy ring, we refer to Gerstenhaber’s original paper [8]; for the Batalin-Vilkovisky
algebra structure, we refer to Tradler [19].

Let k be a field and A an associative k-algebra with identity 14. Denote by A
the quotient space A/(k-14). We shall write @ for ®; and A®™ for the n-fold
tensor product A ® --- ® A. The normalized bar resolution (Bar.(A),d.) of A is
a free resolution of A as A-A-bimodules, where

Bar_1(A) = A, and for n > 0, Bar,(A)=A RA%" ® A,

do : Barg(A) = AQA — A,  ap®a; — apai(multiplication map), and for n > 1,
dy, : Bar,(A) — Bar,—1(A) sends ag®@a1 @+ @Gy ® Gpy1 tO

n—1

a1 OB @ @y @ ang1 + Y (=1)'a0 @ -+ @ Tlli1 © - @ Aoy
i=1
(D" R ® - ®Tp_1 ® Aplpn41.
The normalized bar resolution is a natural quotient complex of the usual bar
resolution. The exactness of the normalized bar resolution is an easy consequence
of the following fact: there is a setwise self-homotopy s, : Bar,(A) — Bar,+1(A)
over Bar,(A) given by
500 R R QU D apg1) =1 RAWRA Q-+ Ty @ Gpy1-

Notice that here each s, is just a right A-module homomorphism. For simplicity,
in the following we will write a; for a;.

Let 4M4 be an A-A-bimodule. Remember that any A-A-bimodule can be
identified with a left module over the enveloping algebra A¢ = A ® A°?. We have
the Hochschild cohomology complex (C*(A, M), d.):

C"(A, M) = Homae(Bary(A), M) ~ Homy(A°", M), for n >0,
8p : C™(A, M) — C" YA, M), f — 6,(f), where 0,,(f) sends a;®- - -®an11 to

n
aif(az ® -+ ® any1) + Z(*l)if(al ® Qi+ Q- ® Apy1)
i=1

+(71)n+1f(a1 @ an)an+l~
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For n > 0, the degree-n Hochschild cohomology group of the algebra A with coeffi-
cients in M is defined to be
HH"(A,M)=H"(C*(A,M)) ~ Ext’y. (A, M).

If in particular, A = kG the group algebra of a finite group G, then the
Hochschild cohomology complex (C*(A, M), d,) has the following form:

C"(kG,M) ~ Homk(m(gn,M) ~ Map(G", M), forn >0,

where G = G —{1} and Map(G"", M) denotes all the maps between the sets G
and M, and the differential is given by

6n : Map(G™", M) — Map(G™ """, M), s 6,(f),

where 6, (f) sends (g1, -, gns1) € G to

91 f (g2, gnr )+ (D) F (g1 Gigirrs 5 Gna)) F(=D) " (g1, gn)gnta-
=1

When M = A with the obvious A-A-bimodule structure, we write C™(A) (resp.
HH"™(A)) for C"(A, A) (resp. HH"(A, A)). Let f € C"*(A), g € C™(A). Then
the cup product f U g € C™"™(A) is defined as follows:

ng . Z@(T%Fm) — A7 a1 ®-- .®an+m — f(al X - .®an)g(an+1 X - .®an+m).
This cup product is associative and induces a well-defined product over
HH*(A) = @ HH"(A) = @ Eat’s. (A, A),
n>0 n>0

which is called the Hochschild cohomology ring of A. Moreover, HH*(A) is graded
commutative, that is, a U S = (=1)""B U« for « € HH™(A) and § € HH™(A).
As usual, we call an element o € HH™(A) homogeneous of degree n, and its degree
will be denoted by |«|.

The Lie bracket is defined as follows. Let f € C™(A, M), g € C™(A). If
n,m > 1, then for 1 < i < n, the so-called brace operation fo; g € C"Tm=1(A, M)
is defined by
foig(ai®: - anym—1) = f(a1® - ®a;-109(a;® - @i fm—1)Ditm®- - Qlntm—1);
ifn>1and m =0, then g € A and for 1 < i < n, set

foiglar®-ap_1)=fla1® - ®a_1 DgRa; @ @ ap_1);

for any other case, set f o; g to be zero. Define

fog=> (-1 VDfo, gecmtml(A M)
i=1
and for f € C"(A), g € C™(A), define
[‘ﬂ g] — f 0g— (_1)(71—1)(m—1)g ° f c Cn—&-m—l(A).
The above [, | induces a well-defined (graded) Lie bracket in Hochschild cohomol-

- [, ]:HH"(A)XHHm(A)_>HHn+m—1(A)
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such that (HH*(A),U,[, ]) is a Gerstenhaber algebra, that is, for homogeneous
elements «, 8,7 in HH*(A), the following three conditions hold:

e (HH*(A),U) is an associative algebra and it is graded commutative, that
is, the cup product U is an associative multiplication and satisfies a U 8 =
(=1)lellPlg U o

e (HH*(A),[, ])is a graded Lie algebra, that is, the Lie bracket [, | satisfies
[, B] = —(=1){el=DUBI=D[5 o] and the graded Jacobi identity;

e Poisson rule: [a U B,7] = [a, 7] U B + (=1)lelrI=Da U [3,4].

We now assume that A is a symmetric k-algebra, that is, A is isomorphic to its
dual D(A) = Homy(A, k) as A°-modules, or equivalently, if there exists a sym-
metric associative non-degenerate bilinear form ( , ) : A x A — k. This bilinear
form induces a duality between the Hochschild cohomology and the Hochschild
homology. In fact, for any n > 0 there is an isomorphism between HH"(A) and
HH,(A) induced by the following canonical isomorphisms

Homy (A ® 4 Bar,(A), k) ~ Hom 4e (Bar,, (A), D(A)) ~ Hom 4. (Bar, (4), A).

Via this duality, we have, for n > 1, an operator A : C"(A) — C"~1(A) which
corresponds to the Connes’ B-operator (denoted by B) on the Hochschild homol-
ogy complex. More precisely, for any f € C"(A), A(f) € C"~1(A) is given by the
equation
(AN (@01® - -Ban-1),an) = Y _(=1)""V(f(a;@ - Qan_18a,80:1 @ - -®a;_1),1).
i=1
From the well-known properties of the Connes’ B-operator B (cf. [13, Chapter
2]), it is easy to see that the operator A is a chain map such that the induced
operation A on Hochschild cohomology H H*(A) squares to zero (in fact, A? =0
holds on normalized Hochschild cochain complex level). It turns out that the
Gerstenhaber algebra (HH*(A),U, [, ]) together with the operator A is a Batalin-
Vilkovsky algebra (BV-algebra), that is, in addition to be a Gerstenhaber algebra,
(HH*(A), ) is a complex and

[, 8] = —(=1)1=DE AU B) = Ala) U — (-D)*a U A(B))
for all homogeneous elements «, 3 € HH*(A).

Remark 3.1. The sign in the definition of a BV-algebra depends on the choice of
the definitions of cup product and Lie bracket. If we define a3 = (—1)l*lIFlaug
and A'(a) = (=1){1=D A («), then we get

[, 8] = (=) (aU'B) = A ()U'B — (-1)*la' &' (B)),

which is the equality in the usual definition of a BV-algebra (see, for example
[9, 15]). We choose the sign convention from [19] because of our convention of the
definitions of cup product and Connes’ B-operator in the Hochschild (co)homology
theory.
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4. REMINDER ON GROUP COHOMOLOGY

Let G be a finite group and U a left kG-module. The group cohomology of
G with coeflicient in U is defined to be H"(G,U) = Ext;o(k,U). The complex
Bar.(kG) ®k¢ k is the standard resolution of the trivial module k. In fact, as
the setwise self-homotopy s, over Bar,(kG) are right module homomorphisms,
Bar,(kGQ) ®¢ k is exact and thus a projective resolution of kG ®rg k ~ k. We
write the complex C*(G,U) = Homyg(Bar.(kG) ®xg k,U). Therefore, for n > 0,

C"(G,U) ~ Homuc((kG@FG"" @ kG) @nc k,U) ~ Homyc(kG @ kG ", U)
Homi(RG™",U) = Map(@™",U),
and the differential is given by

12

do(x)(g) =gz —2 (forx €U and g € G)
and (for ¢ : G
n(p)(g

s Uand g1, ,gu41 €G)
1 s Ing1) = 9190(92, 5 Gnr1)+
n

Z(_l)l@(glv"' 1 9igi+1s 5 gnr1) + (1) o(gr, - gn)-

i=1

Of particular interest to us are the following two cases which relate group coho-
mology to Hochschild cohomology and in fact which underly our two realisations
of the additive decomposition of the Hochschild cohomology of a group algebra.

Note that we have an algebra isomorphism (kG)¢ ~ k(G x G) given by g1 ®
go —> (gl,ggl), for g1,g2 € G. Thus we can also identify each kG-kG-bimodule
M as a left k(G x G)-module by (g1,92) - = g1zgy ' In the sequel, we shall
write the Hochschild cohomology complex for the group algebra kG in terms of
k(G x G)-modules.

Case 1. M = kG, the module kG with the obvious kG-kG-bimodule, or
equivalently, the k(G x G)-module kG with action: (g1,g2) & = gi12gy ' for g1, 90 €
G. Consider G as a subgroup of G x G via the diagonal embedding G — G X
G,g+— (g,9), and it is easy to verify that there is a k(G x G)-module isomorphism
IndS*Ck = k(G x G) @k k ~ kG, (91,92) @1+ g1g5 " So we have

HH"(kG,kG) =~ Ext} .o (kG, kG) = Bzt g o) (Indg “k, kG)

Ext}? o (k, Res&*“kG) = ExtP s (k, kG)

H"™(G, kG),

where the third isomorphism is given by the adjoint equivalence and kG is consid-

ered as a left kG-module by conjugation: ¢ -z = gxg~! for g,z € G. This verifies

a well-known fact observed by Eilenberg and Mac Lane ([5]): the Hochschild coho-

mology HH"(kG, kG) of kG with coefficients in kG is isomorphic to the ordinary

group cohomology H™(G, kG) of G with coefficients in kG under the conjugation.
Case 2. M = k, the trivial kG-kG-bimodule, or equivalently, the k(G x G)-

module k with action: (g1,92) -1 =1 for g1, g2 € G. Since we have

HH"(kG, k) = Ext} gy (kG, k) = Extl g, o) (k(G x G) @i k. k)
~ Eatlg(k k) = H"(G, k),

IR
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the Hochschild cohomology HH™(kG, k) of kG with coefficients in & is isomorphic
to the ordinary group cohomology H"(G, k). Another way to see this lies in the
fact that the two complexes C*(kG, k) and C*(G, k) coincide.

