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Abstract: We use algebraic Morse theory to generalize the parallel paths method for computing the first
Hochschild cohomology group. As an application, we describe and compare the Lie structure of the first
Hochschild cohomology groups of Brauer graph algebras and their associated graded algebras.

1 Introduction

It is well-known that the Hochschild cohomology groups are important invariants of associative
algebras under derived equivalences. The computation of Hochschild cohomology groups is heavily
based on a two-sided projective resolution of a given algebra. The smaller of the size of this projective
resolution, the more efficient the computation. For monomial algebras, Bardzell [3] constructed mini-
mal two-sided projective resolutions. Based on the minimal two-sided projective resolution, Strametz
[22] introduced the parallel paths method to compute the first Hochschild cohomology group of a
monomial algebra.

One aim of the present paper is to generalize Strametz’s parallel paths method for computing the
first Hochschild cohomology group from monomial algebras to arbitrary quiver algebras of the form
kQ/I, where @ is a finite quiver and I is an ideal of the path algebra kQ contained in kQ>2. Our
idea is to use the two-sided Anick resolution, which is based on algebraic Morse theory, to replace
Bardzell’s minimal two-sided projective resolution.

About fifteen years ago, algebraic Morse theory was developed by Kozlov [14], by Skoldberg [20],
and by Jollenbeck and Welker [13], independently. Since then, this theory has been widely used in
algebra; for further references on this direction, see for example the introduction in [7]. In particular,
Skoldberg [20] applied this theory to construct the so-called two-sided Anick resolution from the
reduced bar resolution of a non-commutative polynomial algebra. Chen, Liu and Zhou [7] generalized
the two-sided Anick resolution from non-commutative polynomial algebras to algebras given by quivers
with relations.

For a monomial algebra kQ/I, the ideal I has a minimal generating set Z given by paths in @,
which is one of ingredients in Strametz’s construction. For an arbitrary quiver algebra kQ/I, we use
the Grobner basis of I to replace the above set Z. In order to generalize Strametz’s construction,
we use the two-sided Anick resolution (which is for an arbitrary quiver algebra) to replace Bardzell’s
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minimal two-sided projective resolution (which is only for a monomial algebra). Similar to Strametz’s
method in [22], we give a method to compute the zeroth and the first Hochschild cohomology groups
by using parallel paths.

Proposition 1.1. (see Proposition 3.7) Let A = kQ/I be a quiver algebra such that I has a finite
reduced Grébner basis G. Then the zeroth and the first Hochschild cohomology groups of A can be
computed by the following complex

0 —— k(Qo//B) —2 k(Q1//B) —2= k(Tip(G)//B) — ---

where the maps are given by

Yo k(Qo//B) — k(Qi//B),
(e;7) = Zatee(a’ﬂ-(a'V))_Eﬁete(ﬁﬂT(Vﬁ));

Y1t k(Q1//B) — k(Tip(G)//B),
() = Y06 Dpesupp(a) Co(P) - (Tip(g), m(p{)).

with 9 =3 csupp(g) Co(P)P; cq(p) € k.
In particular, we have HH°(A) = Kertpg, HH'(A) = Kertp; /Tmfg.

Moreover, we also describe the Lie algebra structure on the first Hochschild cohomology group as
follows.

Theorem 1.2. (see Theorem 3.8) The bracket

[(@,7), (B,9)] = (B, w(e“D)) = (e, w(+79)))

for all (o, ), (B,¢) € Q1//B induces a Lie algebra structure on Keryy /Tmepo, such that HH'(A) and
Keryy /Imipy are isomorphic as Lie algebras.

It should be noted that, Artenstein, Lanzilotta and Solotar [2] recently studied the Hochschild
cohomology of toupie algebras. The cochain complex obtained in [2, Section 3] to compute HH' for
toupie algebras coincides with the cochain complex in our Proposition 3.7.

In Section 4, we apply our method to study the first Hochschild cohomology groups of Brauer
graph algebras (abbr. BGAs). These algebras coincide with finite dimensional symmetric special
biserial algebras (see for example in [18]). When the ground field k satisfies condition (%) in Definition
3.11, we can describe explicitly a k-basis of the first Hochschild cohomology group HH'(A) of a BGA
(Theorem 4.8), and compare it with a k-basis of the first Hochschild cohomology group HH'(gr(A))
of the associated graded algebra (Theorem 5.11). Based on these results, we describe when HH'(A)
and HH' (gr(A)) are solvable.

Corollary 1.3. (see Corollary 4.10) Let A be a BGA over a field of characteristic zero such that the
corresponding Brauer graph G is different from (« ==+ ) (in this case, both vertices have multiplicity
1). Then HH'(A) is solvable.

Theorem 1.4. (see Theorem 5.9) Let A be a BGA over a field of characteristic zero such that the
corresponding Brauer graph G is different from (« == (in this case, both vertices have multiplicity
1) and gr(A) the associated graded algebra of A. Then HH'(gr(A)) is solvable.

In particular, we construct an injection i from HH'(A) to HH'(gr(A)) as follows.



Theorem 1.5. (see Theorem 5.13) Let A be a BGA associated with a Brauer graph G, and gr(A)
the associated graded algebra of A. If G # (vg—vr) with m(vy) > m(vs) > 2, then there is a
monomorphism i from HH'(A) to HH(gr(A)) as Lie algebras.

In Example 5.17, we show that if the assumptions of the above theorem are not satisfied, then i is
not a Lie algebra monomorphism in general.

Denote the identity component of the outer automorphism group of A by Out(A)°. The injection
1 also gives the following result.

Corollary 1.6. (see Corollary 5.20) The difference between the dimension of HH'(A) and of HH' (gr(A))
is equal to the difference between the rank of Out(A)° and of Out(gr(A))°. In particular, it is also equal
to the difference between their dimensions of the corresponding mazximal dual fundamental groups.

After we submitted this paper on arXiv, we noticed that Rubio y Degrassi, Schroll and Solotar have
recently obtained similar results in [17]. However, our generalized parallel paths method for computing
HH' is deduced from two-sided Anick resolutions using algebraic Morse theory, rather than directly
using the Chouhy-Solotar projective resolution which is constructed in [8]. Moreover, we described
explicitly a k-basis of HHl(A) when A is a BGA, and our comparison study on the first Hochschild
cohomology groups between BGAs and their associated graded algebras is also new. Finally, we provide
a counterexample (Example 4.13) to Theorem 4.2 in [17] in positive characteristic.

Outline. In Section 2, we introduce some preliminaries and give some notations which we need
throughout this paper. In particular, we will review the Grébner basis theory for path algebras and
the two-sided Anick resolutions for quiver algebras based on algebraic Morse theory. In Section 3, we
generalize the parallel paths method for computing HH' from monomial algebras to general quiver
algebras. In Sections 4 and 5, we apply the generalized parallel paths method to BGAs and their
associated graded algebras. Moreover, we give a simple formula (Corollary 5.15) for the difference
between the dimensions of the first Hochschild cohomology groups of a BGA and its associated graded
algebra.

2 Preliminaries

Throughout this paper we will concentrate on quiver algebras of the form £Q/I, where k is a field,
@ is a finite quiver, I is a two-sided ideal in the path algebra kQ. For each integer n > 0, we denote
by @, the set of all paths of length n and by @)>,, the set of all paths with length at least n. We shall
assume that the ideal I is contained in kQ>2 so that kQ/I is not necessarily finite dimensional. We
denote by s(p) the source vertex of a path p and by t(p) its terminus vertex. We will write paths from
right to left, for example, p = a,a,—1 -+ a1 is a path with starting arrow «; and ending arrow a,.
The length of a path p will be denoted by I(p). Two paths e, of @ are called parallel if s(e) = s(7)
and t(e) = t(y). An element in kQ is called uniform if it is a linear combination of parallel paths. If X
and Y are sets of paths of @, the set X//Y of parallel paths is formed by the couples (,7) € X x Y
such that e and 7 are parallel paths. For instance, Qo//Qy is the set of oriented cycles of @ of length
n. We denote by k(X//Y") the k-vector space generated by the set X//Y. For a subset S of k(X//Y),
we denote by (S) the subspace of k(X//Y) generated by S. By abuse of notation, for a subset S of
the algebra kQ/I, we also use (S) to denote the ideal generated by S.

2.1 Grobner bases of quiver algebras

Let A = kQ/I be a quiver algebra where I is generated by a set of relations. In this subsection
we recall from [10] the Grébner basis theory for the ideal I. Let us first introduce a special kind of



well-order (that is, a total order such that every nonempty subset has a minimal element) on the basis
Q>0 of the path algebra kQ. By [10, Section 2.2.2], a well-order > on @>¢ is called admissible if it
satisfies the following conditions where p, ¢, 7, s € Q>0:

e if p < ¢, then pr < gr where both pr # 0 and qr # 0.

e if p < ¢, then sp < sq where both sp # 0 and sq # 0.

e if p=gr, then p>gqand p >r.

Given a quiver @) as above, there are “natural” admissible orders on ()>¢. Here is one example:

Example 2.1. The (left) length-lexicographic order on Q>¢:
Order the vertices Qo = {v1, -+ ,vn} and arrows Q1 = {a1,- -+ ,am} arbitrarily and set the vertices
smaller than the arrows. Thus for example, let

V1 << Uy <ag <o <y

If p and q are paths of length at least 1, set p < q if l(p) < 1(q) orif p=">by---b, and g = b} ---bl. with
biy oo b by oo b € Q1 oand for some 1 < i <7, b; =V} for j <i and b; <.

We now fix an admissible well-order > on ()>¢. For each a € kQ, we have a = ZPGQZW Apck ApD
and write Supp(a) = {p | A\p # 0}.

We call Tip(a) = p, if p € Supp(a) and p’ < p for all p’ € Supp(a). Then we denote the tip of a set
W C kQ by Tip(W) = {Tip(w) | w € W} and write NonTip(W) := Q>o\Tip(W). We also denote the
coefficient of the tip of a by CTip(a). In particular, we will use Tip(I) and NonTip(I) for the ideal T
of kQ. By [10], there is a decomposition of vector spaces

kQ = I @ Span,, (NonTip(I)).
So NonTip(I) (modulo I) gives a “monomial” k-basis of the quotient algebra A = kQ/I.

Definition 2.2. ([10, Definition 2.4]) With the notations as above, a subset G of uniform elements
in I is a Grobner basis for the ideal I with respect to the order > if

(Tip(1)) = (Tip(9)),
that is, Tip(I) and Tip(G) generate the same ideal in kQ.

Indeed, note that I = (G). By the discussion in [10], we have a complete method to judge whether
a set of generators of an ideal I in kQ is a Grobner basis, which is called the Termination Theorem.
The idea is checking whether some special elements of the ideal I are divisible by this basis, instead
of to check all the elements in I.

Definition 2.3. ([10, Definition 2.7]) Let kQ be a path algebra, > an admissible order on Q>o and
f,9 € kQ. Suppose b,c € Q>q, such that

e Tip(f)c = bTip(g),
e Tip(f) b, Tip(g) 1 c.
Then, the overlap relation of f and g by b, c is
o(f,g,b,¢) = (CTip(f))~" - fe — (CTip(g)) ™" - by.
Note that Tip(o(f, g,b,c)) < Tip(f)c = bTip(g).



Theorem 2.4. ([10, Theorem 2.3]) Let kQ be a path algebra, > an admissible order on Q>o, G a set
of uniform elements of kQ. Suppose for every overlap relation, we have

0(gla g2, P, CI) =g Oa

which means that o(g1, g2, D, q) can be divided by G (see for example in [10, Section 2.5]), with g1, g2 € G
and p,q € Q>o. Then G is a Grébner basis of the ideal generated by G, that is, (G).

Definition 2.5. (c.f. [7, Section 4]) A Grébner basis G for the ideal I is reduced if the following three
conditions are satisfied:

e G is tip-reduced: for g,h € G with g # h, Tip(g) 1 Tip(h);
e G is monic: for every element g € G, CTip(g) = 1;
e For any g € G, g — Tip(g) € Span,(NonTip([)).

It is obvious that under a given admissible order, I has a unique reduced Grébner basis G, and in
this case, Tip(G) is a minimal generating set of (Tip(I)). Moreover, b € Q>¢ lies in NonTip([/) if and
only if b cannot be divided by any element of Tip(G). In the following, we always assume that G is a
reduced Grobner basis of I.

Note that when G is reduced, there is a one-to-one correspondence between G and Tip(G): for
g € G, Tip(g) € Tip(G); conversely, for w € Tip(G), there is a unique g € G such that w = Tip(g). We

shall denote the correspondence from G to Tip(G) by Tip and its inverse by Tip~!.

