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THE BATALIN-VILKOVISKY STRUCTURE ON THE TATE-HOCHSCHILD
COHOMOLOGY RING OF A GROUP ALGEBRA

YUMING LIU, ZHENGFANG WANG AND GUODONG ZHOU

ABSTRACT. We determine the Batalin-Vilkovisky structure on the Tate-Hochschild cohomology of
the group algebra kG of a finite group G in terms of the additive decomposition. In particular,
we show that the Tate cohomology of G is a Batalin-Vilkovisky subalgebra of the Tate-Hochschild
cohomology of the group algebra kG, and that the Tate cochain complex of G is a cyclic Aso-
subalgebra of the Tate-Hochschild cochain complex of kG.

INTRODUCTION

For any associative algebra A, Hochschild introduced in 1945 a graded group HH* (A, A) defined
as the cohomology of certain cochain complex C*(A4, A), where C™(A, A) is the space of linear
maps from A®™ to A. In the 1960’s, when studying the deformation theory of associative algebras,
Gerstenhaber observed that there is a rich algebraic structure on HH* (A4, A), called a Gerstenhaber
algebra, consisting of the following date:

(i) HH*(A, A) is a graded-commutative associative algebra via the cup product;

(ii) HH"(A, A) is endowed with a graded Lie bracket (nowadays called Gerstenhaber bracket) of
degree —1 so that it becomes a graded Lie algebra (of degree —1);
(iii) The Gerstenhaber bracket is compatible with the cup product via the graded Leibniz rule.

During the past few decades, a new structure (the so-called Batalin-Vilkovisky structure) has
been extensively studied in topology and mathematical physics, and recently it was introduced into
algebra. Roughly speaking, a Batalin-Vilkovisky (aka. BV) structure on Hochschild cohomology
is a square-zero operator (called BV-operator) of degree —1 such that the Gerstenhaber bracket is
the obstruction of the BV-operator being a derivation with respect to the cup product. A typical
example of a BV-algebra was given by Tradler [29] and Menichi [24] motivated from string topology.
Namely, the Hochschild cohomology ring of a finite dimensional symmetric algebra (e.g. the group
algebra of a finite group) is a BV-algebra.

From the point of view of derived categories, the i-th Hochschild cohomology group HHi(A, A) of
an algebra A over a field k is isomorphic to the space of morphisms from A to Afi] in D®(A®j A°P), the
bounded derived category of A-A-bimodules, where [i] is the i-th shift functor in D?(A ®) A°P). As a

generalization of the Hochschild cohomology, the Tate-Hochschild cohomology group ﬁﬁl(A, A) (i€
Z) is defined as the space of morphisms from A to A[i] in the singularity category Dge(A @ A°P) of
A-A-bimodules, where [¢] is the i-th shift functor in Deg (A ®y A°P). Recall that Deg (A @y A°P) is the
Verdier quotient of the bounded derived category D°(A ®;, A°P) by the full subcategory consisting of
bounded complexes of projective A-A-bimodules, which was introduced by Buchweitz [9] and later
independently by Orlov [26]. As a particular example that will be relevant in this paper, the Tate-
Hochschild cohomology ﬁﬁ*(kG, kG) of a finite abelian group G is isomorphic to kG ® H* (G, k)
as graded associative algebras, where H* (G, k) is the Tate cohomology of G (cf. Section B2]). The
notion of Tate-Hochschild cohomology has been studied in the literature, such as [9] B 25].

As already mentioned, the Hochschild cohomology HH* (A4, A) may be computed by the Hochschild
cochain complex C*(A, A). In [3I] the second named author constructed a complex, the so-called

“singular Hochschild cochain complex” to compute the Tate-Hochschild cohomology oH (A, A). Via
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this complex, the author in loc. cit. showed that there is a Gerstenhaber structure on i (A, A)
extending the classical Gerstenhaber structure on HH* (A, A) (cf. Theorem [[2below). Generalizing
the result of Tradler and Menichi, the author proved that the Gerstenhaber structure of the Tate-
Hochschild cohomology of a symmetric algebra extends to the BV structure on the Hochschild
cohomology (cf. Theorem [[ below).