We can deduce the second case from the first one. In fact, the subspace
k(3 gec9) € kG is a sub-(G x G)-module of kG (and also sub-G-module of
<kG), which is isomorphic to the trivial module. Via the isomorphisms in Case 1,
HH*(kG, k(> ,cq 9)) corresponds to H*(G, k(3 ,cq 9))-

We can in fact define a cup product and Lie bracket over

H*(G.k) = H"(G,k)
n>0
such that it becomes a Gerstenhaber algebra. One sees that the cup product
and the Lie bracket over HH*(kG) restrict to H*(G, k) by [7, Corollary 2.2], so
H*(G, k) is a Gerstenhaber subalgebra of HH*(kG). In fact, as in [7, Proof of
Theorem 1.8], there is a chain map at the cohomology complex level:

Homyg(Bar, (kG) ®ka k, k) = C™(kG, k) — C" (kQG)
= Homk(GxG) (Barn(kG)a kG)7

((P : Gxn — k) — (w : Gxn — kG)) w(gla T 7gn) = (p(gh T ag’ﬂ)gl “9n-
This inclusion map preserves the brace operations in the following sense:

Let o1 € C"(kG, k) ~ Map(G ™" k), 02 € C™(kG, k), and let 31 € C™(kG), , €
C™(kG) be the corresponding elements under the above inclusion map. Then
$10; P2 = 1 0; Pp € C™HL(EG).

Recall that kG is a symmetric algebra with the bilinear form

(,): kG x kG —> k,

1 ifg=ht
lg,h) = { 0 otherwise

for g,h € G. So there is a well-defined BV-algebra structure on HH*(kG). We
shall see later that H*(G, k) is furthermore a sub-BV-algebra of HH*(kG).

5. THE FIRST REALIZATION OF THE ADDITIVE DECOMPOSITION

Let k be a field and G a finite group. Then the Hochschild cohomology ring of
the group algebra kG admits an additive decomposition:

HH*(kG) ~ P H*(Ca(x), k),
zeX
where X is a set of representatives of conjugacy classes of elements of G and
Ca(x) = {g € G | gr = xg} is the centralizer subgroup of G. In this section, we
give an explicit construction of the additive decomposition. The main technique we
used here is to construct comparison maps based on some setwise self-homotopies.
The following is a proof of the additive decomposition which consists of a series
of isomorphisms. Our first realization of the additive decomposition will follow
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this series of isomorphisms.
HH*(kG,kG) = Eth‘kG)e(kG, kG) ~ E;vt,’;(GXc)(kG, kG)

Y Bat 0 (IndS* Ok, kG)
because y(gx)kG =~ IndS*“k = 1 axa) k(G x G) @ra k where k(G x G)
is endowed with the right kG—module structure via the diagonal map
G—GxG, g~ (9,9)

D Buty gk, ResS*CkG) = Extig(k, Homycxay k(G x G), kG)) =
Ezxt} o (k, kG) = H*(G, :kG) by the adjoint pair

“ (k(axc) k(G x Q) @ra —, Homyaxa) (kexa)k(G X Gra, —))

~  BpexEatio(k, kCy) because (kG = Prex kC, where kCy is the
kG—module generated by the elements in the conjugacy class

Cyp = {gzg~'|g € G}

Bpex Bty (k, ComdgG(I)k)

because as left kG—modules, kC, ~ Coindgc(w)k = Homycg (o) (kG k)

—~
ot
=

~ @IGXEthCG(m)(RGSgG(z)k’k)
by the adjoint pair (k¢ kG ®xa —, Homicg (x) (ke (x kGra, —))
@a:EXEthCG(I) (ki, k)) = @xEXH* (CG (J?), k)

We shall express explicitly these isomorphisms step by step using the bar reso-
lution.

(©)

The first step. By definition, the Hochschild cohomology groups H H*(kG, kG)
can be computed using the bar resolution Bar,(kG). On the other hand,
Bar.(kG) ®ic k is a free resolution of k as left kG-module, and therefore

k(G x G) ®kc Bar.(kG) @k k

is also a free resolution of the k(G x G)-module k(G x G) ®rag k ~ kG. Notice
that the terms in Bar.(kG) are still viewed as the usual kG-kG-bimodules when
we do the above tensor products.

Let us write explicitly the resolution k(G x G) @i Bar.(kG) k¢ k. Under the
identification

k(G x G) @yc Barn(kG) ®1c k k(G % G) @pe (kG EG"" ® kG) @ k

kG xG) kG "
KGO kGORG ",
and the differential is as follows (we only write down the maps on base elements
here and later):

12

12

kG @ kG — kG, z®@y+— zy

EGRkG@kG — kGREG, 2RyY® g — 291 QUgL — T D Y;

kG@kG@)m@n—)kG@kG@m@n*l, TRQYRJ R R gp —
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n—1
THOYN RGP @@ gt Y (1) TOYR QO ©gigi1 @ D gy
=1

+(-1)"zQYR g1 ® - @ gn_1-
We also have

Hompaxa) (k(G x G) @ Bar, (kG) ka k, kG) ~ Homy (kG ", kG)

~ Map(G™", kQ).
Using this identification, H*(Homygxa)(k(G x G) ®ra Bar.(kG) kg k, kG)) is
given by the following cochain complex:

—Xn On

0 — kG -2 Map(G,kG) 25 - — Map(G ", kG) 225 -,

where the differential is given by

1

So(2)(g) = grg™' —x for x € kG and g € G,

and for ¢ : G*" — kG and g1, gnt1 € G,
on(@)(g1,+  gn+1) = g10(g2, -+ 7gn+1)91_1+

n

> =D(grs 2 gigivts s gns) + (D" o(gr, - gn)-
i=1
We will show that the two complexes k(G x G) ®rg Bar.(kG) ®rc k and
Bar, (k@) are isomorphic and therefore there is an isomorphism
(1) H*(Hompaxa)(Bar.(kG),kG)) ~
H*(Hompgxe)(kE(G x G) ®@rg Bary(kG) ®rg k, kG)).

To do this, we need to construct the comparison maps between the two free resolu-
tions Bar,(kG) and k(G x G) kg Bar.(kG) ®c k of the above k(G x G)-module
kG. As explained in Section 2, this is reduced to construct setwise self-homotopys
over these resolutions. Our principle here is to choose those setwise self-homotopys

so that the computations and results are as simple as possible.
We choose a setwise self-homotopy over Bar,(kG) as follows:

u_1: kG —>kGRKG, g—g®1,
and for n > 0,
un kG RRG" @ kG — kG REG " ® kG,

GHRN @ Dgnpr — (-1)"G R @ D gapa @1

Using {u,} we can construct a comparison map
ay k(G x G) @ Bar, (kG) @ k = kG ® kG @ kG~ — Bar.(kG)
= kG ® kG®* ®@ kG
as follows (as before we only write down the maps on base elements):
a_q: kG — kG, x+— z,
ap kGG — kGRKG, z@yr— 1@y ",
a1 kG@kGRKG — kGREGREG, z0y®g — —2g1@g; @y ",
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kG RKGRORG " — kGOKG kG, TRYDG O @ gy —
n(nt1) _ _ _
(1) > xgl"'gn®gnl®~~®gll®y L
Similarly, we choose a setwise self-homotopy over k(G X G) @ Bar.(kG) @k k
as follows:
v_1 kG- kG® kG, g—g®1,

and for n > 0,
Un  kGREGREG " — kG REGRRG
TRQYRG R Q1Y R1IQYR G D @ gn.
Using {v,} we can construct a comparison map
Bs : Bar,(kG) = kGRkG®* kG — k(G xG)@igBar.(kG)@rck = kGREGREG®*
as follows:
B_1: kG — kG, x+— x,
Bo: kG®KG — kG R kG, zR@y— 12y,
B kGREGREG — kGREGREG, 10g Qy— -z @y @47},

By kCREG " QkG — kGREGRFG", TR¢® - @ gy @Y —>
n(n+1)

(1) 7 agr @y @y @@
It is easy to check that the chain maps {a;, } and {3, } are inverse to each other,
and therefore we get an isomorphism

Homk(Gva) (Bar*(k:G), kG) — Homk(GXg) (k(G X G) Rra Bar, (kG) Rra k, kG),
(p: G kG) — (01 : G — kQ),

n(n+1)

e1(g1, 5 gn) = (1) 7 g1+~ ~gn<p(g;17-~ »gf1)~
Its inverse is given by

Homyxa)(k(G % G) @ra Bary(kG) @ra k, kG) — Homycxa)(Bar.(kG), kG),
(p1: G — kQ)— (p: G " — kQ),

n(n+1)

plgr, . gn) = (=172 gignprlgn 'y 910
Passing to the cohomology, we realize an isomorphism in (1) and its inverse.

The second step. Since

(k(axc) k(G x Q) @ra —, Homyxa) (kexa)k(G x Gra, —))

is an adjoint pair, we have an isomorphism (here k(G x G) is viewed as a right
kG-module by diagonal action)

Homygxa) (k(GxG)@ra Bar.(kG) @rak, kG) ~ Hompg(Bar.(kG) @rc k, kG).
Passing to the cohomology, we get an isomorphism
(2) H*(Hompxa) (k(G x G) @ra Bary(kG) @ra k, kG)) ~
H*(Homyg(Bar.(kG) ®rg k, kQ)).
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Remind that the right hand side is just the ordinary group cohomology H*(G, kG)
of G with coefficients in .kG. We also have

Homyg(Barn (kG) ®ic k, kG) ~ Homua (kG @ kG, kG) ~

Homy, (@‘8", kG) ~ Map(G™" , kG).
Using this identification, H*(G, kG) = H*(Homyg(Bar.(kG) ®rc k, kG)) is given
by the following cochain complex:

—Xn On

0 — kG 2% Map(G,kG) 2 -+ — Map(G™", kG) 22 -+ -,
where the differential is given by

So(z)(9) =grg™t —x (forx € kG and g € G),

and (for ¢ : G — kG and g1, s gnt1 € Q)
5 (@) (g1, s gnt1) = 10(g2, L gnt1)91 +
n
> ED'(grs e gigivts s gnar) + (1) o(gr, - gn)-
=1

So formally the left hand side and the right hand side in (2) are identical, though
they have different meaning. It is also easy to check that under the above identi-
fications, the adjoint isomorphisms are identity maps:

Homk(GXg)(k(GxG)éékgBar* (kG)®rck, kG) — Homyg(Bar.(kG)®rck, kG),

(901 :éxn — kG) — (302 : éxn — k’G), @2(917 to ,gn) = (pl(glv T 7977«)'
Its inverse is given by

Homyg(Bar.(kG)®rak, kG) — Homygxa)(k(GXG)@rgBar.(kG)@rak, kG),

(902 :éxn — kG) — (301 : éxn — kG)7 @1(91, T ;gn) = 902(91’ T 7gn)
Passing to the cohomology, we realize an isomorphism in (2) and its inverse.