2.2 The reduced bar resolution of quiver algebras

Let E :~ ®cq, ke be the separable subalgebra of A generated by the classes modulo I of the vertices
of Q, such that A = E @ A as E°-modules, where E¢ = E ®; E and A, := Span,{NonTip(I)\Qo}.
There is an F°-projection from A to A4, denoted by p4. The reduced bar resolution of the quiver
algebra A can be written by the following theorem in the sense of Cibils [5].

Theorem 2.6. For the algebra A = kQ/I, the reduced bar resolution B(A) is a two-sided projective
resolution of A with Bo(A) = A®p A, B,(A) = A®g (A,)®E" @ A and the differential d = (d,,) is

n—1
dp([ar] -+ [an)) = arlas|---Jan] + > (=1)[ar] -+ [@aipa| - |an] + (1) [ar] - - [ap1]an
i=1
with [a1] -+ |ap] =1®a1 ® - ®a, ® 1. By convention B_1(A) = A, anddy: AQg A — A is given
by the multiplication pa in A.
Remark 2.7. By the definition of Ay, B, (A) can be decomposed as

B (A) = P Alwn| -+ lwa] A = P Awn] -+ |wy],

where A® = A ®y, A°P is the enveloping algebra of A and the direct sum is taken over all [w1]- - - |wy]
such that all w; € NonTip(I)\Qo and w; - - w, is a path in Q.

Since the reduced bar resolution is a two-sided projective resolution of A, we can use it to compute
the Hochschild cohomology groups HH"(A) of A. More concretely, applying the functor Hom 4. (—, A)
to B(A) we get a cochain complex (C*(A), 6*), where

CY%(A) =2 Homp(E, A) =2 AP = {a € A | sa = as for all s € E},



C™(A) = Hom e (Bp(A), A) = Hompe (A, )", A)

for n > 1 (c.f. Lemma 3.3), (6°a)(z) = ax — wa for a € AF and z € A, and

0" f)e1 @ @an1) = w1 f(22 @+ © Tny1)

+) (D)@ ® - @zmin ® - ©xpg) + (1) (@1 @ © 2p)ns.
i=1
Then we have
HH"(A) = Kerd™ /Tmé"™ .

In particular, we have HH'(A) = Kerd! /Imé° as k-spaces, where Kerd' is the set of E°-derivations of
Ay into A and the elements in Imé” are inner E°-derivations of A, into A. Note that we can identify
Derge (A4, A) with Derge (A, A). Moreover, Kerd! = Derge (A, A) has a Lie algebra structure under
the Lie bracket

[f:9lam == fopaocg—gopaof

for f,g € Derge(Ay, A), where ps denotes the E¢-projection from A to A,. Moreover, Imd® is a Lie
ideal of Kerd!, so that HH'(A) is a Lie algebra. This structure was first defined by Gerstenhaber [9]
using the standard bar resolution of A.

In next two subsections, we will explain how to use the algebraic Morse theory to shrink the above
reduced bar resolution of A to a “smaller” one, such that the homology of the two complexes coincides.

2.3 Algebraic Morse theory

The most general version of algebraic Morse theory was presented in Chen, Liu and Zhou [7]. For
our purpose, we will adopt a Morse matching condition defined in [7, Proposition 3.2].

Let R be an associative ring and C. = (Cy, 0 )nez be a chain complex of left R-modules. We
assume that each R-module C,, has a decomposition C,, ~ @;c1, Cy ; of R-modules, so we can regard
the differentials 9,, as a matrix 9,, = (0, ;) with ¢ € I,, and j € I,,_; where 0y, j; : Cp ;i = Cp—1,5 is a
homomorphism of R-modules.

Given the complex C, as above, we construct a weighted quiver G(C,) := (V, E). The set V of
vertices of G(C,) consists of the pairs (n,i) with n € Z,i € I,, and the set E of weighted arrows is
given by the following rule: if the map 0, ;; does not vanish, draw an arrow in E from (n,7) to (n—1, j)
and denote the weight of this arrow by the map 0, j;.

A full subquiver M of the weighted quiver G(C,) is called a partial matching if it satisfies the
following two conditions:

e (Matching) Each vertex in V belongs to at most one arrow of M.
o (Invertibility) Each arrow in M has its weight invertible as a R-homomorphism.

With respect to a partial matching M, we can define a new weighted quiver Gp(Cy) = (V, Er),
where En( is given by

e Keep everything for all arrows which are not in M and call them thick arrows.

e For an arrow in M, replace it by a new dotted arrow in the reverse direction and the weight of
this new arrow is the negative inverse of the weight of original arrow.

A path in Gu(C) is called a zigzag path if dotted arrows and thick arrows appear alternately.
Next, for convenience, we will introduce from Jollenbeck and Welker [13] the notations related to
the weighted quiver G(C,) = (V, E) with a partial matching M on it.



Definition 2.8. (1) A vertex (n,i) € V is critical with respect to M if (n,i) does not lie in any arrow
in M. Let V,, denote all the vertices with the first number equal to n, we write

VM= {(n,i) € V,, | (n,i) is critical}
for the set of all critical vertices of homological degree n.
(2) Write (m,j) < (n,i) if there exists an arrow from (n,i) to (m,j) in G(C).
(3) Denote by P((n,i),(m,j)) the set of all zigzag paths from (n,i) to (m,j) in G (Cy).
(4) The weight w(p) of a path

p=((n1,01) = (n2,i2) = -+ = (ny,0r)) € P((n1,01), (0, 7))

in Gapm(Cy) is given by

w(p) = w((ny—1,r—1) = (N, i) 0 - ow((ny,i1) — (n2,42)),

—1 . i
w((n,i) > (m, ) { Oty (i) < (m.y).

8n,ji ) (m?]) S (nal)

Then we write T'((n, ), (m, §)) = 32, p((n.i),(m.j)) WP) for the sum of weights of all zigzag paths
from (n,i) to (m,j).

Following [7, Proposition 3.2], we call a partial matching M as above a Morse matching if any
zigzag path starting from (n, ) is of finite length for each vertex (n,¢) in Ga(Cy).

Now we can define a new complex CM, which we call the Morse complex of C, with respect to M.
The complex CM = (CM,9M),,c7 is defined by

o= B (n,iyev M Cn,is

oM cM - oM,
noe T e Cn,i — Z(nfl’j)evﬁl F((nvl% (n - 1,]))(1‘)

The main theorem of algebraic Morse theory can be stated as follows.

Theorem 2.9. The complex CM is a complex of left R-modules which is homotopy equivalent to the
original complex C,. Moreover, the maps defined below are chain homotopies between C, and CM:

;- { C, - oM
: €T € Cnﬂ' — Z(n,j)EVd\/l F((TL, i)a (n,]))(a?),
. { cM - Cy

g: MRS Cn,i = Z(n,j)EVn F((TL,Z), (’I’L,j))(ﬂ?)



2.4 Two-sided Anick resolution

Starting from the reduced bar resolution of a one-vertex quiver algebra A which is viewed as a chain
complex of projective A°-modules, Skéldberg [20] constructed a “smaller” A®-projective resolution of
A using algebraic Morse theory, which is called the two-sided Anick resolution of A. It was pointed
out in [7] that Skoldberg’s construction generalizes to general quiver algebras.

Let A = kQ/I be a quiver algebra, let G be a reduced Grobner basis of the ideal I, and denote
W := Tip(G). Denote by B(A) = (B.(A), d.) the reduced bar resolution of A (c.f. Section 2.2). Similar
as in [7], we define a new quiver Qw = (V, E) with respect to W, which is called the Ufnarovskii graph
(or just Uf-graph).

Definition 2.10. A Uf-graph Qw = (V, E) with respect to W of the algebra A = kQ/I is given by

Vi=QoUQiU{u € Q>¢ | uis a proper right factor of some v € W}

E={e—x|e€cQp x=exe@Qr} U
{u—=v | w € (Tip(G)), but w ¢ (Tip(G)) for uv = wp, l(p) > 1}

Using the Uf-graph Qw, one can define (for each ¢ > —1) the i-chains, which form a subset of
generators of B;(A) = @ A°[w1|-- - |w;] for i > 0, with wy, -+ ,w; € NonTip(I)\Qo, w1 - - - w; € Q>0.
Definition 2.11. o The set W) of i-chains consists of all sequences [wy]---|w;y1] with each

wg € NonTip(I)\Qo, such that
€ —> Wy — Wy —> -+ — Wity
is a path in Qw. Define W1 := Q.
e Forallp € Q>o, define

VD = {fwr] - Jwn] | p = wi 1w, [wr]- fwita] € WO, [wr - Jwite] ¢ WEHD)

By the definition above, we can define a partial matching M to be the set of arrows of the following
form in the weighted quiver G(B,), where B, = B(A) is the reduced bar resolution of the algebra
A=kQ/I

’ " (1)t
]+ Jusa ol ahutyalwss] < lwal T ]l )
where
w = wl P wn fry wl e w7{+2w:;2 .. .w,’“ w’L+2 = w;+2w£;27

n)

+1
1] - [wia 0] olwf plwirs| - fwa) € VIR, (1] [wigal -+ Jewn] € V(7

Theorem 2.12. ([7, Theorem 4.3]) The partial matching M is a Morse matching of G(B.). In this

case, the set of critical vertices in n-th component is given by W™m=1)

Therefore, by Theorem 2.12 and Theorem 2.9, (BM(A),d™) is also a A°-projective resolution of
A, but the projective A°-modules in BM(A) are usually much smaller than B(A). The resolution
(BM(A),dM) is called the two-sided Anick resolution of A in [20] and in [7].

Note that for n > 0, the n-th component of BM(A) is A®p kW™D g A. In particular, we have
the following identifications:

WD =Qp, WO = {[wy] | w € Q1} = Q,
w® = {[wiws] | w1 € Q1, wiwy € Tip(G)} = Tip(G) = W.



3 Generalized parallel paths method for computing the first
Hochschild cohomology group

3.1 Parallel paths method of Strametz

Let A = kQ/I be a quiver algebra and E ~ k@, be its separable subalgebra as in Section 2.2.
Recall that we assume I C k@Q>2. The following notations (most of them are taken from [22]) will be
useful.

Definition 3.1. o Let £ be a path in Q and (a,7) € Q1//Q>0. Denote by () the sum of all
nonzero paths obtained by replacing one appearance of the arrow « in € by the path . If the path
e does not contain the arrow o, we set () =0,

o [fwe fix a Grobner basis G of I in kQ, then there is a k-linear basis B of the algebra A with respect
to G. Indeed B is given by NonTip(I) modulo I and there is a bijection between the elements of
B and the elements of NonTip(I) (c.f. Section 2.1). For this reason, we often identify B with
NonTip().

o Let m: k@ — A be the canonical projection. For a path p € Q, w(p) can be uniquely written as a
linear combination of the elements in the basis B.

o If X is a set of paths of Q and e is a verter of Q, the set Xe is formed by the paths of X with
source vertex e. In the same way, eX denotes the set of all paths of X with terminus vertezx e.

We now give a brief review about Strametz’s method in [22] for computing the first Hochschild
cohomology group of monomial algebras. Recall that an algebra A = kQ/I is called a monomial
algebra, if the ideal I is generated by a set Z of paths in ). We shall assume that Z is minimal, so
that Z is a reduced Grobner basis of I with Z = Tip(Z). Note that NonTip((Z)) modulo I gives a
k-basis of A, which we denote by B.

Proposition 3.2. ([22, Proposition 2.6]) Let A be a finite dimensional monomial algebra. Then the
beginning of the cochain complex of the minimal A€-projective resolution of A can be described by:

0 —— k(Qo//B) — K(Q1//B) —2 k(Z//B) — -+
where the differentials are given by

Yo o K(Qo//B) — k(Q1//B),
(e,7) = Yaeqel@m(@Y)) = Xgeeq, (B:7(V0));

Y1 k(Q1//B) k(Z//B),
(a,7) ez (0 m(@).

In particular, we have HH®(A) = Kery, HH'(A) 2 Kertpy /Tmafy.

_>
|_>

The proof of Proposition 3.2 uses the minimal A®-projective resolution of the monomial algebra A
given by Bardzell [3] and the following two general lemmas.

Lemma 3.3. ([22, Lemma 2.2]) Let A = kQ/I be a quiver algebra, E ~ kQq be the separable sub-
algebra of A, M be an E-bimodule and T be a A-bimodule. Then Homye(A ®p M ®p A,T) and
Hompe (M, T) are isomorphic as vector spaces.



Proof. Tt is easy to check that the k-linear maps given by
f=m-=fleamal))

and
g~ (1@m®1— g(m))

are well-defined and inverse to each other. O

Lemma 3.4. ([22, Lemma 2.3]) Let A = kQ/I be a quiver algebra and E ~ kQq be its separable
subalgebra. Let X andY be the sets of paths of Q and let kX and kY be the corresponding E-bimodules.
If X is a finite set, then the vector spaces k(X//Y) and Hompge (kX,kY) are isomorphic.