In a later work [27], the authors studied the Tate-Hochschild cohomology of finite dimensional
differential graded (dg) symmetric algebras, from the point of view of string topology. Generalizing
the classical Tate cochain complex of a finite group (cf. Section[3.2), the authors constructed an anal-
ogous complex D*(A, A) (called Tate-Hochschild cochain complez) computing the Tate-Hochschild
cohomology of a symmetric algebra A. The negative part of D*(A, A) is the Hochschild chain com-
plex C,(A, A) with D™ 1(A, A) = C,,(A, A) (m > 0); the non-negative part of D*(A, A) is the
Hochschild cochain complex C*(A, A) with D™ (A, A) = C™(A, A) (m > 0); and the differential
7: Co(A, A) — C°(A, A) in degree —1 is given by a — >_.e;af;, where Y, e; ® f; is the Casimir
element of A (cf. Section [[2). It is shown in loc. cit. that there is a cyclic Ax-algebra structure
(my = 9, ma,mg,---) and an L.-algebra structure (I; = 9,12,13,---) on D*(A, A) such that m; =0
for i > 3. Moreover, the restrictions of ms and I3 to the non-negative part D=(A, A) are respectively,
the usual cup product and the Gerstenhaber bracket on C*(A, A).

The aim of the present article is to describe explicit complex level formulas for the BV structure

on HH (A, A) in a special case where A = kG is the group algebra of a finite group G over a field k.

It is well-known that the Hochschild (co)homology of the group algebra of a finite group admits
a decomposition as vector spaces into a direct sum of group (co)homology spaces of centralizers of
elements. More precisely, let k be a field and G a finite group. Then we have the following additive
decompositions (cf. e.g. [2, Theorem 2.11.2]):

HH*(kGLkG) ~ @ H*(Celx),k),
zeX
HH, (kG kG) ~ @ H.(Ca(z),k)

zeX

where X is a set of representatives of conjugacy classes of elements of G and C¢/(z) is the centralizer
of € X. Siegel and Witherspoon in [28] gave a formula for the cup product of the Hochschild
cohomology HH* (kG, kG) in terms of the above additive decomposition, and later, Bouc in [6] gave
a quick proof of this formula using Green functors. In [22], the first and the third named authors
lifted the additive decomposition of HH* (kG, kG) to the complex level. More concretely, the authors
lifted the above isomorphism on HH*(kG, kG) to a chain homotopy equivalence given by two maps
of complexes (cf. Theorem E3 below)

*

(1) C* (kG kG) == @ C*(Ca(x).k)

4 reX

such that +* o p* = id and id —p* o ¢* is homotopic to the zero map, where C*(kG, kG) denotes the
Hochschild cochain complex (see Section 2) and C*(Cg(x), k) the group cohomology complex (see
Section B1]). As a result, they described explicitly how to transfer the cup product, the Lie bracket
and the BV-operator from the left-hand side to the right-hand side at the complex level. In the
present article, we construct an explicit homotopy s* between id and p*o.*, namely §* os* 4+ s* 0 d* =
id —p* o t* (cf. Theorem [L3)). Such a triple (p*,¢*, s*) is called a homotopy deformation retract.
Combining the above two additive decompositions, we obtain an additive decomposition of the

Tate-Hochschild cohomology ﬁﬁ*(kG, kG). That is,
HH (kG,kG) ~ @ H*(Ca(), k),
zeX
where we fix X to be a set of representatives of conjugacy classes of elements of G and Cg(z) is

the centralizer subgroup of € @, and where H*(Cg(z), k) is the Tate cohomology of Cg () (see
Section B2)). In [25], Nguyen gave the cup product formula for the Tate-Hochschild cohomology