The third step. We choose a complete set X of representatives of the conju-
gacy classes in the finite group G. Take z € X. Then C, = {gzg~'lg € G} is
the conjugacy class corresponding to # and Cg(z) = {g € Glgrg™' = x} is the
centralizer subgroup. Clearly the k-space kC, generated by the elements in C, is
a left kG-module under the conjugation action. We choose a right coset decompo-
sition of Cg(z) in G: G = Ca(2)11,: UCq(x)y2,4 U - -UCq(x)Vn, » (equivalently,
G= ’y;ng(:v)U’yiiCG(x)U' Uy, !, Ca(x) is aleft coset decomposition of Ce ()
in G), and such that C, = {z = ’71_,;55’71@7’72_,9153772@: Yt e, 2y (We will
always take v, , = 1, and we write z; for 7, mlx'y”) Then we have the following
kG-module isomorphisms: /

kCyp >~ Indgc(x)k = 1ckG QkCg(z) k, xz;— ’y;wl ®1,

kCy ~ Coindgc(w)k = Hompog (o) (ko (2)kKGras kCo (2)k),
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where in the first isomorphism, the left kG-module structure on kG is the usual left
multiplication and the right kC¢ (z)-module structure on kG is given by restriction,
and k is the trivial kC¢(x)-module, and the same as in the second isomorphism.

In the second step, we have arrived at the ordinary group cohomology H*(G, kG)
of G with coefficients in .kG. This .kG has a kG-module decomposition:

kG = @B ckCs.

zeX

Denote by 7, : kG — kC, and i, : kC;, — kG the canonical projection and the
canonical injection, respectively. Then we have the following isomorphism

Homyg(Bary(kG) ®kc k, kG) — @ Homyg(Bary(kG) ®ka k, kCy),
reX
(2 T E— kG) — 3 = {@3 .|z € X}, where @3, = My : G — kO,
Its inverse is given by

@ Homya(Bar(kG) ®ka k, kC,) — Homypg(Bar.(kG) @rc k, kG),
reX

03=1{p32: G " — kCilr € X} r— (p2= Y iop30: G — kG).
reX
Passing to the cohomology, we realize an isomorphism:

(3) H*(G,ckG) ~ P H*(G, kCy).
zeX
The fourth step. We have stated in the third step the following kG-module
isomorphism
kCo =~ Hompey, () (kGLE), 23— it kG — K, %i(7j,2) = 04y
Therefore we have the following isomorphism
Homyg (Bar* (kG)@kgk, CkC’m) — Homypg (Bar*(kG)®kgk, HokaG(I) (kG, k)),

(03,0 : G " = kCy) — (pap: G — Hompoy () (kG K)),

where if we write ©3 2 (g1, 92, , gn) = 2121 @iz, then s .(g1, g2, , gn) maps
Yi,z to a; 5 for any i. The inverse isomorphism is given by

Homyg(Bar,(kG)®rgk, Homycg (2)(kG, k) — Hompg(Bar.(kG)®rak, kCy),

(pa,z N CIAN Homypcg () (kG k) — (@32 S CAAN kC,),

where if 804@(917 g2, - 7971) maps i,z to Qi for any ia then 303@(91? g2, - 7971) =
2?21 a; ;. Passing to the cohomology, we realize an isomorphism:

(4) H*(G,kCy) ~ H*(Hompa(Bar.(kG) ®rag k, Homyc () (kG k))).
The fifth step. Since (kG ®pc —, Homycg (2)(kG, —)) is an adjoint pair (restric-
tion and coinduction), we have the following isomorphism
Homypg(Bar.(kG)®rak, Homycg (2)(kG, k) — Hompcy, (z)(Bary (kG)®rak, k).
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Passing to the cohomology, we get an isomorphism
(5) H*(Hompg(Bar.(kG) ®rag k, Homycy, () (kG k))) ~
H* (Homk.cc(x)(Bar*(kG) Qg k, k)),
where the right hand side is isomorphic to the ordinary group cohomology

H*(Cg(x),k) of Cq(x) with coefficients in the trivial module k. Since there are
kC¢(x)-module isomorphisms

Bar,(kG) @rc k ~ @D kCa(@)yie kG,
=1

we have

Homypcg (z)(Bar(kG)@rak, k) ~ Homk(@ k7i7x®@®”, k) ~ Map(S,xG ", k),
i=1

where S = {V1,4, -+ ,Vn.,»; (cf. The third step). Using this identification, the

adjoint isomorphism is given by

Homya(Bar.(kG)®rcgk, Homycy, (o) (kG k) — Homyc (2) (Bar. (kG)®rak, k),

(pap: G " — Hompeoy () (KGLE)) — (95,01 Se x G — k),

where if 4 (91, 92, -+ , gn) MAPS Vi ; t0 a; ,, for any ¢, then s (Vi z, 91,92, , gn)
= a;, for any i. The inverse isomorphism is given by

Homycg (2 (Bary(kG)®rgk, k) — Hompg(Bar.(kG)@rak, Homycy ) (kG k),

(p5,6 © Sg X [Ei— k) — (Y45 G — Homycg () (kG k),

where if @5,%(72',36’ 91,92, - 7gn) = Qi for any i, then 904,3?(917927 e agn) maps
Vi, 10 a; 5 for any 7. Passing to the cohomology, we realize an isomorphism in (5)
and its inverse.

The sizth step. In the fifth step, we have arrived at the ordinary group co-
homology H*(Cq(z), k) of Cq(z) with coefficients in the trivial module k, where
H*(Cq(x), k) is computed by the cochain complex Homyc,, (z)(Bar.(kG)®rak, k).
By the identification in fifth step, this is given by the following cochain complex:

0 — & 2% Map(S, x G, k) 2 -+ — Map(Sy x G " k) 225 -+

where the differential is given by do({@i.})((7j.e»91)) = as;.« — @2, such that
as,; . is determined as follows: for {a; .} € kX", ;. € Sz, 91 € G, we have

Yj.291 = Nj17s; . for some hj; € Ce(x) and for some 1 < 55 < nyg,

and (for ¢ : S, x [CIAL. k, Yjz € Szig1s s gnt1 € G such that Viagl =
hj1%s; )
6’”‘(30)(’7]',1”917 e 7gn+1) = SD(PYSj,:cagQW o 7gn+1)+

n
Z(_l)i(p(yj,x’ g1, 5 9igi+1, " ’gn-l-l) + (_1)n+1§0(’7j,x7 g1, 7gn)'
=1

(Remark that for a fixed g1 € G, {51, 82, , 8, } is a permutation of {1,2,--+ ,n,}.)
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The above computation for H*(Cg(z), k) uses the projective resolution
Bar.(kG)®rak of the trivial kC¢(x)-module k, which is identified as the following
complex (It is in fact a projective resolution of the trivial kG-module k, but we
view it as a complex of kCq(x)-modules by restriction)

S KGO RGT Ay S EGORG M kG Tk 0,
where the differential is given by
do(go) =1 (for go € G)
and (for go € G, g1, ,9n € G)
dn (g0, 915+ gn) = G0910G2R" - - Dgn+

n—1

S (-1 ® @ gigi1 @ @ gn+ (~1)"g0 @ g1 @+ D g1
i=1
We now use another projective resolution Bar.(kCg (7)) ®pcg(x) k of the trivial
kCq(z)-module k, which is identified as the following complex

o kCa(2) kO (@) - — kO (2)@kCa () -2 kCa(z) 2 k — 0,
where the differential is given by
do(ho) =1 (for ho € Cg(x))

and (for hg € Cg(x),h1, -+, hn € Ca(x))
d’n(h0> h17 Y hn) - h0h1®h2®' . ®hn+

n—1

Z(—l)iho @ @hhi1 @ Qb+ (=1)"hg@h1 @+ @ hyy_1.
=1
‘We have
— XN

Homycp (z)(Bar. (kCa(x)) @kcg(x) k, k) ~ Map(Ca(x) k),

so H*(Cg(z), k) can also be computed by the following cochain complex

———Xn 5

0 —s k 20 Map(Cq(z), k) ILINNEN Map(Co(z)" k) — -+,

where the differential is given by

So(a)(h1) =0  (for a € k, hy € Cg(2))

and (for ¢ : Ca(z) - — Kk, by, hnst € Ca())
6”(30)(]7’17 T 7h7’b+1) = @(hQa e 7hn+l)+

Z(*l)%(hla”' chihiga, o shagr) + (=1 (b, - hy).
i=1
Clearly, we have
(6) H*(Homucg () (Bar.(kG) @xg b, k) =

H* (HokaG(z) (Bar*(k‘Cg(a:)) ®kCG(z) k, k‘))
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To give an explicit isomorphism in (6), we need to construct the comparison maps
between two projective resolutions Bar.(kG) ®rc k and Bar.(kCg(x)) @rcg(z) k
of the trivial kCg(x)-module k.

The comparison map from Bar.(kCg(2)) ®kcg () k to Bar.(kG) Qg k is just
the inclusion map

t:kCg(z) ® kCG(x)®n S EGRRG .