Proof. 1t is easy to check that the k-linear maps given by

(x,y) = (x =y, 2’ — 0, for 2’ # z)

and
F D00 Nl p)
zeX i
with f(x) =", Aipi, \i € k, p; € Y, are well-defined and inverse to each other. O

Remark 3.5. Lemma 3.4 s the intrinsic reason why the parallel paths method can not always be used
for the quiver algebras with infinite dimension. Indeed, we need to restrict X to be finite to make the
above maps well-defined. In particular, for X = TipG, in order to use above lemma, we need X to be
a finite set. When kQ/I is finite dimensional, TipG is always finite by [10, Proposition 2.10]. When
kQ/I is infinite dimensional but I has a finite Grébner basis in kQ, we can still use Lemma 3.4 for
X = TipG. For example, we can use Lemma 3.4 to X = TipG for the algebra k{z,y)/{x?), but not for

the algebra k(x,y)/{(xyx, vyyz, zyyyx, - - ).

3.2 Generalized parallel paths method

In this subsection, we will extend the parallel paths method for computing the first Hochschild
cohomology group from monomial algebras to general quiver algebras. We will refer to this method as
the generalized parallel paths method.

Let A = kQ/I be a quiver algebra such that I has a finite reduced Grébner basis G. The following
lemma can be seen as a generalization of the beginning of the two-sided minimal projective resolution
of a monomial algebra given by Bardzell [3]. Our proof is a careful analysis of the beginning of the
two-sided Anick resolution (c.f. Section 2.4) of A. It is worth noting that Bardzell has proved the same
result in the case of finite dimensional algebras in [3]. Our proof uses algebraic Morse theory without
the restriction that A is finite dimensional.

Lemma 3.6. ([3, Proposition 2.1]) The beginning of the two-sided Anick resolution (B (A),d™) of
A can be described by (for simplicity we just denote d™ by d):

s AR kTip(G) @ A —25 A®RpkQ1 @5 A~ ARpkQoop A —2s A —— 0,

where the differentials can be described as follows:
o foralll®e;,®1 € AR kQo®r A, dy(1®e¢; ®1) =e¢;;
e foradlll®a®le AR k@1 A, di(l®a®l)=a®s(a)®1—-1Qt(a)® «;

10



e foralll@w®l e A®g kTip(G) ®F A,

dy(1®w®1) = Zc(am"'al)am"'ai+l®ai®0¢i71"'a1a

where g € G such that g = w+3_ co_ . prw ¢(P)p with Tip(g) = w and 0 # c(p) € k. (Note that
c(w) =1 and l(w) > 2.) B

Proof. By the identifications at the end of Section 2.4, we just need to check the differentials in this
lemma. Obviously, dy = pa which comes from the reduced bar resolution of A, is given by the
multiplication of A. By the definition of the Morse matching M in the weighted quiver G(B.) (c.f.
Section 2.4), there are no dotted arrows starting from W (=1 = @y in the new weighted quiver G »((B.),
where B, := B(A) is the reduced bar resolution of A. Thus for [a] € W) with o € @, the zigzag
paths from W(©) = Q; to W= = Qg can be given by

[

V (—1)-(1@a®?)

[s(c)] [t(c)]

Forlow® 1 e ARy kTip(G) ®g A, let w = wiws with wy € Q1. We are going to find all zigzag
paths from [w;|ws] to some [a] in Guq(Bx) with o € Q. First of all, in the original reduced bar
resolution B,, the differential of [wy|ws] is

wy[ws] + Z c(p)lp] + [wi]wo,
p€Supp(g); pFw

where w = wiw2 = = 3> cqunn(g): prw €(P)P in A (modulo I). For some oy, -+ - o1 € Supp(g), there are
two cases to be considered.

Case 1. If a,, - - a1 = w, the only zigzag path from [wq|ws] to [ag] (1 < k < m) is given by

[ |@m—1 -+ ] [am—1|am—g -] [ag|ag—1 - aq]
L oy

. [aur]
Thus the coefficient of [ag] is (- - agy1) @ (@g—1 -+ aq)°P.

Case 2. If o, ---aq = p with p € Supp(g) and p # w, the only zigzag path from [w;|wa] to [ag]
(1 <k <m)is given by

[w1|wz] [am|om—1 - ai1] [am—1lam—2 - a1] [aklag—1 - a1]

¥ -y =
Coeoman)| e Tlanen| b l L o ranen)
[orm -+ o] [orm—1 - o] o]
Thus the coefficient of [ay] is c(am -+ a1)(Qm -+ - agg1) @ (g—1 - - - a1)°P. O

Applying the functor Hom 4 (—, A) to BM(A) and using the identification in Lemma 3.3 yields the
following cochain complex which we denote by Caq(A) = (C}y,0%):

0 —— Homp: (kQo, A) — Homp. (kQ1, A) —— Homp. (kTip(G), A) — - --
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where the coboundaries 6° and §' are given by

() = a- f(s(a) = f(t(a)) -

5 (g)(w) = Z Zc(am"'m) o g g(ag)oioy o

Qo1 €Supp(Tip~1! (w)) i=1

where f € Hompge (kQo, 4), a € Q1, g € Hompge (kQ1,A), w € Tip(G).
If we carry out the identification suggested in Lemma 3.4, we can rewrite the coboundaries and
obtain:

Proposition 3.7. The beginning of the cochain complex Cxq(A) can be characterized in the following
way

0 —— k(Qo//B) —2 k(Q1//B) —2= k(Tip(G)//B) — ---

where the maps are given by

Yo = k(Qo//B) — k(Q1//B),

(e,7) = D acoie(@ (@) = Ygeeq, (B m(V8));
Y1 k(Q1//B) — k(Tip(9)//B),

(e, ) — deg EpESupp(g) cq(p) - (Tip(g), m(p@)).

thh g = ZpGSupp(g) Cg(p)p7 Cg(p) € k
In particular, we have HH®(A) = Keryy, HH'(A) 2 Kert); /Tmafg.

Proof. The verifications are straightforward. O

We should mention that there is an analogous result in [17, Section 2.2] given by Rubio y Degrassi,
Schroll and Solotar, whose method is based on the Chouhy-Solotar projective resolution.

Theorem 3.8. (c.f. [22, Theorem 2.7]) The bracket

[(@,7), (B,2)] = (B,m(el*7)) = (@, 7(779))

for all (a, ), (B,€) € Q1//B induces a Lie algebra structure on Keryy /Tmbg, such that HH'(A) and
Kery /Imipg are isomorphic as Lie algebras.

Proof. As B(A) and BM(A) are projective resolutions of A°modules A, there exist, thanks to the
Comparison Theorem, chain maps w : B(A) — BM(A) and ¢ : BM(A) — B(A) such that they give
inverse homotopy equivalences.

B(A): o — 3 AQp AT R A ——— s AQp A ——— A —0
w o oo |
BM(A): i — > AR kQ1 ®p A —— AR kQy®p A —— A —— 0

Indeed, according to the algebraic Morse theory (Theorem 2.9), we can make the above chain maps
explicitly as follows:

e Wy AR A - AR kQo®R®r A, AQu—ARe® u;
¢ {H:ARERQI R A— AR A, ARQe®@ui— AQ u;
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w1 AQr AT ®p A = AQp kQ ®F A,

A®ozn-~-a1®u'—>z>\an-~-ai+1®ai®ai_1~--a1u;
1=1

¢ {1 AR kQ1 R A= ARQEATREA, ARaQu—AQa® u,

where A\, u € A, a, a1, ,a, € Q1 and v, -+ - a1 € NonTip(1)\Qo.

By the identifications in Lemma 3.3 and Lemma 3.4, there is an isomorphism of vector spaces from
k(Q1//B) to Homae (A ®p k@1 ®p A, A) which we denote by i.

Using the above comparison morphisms, if we have defined some bilinear operation on HH'(A),
then we can define an induced operation on Kery /Imwg. This method is widely used, see for example
an introduction in Volkov [23, Section 3]. For simplicity, we often omit the sign o and write the
composition of morphisms directly. In this way, the Lie bracket on Kerty /Imi can be defined by

[(av’Y)a (635)] = Zil([z((a ))wla ((ﬂa ))wl]HH : 51)7
for all (a, ), (B,¢) € Q1//B.
[(a,),(B,€)] =

A,.\

() wipai((B,€))wiés — i((B, €))wipai((e, v))wiér)
H(i((e, ) wipai((B,€)) —i((B,€))wipai((a,”)))
= (5,7T(€(0"7))) (a, w(y79)).

The Lie algebra isomorphism from Kery; /Tmi)g to HH'(A) is given by i(—) o wy, since the equation

i([(,y), (B, e)N)wr = [i((r, y)) w1, (8, €))wrlum

naturally holds at the cohomology level. O

3.3 Graded structure of HH'(A) when [ is a homogeneous ideal

In this subsection, we discuss the graded structure of the Lie algebra HH'(A) when I is a homo-
geneous ideal. Note that there is a similar discussion for this graded structure in [17, Section 2.3].
However, our Lemma 3.10 and Proposition 3.12 below are new.

By Theorem 3.8, we can regard the Lie algebra structures on HH'(A) and on Kery; /Imyy as the
same one. Let A = kQ/I be a quiver algebra. Let G be a reduced Grébner basis of I, B C Q¢
be the k-linear basis of A with respect to G, and denote B,, := BN @Q,,. Assume that the ideal I is
homogeneous, that is, under the length-lexicographic order, for all g € G, the summands of g are in
same length. In this case, the canonical projection 7 : kK — A does not change the length of any
path. Therefore, if (o,) € Q1//Bn, (B,€) € Q1//Bm, then

[(047’7), (6’ 5)] € k(Ql//Bn+mfl)'
We have k(Q1//B) = @,cn k(Q1//Bi), HH'(A) = Keryy; /Tmtpg. Then, if we set
e L1 :=k(Q1//Qo) NKeryr

o Lo = k(Q1//Q1) N Keriy / (Wolee) | e € Qo)
o L= K(@Q1//Bisr) N Kerty / (Wolean) | (e:7) € Qo//B:)
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for all + € N,7 > 1. Note that

1#0(67@) = Z (a,a) - Z (b’ b)a wO(e”Y) = Z (aaﬂ-(arY))_ Z (bvﬂ-(’yb))

acQre bEeQq acQie beeQq

Then we obtain HH'(A) = @, _, Li, and [L;, L;] € L;; for all i, j > —1, where L_5 = 0. The above
discussion (following the idea from [22, Section 4]) shows that we have a gradation on the Lie algebra
HH'(A) if I is a homogeneous ideal of kQ.

Remark 3.9. Note that the above notions of L_1 and of Ly and the following lemma make sense even
if the ideal I is not homogeneous and they will be used in later sections.

If we restrict our discussion to the case where A = kQ/I is finite dimensional, we can give some
more precise description about the Grobner basis of I and the L_;.

Lemma 3.10. Let A = kQ/I be a finite dimensional quiver algebra (with I C kQ>2). Let a be a loop
of the quiver Q. Then there exists an integer m > 2 such that a™ € Tip(G) and a™ ' € B.

Proof. Clearly there exists an integer m > 2 such that o™ € Tip(G), since otherwise, the elements
a%,a3,--- (C NonTip(I)) are k-linearly independent, contradicting the finite-dimensionality of A.

Moreover, a™ ™! € B since G is tip-reduced. O

Since the following condition of the characteristic of the field k is useful, we give a precise definition
as follows.

Definition 3.11. Let kQ/I be a finite dimensional quiver algebra (where I C kQ>o but not necessarily
homogeneous). We say that the field k satisfies condition (x) for kQ/I, if for a given Grébner basis G
of I and every (a,e) € Q1//Qo of Q, the characteristic of the field k does not divide the integer m > 2
for which a™ € Tip(G), a™~! € B.

The next result is a proper generalization of some results for monomial algebras in [22, Proposition
4.2] and it may be useful when one deals with algebras defined by homogeneous ideals.

Proposition 3.12. Let A = kQ/I be a finite dimensional quiver algebra where I is a homogeneous
ideal. Each of the following conditions implies L_1 = 0:

(1) The quiver does not have a loop.

(2) The field k satisfies condition (%) for A.
(3) The characteristic of k is equal to 0.
Proof. (1) : Clear.

(2) : Let (a,e) € Q1//Qo where a is a loop in Q. We begin to show that (a,e) ¢ Kery.

By Lemma 3.10, there exists an integer m > 2 such that p := a™ € Tip(G) and a™~! € B. If
the characteristic of k does not divide m, then 7(p(*®)) = ma™ ' # 0. Consider Tip~*(p) € G, if
there is another p’ € Supp(Tip~'(p)) with p’ # p, such that a™ ! is a summand of 7(p'(**)), so
there exists a decomposition of p’ such that p’ = praps, p1ps is a summand of p/(*¢) and o™ is a
summand of 7(p;p2). However, since Tip(Tip~!(p)) = p € Tip(G), p = a™ > p’ = p1aps under the
length-lexicographic order. This will lead to pips < a™~'. This is a contradiction, since a™~! is
a summand of 7(pyp2). Therefore, for g := Tip~*(p) € G, we have > pesupp(g) cg(p)m(p(®9) £ 0.

Then we show that above (a, e) is not a summand of any element in Ker);.

If the (a,e) above is a summand of some nonzero element ¢ € L_;, then there exists some
(b1,e1) € k(Q1//Qo) and is also a summand of ¢, such that for some ¢; € Supp(g), I(¢1) = m and

1. . b
a™~1 is a summand in W(qi 1’61)).
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e If @™~ is not a summand of qf’l’el), since a™ > ¢y, the only case is that ¢; = a™'b1q] with

I(¢}) =m —ms — 1, and so we get ¢} > a™ ™! and a > b;.

e If ¢! is a summand of ngl’el), then q; = a®1ba*?, with ky + ko = m — 1. By a™ > a*1ba’2,

we also have a > by.

Note that by is also a loop with b* € TipG, b}* ™' € B. Since (b1, e;) is also a summand
of ¢, there exists some (ba,e2) € k(Q1//Qo) and is also a summand of ¢, such that for some

g2 € Supp(Tip~' (b)), {(g2) = ny and b~ is a summand in ("))

by > bo.

. Same as before, we have

Repeat this process, we get an infinite descending sequence of loops:
a>by >by>---

This contradicts the fact that @ is a finite quiver.

Therefore, there is no nonzero element ¢ in L_; that has a summand (a,e), which implies
L_,=0.

(3) : Clear, because (3) implies (2).
O

Remark 3.13. (i) The results (1) and (3) in Proposition 3.12 are known even when the ideal I is
not homogeneous. See for example [15, Lemma 2.6] and [12, Theorem 4.2], respectively.

(ii) It is obvious that if L_q1 equals 0, then for every loop (a,e) € Q1//Qo, there exists an element
g €G, such that 3 cq.0000) cg(p)m(p©9)) # 0. However, unlike the monomial case [22, Lemma
4.1], the converse is not true. For example, let A = k(x,y) /(x> +yz?, vy +yx,y?) with char(k) =
2, which is a finite dimensional symmetric algebra with (x3 + yx?, 2y + yx,y*) a homogeneous
ideal of k{x,y). It can be checked that G = {2* + yx? 2y + yx,y*} is a Grébner basis of the
ideal (x3 + yx?, zy + yx,y*) under the length-lexicographic order with respect to x > y and
TipG = {23, zy,y?}. We have

Ui((2,1)) = 3(2®,2%) + 2(2°, yz) + 2(zy, y) = («°,2%) £ 0,
1/11((7!7 1)) = (x37$2) + 2($y,$) + 2(y27y) = ($3,$2) # 0.
But (x,1) + (y,1) € L_y and so L_; # 0.

(iii) For BGAs (whenever the ideal I is homogeneous or not), we can deduce a stronger conclusion
from the condition (2) in Proposition 3.12, see Proposition 4.5.

4 Brauer graph algebras

Brauer graph algebras form an important class of finite dimensional tame algebras (see for example,
Schroll [19]). In recent years, there has been a renewed interest in these algebras. Since Brauer graph
algebras are in general not monomial algebras, the parallel paths method developed by Strametz in
[22] cannot be directly applied to study the first Hochschild cohomology of these algebras. In this
section, we will use our generalized parallel paths method to study the first Hochschild cohomology
groups of Brauer graph algebras.
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4.1 Brauer graph algebras

Definition 4.1. ([19, Definition 2.1]) A Brauer graph G is a tuple G = (V, E, m,0) where
e (V,E) is a finite (unoriented) connected graph with vertex set V and edge set E.
o m:V — Z-g is a function, called the multiplicity or multiplicity function of G.

e 0 is called the orientation of G which is given, for every vertex v € V, by a cyclic ordering of the
edges incident with v such that if v is a vertex incident to a single edge i then if m(v) = 1, the
cyclic ordering at v is given by i and if m(v) > 1 the cyclic ordering at v is given by i < i.

In a concrete Brauer graph, we often use the sign [m(v)] to denote the multiplicity of v. We note
that the Brauer graph G = (V, E) may contain loops and multiple edges. The valency of a vertex
v € V, denote by val(v), is the number of edges in G incident to v with the convention that a loop is
counted twice. We call the edge ¢ with vertex v truncated at v if m(v)val(v) = 1.

Given a Brauer graph G = (V, E, m,0), we can define a quiver Qg = (Qo, Q1) as follows:

QO = Ea

Q1:={i—j|i,j€E, there exists v € V, such that ¢ < j belong to o(v)}.

Fori € E, if v € V is a vertex of i and ¢ is not truncated at v, then there is a special i-cycle C,(«)
at v which is an oriented cycle given by o(v) in Q¢ with the starting arrow a (where the starting
vertex of @ in Q¢ is 7). Note that if ¢ is a loop at v, there are exactly two special i-cycles at v; for an
example, see [11, Example 2.3 (1)]. However, if we do not care about the starting arrows of the special
cycles, then there is a unique special cycle (up to cyclic permutation) at each non-truncated vertex v
and we will just denote it by C,. The corresponding path algebra of the above quiver Q¢ is denoted
by kQq.

We now define an ideal I in kQg generated by three types of relations. For this recall that we
identify the set of edges E of a Brauer graph G with the set of vertices @) of the corresponding quiver
Q¢ and that we denote the set of vertices of the Brauer graph by V.

e Relations of type I ,
Cv(a)m(v) _ Cv/(a/>m(v )

for any 7 € @y and for any special i-cycles C,(«) and Cy/ (') at v and v’, respectively, such that
both v and v’ are not truncated.

e Relations of type II
aCly(a)™®)

for any i € Qq, any v € V and where C,(«) is a special i-cycle at v with starting arrow a.

e Relations of type IIT
Ba

for any ¢ € @1 such that Sa is not a subpath of any special cycle except if 5 = « is a loop
associated with a vertex v of valency one and multiplicity m(v) > 1.

The quotient algebra A = kQ¢g/I¢ is called the Brauer graph algebra (abbr. BGA) of the Brauer
graph G. In fact, A is a finite dimensional symmetric algebra, that is, A is a finite dimensional algebra
such that A = Homyg (A, k) as A-A-bimodules. Moreover, A is also a special biserial algebra, which
means that A satisfies the following conditions:
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(1) At every vertex ¢ in Qg, there are at most two arrows starting at ¢ and there are at most two
arrows ending at .

(2) For every arrow « in Q¢, there exists at most one arrow 3 such that Sa ¢ I and there exists at
most one arrow v such that ay ¢ Ig.

We will also use the following notion on a Brauer graph G from Guo and Liu [11].

Definition 4.2. ([11, Definition 2.4]) For each vertex v in a Brauer graph G, we define the graded
degree grd(v) as follows. If val(v) = 1, we denote by v’ the unique vertex adjacent to v. If G is given
by a single edge with both vertices v and v' of multiplicity 1, then grd(v) = grd(v') = 1; Otherwise

| m(v)val(v), if m(v)val(v) >1;
grd(v) = { grd(v'), if m(v)val(v) = 1.

4.2 The Grobner basis of the ideal Iz

Let A =kQg/Ig be a BGA. In order to use the generalized parallel paths method on A, we need
to find a Grobner basis of the ideal I¢ in kQg. Throughout, we will use the left length-lexicographic
order on the set of paths of Q. We first show that the three types of generating relations in Ig
already give a Groébner basis.

For convenience, for a quiver @, p,q € Q>o, we write p | ¢ if p is a subpath of ¢.

Proposition 4.3. Let G be a Brauer graph and Qg be the quiver of G,
R; = {the i-th type of relations in kQg}.
Then the ideal I = (R1 U Ry U R3) of kQg has a Grébner basis Ry U Ry U Rs.

Proof. By Theorem 2.4, it suffices to check that all overlap relations of elements in R; U Ry U R3 can
be divided by the set Ry U Re U R3. Without loss of generality, for each f in R;, we assume that under
the fixed left length-lexicographic order, the coeflicient of Tip(f) is equal to 1.

e Let f,g € Ry UR3. Then f, g are monomial relations. Hence o(f, g, *,*) = 0.

o Let f = C’U(oz)m(”) — Cy (o/)m(”/) € Ri, g € Ry U R3. If there exists b,c € Qg>o, such that
O(f’ 9, ba C) 7é 07 then
O(fv g, bv C) = 701/(0/)"1(”/) - C.

o Let f € RyURz and g = C,(a)™®) — Cp(a/)™¥) € R,. If there exists b, c € Qg>0, such that
O(fa g, b, C) 75 0, then
0(f7 9, b, C) =b-Cy (a/)m(v').

o Let f = Cy(a)™) —C, (o)) g = Cp,(a)™¥2) — O\, (a/)™¥3) € Ry. If there exists b,c €
Qc>0, such that o(f, g,b,¢) # 0, then

0(f.9:b,¢) = b Cyy (o)) = €y, (o)1) -

By the construction of I, for a path p € Q>¢ that satisfies p | an(v), if p- Cy(a)™®) £ 0 in kQq
(respectively, C, ()™ .p # 0 in kQg), then p-C,(a)™®) € (Ry) (respectively, C,(a)™®) - p € (Ry)).
Similarly, for a path p € Q> that satisfies p { Cf,n(v), if p- Cy(a)™®) #£ 0 in kQg (respectively,
Cyp(a)™®) . p £ 0 in kQg), then p - C,(a)™®) € (R3) (respectively, C,(a)™") - p € (R3)).

Therefore, all the nonzero overlap relations with respect to R; U Ry U R3 can be divided by some
monomial relations in Ry U R3. Hence Ry U Ry U R3 is a Grobner basis of I by Theorem 2.4. O
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Remark 4.4. The above Gréobner basis of I may not be tip-reduced in general. Some relations of type
II can be reduced by the relations of type I and type III. However, with respect to an admissible order
on kQq, we can reduce Ry U Ry U R3 to a reduced Grobner basis (which we denote by G) consisting of
Ry, R3 and part of Rs.

The following proposition is a strengthened and generalized version of Proposition 3.12 for BGAs.

Proposition 4.5. Let A be a BGA associated with a Brauer graph G. Suppose the field k satisfies
condition (%) for A. Then every nonzero element in Keryy will not have summands in k(Q1//Qo).

Proof. First we recall from Proposition 3.7 that the map v, : k(Q1//B) — k(Tip(G)//B) is defined by

(@)=Y > clp)- (Tip(g), 7(p))

9€G peSupp(g)

where g = > csupp(e) €9 (P)D, ¢4(p) € k, and B is identified with NonTip(I) as before.

Now let (a,e) € Q1//Qo with a a loop of Q. Since A is finite dimensional, by Lemma 3.10, there
exists an integer m > 2 such that p := a™ € Tip(G) and ™! € B. If the characteristic of k does not
divide m, then ﬂ(p(“’e)) = ma™! is different from 0. Now consider a special cycle C, with a | C,.

e If there is another arrow in C,, different from a, then according to the relations of the third type,
a? € G, and 2(a?, a) will not appear in any summand of other elements in Ime) .

e If @ is the unique arrow in C,, then by the definition of BGA and the property of the reduced
Grobner basis, exactly one of the following two cases holds: a1 € G or ™) € TipG. In the
first case, (m(v) +1)(a™®+1, ¢™®)) will not appear in any summand of other elements in Im);.
In the second case, Tipfl(am(”)) = a™®) — ¢ where ¢ is also a special cycle in A. Therefore,
it does not exist any (b,e) € k(Q1//B), such that m(v)(a™®,a™")~1) becomes a summand of

wl((b’ 5))
O

Remark 4.6. When Ig is a homogeneous ideal of kQq, the conclusion of Proposition 4.5 is equal to
L_1 =0, which can also be deduced from Proposition 3.12.