This is obvious or can be obtained using a setwise self-homotopy on Bar,(kG)®rak
(see below for its explicit form).
To construct the comparison map on the reverse direction, we use a setwise

self-homotopy over kCq(z) ® kCG(x)@)* as follows (for hg € Ca(x),h1, -+ ,hpn €
Co(2)):

kCo(z) @ kCa(@) " —s kCa(z) @ kCa(z) )

ho@h @ - Qhp+—10h QA1 Q- ® hy,.
Then we get a comparison map
p: Bar.(kG) ®rg k — Bar«(kCa(x)) ®@rcg(x) k
as follows:
p—1:k—k, 1+——1,
po: kG — kCg(x), hviax v+ h, for h € Cg(z),
p1:kG®EG — kCq(z) @ kCq(x), hyiz ®g1—> h® h;q,

where ; »91 = hi17s,,2 for hi1 € Cg(x),

Pn : kG@m(gn — kCG(l‘)@kCG(ZL’)@n, h717m®gl® : ’®gn — h®h2,l® : '®hi,n7

where h;1,--- , hin € Cg(x) are determined by the sequence {g1,--- ,gn} as fol-
lows:

Yiwgt = hi1Vel @y Vst w92 = Ri2Ve2 o o Vor=1 29n = hinYsp -
Notice that por = Id and top # Id. 1t follows that we have two homomorphisms:
Homycog (z)(Bar«(kG) kg k, k) — Homycy, () (Bars (kCa () @rog () k) k),
(P50 Se x G " — k) — (960 : Calw)  — k),

@6.c(h1y s hn) = @501 b1, hy) = a1 g,

ng
where a;  is the cofficients of z in @3 ;(h1, -+, hy) = E @iz T5;
1=1

and
Homycg (z)(Bar. (kCa(x)) @pog () ks k) — Hompcg (2)(Bar. (kG) @ra k, k),
(Vo0 : Ca(m) " — k) — (95018 x G — k),
05,2(Viws 915 2 0n) = Po,x(hi1, -+, Rin),
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where for h; 1, ,hin € Cg(x) are determined by the sequence {g1,- -, gn} as
follows:

Yi,xg1 = hi,l’}/s%,xv ’Ys%,wQQ = hi,Q’Ys?,xa Tty 73?*1719'@ = hi,n’Ys;",a;-
Since both ¢ and p induce the identity map 1: k — k, by Lemma 2.3, we have
inverse isomorphisms between H*(Homyc,, (o) (Bar«(kG) @ra k, k)) and

H* (HO’ITL]CCG(I) (Bar*(k‘CG(a:)) QkCg(z) k, k‘))
The correspondence is induced by @5, +— ¢ 5, as we stated above. So we realize
an isomorphism in (6) and its inverse.

Summarizing the above six steps, we get the following main result in this section.

Theorem 5.1. Let k be a field and G a finite group. Consider the additive de-
composition of Hochschild cohomology ring of the group algebra kG:
HH*(kG) ~ @) H*(Cal(), k),
zeX

where X is a set of representatives of conjugacy classes of elements of G and Cg(x)
is the centralizer subgroup of G. Recall that we choose a right coset decomposition
of Ca(z) in G:

G = CG(CE)’Yl,m U CG(SC)'YQ,I u---u CG(x)'Ynm,m
equivalently,

G =71.Cc(z) Uy, Cal(x) U--- Uy, ! Calx)
is a left coset decomposition of Cq(x) in G, and such that

Co = {& = V28712 V20T V220 * > Vs o TV -
We will always take v1, = 1, and we write x; for ’yi_);x%,x.
We compute the Hochschild cohomology

HH*(kG) = H*(Homygxa)(Bar.(kG), kG))
by the classical normalized bar resolution, and we compute the group cohomology
H*(Cg(x), k) by

H*(Homycg (o) (Bar« (kCq (%)) @kcg () ks k))-
Then, we can realize an isomorphism in additive decomposition as follows:

HH*(kG) = @D H*(Ca(x), k),

rzeX
—Xn P ~ ~ — XN
lp: G — kG — @] = P@a), &:Cala)  —k,
rzeX

n(n+1)

Gu(h1,-++  hp) = 1,4, where my((—1) hy--hpp(hyt - A1) = Zamxi.
i=1

In other words, @, (h1,--- ,hy) is just the coefficient of x in

(1) hy---hpo(hy ', b1t € kG.
1

n

n(n+1)
2
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The inverse of the above isomorphism is given as follows:

P H*(Co(x), k) = HH*(kG),
reX

[@] = @[@x]a @x : OG(I)Xn — k— [(p : éxn — kG],
zeX

n(n+1) S
(g1, 590) = (=1)" 2 g1+ gn Z Z@m(hé,lv t 7h;,n)xiv
zeX 1=1

where for x € X, b} 1, hi, € Ca(x) are determined by the sequence

s n

{9t 91"} as follows:
-1 _ g7 -1 _ 3/ -1 _ p/
YixGn = hi,l’Ys},za Vsl,x9n—1 = hi72’}’5127$, M) 75?*1,;591 = hi,nys?,a:-

Proof This is a direct consequence by applying the above isomorphisms from
(1) to (6) and their inverses. For an element ¢ : G~ — kG in the n-th term
C"(kG) ~ M ap(éxn, kG) of the Hochschild cohomology complex, [¢] denotes the
corresponding element in the Hochschild cohomology group H H"(kG). Note that
the elements A ;,- -, hj,, depend on 2 € X and the sequence {g;!,--- .97 '}. For

the simplicity of notations, we avoid to write them down explicitly.
|

Remark 5.2. (a) The correspondence in Theorem 5.1 makes use of the same
line employed by Siegel and Witherspoon in [17]. The difference is: they realize
each step between cohomology groups using standard operations like restriction,
induction, conjugation, etc., while we construct maps directly in each step on the
cohomology complex level.

(b) In [17], as the authors proved that HH*(kG) ~ H*(G,ckG) as graded
algebras, they concentrated on H*(G, .kG) instead of HH*(kG) in most part of
their paper. If we only consider the isomorphisms (2)-(5), then the correspondence
in Theorem 5.1 become simpler:

H*(G,kG) = @ H*(Ca(x), k),
zeX

—Xn P ~ ~ —F XN
lp: G — kG — 3] = P@s), @u:Calz)  —k,
reX
Dz(h1, -+ hy) = a1z, the coefficient of z in w(hy,-- -, h,) € kG;
D #* (Calw), k) = H' (G, ckG),
reX

[¢] = @[@zL Bo:Ca(x) " — ki [p: G — kG,
reX

P(g1, ) = Y Z@x(hi,h'“ s hin) @i,
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where forx € X, h; 1,--- , h; n € Cg(x) are determined by the sequence {g1, - , gn}
as follows:
Yi,x g1 = hi,l’}/s},xv ’Ys%,wQQ = hi,Q’Ys?,xa Tty 73?*171971 = hi,n’Ys;",a;-

6. ANOTHER REALIZATION OF THE ADDITIVE DECOMPOSITION

In [4], Cibils and Solotar constructed a subcomplex of the Hochschild coho-
mology complex for each conjugacy class, and then they showed that for a finite
abelian group, the subcomplex is isomorphic to the complex computing group co-
homology. We will generalize this to any finite group: for each conjugacy class,
this complex computes the cohomology of the corresponding centralizer subgroup.
As a result, we give a second way to realize the additive decomposition.

As before, let k be a field and G a finite group. Recall that the Hochschild
cohomology HH*(kG) of the group algebra kG can be computed by the following
(cochain) complex:

(H*) 0 — kG -2 Map(G,kG) 2 - — Map(G ", kG) 22 -+ -,

where the differential is given by
So(7)(9) =gz — 29 (for x € kG and g € G)
and (for ¢: G " — kG and g1, ,gny1 € G)
on ()91, s gn+1) = 910(92, -+, gn1)+

n
Z(*I)W(gla“' 1 Gifit1, " s Gny1) + (*1)7”190(917‘“ s Gn)Gn+1-
i=1
We keep the following notations in Section 3: X is a complete set of representatives
of the conjugacy classes in the finite group G. For » € X, C, = {gzg~t|g € G}
is the conjugacy class corresponding to # and Cg(z) = {g € G|gzg~! = z} is the
centralizer subgroup. Now take a conjugacy class C, and define

Hg =kC,, and for n > 1,

H; = {<10 : éxn — kG'@(glﬂ e 7gn) € k[gl o gnCCE] C kGav.glv o, 0n € é},
where ¢ - --g,C, denotes the subset of G by multiplying ¢; ---¢g, on C, and
klg1 - - - gnCy] is the k-subspace of kG generated by this set. Note that we have
g1 gnCp = Cpg1 -+~ gn and kg1 -+ gnCs] = k[Cug1 -+~ gn]. Let Hy = D, Hy-
Cibils and Solotar ([4, Page 20, Proof of the theorem]) observed that H: is a
subcomplex of H* and H* = P, . H;.

Lemma 6.1. H? is canonically isomorphic to the complex Homyg(Bar.(kG) @ra
k,kC,), which computes the group cohomology H*(G,kC,) of G with coefficients
in kC,, where kC,, is a left kG-module under conjugation.
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Proof We know from Section 3 that the complex Homygg(Bar.(kG) Qg k, kCy)
is identified as the following complex:

0 — kCy 22 Map(G, kCy) 25 -+ — Map(G*" kCy) 22 -+

where the differential is given by

So(x)(g) = grg~t —z (for z € kC, and g € G)
and (for ¢ : G kC, and g1, ,gnt1 € G)
0n() (g1, gnt1) = 919(92, - gna1 )97 '+

Z(_l)z(p(gh 5 9941, 0 7gn+1) + (_1)”4—1%0(917 T agn)
i=1
A direct computation shows that the following map is an isomorphism of com-
plexes:
H: — Homgg(Bar.(kG) Qi k, kCy),
(p1: G — kG) — (p2: G — kCy),
P2(91,7 5 9n) = pr(g1,- - gn)gn g
Its inverse is given by

HOmkG(BCLT*(kG) Rka k? kCﬂf) — H;kw
(2 N CIN kC.) — (o1 N CIAN kQG),

901(917 e agn) = 802(91, ce ,gn)gl cOn.
Passing to the cohomology, we have H*(H%) ~ H*(G, kC,).

Remark 6.2. Since the first three steps of the previous section realize
HH"(kG) ~ H*(G, kG) ~ ®zex H" (Ca(x), k),

these isomorphisms also give a decomposition of the complex H*, which computes
HH*(kG). In fact, during these three steps, we establish the following isomor-
phisms of complexes

’H*

Homygxa(Bar.(kG), kG)

Hompaxa)(k(G x G) @rg Bar.(kG) ®rg k, kG)
Homyg(Bar.(kG) ®ka k, kG)

D.cx Hompa(Bar,(kG) Qra k, kCy).