4.3 Lie algebra structure on the first Hochschild cohomology group of a
BGA

In this subsection, we assume that the characteristic of the ground field & is 0, unless otherwise
stated. We often write simply @ for Qg.
Let A =kQ/I be a BGA. Consider (for 1y, see Proposition 3.7)

Lo = @1/ /Qu) nKertr /{3 (@)= 3 ()l € Qu)

a€Qqe beeQ1

which is a Lie subalgebra of HHl(A). Furthermore, we can consider Loy which is given by

Loo == {(o, )| € Q1) ﬂKerz/Jl/< > (a,a) = Y (b,b)le € Q).

a€Qre beeQq

Note that Lo is an abelian Lie subalgebra of HH'(A) and Loy C Ly.
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Lemma 4.7. Let G = (V, E) be a Brauer graph and A = kQ/I be the corresponding BGA. Then
dikaoo = |E| - |V‘ + 2.

Proof. Let g € G be an element in the reduced Grobner basis of I;. Then g is a relation of type I
or g is a monomial relation. For each a € Qq, fix (o, ) € Q1//Q1. We study ¥ (a, ) through its
summands ZpGSupp(g) cy(p) - (Tip(g), m(p(®))) for each g = ZPGQZO cq(P)p-

Case 1. If g is a monomial relation, then (g, 7(g(®))) = 0.

Case 2. If g is a relation of type I, then g = C,(8)™") — C,, (7)™™) where C, (), Cy () are special
cycles in the Brauer graph G such that both v and w are not truncated. Without loss of generality,
let Tip(g) = Cu(8)"").

o If a | Cy(B) and ot Cy(v),

S ep) - (Tip(g), 7(p ) = m(v)(Co(B)™), Cu(7)™™);

pESupp(g)
o if atCy(B) and a | Cy(7),

S ey (Tin(g), 7)) = —m(w)(Co(B)™, Cup(7)™™);

pESupp(9)
o if a| Cy(B) and a | Cy(7y), then v = w, and

Y clp) (Tip(g), m(p*))) = (m(v) —m(w))(Co(B)™), Cop (7)™ ) = 0.

pESupp(g)

Therefore, each element in ((«, a)|a € Q1) N Kert); is a linear combination of the following two types
of elements:

® > cv+ ku(ay, o), where o, is an arbitrary arrow in the special cycle at v,

V* ={v € V| v is not truncated}, and k, = H m(w).
weV* w#v
e (aj,05) — (o, a0) (j = 1,--- ,val(v) — 1), where the special cycle C, = ayqy(v)—1- - o is fixed

for each vertex v € V*;

For each v € V*, we have (val(v) — 1) elements of the second type. Although we can choose different
«, for each element of the first type, after reducing by the elements of the second type above, we
get exactly one representative element of the first type. It is straightforward to show that these
(14>, ey« (val(v) — 1)) elements are k-linearly independent by simple linear algebra argument. Thus
these elements form a k-basis of {(a, a)|a € Q1) NKery;. Furthermore, we have

dimg (((, )| € Q1) NKerhy) = 1+, cy-(val(v) — 1)
= 1+2E[— (V= |V*]) =V
= 2|E|—-|V|+1.

Since the quiver Qg is connected, we can check that Zeer ¥o(e,e) = 0 and for a proper subset
So of Qo, the elements 9y(€’,e’) (¢/ € Sy) are linearly independent. (This is the content of Lemma 3.4
in [16].) Therefore,

dimg(( ) (a,0) = Y (b,b)le € Qo)) = |Qo| — 1 = |E| — 1.

a€Qe beeQq
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As a result, we get

dimgLog = dimg({(a, a)|a € Q1) NKeryy) — dimk(<2atee(a, a) — Zbete(b’ b)le € Qo))
= QE-V|+1)—(E-1)
= |E|-|V|+2

We now describe a k-basis of HH*(A) for any BGA, say A as follows.

Theorem 4.8. Let A be a BGA. There is a k-basis Br, ker of Keryy which consists of the following
five subsets of Kery :

e Sy: the basis of {(a, )| € Q1) NKeryy described in Lemma 4.7.

e Sy: elements of the form (Bo, k) — (ak,ﬁo) with oy # Bo, dg = a1 - Cy(ag)™) 1,
Bo = Bm - B1 - Cow(B1)™™ =1y By, Boou, € R3. The corresponding Brauer graph is given by:

AN
...... f) Qg 5()&
A

Figure 1: The subgraph corresponding to some element in Sy

Ok—1

o S3: elements of the form (3,Cy(a)™™)) with Cy,(3)™™) = ) > C,(a)™™), where the
corresponding Brauer graph is given by:

Figure 2: The subgraph corresponding to some element in S5

e Sy elements of the form (a,p) satisfying

- l(p) > 1;
- 1/}1(061?) = 07'
— there exists a special cycle Cy, such that | Cy, p | o)

e Sy5: the basis of the subspace of Imi)y generated by all the elements (a1, a1p) — (av, pag) where p
is a cycle in Q and 1 (a1, a1p)) = 1 (o, pag)) # 0.

Furthermore, Imtg is contained in (S1U Sy U Ss). The k-basis of HHI(A) induced from Bp ger will be
denoted by By .
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Proof. By the definition, it is straightforward that the elements in the set S;US2US3US,US5 are linearly
independent and contained in Kerty;. We just verify that the elements in S are contained in Kert);.
Without loss of generality, assume that C,(ag)™®) > C,(81)™®) and C, ()™ > C\(Bo)™™)
Then we have both iy and Spay are in Rs, and

d1(Bo, i) = (o, m(Cy(a0)™ ™)) + (Boar, m(Cy(ar) ™))

= (B0, Cuw(Bo)™ ™)) + (Bocuk, Cuw (B1)™

)
U1 (ak, Bo) = (Boar, Cow(B1)™™)) + (Oékﬁm w(Bo)™ ).

This shows that (8o, ag_1--- g - Colag)™ 1) — (g, B - - - w(B1)™ W) Y) € Keriy .

Now consider t = > ., ¢; - (o, p;) € Keryy with ¢; € k, and let (a7p) (e, pi) be a summand of
t. By Proposition 4.5, we can assume that (a,p) € Ql//(B\QO).

First we suppose that ¢ (a, p) # 0. This implies that there exists some g € G,

ST ) (Tiplg), m(p/ ) # 0.

p’ €Supp(g)

)

Note that 11 (g, 7(g(*?))) = 0 when g € Ry.
If there exist g € Ry C G and py € Supp(g), such that (Tip(g),w(pga’p))) # 0, then [(p) = 1. Since
A is special biserial, W(péa7p)) # 0 implies a = p. By definition of 91 (c, ) (see the proof of Lemma

4.7 for further details), there must exist a summand of ¢, which is given by
t' e kS = {(a,a)|a € Q1) NKeryy,

such that (o, @) is a summand of ¢'.

If there exists g € R3 C G, such that (g, 7(g(*?))) # 0, then there are two cases to be considered.
If w(gleP)) £ gloP) or if 7(gl@P)) = g(@P) and (a,p) is a summand of the elements in Sy, there
will be an element in S having a summand which is equal to («, p), therefore («, p) must appear in a
summand t” of t with ¢ € kSy. If 7(g(®?)) = ¢g{®P) and (v, p) is not a summand of the elements in Sy,
without loss of generality, we can just let g = Ba, so (Ba, W(g(“’p)) = (Ba, Bp). Then t must contain a
summand of the form ¢- ((8,q) — (o, p)) with 8p = qa and ¢ € k. This leads to p = pya, ¢ = Sp1 with
p1 € Q@>1. Since A is a special biserial algebra, we have (8, ¢) — (o, p) = (e, p1) for some e € Qg. So
((8,9) - (p)) € 55.

Next we suppose that ¥1(ca,p) = 0. We will show that in this case («,p) € S5 U Ss. Suppose
(a,p) ¢ Sy, and assume that I(p) = 1 with p | C,. This means that p is a parallel arrow of «. Since
A is special biserial, let p’ be the only arrow with p’p € B. Then we have p'a € Ry C G. However,
we have (p/a, w((p'a)(@P))) = (p'a,p'p) # 0, which contradicts the fact that 1, (a,p) = 0. Therefore,
I(p) > 1. Since (a,p) ¢ S4, then p{ C*"). But in this case, if (o, p) ¢ S5, there will exist a relation
g € R3 C G, such that (g, m(g(®P))) # 0, which contradicts the fact that 1, (a,p) = 0.

Summarizing the above discussion, we know that ¢ € k(S U S2 U S3 US4 U S5). O

The basis above can help us to compute the dimension of the first Hochschild cohomology group.
In a special case, we have the following formula for this dimension.

Corollary 4.9. Let A be a BGA whose corresponding Brauer graph G = (V, E) does not have loops.
Then dim,HH'(A) = |E| — 2|V| 4+ 3, oy m(v) + |Sa| + 2.

Proof. We first identify the element in Sy. For (a,p) € Sy with v € V, since the Brauer graph G does
not have loops, the starting arrow and the ending arrow of p are all «, that means p = aC, ()", with
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s(Cy()) = t(Cy(a)) = eand 1 <n < m(v). On the other hand, when val(v) = 1, we have C,(a) = a,
so (o, m(aCy(a)™)) = (a, w(a™*1)) will also contain the elements in S3. That means

S3U Sy = {(a, m(;Cyp(a)™)) | 1 < i <wal(v),1 <n <m(v)}.

Since these elements also appears in (e, Cy,(a)¥), all the elements of the form (ay, m(c;Cy(a;)™))
(where n is same and all o; (1 <4 < wal(v)) are in same special cycle) will become a unique element in
HH' (A) reduced by the elements in Tmtg. That means the number of elements in S3U.Sy is determined
by the multiplicities of vertices. Since the number of elements in S; is given by Lemma 4.7, to sum it
up, we have

dimpHH' (A) =[Sy + [S2| + [Ss] + [Sa] + [S5] — [Tm)y|
dimy Lo + |S2| + Zvev(m(v) -1
= Bl = 2|V + 2, ey m(v) + [Sof + 2.

O

Another consequence of Theorem 4.8 is the following corollary, which has recently also obtained by
Rubio y Degrassi, Schroll and Solotar in [17, Theorem 4.2] using different method (see also remarks
before Example 4.13).

Corollary 4.10. Let A be a BGA over a field of characteristic zero such that the corresponding Brauer
graph G is different from («==.) (in this case, both vertices have multiplicity 1). Then HH'(A) is
solvable.

Proof. Let L := HHl(A). Since there is a k-basis of L induced from By ger by Theorem 4.8. Since
S5 C Imapg, we have L C (S; U Sy U S3U Sy).

e Firstly, we show the derived Lie subalgebra L") = [L, L] C (So U S5 U S4). Since Lo is abelian
and (a;, 55), (81, ax) will only appear in Sy in the form of (e, 8;) — (81, o), i, o, B, B € Qn,
that means grd(v) = grd(w) = 2, in other words, G = (« =— ez1) Or (+72) ). Then

.) or (.[2]

if G # (o ==,), all the elements in S; will not appear in L.

e Secondly, we show the derived Lie subalgebra L(?) = [L() L(V] C (S5 U Sy). For each

2 = (Bo, i) — (ak, Bo), v = (Bh, cik’) — (0, Bo ) € Sa,

suppose the corresponding special cycles are C,, Cy,, Cyr, Cyyr, with oy, | Ch, Bo, Bo | Cw,

~ /!
o, i’ | Cury Bh, Bo | Cur. Without loss of generality, assume z # y. If there exists, for example,

ﬂ(ﬁo(ﬂodk )) #0, then C,, = Cy and, C,, = C,, or 1(fy) = 1.

— If (o) = 1, then grd(w) = 2. This leads the Brauer graph G to be («==.), which
contradicts the hypothesis in this corollary.

— If C, = Cy, then I(By) = I(d}) = grd(w) — 1. When [(fy) = 1, the argument follows

identically to the previous case. When l(ﬁo) > 1, since ﬂ(ﬁo(ﬁo’ak)) # 0, we have

5 (Bg,cik)

1(Bo ) = U(Bo) — 1+ U(d)) = 2grd(w) — 3 < grd(w).

Thus grd(w) < 3. Since w is not truncated, if grd(w) = 2, then G = («7) ), which has

been discussed in the first case. If grd(w) = 3, however, By, ax, ), are different arrows in
special cycle Cy,, with s(5y) = e(ay), s(ar) = e(Bp). This leads val(w) bigger than 3. A
contradiction.
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Therefore, [Sa, S2] = 0.

For = = (Bo, dy) — (ax, Bo) € Sa, y € Ss, if w(ﬁoy) £ 0, then {(8p) = 1. That also means
that By, ak, By are loops. This implies that G is a Brauer graph consisting of precisely one edge.

If G = (+70)), the corresponding BGA is A = k{x,y)/{xy — yz, 2%, y?), and the basis of its first

Hochschild cohomology group is {(x, x) + (y,y)}, hence HH'(A) is solvable. If G' = (om) ol2])
with m > 1, then the corresponding BGA is given by A = k(z,y)/{(x™ — 3%, 2™ 3, zy, yx).
Thus Sz = {(z,y) — (y,2™" 1)} and S5 = {(z,y*)}. When m = 2, we have that [Sa, S3] C (S3).
Otherwise, [S2, 53] = 0.

For z = (Bo, dx) — (e, Bo) € Sa, y = (ar, p) € S4. By the definition of Sy, we have I(p) > 1.
This implies that either 7(dxY) = 0 or ﬂ(Boy) = 0. Thus, [z, y] admits no summands in Ss, and
therefore [Sg, 54] Q <Sg U S4>

By the definition of S5 and Sy, for all (8, Ci"™ (a)), 1(CI) (a)) = grd(v). Indeed, for all
(o, p) € Sy, l(p) > 1. Thus, [Ss,S3] = [S3,54] = 0. Since the length of every summand of the
non monomial relations is equal to graded degree of some vertex, we have [Sy, S4] C (S3U S4).

Therefore, by the discussion above, we have L(?) C (S5 U Sy).

e Finally, we construct some N € N, such that the derived Lie subalgebra (S3U S;)(N) = 0. Let S
be a subspace of k(Q1//B). Denote by

1(S) := min{l(p)|(«, p) is a summand of some elements in S}.

Denote by B := (S5 U S,) C k(Q1//B), then we have [(B) > 1. If B #£ 0, we can check
that {(BM™) > I(B). By induction, if for all n € N, B #£ 0, there exists N € N, such that
I(BN)) > M := max{grd(v) + 1|v € V}. However, Q> C Ig. That leads BY) = 0.

Therefore, LV+2) = 0, which means that L is solvable. O

Remark 4.11. Although the discussion in Lemma 4.7 needs the condition that char(k) = 0, the
conclusions of Theorem 4.8 and Corollary 4.10 only need that the field k satisfies condition (%) for A.
Under this assumption, if A is a BGA such that the corresponding Brauer graph G is different from
(e==4) (in this case, both vertices have multiplicity 1), then HH'(A) is solvable. In particular, when
the Brauer graph G has trivial multiplicity, Corollary 4.10 is reduced to [6, Theorem 5.4].

4.4 Some examples of non-solvable Lie algebras as the first Hochschild
cohomology groups of BGAs

The case excluded in Corollary 4.10 provides an example of a non-solvable Lie algebra HHl(A) in
characteristic zero. This special case is also discussed in [6, Theorem 5.4], using a different method.

Example 4.12. The BGA which is isomorphic to the trivial extension of the Kronecker algebra is
given by

aq

o2 N
G: o[l] — o[1] Qq : 1 @ 2.

B1
The corresponding BGA of the Brauer graph G is A = kQg /I, where I is generated by

o Ry ={aiaz — B1P2, apay — B2},
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o Ry ={aiasai, awaras, B1P261, B2b162},
o Ry = {a1f2, Baar, aafh, Braa}.

The length-lexicographic order is induced by oy > ag > 1 > Pa > e1 > ea, then

o (e1,e1) = (a2, 2) — (a1, 01) + (B2, B2) — (B1,61) » (e1,a102) = 0
(e2,€2) = (a,on) = (a2, a2) + (81, 51) — (B2, B2) , (e2,a001) — 0
U1 (a1, a1), (a2, 2) = (oqag, Bif2) + (azan, B2/31)
(B1,81), (B2, B2) = —(cwaz, B1B2) — (azaq, B2f1)
(a1,B1), (B2, a2) = (a1B2, B152) + (B2au1, B2/31)
(Br, 1), (a2, B2) = (Braz, B152) + (21, B2/31)
Then we get

HH'(A) = k{(a1,01) — (g, a2), (a1,01) + (B1,51), (a1,B81) — (B2, 2), (aa, B2) — (B1,1)}.

The Lie bracket of any two elements is always zero except in the following cases:

[(a1, 1) — (B2, a2), (a1,01) = (2, 0)] = (a1, 1) — (B2, 2)
[(a1,a1) = (2, 2), (a2, B2) = (B1,c1)] = (a2, B2) — (B1, 1)
(a1, 81) = (B2, a2), (a2, B2) — (Br,c1)] = —(B1,B1) — (a2, a2) + (B2, B2) + (a1, a1)

= 2((0[1,0(1) - (a27a2))

Therefore, HH'(A) 2 k @ sly(k) which is not solvable if and only if char(k) # 2.
Moreover, since there is a multiple edge in G and there are two elements (a1, 1) — (B2, a2) and
(v, B2)—(B1, 1) in Sy, we have |Sy| = 2. By Proposition 4.9, dimHH' (A) = 2—2.24+(1+1)+24+2 = 4.

In general, when the characteristic of the field is positive, there are many other examples that are
not solvable. Note that the following example is a counter-example of [17, Theorem 4.2] in positive
characteristic. In fact, [17, Theorem 4.2] misses the following not solvable case: G = (ofml —— op11)
with m > 1 and char(k) | (m + 1). This mistake is caused by missing to consider the relations of the
form r = ™! for m > 2.

Example 4.13. Let char(k) = 3.

Yo : (1,1) — 0 , (Lz) = 0 , (1,29
1 (x,1) = 3@%2%) =0 , (v,z) — 0 , (z,2?%)

Then we get HH'(A) = k{(z,1), (x, x), (x,22)}. The Lie bracket on HH(A) is

[(l‘, 1)7 (JZ, '7;2)] = (xQ)(Ll)) = 2('77’ 33)
( (z,2)] = (x,1)

(,2%), (z,2)] = (2,2%) = (2, (a*)")) = (z,2%)

—~

Therefore, HH(A) 2 sly(k) is a simple Lie algebra.
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5 The associated graded algebras of BGAs

For a finite dimensional algebra A, one can construct a graded algebra gr(A) associated with the
radical filtration of A. In [11], Guo and Liu compared the representation types between a BGA and
its associated graded algebra. In this section, we compare the first Hochschild cohomology groups
between them.

5.1 The Lie algebra structure on HH'(gr(A))

Definition 5.1. Let A be a finite dimensional algebra. Denote by t the (Jacobson) radical of A. Then
the graded algebra gr(A) of A associated with the radical filtration is defined as follows. As a graded
vector space,

gr(Ay=A/roc/ e o/t o

The multiplication of gr(A) is given as follows. For any two homogeneous elements:
R o e Y N B LR Ly S

we have
(1‘ =+ tm+1) . (y + tnJrl) =y _|_tm+n+1.

We now specialize A to be a BGA associated with a Brauer graph G = (V, E). Recall that the
associated gr(A) can be described as follows.

Lemma 5.2. ([11, Lemma 2.9]) Let A= kQ/I be a BGA. The generating relations of the second and
the third types in I are given by paths, relation of the first type is of the form p = p — q, where p and
q are two paths with s(p) = t(p) = s(q) = t(q). For any relation p = p — q of first type (suppose that
the length of p is m and the length of q is n), we replace it by

p o, M=mn,
/
p = qg , m>n,
p , m<n.

Then, the associated graded algebra gr(A) is isomorphic to kQ/I', where Q is the same quiver as above
and I' is an admissible ideal whose generating relations are obtained from that of I by replacing each

p by p'.
Remark 5.3. It can be checked that the generating set of I' described in Lemma 5.2 is a Grobner
basis of I' in kQ, which also may not be tip-reduced.

The following notion of unbalanced edges in a Brauer graph is useful in our later discussions.

Definition 5.4. ([11, Definition 2.12]) Let G = (V, E) be a Brauer graph with graded degree function
grd and A = kQ/I the corresponding BGA. We identify Qo with E by the natural bijection between
them.

e We call an edge vy z vy in G with grd(vi) # grd(va) an unbalanced edge, and denote the end
points of © by U(Ll),vg), with grd(v(LZ)) > grd(vg)). Whenever the context is clear, we will omit
the superscript (i). Other edges which are not unbalanced will be called the balanced edges.

e For any unbalanced edge vg : v in G, there is a relation of the first type p; = p; — q; in I,
vg) )

where p; = Cfg( G = Cﬁ(”) are two paths with lengths grd(vs), grd(vy), respectively.

o We denote by W the set of unbalanced edges in G.
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In order to deal with the Lie algebra structure on the first Hochschild cohomology group of gr(A),
we introduce the notion of the balanced components of a Brauer graph.

Definition 5.5. Let G be a Brauer graph. We denote by G’ the graph obtained from G by the following
rule: split each unbalanced edge in G into two edges by attaching two new truncated vertices. We define
the balanced components of G to be the connected components of G'. Denote the set of the balanced
components of G by I'.

An example of a Brauer graph which has two balanced components is given by Figure 3 (where the
edge e splits into two edges ¢’ and e”). Note that in general, there is no direct relation between the
number of elements in I'¢ and the number of unbalanced edges in G. For example, a Brauer graph
which consists of two vertices and n parallel unbalanced edges always has two balanced components.

2] — [ ——[1 1] — 2] [1] [1]

Figure 3: A Brauer graph with two balanced components

Note that when considered a balanced component of G as a Brauer graph, the corresponding BGA
and its associated graded algebra are the same (c.f. [11, Propostion 2.13]).

We are ready to study the Lie structure on HH' (gr(A)) under the assumption that the characteristic
of the field & is 0. Recall the definition of the maps g, 11 from Proposition 3.7 and denote these maps
for gr(A) by d)gr(A), zbfr(A) respectively. Let

LM = k(Q1//Q1) N Kergsd™ ™ / (> (@a)= > (bb)le € Qo),

acQie beeQ

which is a Lie subalgebra of HH'(g7(A)). Furthermore, we can consider LgS(A) which is given by

LA = ((a,0)|a € Q1) N Kerz/ffr(A)/< Z (a,a) — Z (b,b)|e € Qo).

a€Qqe b€eQ1

(4)

Note that LI is an abelian Lie subalgebra of HH! (gr(A)) and L™ ¢ £9".

Lemma 5.6. Let A be a BGA associated with a Brauer graph G = (V, E) and gr(A) the associated
graded algebra of A. Then

dimp L8 = |E| - V| + 1+ [Tl

Proof. In LgS(A), we only need to consider the linear combination of («,«). For each a € @, if
« is not involved in some homogeneous relations of the first type, then 1/){7'(’4)((04,04)) = (0. That
means the monomial relations in the Grébner basis G of I will not influence the basis of LgS(A).

26



Therefore, it is enough to consider the balanced components of G as Brauer graphs. By Lemma 4.7,
for C' € T, dimg ({(e, )| € Q1) NKeryp{') = Y veve (val(v) —1) +1=2|Ec| —[Ve|+ 1. In addition,
dimg (( gT(A)(e, e)le € Qo)) = |E| — 1 in the same way. Then

dimp LY = Yeer, 2lEc| - Ve +1) — [E| +1
2(|E| + [W]) — ([V| + 2|W|) + Tg| - |E| +1
|E| —|V]|+1+|Tql

O

We now check the solvability of HH'(gr(A)) which can be verified by using the same method as
in Section 4. Besides, since I’ is an homogeneous ideal of kQ¢, it is easier to verify the solvability of
HH* (gr(A)) by using the graded structure of HH' (gr(A)) as we defined in Section 3.3.

Lemma 5.7. Let G be a Brauer graph that does not contain a subgraph (v=w) with grd(v) = 2, or
G # (v—w) with m(v) =2, m(w) > 2. Then LI = L35

Proof. I (E(Q1//Q1) N Kergpd" )\ (((a, a)|a € Q1) N Keryy{" V) # &, then there exists some pair of

arrows («, 8) € k(Q1//Q1), such that a # . That means in this Brauer graph, there exists two edges
e1, €2, such that they connect to the same vertices vy, vs.

_/al €9 \

Figure 4: Parallel arrows in a Brauer graph

If e1,eo are different edges, then there is a multiple edge in Brauer graph. Since the relations of
type III are contained in the reduced Grobner basis G, then Saq, af1, Boa, s € G. Without loss of
generality, let grd(vy) # 2. If grd(vs) # 2, then

(@B, w(aBP)) = (a1, 7(BB1)) = (B, BB1)
(ﬂQaaW(ﬂza(a’ﬁ))) = (5204,7@25)) = (5204525)
(asB, m(agf ) = (asB, m(aza)) = (azf, asa)
(Bar, m(Bal” ™)) = (Bar, m(aar)) = (Bar, aar)

That means («, 8), (8, @) will not appear in k(Q1//Q1) ﬁKerz/;fr(A) since the parallel path pairs above
will not appear in any wgr(A)(( 1,8") with (o, ) € k(Q1//Q1). However, when grd(ve) = 2, since

w(BB1) = w(B28) = 0, we have
(e, m(aBi™™)) = (aBr, 7(B1)) =0
(Baar, (B2 *P))) = (Bacr, m(Ba)) =
That means (o, 8) € k(Q1//Q1) N Kerng(A .
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If e; and ey are the same edges, then G = (. «)or (+70) ). By the hypothesis of the proposition,

if the vertices v1,vy in the first case have the property that m(vy) > 2 and m(ve) > 2, or if the
unique vertex v’ in the second case has m(v’) > 1, it can be checked that (a, ) can not appear in
k(Q1//Q1) NKeryp9™4) by the same reason of the previous cases. If the vertex v in the second case
has m(v') = 1, then the corresponding BGA is given by A = gr(A) = k(z,y)/{zy — yx, 22, y?), whose
first Hochschild cohomology group is given by the following vector space

{(z,2), (v,9), (z,y2), (y,y2)},
and therefore LI = L9 = {(z,2), (y,)}- O

Remark 5.8. Since the associated graded algebra of a BGA is defined by homogeneous ideal, it is
natural to consider the graded structure on HH'(gr(A)). Similar to the discussion in [22, Page 258],
we have

HH' (g7(4)) / rad(HH' (gr(A))) = L§ / rad(Lo)" .