So the complex Homyg(Bar«(kG) ®rq k, kCy) is isomorphic to a subcomplex
of H* and we verify easily that this subcomplex is just the above defined #J.
However, the isomorphism between these two complexes is as follows:

H: — Homgg(Bar«(kG) Qi k, kCy),
(o1 N CIRN kG) — (p2 N CIAN kCy),

n(n+1)

©2(91, s gn) =(=1)" 2 g1 gupr(gn 91 )-

—~
=
—

1

—~
¥
—

1

—~
w
=
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Its inverse is given by
Homyg(Bar.(kG) ®kc k, kCy) — H,
(¢2 G — kCy) — (¢1 G — kG),

n(n+1)

301(917"' ’gn):(_l) 2 gl"'gn@l(ggl"" 791_1)'
Note that this isomorphism differs from the one in Lemma 6.1 by an automorphism
of the complex Homyg(Bar.(kG) ®ka k, kC;), which sends ¢ : [EXN kC, to
—Xn .
oG — kC, with

n(n+1) —

G(grgn) = (D2 giognp(on s oo gnt gt

On the other hand, we have shown that the complex Homyg(Bar,(kG) ®ka
k,kC;) is isomorphic to the complex Homycy (z)(Bar«(kCa(x)) @rcy(z) ki k),
which computes the group cohomology H*(Cg(x), k) of the centralizer subgroup
C¢(x) with coefficients in the trivial module k. (cf. Section 5, from the fourth
step to the six step.) Therefore we get another realization to the additive decom-
position:

Theorem 6.3. Let k be a field and G a finite group. Consider the additive de-
composition of Hochschild cohomology ring of the group algebra kG:
HH*(kG) ~ @) H*(Ca(), k)
zeX
where X is a set of representatives of conjugacy classes of elements of G and
Ca(x) is the centralizer subgroup of G. We compute the Hochschild cohomology

HH*(kG) = H*(Hompxq)(Bar.(kG), kG)) by the classical normalized bar res-
olution, and we compute the group cohomology H* (Cq(x), k) by

H*(Homycg (o) (Bar« (kCq (%)) ®kcg(a) ks k))-
Then, we can realize an isomorphism in additive decomposition as follows:

HH*(kG) = €P H*(Co(x), k),

zeX

[0r : G " = kG), 9o € H — [Pn: Calz) — kK],
Gu(h, -+ hn) = @14, where pp(hy, - h)hy byt =" a; 4w; € kC,.
i=1

In other word, P, (hy,- -+ , hy) is just the coefficient of x in g (h1,- -+, hp)h, 1 -+ hfl €
kC,. The inverse of the above isomorphism is given as follows:

P H*(Colx).k) = HH*(kG),

x€X
Bo: Ca(@) " — k] [0 : G — kG, ¢, € H,

Ny
(Px(glv e »gn) - Z@z(hi,h e 7hi,n)xigl *Gn,
=1

where h; 1, ,hin € Ca(x) are determined by the sequence {g1,--- ,gn} as follows:
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Yi,x91 = hi,lvs%,mv 75%,.%92 = h’i727812,.’t7 Tt 75?*171.9” = hi,nﬂys?’,x'
Proof This is a combination of Lemma 6.1 and the correspondence from the
fourth step to the six step in Section 3.

O
By Remark 6.2, the two realizations of the additive decomposition in Theo-

rem 5.1 and Theorem 6.3 are essentially the same on the cohomology group level.
In the sequel, we prefer to the second realization since it is simpler.

7. THE CUP PRODUCT FORMULA

We keep the notations of the previous sections: k is a field, and G is a fi-
nite group, and so on. We describe the cup product formula for the Hochschild
cohomology ring HH*(kG) in terms of the additive decomposition.

We shall define a product over ) H*(Cg(x), k) such that the isomorphism

HH*(kG) ~ @) H*(Ca(), k)
zeX

realized in Theorem 6.3 becomes an isomorphism of graded algebras.
Let [p,] € H*(Ca(z), k) (respectively [p,] € H™(Cq(y), k)) represented by the

map Qg : Cg(x)xn — k (respectively by @, : Cg(y)xm — k). Define
@z Uz = > (@ Uudy):] € @ H (Ca(2), k)

zeX zeX
with (pz U@y). : Cg(z)xn+m — k as follows:
(@U@)z(hlv e 7h"n7 h’n+17 e 7hn+m) - Z @(hhla e 7hi,n)@(hj,17 e 7h'j,m)a
(i,9)€l]

where
e I; is the set of pairs (7, ) such that

wihy - hpyi(hy - hn) 7l = 2

/Yi,ibhl = hi,l/ys%,zv ’Ys},th = hi,QWs?,mv R ’73?—1’$hn = hi,n’Ys;L,z;
[ ]
Viyhntr = hj,l'ysyl-,w 7s},yhn+2 = hjﬂ%f-,ya T rysyL*17jhn+m = hj7m'}/3;_ﬂr7y.

Theorem 7.1. With the product defined above, the isomorphism in Theorem 6.3
is an isomorphism of graded algebras.

Proof We shall show that with respect to the isomorphism in Theorem 6.3, the
product defined above coincide with the cup product on the cohomology complex
level.

Let [2,)(@5 : Ca(z) — k) and [3)(@y : Ca(y) | —> k) be two elements

in H"(Cg(z), k) and in H™(Cg(y), k), respectively. Denote by [pg : G —
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kG)(¢r € H) and [p, : G " — kG)(p, € H,) be the corresponding elements
in HH*(kG). By Theorem 6.3,

Pz - éxn — kG,
(gla"' ’g’ﬂ) — Z?:zl @(h’i,l)"' ,him)l‘igl-”gn,
with
Yiwdl = hi,l'}/S%@, 7511,71"92 - hi’z’ysfvx’ T ’Ys;lil,mgn = hi,n%?m-
A similar formula for ¢, works as well.

Now denote by ¢, U @y : @X(ner) — kG the cup product. By the definition

of the cup product, for any z € X, we obtain (¢, U p,), € HZT™ given by

X (nt
((Pa:U(py)z:GX(n m)—>kG7 (917"'7gn7"'7gn+m)'_>
n.
Z Z Pahiny e hin)y(hja, - hm)2zkgt - Gntm,
k=1 (i,j) €L

where
e I is the set of pairs (4,7) such that

g1+ gnyi (g1 gn) " = 2

[ )
Yiadt = RiaVet oy Vstw92 = hi2Ve2 iz s Ven—1 00 = Rinsrai
[ )
Viy9n+1 = hj,l'}/sjl.,yv ’Ys;,ygn-i-Q = hj72’}/s§,ya ) ’Ys;”*l’jgn-‘rm = hj,mVSj”,y'

Note that I, depends on the elements g1, - , g,. Again by Theorem 6.3, we obtain
an element in H*(Cg(z), k) of the following form:

Cal) "™ s
(h17"' ;hn;hn+1;"' ?thrm) — Z(Lj)e[l @(hi,la"' 7hi,n)@(hj,17“' 7h’j,m);
which is just (@, U @y). defined before.
([l

Similarly we can prove the following result.

Theorem 7.2. The isomorphism in Theorem 5.1 is an isomorphism of graded
algebras with respect to the following product defined on @, x H™(Ca(x), k).

—Xn

Let [0.)(Pe : Ca(z)  — k) and [p,](Py : Cg(y)xm — k) be two elements
in H"(Cq(x), k) and in H™(Cq(y), k), respectively. Define

E UG = Y@ U5l € @ H (Calz). k)
zeX zeX
——Xn+

with (pz Ugy). : Calz) "™ 5 k as follows:
(@ U @)z(hd) e ahna hn-‘rla e 7hn+m) =
(_1)nm Z @( ;,1’ e 7h;,n)@( ;‘717 e 7h;‘,m)’
(4,9)€n
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where
e [ is the set of pairs (i,j) such that
hy - hm@i(hy - hen) 'y =21 = 2

ot ot _ 3 .
'Yi,rhm—&-l = hi,l’}/s%,ma 'Ys%,mhm—i-Q = hi,Q’st,a:a T ’Ys:}*lymhn—i-m = hi,n’Ys?,va

[ ]
Y Y _
'Yj,yhl = hj,l’Ys},y? 'Ys;,yh2 = hj,?’)’s;‘?,yv M) ’Vs;_"*l,jhm = hj,mys?,y-

Remark 7.3. (1) By Remark 5.2 (a), our cup product formulae in Theorems 7.1
and 7.2 are consistent with Siegel and Witherspoon’s formula in [17, Theorem 5.1]
up to an isomorphism.

(2) From our realization of the graded algebra isomorphism

HH*(kG) ~ @ H*(Co(x),k) = H (G, k)& ( @ H*(Calx),k)),
zeX reX—{1}

it is clear that H*(G, k) can be seen as a graded subalgebra of HH*(kG) and
each H*(Cq(x), k) is a graded H*(G, k)-submodule of HH*(kG). Therefore, the
additive decomposition gives an isomorphism of graded H*(G, k)-modules.

8. THE /A OPERATOR FORMULA

Let k£ be a field and G a finite group. Recall that the group algebra kG is a
symmetric algebra with the bilinear form

(,): kG x kG —s k,
[ 1 ifg=h"t
g, h) = { 0 otherwise

for g,h € G. For n > 1, the operator A : HH"(kG) — HH"'(kG) on the
Hochschild cohomology is defined by the equation

n

<A(S0)(gla e 7gn—1),gn> = Z(il)z(nil) <90(gl7 5y 9n—1,9n, 91, agi—l)v 1>a

i=1

where ¢ € C"(kG) ~ Map(G*",kG), Alp) € C"1(kG) ~ Map(G """, kG).
Equivalently,
A(w)(gla T agnfl) = Z Z(*l)i(nil)“o(gia sy 9n—159ny, 915 agifl)a 1>g;1'

gn€G i=1
For example, when n = 1, A : HH'(kG) — HH°(kG) is given by A(p) =
> geclv(9), 1)g~!. This operator together with the cup product U and the Lie
bracket [, | defines a BV algebra structure on HH*(kG).
We know from Section 4 that, for a conjugacy class C, of G, H} = @,,~, "2
is a subcomplex of the Hochschild cohomology complex H*, where

HY ={p: [CIA— kGle(gr,- - ,gn) € k[g1 - gnCs] C kG, Vg1, , g0 € G}.
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Lemma 8.1. The operator A : H™ —s H" ™! restricts to Ny : HY — H* L for
each conjugacy class C,.

Proof We need to show that A(p) € H?~! for each ¢ € HZ. Let g1, ,gn-1 €
G. Since

n
A(S@)(le e ;gn—l) = Z Z(il)l(nil) <S0(g’w 5y 9n—1,9n5,91, " ¢ 791’—1), 1>gr:17
gnEG i=1
it suffices to prove the following statement: if (p(g:, - , gn—1,9n, g1, ** ,gi—1),1) #
0 for somei, then gﬁl € g1 ’gn—lcz- Indeed7 <<p(gz; oy 9n—159ny 91, 7gi—1)7 1> 7é
0 implies that 1 € g; -+ gn—19n91 - - - i—1C4, Or equivalently
9o €91 9i1Cubi-Gn1 =91 Gn-1Ca.
O

Now we can determine the behavior of the operator /A under the additive de-
composition.