Theorem 5.9. Let A be a BGA over a field of characteristic zero such that the corresponding Brauer
graph G is different from (« === ) (in this case, both vertices have multiplicity 1) and let gr(A) be the
associated graded algebra of A. Then HH'(gr(A)) is solvable.

Proof. By Remark 5.8 and Lemma 5.7, we can only consider the solvability on LgT(A).

e If G does not contain a subgraph («=—

G # (o

o Let G = (w112 watm) ) With m > 2. If m = 2, the analysis reduces to the case of its corre-
sponding BGA in Corollary 4.10. So let m > 2 and denote the arrow around v; by «, the arrow
around vy by 8, then we have

. ) where one vertex, say v, satisfies grd(v) = 2, or
on) ) with m > 2, then L™ = LI and (£8")® = (L8 )® = .

r(A r(A
Lg" Y = Lgy ™ u (8,0}
Thus (L§ ) D = {(8,a)}, (L§74)@ =0,

e Let G contain a subgraph (., == ) with grd(v;) = 2, ¢ = 1,--- ,m. Assume grd(v}) > 2 and
denote the parallel arrows in the multiple edges around v;,v] by «;, 8; respectively. Then in
this case, L3 = L&A U {(Bi, ai)|i = 1,--- ,m}. Thus (LD = {(B;,a5)|i = 1,--- ,m},
(L& M)@ = o,

To sum up, HH' (gr(A)) is solvable. O

Remark 5.10. Suppose that the field k satisfies condition (x) for A. The conclusions in Lemma 5.7
and Theorem 5.9 are also true. In fact, we only need to assume char(k) = 0 when we need a specific
description about the k-basis of Loo (respectively, L ).

5.2 An injection from HH'(A) to HH'(gr(A))

Let A be a BGA. In this subsection, we will construct a Lie algebra monomorphism from HH'(A)
to HH'(gr(A)), which will give us a specific comparison between them. We begin by constructing a
k-basis for the first Hochschild cohomology group HH'(gr(A)).

Lemma 5.11. There is a k-basis B%’}?e)r of Kerz/)fr(A) which consists of the following five subsets of
Kerwa(A):
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o SU": the basis of ((a, )| € Q1) N Kerwa(A) described in Lemma 5.6;

o S3": consider the following subgraph of the Brauer graph:

AN
...... 5 g 50& ceeees
A

Q-1

Figure 5: The subgraph corresponding to some element in S3"

with a # Bo, awBo, ook € Rs.

Let iy, := aj_1 -~ ag - Cy(ag)™ 7L, By o= B -+ Br - Cop (Br) ™07
— If grd(v) = grd
— If grd(v) > grd
— If grd(v) < grd(w), then the corresponding element in S§' is (Bo, cig)-

(w), then the corresponding element in S3" is (8o, di) — (ax, Bo).
(

w), then the corresponding element in SI" is (cu, Bo).

o SI": elements of the form (B, Cy(a)™™®)), where a, B are corresponding to arrows in the following
Brauer graph, with 1(Cy(a)™®) > m(w), or I(Cy(a)™®)) = m(w) and ™) > C,(a)™®).

Figure 6: The subgraph corresponding to some element in S§"

o S{": elements of the form («,p) satisfying

- l(p) > 1;
_ wi?T(A) (a,p) = 0;

— there exists a special cycle Cy, such that | Cy, p | cm),

o SY": the basis of the subspace Imng(A) generated by all the elements (a1, a1p) — (ag, pag) where
pis a cycle in Q and v ((a1,01p)) = 0" (a0, pao)) # 0.

Furthermore, Imzﬁgr(A) is contained in (SY" U S{" U SE). The k-basis of HH'(gr(A)) induced from
Bif%g, will be denoted by B%T(A).
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Proof. By definitions, it is straightforward to check that the elements in the set S{"USS US] US] USE"

are linearly independent and contained in Kerwa(A) (c.f. the proof of Theorem 4.8). Denote the
Grobner basis of gr(A) by G97(4) | the i-th type of relations in kQg by R;, i = 1,2,3. We also denote
the relations p’ in I’ induced by the first type by R} (c.f. Lemma 5.2). Let RiNR; = RY, R{\R; = Ri,
then RY U R} UR3 C G9"(Y) C RY U R U Ry U Rs.

Consider t = Y . ki(ag, pi) € Kerwfr(A), and let (a,p) be a summand of ¢t. By the graded
structure discussed in Section 3 and Proposition 3.12, we can assume [(p) > 1.

Firstly, we suppose that ¢ (a, p) # 0. That means there exists some g € G9"  such that

> ) (Tip(g), w(p/*?))) #0.

p’ €Supp(9)
o If g € G9"(Y) N Ry, obviously, (g, 7(g(*P))) = 0.
o If g€ R} C G9"( then there exists v € V, such that I(g) = grd(v), thus (g, 7(g(*?))) =0

o If there exists g € RY C G9"(Y) | such that there exists py € Supp(g), then (Tip(g), w(p(()a’p))) # 0.

This implies I(p) = 1, and consequently, it requires « = p. By the form of wa(A)((oz,oz)), we

know that (o, ) must appear in a summand ¢’ of ¢t and ¢ € kS{".

e If there exists g € Ry C G974 such that (g, 7(g{*P))) # 0, then we analyze two possible cases
based on whether there exists a vertex v satisfying Cy" () | g{®P) or not.

— If (o, p) is a summand of some element in Sy, there will be an element ¢’ in kSJ", such
that ¢ is a summand of ¢.
— If (o,p) is not a summand of any element in S3°, then we can just assume g = Sa,

(Ba, (g @P)) = (Ba, Bp). Since t € Kerz/;fr(A), there exist some ki,ko € k and (5, q),
such that k1(8,q) — k2(a,p) is summand of ¢t. However, that means kofSp = kiqa, and
we will get k1 = ko,p = p1a,q¢ = Bp1. Since gr(A) is also a special biserial algebra,
(8,9) — (a,p) = gT(A)(e,pl) for some e € Qp. That means (8,q) — (o, p) € SZ".

Next we assume 11 (a,p) = 0. If p | C;”(“) with C, being the special cycle which contains «, then
for the same reason as in Theorem 4.8, {(p) must bigger than 1. This implies that («,p) is contained

in S7". We consider now the case in which p { C;n(v) with p | C'Zl(w). Since there exists af € Rz with
B | Cy, then (af,m(aB)(@P)) = 0. Hence there exists g € Ry or g € R}, such that g | pS.

e If there exists g € Ra, such that g | pS3, then I(pf) > grd(w) + 1, which means p is a cycle and «
is a loop. This element is contained in S§".

e If there exists g € Ri, such that g | p3, then grd(w) — 1 < I(p) < grd(w). This case is same as
the discussion in the first case when [(p) = grd(w). When I(p) = grd(w) — 1, then p is of the
form of B, - -+ By - Co(B1)™™)~1. Since a//p, then (o, p) is contained in SJ".

Therefore, each element t € K em/)fr(A) can be represented by a linear combination of the elements in
ST O

We also need a lemma to give some connection between A and gr(A).

Lemma 5.12. Let A be a BGA associated with a Brauer graph G = (V, E) and gr(A) the associated
graded algebra of A. Then there is a canonical isomorphism of vector spaces from A to gr(A), which

also induces an isomorphism from Irm/}g‘ to Imqur(A).
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Proof. For A = kQ/I and gr(A) = kQ/I’, by the property of Grobner basis, under the same length-
lexicographic order in @>g, we can find a k-basis of A (respectively, of gr(A4)) in @>¢ if we fix the
natural Grobner basis in I (respectively, in I’). By Lemma 5.2, define a map ¢ from the k-basis of A
to the k-basis of gr(A) by the following rules:

o If vg, L vg in G is an unbalanced edge, then C,, (a)™Vs) — C,,(8)™(¥s) € G. Define

¢(Cvs (ﬂ)m(vS)) = C'UL (a)m(UL);

e Otherwise, ¢ is the identity morphism on the elements in the basis of A which are different from
above case.

Thus ¢ gives an isomorphism from A to gr(A).

Now define the map ¢ : Q1//B* = Q1//BY W, (a,p) — (a,¢(p)). Obviously, $ is also an
'l/)gT(A).

O

isomorphism. Moreover, ¢|Imw5; and ¢! |Im sy induce an isomorphism between Irm/)é4 and Im

Now we prove the main result of this subsection.

Theorem 5.13. Let A be a BGA associated with a Brauer graph G, and gr(A) the associated graded
algebra of A. If G # (vs—vr) with m(vy) > m(vg) > 2, then there is a monomorphism i from HH'(A)
to HH'(gr(A)) as Lie algebras.

Proof. By Theorem 4.8 and Lemma 5.11, denote the k-bases of Ker, Ker'l/)fr(A) by the sets B, ker =
S1US,US3US U S5, Bf%& =S8{" U Sy US] US]" USI, respectively. By the correspondence in

Lemma 5.12, we can choose S5 and S¢” such that ¢ sends Ss to S¢". Denote the morphism i by:

e iy : S — SY", the natural embedding morphism, due to the basis of ((«,a)|a € Q1) N Keryy is
the linear combinations of the basis of {(a, a)|a € Q1) N Kerwfr(A).

o iy: Sy — 5§, let e = (Bo, g1 ap-Cylap)™ 1) — (ag, B -+ B1 - Cop(B1)™@)71) € Sy, then

e . grd(v) = grd(w),
e — _(ak:a ﬂm o 61 . Cw(ﬂlyn(w)_l) ) grd(v) > g’f‘d(U))7
(Bo, ak—1 -+ - - Cu(ao)m(v)_l) , grd(v) < grd(w).

e i3:S3USy— S5 UST", (a,p) — (o, ¢(p)), which ¢ is the one-to-one morphism between A and
gr(A) in Lemma 5.12.

[ ] i4 = (&‘55.

Then ¢ = i3 Uis Uiz Uiy is an injection from By ger to Bﬂg?e)r by the definition of S; and SY",

i =1,2,3,4,5. Moreover, is,i3,i4 are bijections. By Lemma 5.12, i(Im¢d) = Im?" Y. Therefore,
i induces an injection from HH'(A) to HH'(gr(A)). We will prove that 7 is a monomorphism of Lie
algebras.

First of all, consider ad(r) := [r, —] with r € Sy, then by the definition of 4, i(r) € S{". Since the
restriction i|g, is the natural embedding morphism, we have r = i(r) in the vector space k(Q1//Q1).
Since Loy, LgS(A) are solvable Lie ideals of A, gr(A), respectively, it is easy to check that ad(r)|s, and
ad(i(r))|gsr are zero morphisms. Thus [i(r1),4(r2)] = i([r1,72]) = 0, r1,72 € S1. For 1’ € Sy, let

v = (Bo, ey g - Coa0) ™ ™1) = (o, B -+ B - Cu(B)™ ) 7)
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where C, and C,, are different special cycles. For simplicity, let 8y = (Bo, g1+ ag - Cylag)™®) 1),
A = (g, B+ B - Co(B1)™™)71), then ¢/ = By — dg. Since r € Sy, 7 = (ag, ) — (0, o) or
r= ZveV,aUICU ko(aw, o) with ky = T[, ey, m(v") by Lemma 4.7. Moreover,

o If r = (ap, ) — (a4, @;), then

o m() = )G~ ) = itk
1= { A
When ' =4(r') in k:(Ql/A/QZO), i([r,7']) = [i(r),i(r")] obviously. When " # i(r’), without loss
of generality, let i(r') = Sy. Then

i) ()] = (m(v) = 1)(Bo = fo) =0 . ik

601 = { (m() — Do = () . i~k
Thus i([r,r']) = [i(r),i(r")].

o If 7= (8o, Bo) — (Bj, Bj), then

and it can be checked that i([r,7']) = [i(r),i(r")].

o Ifr =3 cvac, kolow, ) with ky, = [T,y s, m(v), when By, ay are not loops, we have

that
[r,r'] = H m(v)ﬁo — (H m(v) — k) — kwfBo = (H m(v) — ky)r'.

veV veV veV

If oy is a loop, by the definition of the elements in Sy, then f; is also a loop, and

[r, 7] = (m(v) = DkyBo — (m(w) — Dkwdk — kuwBo + koalk = (][ m(v) = ky — ko).
veV

Thus i([r,7']) = [i(r),i(r")] = c-i(r'),c € k.
e Otherwise, if r € S7 and r is not of the forms as above, then [r,r'] = [i(r),i(r")] = 0.

Therefore, i([r,r']) = [i(r),i(r")] when r € S1,r" € S,.
If ' € S3U Sy, then ' = (a,p) with p | Cyy,a | Cy, v,w € V. Since the one-to-one map ¢ only
changes the cycles around the unbalanced edges, we only need to consider 7' = (8, Cy(a)™™)) with

i(r') = (B, Cw(B)™™)). However, because of B//Cf,n(v), 3 is a loop.
o If r = (avp, ap) — (v, ), then [r,r'] = m(v)(r' — ") =0, [i(r),i(r")] = 0.

) If r = ZUEV,OLU\CU kv(av,av) Wlth ky = Hv’EV,I/;év m(v’), then [7’, T,] = (H’UGV m(v) - kw)rlv

[i(r),i(r")] = (ILuey m(v) = kuw)i(r’).

Therefore, we have proved that i([r,r']) = [i(r),i(r')] when r € S1,r’ € S.
Secondly, consider ad(r) with r € Sy, then by the definition of 7, we have i(r) € SJ". Let

r = (Bo, g—1--ap - Cv(ao)m(v)—l) — (g, B -+ B ,Cw(ﬂl)m(w)—l) €5,

' = (Be, -1 Cu(10)™™ ™) = (Y, Bi1 -+ Beg1 - Coo(Begr)™ ™)) € S
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That means (w)—1
[r1") = (s (B -+ By - (o)) ) 20 €l 70y

— . m(v)—1
(Yo (Bt -+ Braa - Cu(Byga) ™) 1) Porenmr a0 Colao) M)

Since vy, B; and By, i are arrows induced by subgraphs as in Figure 1, this implies that grd(w) > 2
and [r,7'] = 0. It can be checked [i(r),i(r")] = 0 in the same way.
Let ' € S3USy. It is enough to consider the following two cases:

o Let ' = (B,C,(a)™™) where § is a loop and ¢(C,(a)™®)) = ™). Since G # (vs—vy), then
r = (Bo,ak_1-ag - Co(a)™ ™) — (g, B - - - B1 - Cow(B1)™™)~1) where C, and C,, are not
loops, thus 81 C, and 31 C,,. Therefore, [r,r'] =0 and [i(r),i(r")] = 0.

e Let v/ = (B3, ™) where 8 is a loop and ¢(8™(")) = C,(a)™®). Then, as in the first case, we
have [r,r'] =0 and [i(r),i(r")] = 0.

Therefore, i([r,r']) = [i(r),i(r")] when r € S, 7" € S.

Now let us consider r, 7" € S3U Sy. Then r,r" are of the form of («, p) with [ ( ) > 1. Without loss
of generality, it is enough to consider r in the following forms: r = (8, Cy(a)™®)) or r = (8, f™®).
Since v’ = («, p) with {(p) > 1, we have [r,7'] = [i(r),i(r")] = 0.

To sum it up, for all r,7’ € S, we have i([r,7']) = [i(r),i(r")]. Hence i is a monomorphism of Lie
algebras from HH'(A) to HH'(gr(A)). O

Remark 5.14. Let A be a BGA with its corresponding Brauer graph G # (vg—vy) with m(vy) >
m(vs) > 2. By Theorem 5.13, if HH'(gr(A)) is solvable, so is HH'(A).

Although the injection above is not always a monomorphism of Lie algebras, it is enough to help
us compute the difference between the dimensions of HH'(A) and HH' (gr(A)).

Corollary 5.15. Let A be a BGA associated with a Brauer graph G = (V, E) and gr(A) the associated
graded algebra of A. Then dimHH' (gr(A)) — dim, HH'(A) = [T¢| — 1.

Proof. By the proof of the theorem above, i is an injection from the basis of Keriy; to the basis of
Kerwgr . Moreover, i is a bijection between So U S3U Sy U S5 and S§"USY US] USY". By Lemma
5.12, we have i(Imyg') = ng(A). Therefore, by Lemma 4.7 and Lemma 5.6, we have

dimHH' (gr(A)) — dimpHH'(4) =  dimpKery" ™ — dimgImypd" ) — dimgKerf + dimjImipgd}
= |S{"| - 18]
= dim L3 — dimy Loo
= [lgl -1
0

Now let us check some examples to verify the results we obtained above.

Example 5.16. Consider the Brauer graph G in following form.

52!

i3 Qe: ez _2e s

a2

G: °

The corresponding BGA of Brauer graph G is

A= kQG/wS - 011042,051012041,0520!1042»5&170425>,
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and the associated graded algebra of A is
gr(A) = kQg/(B*, araz, Bay, asfB).
By the parallel paths method,
HH'(4) = k{3(ar, 1) + (8, 8), (8.5°), (B, ara2)}

HHl(gT(A)) = k{(alyal)a (ﬁaﬁ)7 (ﬁaﬁQ)a (6753)}
Then dimHH' (gr(A)) — dim; HH(A) = 1. And the monomorphism i is given by:

i 3loq,00)+(B8,8) — 3(ai,a1)+ (5,0),
(8,5%) = (8,67,
(B, a1a2) — (8,8%).

Example 5.17. This is an example of the case which is excluded in Theorem 5.13:

o[3] Q¢ : wC'Sy

The corresponding BGA of Brauer graph G is

A=k(z,y)/(y° -2, 2°, 2y, yz),
and the associated graded algebra of A is
gr(A) = k(z,9)/y*, 2%, 2y, yz).
By the parallel paths method,
HH' (A4) = k{3(z, ) + 2(y,9), (2,2%), (y.9°). (1,2°), (2,9%) — (y,2)}

HH' (g7(A)) = k{(z.2), (v.), (.9°), W,v%), W, %%), (y.2)}

Then dimHH' (gr(A)) — dim HH' (A) = 1, but since i((y,y?)) = (v,%?), i((z,y?) — (y,2)) = —(y, z),
i((z,2?)) = (x,93), we have

i([(y.v%), (2,9%) = (y,2)]) = i(2(x,2?)) = 2(z, %),

[i((y,9%)), il(,9%) = (. 2)] = [(3.9°), —(y,2)] = 0,

i is not a morphism of Lie algebras. If there is a monomorphism from HH'(A) to HH' (gr(A)), then
HH'(A) can be regarded as a Lie subalgebra of HH'(gr(A)). That makes the derived Lie subalgebra
HH'(A)®) a subspace of HH'(gr(A))?). However,

HH'(4)® = k{(y,2?), (z,27)},

HH (gr(A4)® = k{(y,5°)}.
Thus dimy, (HH*(A)?) = 2 > 1 = dim, (HH' (97(A))®)), a contradiction.
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5.3 A discussion related to Out(A)°

In this subsection, we assume that k is an algebraically closed field of characteristic 0.
Let A be a BGA with its corresponding Brauer graph G = (V, E). Then for the vector space Ly
of A defined in Section 3.3, by Lemma 4.7,

dikaOO = |E| - |V‘ + 2.

Tt is interesting to note that Antipov and Zvonareva have obtained the same number in [1]. Denote by
T(A) the maximal torus of the identity component Out(A)° of the group of the outer automorphisms
for an algebra A. By [1, Theorem 1.1], if the Brauer graph G has at least two edges and is not a
caterpillar (c.f. [1, Section 3]), then the rank of T'(A4) is |E| — |V| + 2.

Now we use a construction by Briggs and Rubio y Degrassi in [4] to discuss the connection between
T(A) and Lgg. Recall some definitions.

Definition 5.18. ([4, Definition 2.2]) Let A be a finite dimensional algebra over an algebraically
closed field k. An element f € HH'(A) is called diagonalizable if it can be represented by a derivation
d € Der(A) which acts diagonalizably on A, with respect to some k-linear basis of A. More generally,
we say that a subspace S C HH'(A) is diagonalizable if its elements can be represented by derivations
which are simultaneously diagonalizable on A. Note that S is automatically a Lie subalgebra of HHl(A)
since [S,S] = 0. The mazimal diagonalizable subalgebras are by definition diagonalizable subalgebras
which are mazrimal with respect to the inclusion.

By [22, Proposition 3.1], the Lie algebra of the identity component of the outer automorphism group
of A is isomorphic to HH'(A). Thus the rank of the maximal torus of Out(A)° is the maximal toral
rank of HH'(A), and by [4, Proposition 2.3], it is equal to the dimension of the maximal diagonalizable
subalgebra of HH'(A). Obviously, Lo is a diagonalizable subalgebra of HH'(A), we will prove that it
is maximal for any BGA and its associated graded algebra.

Proposition 5.19. Let A be a BGA and gr(A) the associated graded algebra of A. Then Loy (respec-
tively, LgS(A)) is a mazimal diagonalizable subalgebra of HH'(A) (respectively, HH' (gr(A))).

Proof. By the basis of Kerty; given in Theorem 4.8 (respectively, Kerwa(A) in Lemma 5.11), every
element in HH'(A) (respectively, HH' (gr(A))) can be presented by an element in (S U Sy U S5 U Sy)
(respectively, (S7"UST USS USY")). Note that the elements in S (respectively, SY") can be regarded
as a generating set of Lo (respectively, LgS(A)). For every element x € S; with ¢ = 2,3,4 and r € kS,
we have [z,7] = cx, ¢ € k. Therefore, it is sufficient to show that for every element x € S;, i = 2,3,4,
there exists an element r € kS, such that [z,7] # 0. We only prove the statement for the case of
BGA. The case of the associated graded algebra gr(A) can be checked in the same way.

Let © = (Bo, 1~ ap - Colag)™ 1) — (ag, Brn -+ B1 - Co(B1)™@) 1) € Sy, If C,, and C,, are
different special cycles, we can apply the same reasoning as in the proof of Theorem 5.13. If C, and
C,, are the same special cycles, by the definition of Sa, we have I(C,) > 4. Therefore, we can choose
a nonzero element r = (B, Bo) — (B, 8) € kSy with 8 # ay, [x,r] =2 # 0.

For x € S3, the statement follows from the proof of Theorem 5.13.

Let x = (o, p) € Sy with « | C,, we have the following two cases to discuss.

Case 1. If a {p, choose r = 3, v, 1o, ko(aw, &) with ky =[], ¢y, m(v') and a,, = @, then
r € kSy and [z, 1] = kyr # 0.

Case 2. Assume « | p.

e If p contains o more than one time, assume the number of times of o appear in p is n with n € N
and n > 2. Choose 1 = 3_ v, o, ko(ow, ) with ky = [, v, 2, m(v') and o, = a, then
r € kSy and [z,r] = (1 — n)k,r # 0.
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e If p contains « just once, there exist another o’ | C,, and p contains o’ n times. Choose r =
D oveViay| 0y Ko, aw) With ky = [, ey z, m(v') and o, = o, then r € kS; and in this case,
[z, 7] = —nk,r # 0.

To sum up, for every element = € S;, i = 2, 3,4, there exists an element r € k£S7, such that [z,r] # 0.
Thus Lo is the maximal diagonalizable subalgebra of HH'(A). O

Since the dimension of a maximal torus of an algebraic group G is called the rank of G (see for
example [21, Section 7.2.1]), we can rewrite Corollary 5.15 as follows.

Corollary 5.20. The difference between the dimension of HH'(A) and of HH'(gr(A)) is equal to
the difference between the rank of Out(A)° and of Out(gr(A))°. In particular, it is also equal to the
difference between the dimensions of the corresponding mazximal dual fundamental groups.

Proof. By Corollary 5.15, Proposition 5.19 and [22, Proposition 3.1], the difference between the di-
mension of HH'(A) and of HH'(g7(A)) is equal to the difference between the rank of Out(A)° and of
Out(gr(A4))°.

By [4, Corollary 4.3], for any finite dimensional algebra A, the maximal torus rank of HH'(A) is
equal to the maximal dimension of the corresponding dual fundamental group of A. Therefore, the
difference between the dimension of HH'(A) and of HH'(gr(A)) is equal to the difference between
their maximal dimensions of the corresponding dual fundamental groups. O
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