Theorem 8.2. Let ﬁz : H'(Cg(z),k) — H" Y(Cg(z),k) be the map induced
by the operator A, : HH"(kG) — HH"~1(kG) via the isomorphism established
in Lemma 6.1. Then A, is defined as follows:

n

A, () (b, hooy) = S (=0 (R, byt b T by )

=1

for a: Cg(x)xn — k and for hy,--+ ,hp_1 € Cg(x). For example. whenn =1,
A, HY(Cg(z),k) — H°(Cg(x),k) sends 1 : Cg(x) — k to w(z~1).

Proof We shall prove that the following diagram

H™ (M) —=" > B L(H2)

H" (Ca(e), k) == H"(Co(x), )
is commutative, where the vertical isomorphisms are given in Lemma 6.1.
Take an element 1) : Cg(x)xn — kin Hompcy (2)(Bar, (kCa(x)) @rcg (2) ks k)
and denote by ¢ : G*" — kG the corresponding element in H7?. By Theorem

6.3, for any hy,- - ,h, € Cg(x), ¥(hi, -+, hy) is equal to the coefficient of z

in @(hy,--- ,hp)h ' -kt € kC,. We should prove that ﬁm(i/)) corresponds to
Az () via the isomorphism in Lemma 6.1.

Now
Al’(@)(glv e 797171) = Z Z(_l)i(n_1)<<p(gia s 9n—1,9n,91, " 0 vgifl)a 1>g;1~
gn€G i=1
For any hy, -+ ,hp—1 € Cg(z), consider the coefficient of = in

AI(SD)(hl? T 7hn71)h;i1 T h;l S kOI7
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or equivalently the coefficient of zhy - hy,—1 in
Am(@)(hh e ahn—l) S k[hl T hn—101]~
This coefficient is equal to

(Da(@)hy,- - hooy) bty - b ™)

slin—1"

Z Z(n 1) ’La"' hn717 ;El"'hflx_17h17"' ahi71)71>-

On the other hand, we also know that
Y(hg, - 7hn,1,hni1---hflx_l,h1,~-- hi1)
is equal to the coefﬁcient of x in
(hiy -+ hp_1 hyty ot by hmg)hi o by by hyq by
=@(hi, -+ hp_1, nil-.-hl a7 by, ,hi 1)xek01,
which is again equal to (@(hs, - ,hn_1,h;, - -hyta™ by, - hisq), 1), Tt fol-
lows that

A, () (ha, -+ hpy) = Z(*l)i(”’l)d)(hi,m et ho R e by hil).

=1

n—1"

hpTl

We have proved that ﬁgc(il)) corresponds to A,(¢) via the isomorphism in
Lemma 6.1 and the diagram is commutative (even at the cohomology complex
level).

O

Remark 8.3. By [7, Corollary 2.2], we know that H*(G, k) is a Gerstenhaber
subalgebra of HH*(kG) under the inclusion map:

Homyg(Bar.(kG) ®rg k, k) — Homyaxa)(Bar«(kG), kG),

(@:éxn — k) — (w:éxn — kG)’ w(gla agn) = @(gla 79n)91"'gn,

which is in fact induced by the isomorphism in Lemma 6.1 corresponding to = = 1.

Notice that by notations in Section 6, 1 € H}'. So motivated by Theorem 8.2,
we can similarly define an operator Ay : H"(G, k) — H" (G, k) in the group
cohomology H*(G, k) as follows:

n

Al(go)(glv to agnfl) = Z(_l)i(nil)‘p(gi» ce agnfl,gr:il o 'gl_lvglv e ,gifl)
i=1

for ¢ : G*" — k and for g1, ,gn_1 € G. In particular, Ay : HY(G, k) —
HY(G, k) is given by ¢+ ¢(1).

We prove that H*(G, k) is in fact a BV subalgebra of HH*(kG).

Corollary 8.4. Let k be a field and G a finite group. Then H*(G, k) — HH*(kG)
is a BV subalgebra.
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Proof The inclusion in known to preserve the product structure. In fact this is
a direct consequence of Theorem 7.1. In that result, taking x = 1 = y, we always
has z = 1 if the set I] is not empty.

As the inclusion H"(G, k) — HH*(kG) induced by the isomorphism in Lemma 6.1
corresponding to x = 1, Theorem 8.2 shows that it preserves the A-operator. Since
this operator together with the cup product U and the Lie bracket [, ] define a
BV algebra structure on HH*(kG), via the isomorphism in Lemma 6.1, we deduce
that the Lie bracket [, ] restricts to H*(G, k) = H*(Cg(1), k).

(Il

Now we specialize to the case of abelian groups. Let G be an abelian group.
In this case, the Hochschild cohomology ring HH*(kG) of the group algebra kG
is isomorphic to the tensor product algebra of kG and the group cohomology ring
H*(G,k): HH*(kG) ~ kG ®; H*(G,k). According to [4], this isomorphism is
given as follows. For G an abelian group, conjugacy classes are elements of G,
hence a cochain ¢, of H? for x € G attributes a scalar multiple of ¢; - - - g,z for

each (g1, - ,gn) € G™" and we obtain in this way a map @y : G — k. Itis
easy to see that the map i, in Theorem 6.3 is just this scalar.

Now Theorem 7.1 shows that the map ¢ — Y,cq(r ® @) defines a ring
isomorphism C*(kG) — kG @ C*(kG, k) compatible with the differentials, and
therefore it induces the above isomorphism. Theorem 8.2 specializes to the follow-
ing statement.

Proposition 8.5. Let k be a field and G a finite abelian group. Under the above
isomorphism HH*(kG) ~ kG ®; H*(G,k), the operator A : HH"(kG) —
HH""1(kG) corresponds to the sum of operators x @ A, : v ® H"(G, k) —
r® H" (G, k), where x € G and A, : H"(G,k) — H" (G, k) is defined as
follows:

n

Ar@)(g1 - gn-1) = > (=1 VB(gi, s gno1.gn g g gim1)
i=1

for g : Gk and for g1, ,gn_1 € G. Whenn =1, A, : H' (G, k) —

HO(G, k) is given by ¢ +— p(x~1).

Remark 8.6. We could also use the first realization to deduce a formula of the

A operator. However, this formula is much more complicated than that of Theo-
rem 8.2. We refrain from giving it here.

In a BV-algebra, we have the following equation (see [9]; Here we have changed
the original equation according to the sign convention in Remark 3.1 and we omit
the sign U in the equation):

Aay) = (DI A (@B)y +a A (B7) + (-1 A (@)
—(=1)1l A @)y — (~1) Al (A(B))y — (—1)/H1B g A (),
where «, 8,7 € HH*(A) are homogeneous elements. So in order to compute the

A operator in HH*(A), it suffices to find the value of A on each generator and
on the cup product of every two generators. Finally, let us mention that we can



28 YUMING LIU! AND GUODONG ZHOU?*

use the cup product formula, the A operator formula and the following formula
to compute the Lie bracket:

[, 8] = = (=)D A (@ U B) = Ala) U B = (=1)*la U A(B)).

9. THE SYMMETRIC GROUP OF DEGREE 3

There are a few computations in literature on the BV structures of the Hochschild
cohomology rings of some commutative algebras, see for example, [20]. As far as we
know, there is no concrete computation in non-commutative case. In this section,
we use our method to compute the BV structure of the Hochschild cohomology
rings of the group algebra F3S3;. The associative ring structure has been deter-
mined by Siegel and Witherspoon [17] using their cup product formula. So we
only need to compute the A operator and the Lie bracket.

Let G = S3 = {a,b | a® = 1 = b?,bab = a~'). Choose the conjugacy class
representatives as 1,a,b. The corresponding centralizers are H; = G, Hs = (a)
and Hs = (b). So HH*(F3S3) ~ H*(S3) ® H*({a)) ® H*((b)). The ring struc-
tures of H*(S3), of H*({(a)), and of H*({b)) are well-known (see for example,
[6]). H*(S3) = F3[u,v]/(u?), where v and v have degrees of 3 and 4, respec-
tively. H*({a)) = F3wy,ws]/(w1?), where w; and wy have degrees of 1 and
2, respectively. H*((b)) = F3, since F5(b) is semisimple. Identify the elements
u,v with their images in HH*(F3S3) and denote by Xi, X5 the images of the
elements (resp.) wi,we under the additive decomposition. Then Siegel and
Witherspoon proved in [17] the following presentation for the Hochschild coho-
mology ring HH*(F3S3): HH*(F3S3) is generated as an algebra by elements
u,v,Cy =1+a+a? Cy =b(1+a+a?), X1, Xo of degrees (resp.) 3,4,0,0,1 and
2, subject to the relations

qu :0, ’UXl :’U,Xg, UCQ :OZUCQ,
Oin =0= CiCj(Z',j S {1,2}), X1 Xo = U,Cl, X22 =vCy
in addition to the graded commutative relations.

Our formula in Theorem 8.2 for A operator is based on the normalized bar
resolution. However, the real computations of the Hochschild cohomology or the
group cohomology are based on the minimal projective resolutions. So we need
to construct comparison maps between the minimal projective resolution and nor-
malized bar resolution (by the same technique introduced in Section 2), and then
we can transfer our formula in Theorem 8.2 to the minimal Hochschild cohomology
level. By Theorem 8.2, the operator A : HH™(F3S3) — HH" !(F393) restricts
to the operators A, : H™((b)) — H" 1((b)), Aa : H"({(a)) — H""1({(a)), and
Al : H™(S3) — H"1(S3). Since F3(b) is semisimple and H*((b)) is concentrated
in degree zero, Ab is trivial.

To compute ﬁa, we first recall the minimal projective resolution P} of the
trivial F3(a)-module F3:

3 Fala) 3 Fala) 715 Fa(a) 93 Fa(a) -5 Fy — 0,
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where the differential € is given by e(A; + Aaa + Aza?) = A\ + A2 + A3, and the
differential a — 1 means multiplying by a—1, etc.. There is a setwise self-homotopy
over P as follows:
t_q :F3—>F3<a>, 1—1,
to: F3(a) = F3(a), 1+ 0,a+ 1,a*> = 1+a,
t1 :Fz(a) = Fz(a), 1+ 0,a+0,a% 1,
tg : F3<
( :

F
1—0,a—1,a®>~1+a,
tgl]F

a) — Fs{a),
{ 1+ 0,a— 0,021,

3 0,>4)F3 CL>

We also have the normalized bar resolution Bar.(Fsz(a)) ®p,(q) F3 of the trivial
F3{a)-module F3, which is identified as the following complex

o= Fala) @ Fala)y " 2 - — Fy(a) @ Fala) -2 Fy(a) -2 Fs — 0,
where the differential is given by
do(go) =1 (for gy € {(a))
and (for go € (a), g1, ,gn € (a))
dn (90, 91, 1 Gn) = G0g1®G2®" - Rgn+

n—1
D U-1)lg®@ - @gigi1 @ D gn+ (~1)"go D g1 @+ @ g1
i=1

There is a setwise self-homotopy over Bar.(F3(a)) ®r,(qy F3 as follows:

—F®n —FQ®n+1
Sn 1 Fg{a) ®]F3(a>® —>F3<@>®F3<a>® " ,

GG R Vg — 109 ®g1 Q- @ gn,
where go € (a), g1, - ,9n € (a). Using {s,} and {t,} we get comparison maps
¢ : Py — Bar.«(Fs3(a)) ®p, () F3 and ¥ : Bar.(F3(a)) ®F,(q) F3 — P;. We write
down the maps up to degree 4 explicitly:

®: P} — Bar.«(Fs(a)) ®r,a) F3
b, = id : F3 — Fg,
(po =1d: IF3<a> — F3<a>,
(Pl]F3<a>—>]F3<a>®]F3<a>7 g—g®a, forg:La,aQ,
Dy : F3{a) — Fs{a) ®F3<a>®2, g—gRa®a+g®d’®a, for g=1,a,d?,
O3 : Fy{a) — F3<a>®F3<a>®3, g gRaRaRa+gRa®a’®a, for g =1,a,d?,
—®4
®y:Fy(a) — F3(a) @F3{a) , g gRa®ae®aRa+gRa®@a®a’®at
IR Ra®aeRa+gRa’®a®a’®a, for g=1,a,a’;
v BGT*(F3<G>) ®F3<a) F3 — P;
U4 :Zng —)Fg,
\I/O =1d : F3<a> — F3<a>,
‘III:IF3<G/>®F3<G/>—>]F3<O’>7 gRarr g, g®a2'_>g(1+a)7 fOI'gzl,a/,a,Q,

— ®2
Uy : Fs(a) @ F3(a) —F3(a), g®a®ar— 0,
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gRa®a® g, gR®ar—g, g’ ®d g, forg=1,a,a%
———®3
Uy :F3(a) @ F3(a)  — F3{a), gRa®a®@ar—0, gRa®a® a0,
gRa®ad*®a—0, gRa®d’Rad*—0, g a®a—0,
gRd*®a®ad®—g(l+a), g ®ad@a— g(l+a),
g®a’®a®®a®— ga, for g=1,a,d?,

\114:IF3<a>®IF3<a>®4—>]F3<a>7 gRaRa®a®ar 0, gRa®a®a®a®— 0,
IRaRa®d’a—0, gRaRa®ad’®ad®—0, gRaRka’®a®ar 0,
IR’ ®aead’—g, ¢ ®dRae—g, ¢gRaRa’Rd>®a®— g,
g®a2®a®a®an—>0, g®a2®a®a®a2r—>0, g®a2®a®a2®a'—>0,
gRd*Ra®d’®d®* =0, ¢gRRdae®a—0, ¢gR’*Rd*@a®a® g,
g0’ @d’@d?@arg, ¢gRC®d®d®®@a® 0, for g=1,a,d>.

We have the following commutative diagram:

Fs F3
Wa w1
F3<a/ ltata® M/ 2L pa) —Cv Ty - 0
\II2T lq)2 \IJJ l(I)l \IIOT lq)() H
Fy(a) @ Fa (@)™ — 2+ Fy(a) @ Fy(a) — v Fala) — P Ty 0

Clearly both the representatives of wy and ws in the group cohomology H*({a)) =
F3 [wl, YUQ]/(UJ12) can be chosen as € : IF3<Cl> — F3, A1 +/\2a+)\3a2 — A1+ Aa+ A3,
By abuse of notation, we have

A, (wi) = A, (w1 P) o Dy,
&a(’wg) = AG(U)Q\IIQ) o (I)l.

A straightforward calculation shows that ﬁa(wl) = —1 and ﬁa(wg) = 0. Simi-
larly, we can get that

Ag(wiwz) = A, (w1 W) (w2P2)) o Oo,
Ay (w3) = Dy ((w2W2)°) 0 @s.

By direct computation, we have (wq¥1)(waW¥2)®@3(1) = 1 and (wa¥s)?)®4(1) = 1,
which imply that both the representatives of wjws and w3 in the group cohomology
H*({a)) = F3[wy, ws]/(w1?) are given by €. So again a straightforward calculation
shows that A, (wiws) = —ws and A, (w?) = 0.

Next we compute Al. First of all, we need to construct a minimal projective
resolution P; of the trivial F3S3-module 5. Recall that the group algebra FsS3
can be identified as the Fz-algebra A given by the following quiver and relations:

é‘ ’ c2>, afa = Bapf =0.
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Let 4 A = Ae; ® Aes = (e1, a, Ba) ® (e2, B, a8) be the decomposition of the regular
module into the indecomposable projective modules. Then we have the following
(Remind that all the computations take place over Fg):

a=—a(l-— )(1—|—b 1—b)( a) —(a — a® 4 ab — a®b),
B=—a(l—a)(l-b)=—(1+b)a(l—a)=—(a—a*—ab+ a’b),
Ba=(1+b)(1+a+a*)(1+b)=—(1+a+b+a®+ab+ a’b),
af=1-b)(1+a+a®>)1-0b)=—(1+a—b+a®—ab—a’b),
l=e+ey,a=e+es—a—pF—af—Pa,b=e; —eo,
a?=e +est+a+B—af—Pa,ab=e; —es—a+ B+ af — fa,
a’b=e1 —es+a— B+ af — Ba.
Ae; is the projective cover of the trivial module F3 since a and b act trivially on
Aeq/rad(Aey); Aes is the projective cover of the sign module sgn since a (resp.,
b) acts trivially (resp., by multiplying —1) on Aey/rad(Aes). Now it is easy to
write down the minimal projective resolution P; of the trivial F3S55-module [F5 is
as follows:
. —>A61 &)Ael &)ABQ &)AEQ %Ael &Fg —)O,
where the differential is given as follows:
Op:e1— 1, a—0,Ba—0,
01:ex— a,B— Ba,af — 0,
Oy :ea—af,f—0,a8— 0,
O3:e1— B,a— af,Ba— 0,
04 :e1— Ba,a—0,Ba+— 0,
05 :es = a, B Ba,af — 0,
O :ea— af,f+—0,a8 — 0,
Or:e1 = B,a— af,Ba— 0,
Og:e1— Ba,ar— 0,Ba+— 0,

Using the Lowey diagram structures of Ae; and Aes, we can easily construct a
setwise self-homotopy over P} as follows:
_1:Fg = Aey, 1 e,
to: Aey — Aea, e1 — 0,a+— eg, fa— 3,
t1: Aeg — Aes, ea— 0,8+ 0,08 — eo,
ty 1 Aeg — Aey, ex— 0,8 e, af — a,
tg: Aey — Aer, e —0,a—0,Ba— e,
ty: Aey — Aes, ep — 0, eg, fa— 3,
ts : Aeg — Aes, ea+— 0,8+ 0,a8 — eo,
tg : Aes — Aey, ex— 0,8 e1,af— a,
ty : Aey — Aey, e —0,a—0,Ba+— e,
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tg : Aex — Aes, e1— 0,a > e, Ba s 3,

We also have the normalized bar resolution Bar,(A4) ® 4 F3 of the trivial A-module
F3, which is identified as the following complex
e AQAT A S ARA A F 0,
where the differential is given by
do(go) =1 (for go € S5)
and (for go € S3, 91, ,gn € S3)
dn (90,91, 1 gn) = Gog1 @ g2 ® -+ @ gn+

n—1
D ()@ ®Gigi1 @ Qgn+ ()90 Qg1 @ @ gn1.
i=1

There is a setwise self-homotopy over Bar.(A) ® 4 Fs as follows:

Sp A®Z®n — A®Z®n+1,
JoRG R Qgn > 1Rgo®G1 & O gn,

where go € S3,91, - ,gn € S3. As before, we want to use {s,} and {¢,} to get

comparison maps A : P — Bar.(A) ®4 F3 and © : Bar.(A) 4 F3 — Pf.

Here the situation is a bit different, since P;* is not a free resolution. However, if

we replace s, (x) by s,(z) = e18n(e12) + easy(eax), then the method introduced

in Section 2 still works. We write down the comparison maps up to degree 8

explicitly:

A: P — Bar.(A) ®4 Fs
Ay =id:Fy — s,
Ag:Aeg — A,
aey — aeq,

Ay Aeg — AR A,

o e®Ra,f— Raal— af® a,
Ayt Aey — AQ A%

e eafa,f—Ral®a,al— af®al® a,
A3 :Aeg — A ®Z®3,
e~ eaRFRafRa,a—a®RRafa,far faPRal® a,
Ay:Aey —s A0 A%
e1—e1RBaRRafRa,a— aRPaRLRafRa,far faRPa®LRaf®a,
As: Aes — AR A,
e eRaRPaRRafRa,f— RaRLa®PRaf® a,
af = afR®a® fa® bR al® a,
A6 : Aeg — A®Z®6,
e e®afa®fa®faf®a,f Raf®a®fa® fRaf®a,
af = afRafRa® fa®fRalf a,
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Ar:Aey — A AYT,
1= eRPBRAfRARVPARLRARa,a— aRRafR®a®fa®BRal® a,
fa La@PRafRa®Pa®RPRafa,
Ag:Aey — A@ A%
e1— e1RBaRBRALRARLaRLRALR, o > aRLaRLRafRaRLaRLRaBRa,
Bar— fa®PaRPRafRa® Ba® PR af R a;
O : Bar,(A) ®4 F3 — Py
O_1 =1id:F3 — F3,
Qg : A — Aeq,
a > aeq, fora € A,
0,: AR A — Aes,
1® g1 — —ey — B3,0,e5 — B, —ey — B,e9 — f3, for g1 = a,b,a?, ab, a®b,
O : A®Z®2 — Aeo,
1® g1 ® ga — —es,0,0,0,es for g1 = a, b, a?, ab, a®b,
and where 01 (1 ® g2) = —es — 5,
1® g1 ®go— 0,0,e, —es,0 for gy = a, b, a?, ab, a’b,
and where 01 (1 ® g2) = ea — f3,
1® g1 ® go — 0, for any other case,
O3 : AR A" — Aey,
1®¢1 Q¢ Qg3 — —e1 —,0,e1 —a, e +a,—e, +a, for g1 = a,b,a?,ab, a’b,
and where O5(1 ® g2 ® g3) = ea,
1®g1 ®go®@gs— er +a,0,—es +a,—e; —a,e1 —a, for g = a,b,a?, ab, a’b,
and where O5(1 ® g2 ® g3) = —ea,
1® g1 ® g2 ® gs — 0, for any other case,
04: A A" — Aey,
1® g1 ®go®gs®gs— e1,0,0,0,e; for gy = a,b,a?, ab, a’b,
and where O3(1 ® g2 ® g3 ® g4) = €1 + «,
1® g1 ®ga®gs®@ga— 0,0, e1,e1,0 for g1 = a,b,a?, ab, a®b,
and where O3(1® g2 ® g3 ® g4) = €1 — @,
1® g1 ®go®gs® ga— —er,0,0,0,—e; for g1 = a,b,a?, ab, a’b,
and where O3(1® g2 ® g3 R g4) = —e1 — «,
1® g1 ®go®gs®gs— 0,0, —eq, —eq, 0 for g = a,b,a?, ab, a>b,
and where O3(1 ® g2 ® g3 @ g4) = —e1 +
1® g1 ®gs® g3 ®gq — 0, for any other case,
Os: AR A”" — Aey,
1091 ®g2®g3®g4Rgs > —ea—f3,0,e2— B, —ea—B,e2— 3, for g1 = a,b,a®, ab, a’b,
and where O4(1 ® g2 ® g3 ® g4 ® g5) = e1,
1091 ®g2®g30ga®7s — e2+3,0, —ea+ B, e2+ 8, —ea+f, for g1 = a,b,a®, ab, a’b,
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and where ©4(1 ® g2 ® g3 ® g4 ® g5) = —ex,
1®g1 ®ge®g3®gs R gs — 0, for any other case,
O : AR A" — Aey,
1091 ®g® g3 ga® gs ® g — €2,0,0,0, —ey for g = a, b, a®, ab, a>b,
and where O5(1 ® g2 ® g3 ® g4 ® g5 @ go) = €2 + f3,
1®91 Q3¢ g3 gs® gs D gs — 0,0, ez, —ea,0 for g1 = a,b, a2, ab, ab,
and where O5(1 ® g2 ® g3 ® 94 @ g5 ® gg) = €2 — 3,
1®gI ®7gr®@7gs®ga® gs ® gs — —ea,0,0,0,es for g = a,b, a®, ab, a®b,
and where O5(1 ® g2 ® g3 ® 94 @ g5 ® gg) = —€2 — B,
109 ®g®7g3®ga® gs ® ge — 0,0, —ea, 2,0 for g = a,b,a’, ab, a>b,
and where O5(1 ® g2 ® g3 ® g4 ® g5 ® go) = —€2 + 3,
1®g1 ®ge®g3Rgs® gs ® ge — 0, for any other case,
Or: A AY — Aey,

11 ®9g0®7g3®91R g5 ® ge @ g7 > —e1 —a,0,e1 —a,e1 +a,—e1 +
for g1 = a,b,a?, ab, a®b, and where Og(1 ® go ® g3 ® g4 ® g5 @ g6 ® g7) = €2,
11 RpRg®IIRIsRgs®gr—e1 +a,0,—e1 +a,—e1 —a,e1 —
for g1 = a,b,a”, ab, a®b, and where Og(1 ® go ® g3 @ g4 ® g5 @ g6 @ g7) = —ea,
1®gI®ge®g3®gs® gs ® ge @ gr — 0, for any other case,
Os: AR A 5 Aey,
1®g1®7g® 7030 g1® gs @ ge ® g7 ® gs — €1,0,0,0, €1 for g1 = a,b,a’, ab, a’b,
and where O7(1 ® g2 ® g3 ® 94 ® g5 ® g6 @ g7 ® gs) = €1 +
109107301 gs® gs® gr @ gs — 0,0,eq,e1,0 for g, = a,b,a®, ab, a>b,
and where O7(1 ® g2 ® g3 ® 94 ® g5 ® g6 @ 97 ® gs) = €1 —

100 ®gr@03® g1 7gs D gs @ gr @ gs — —e1,0,0,0, —e; for g1 = a,b,a?, ab, a®b,
and where O7(1® g2 ® g3 ® g4 @ g5 ® g6 @ g7 ® gg) = —€1 — @,
1®g1®ge®793® g4 ® g5 @ go ® g7 @ gs — 0,0, —eq, —eq, 0 for g1 = a, b, a”, ab, a®b,
and where 07(1® o ® g3 R g4 R g5 R g6 R g7 ® gs) = —e1 + @,
1Rg1®ge®g3R9gs R gs ® ge @ g7 ® gg — 0, for any other case.

Note that both the representatives of u and v in the group cohomology H*(S3) =
F3[u,v]/(u?) can be chosen as Ae; — F3,e; — 1,a + 0, Ba +— 0. Since |u| =3

and |v| = 4, we have A, (u) =0 and A, (v) = Au for some A € F5. We have

o~

A (v) = A (vOy) 0 Ag,
and ﬁl(v@él) can be computed by our formula in Theorem 8.2. Since
A (v04) 0 Agler) = 1, (v04) (B af @ )
= ~4,(v01)(8® af © a) — b2, (v0) (B ® af ® a)
= =20 (v04)(B@ af @ a) = A (v04)(B@ aB @ ).

By a MAPLE calculation (see [14]: A MAPLE program for computing Al.), we
obtain that A (vO4)(8 ® af ® ) = 0, and therefore A, (v) = 0. Since |uv| =7
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and |v?| = 8, we have A 1 (uv) = pu? and A 1(v?) = u wv for some p, 4’ € F3. Since
u? =0,A 1(uv) = 0, and we only need to compute A 1(v?). The representative of
v? in the group cohomology H*(S3) = F3[u,v]/(u?) can also be chosen (up to a
sign) as Ae; — F3,e; — 1,a — 0, Ba — 0. We have

Ay (%) = By (v°05) 0 A,

Al(v2®g) oAr(er) = 61A1(v2@7)(ﬂ RafRa®Pa® R af® )
=N (1?0)(BRaBRa®fa®BRaf® ).

Slmllarly by a MAPLE calculation (see[14]: A MAPLE program for computing
A,), we obtain that A, (v20g) o A7(e1) = 0, and therefore A, (v2) = 0.

Finally, based on the above computations, we deal with the Lie brackets. Since
we have the following Possion rule: [aUf,v] = [a,y]UB+(=1)lelrI=Dau|s, 4], it
suffices to write down the Lie brackets between generators in HH*(F3S3). Recall
that HH*(F353) is generated as an algebra by elements u,v,C; = 1 +a+a? Cy =
b(1 + a+ a?), X1, X of degrees (resp.) 3,4,0,0,1 and 2, subject to the relations

qu :0, ’UX1 :uX27 UCQ :OZ’UCQ,
CiX; =0=0C;0;(i,5 € {1,2}), X1Xo=uCy, X3=vC
in addition to the graded commutative relations. Using the formulas (Here we
omit the sign U in the equation)

0 8] = ~(=D)(AaB) - A(@)5 ~ (-1)"la 1 (8))
" @, 8] = —(=1) 1D 5, 0]
we do the concrete computations as follows:
[u,u] =0, [u,v] = Al(uv) - Al(u)v + uﬁl(v) =0,[v,u] =0,
[, C1] = —(A(uC)) = Aw)Cy +u A (Cr)) = =D (X1 X2) = Xo, [Ch,u] = —Xo,
[u, CQ] = _(A(UCQ) — A(U)CQ +u A (02)) = 07 [Oqu] = 0,
[u, Xi] = —(A(uXy) — Aw) Xy +u N (Xy)) =u, [X1,u] = —u,
[u, Xo] = —(A(uXa) — Aw)Xs + u D (Xs)) = —A(uXa) = 0, [Xo, u] =0,
[v,v] = —(A@W?) = Alv)v —v A(Av)) =0,
[v,C1] = —(A(WC) — AW)Cy +v A (Ch)) = —A,(X3) = 0,[Ch,v] =0,
[v,C3] = —(A(WCs) — A(v)Cy +v A (C)) =0,[Co,v] =0,
[v, X1] = A(wX1) — AW) X —v A (Xy) = —v,[X1,0] = v,
—(A(0X2) = A) Xz —v A (Xa)) = £4,(X3) = 0,[Xa,v] =0,
[C1, C1] = [C1, Cy] = [Co, C1] = [C2,Ca] =0,
[C1, X1] = A(C1 X)) — A(C1) Xy — C1L A (Xy) = Cq, [ X1, Ch] = —Ch,
[C1, X2] = —(A(C1X2) = A(C1) Xy — C1 A (X2)) =0, [Xe,C1] =0,
[Co, X1] = A(C2X7) — A(C) Xy — Cy A (X7) = Cy, [X1,Co] = —Ch,
[Ca, Xo] = —(A(CaX3) — A(C) X — Ca A (X2)) =0, [Xa,Cs] =0,
[X1,X1] =0,[X1, Xo] = —(A(X1X2) — A(X) Xo+ X1 A (X)) =0,[Xq, X2] =0,
[X2, Xo] = —(A(X3) — A(X9)Xe — X A (X)) =0.

['Uv XQ]
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In the fifth line of the above computation, we use the fact that A(UXQ) =
0. The reason is as follows: uXs is an element of degree 5, under the additive
decompositon, it corresponds to an element in H*({a)) and has the form +w;ws2.
It follows from the formula in the last paragragh of Section 8 that ﬁ(qu) =
ﬁa(:twlwf) = 0.

Remark 9.1. By a recent result of Menichi (see [16, p. 321]), the Lie bracket
of the group cohomology H*(G) for a finite group G must be trivial. The above
computation shows that this is indeed the case for H*(S3) = Fs[u,v]/(u?). Note
that to verify [v, v] = 0, we have used the MAPLE program in [14].

Remark 9.2. Observe in the above example that the generators of H H*(F3.S3) are
“multiplicative closed” under Lie bracket: the Lie bracket [a, ] of two generators
a and B is a scalar multiple of another generator. Also if [a, 5] # 0, then [«, 5] is
equal to —[3, a].
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