HH*(sz , k@) in terms of the above additive decomposition. In the present article, we shall describe
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the cup product and the BV-operator on oo (kG,kG) in terms of the additive decomposition at
the complex level. By this, we mean that we will give an explicit formula for the cup product and
the BV-operator on the complex D*(kG, kG) and also give some explicit calculations in terms of
the additive decomposition at the complex level. To achieve this, we extend the chain homotopy
equivalence () to the following homotopy deformation retract (cf. Remark [47),
(O DH(kG,kG) === @ C*(Cula), k),
L reX

namely po? = id and id —7op = dos+500, where 9 is the differential of D* (kG, kG) and C*(Ce(x), k)
is the Tate cochain complex of C(z) (see Section B2). Via this homotopy deformation retract, we
may transfer the cup product on the left hand side to the right hand side and thus obtain a cup
product formula at the complex level (cf. Remark [5.7)), as doing so for HH* (kG, kG) in [22, Section
7). The BV-operator preserves each summand of the additive decomposition (cf. Section [f]). As a
consequence, we obtain that H* (G, k) is a BV subalgebra of i (kG, kG) (cf. Corollary [6.3)).

We have an explicit formula for the cup product U on D*(kG,kG) (see Definition 2I)). We
observe that the restriction of U to the negative part D<(kG, kG) (i.e. the Hochschild chain complex
C.(kG,kG)) is in general not compatible with the differential of C,(kG, kG) (cf. Remark [6.8]). For
this reason, U is not well-defined in the whole Hochschild homology HH., (kG, kG). To deal with this
issue, we shall consider the following truncated subcomplex of D*(kG, kG),

O (kG kG)) : - 25 Oy 1 (kG KG) 27 - 22 04(kGL EG) 2 Kex(r) — 0.

It is clear that the cohomology of 6’*(kG, k@) is isomorphic to the negative part ﬁﬁ<0(kG, kG) of
ﬁﬁ*(kG ,kG). Actually, it also coincides with the stable Hochschild homology HH® (kG, kG) studied
in [14, 23] (cf. Remark [4] below). Similarly, we denote by HS'(G, k) the negative part of the Tate
cohomology H*(G, k), namely HsH(G k) = H-""1(G,k) (m > 0). The additive decomposition of
ﬁﬁ*(kG, kG) yields an additive decomposition

HHS' (G, kG) ~ €D H:' (Ca(x), k).

zeX
We prove that HH*', | (kG, kG) is a BV-algebra (without unit) (cf. Theorem B3). Tt is well-
known that there is an isomorphism between the Hochschild homology HH,. (kG, kG) and the singular
homology H.(LBG, k) of the free loop space LBG of the classifying space BG (cf. [2I, 7.3.13
Corollary]). We denote by H'(LBG, k) the subspace of H,(LBG, k) corresponding to HH* (kG, kG)
under the above isomorphism. Then we obtain that H*!, |(LBG, k), equipped with the S'-action
and the product transferred from the cup product on HH% (kG kG), is a BV-algebra (see Corollary
610).

To the best of the authors’ knowledge, it is still an open question whether there is a BV -algebra
structure (cf. [I7, 30]) on D*(kG, kG). What we have done in the present article is only the first
step toward understanding this higher algebraic structure on D*(kG, kG) and its behavior in terms
of the additive decomposition. By one of our results, namely that i (G, k) is a BV subalgebra
of ﬁﬁ*(sz, kG), it is interesting to ask whether the Tate cochain complex C*(G, k) is a BVoo-
subalgebra of D*(kG, kG) (cf. Remark [677). With this ultimate goal, we could give a partial result
in the present article. We show that the Tate cochain complex o (G, k) is a cyclic Ay-subalgebra
of the Tate-Hochschild cochain complex D*(kG, kG) (cf. Theorem [LI0). In particular, we obtain
an isomorphism of cyclic A-algebras between D*(kG, kG) and kG ® C*(G, k) when G is a finite
abelian group (cf. Corollary LTT]). Further problems along this direction will be explored in future
research.

This paper is organized as follows. In Section[I] we recall some notions and algebraic structures on
Hochschild (co)homology and Tate-Hochschild cohomology. In Section 2 we study algebraic struc-
tures on the Tate-Hochschild cochain complex D*(kG, kG) for a finite group G, including the explicit
description of the cyclic A,-algebra structure. In Section [B] we recall the notions of cohomology
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and Tate cohomology of finite groups, including the Tate cochain complex C* (G, k) (computing the
Tate cohomology). In Section 4, we lift explicitly the additive decomposition of the Tate-Hochschild
cohomology of a group algebra to the complex level. We also prove that the Tate cochain complex
c* (G, k) is a cyclic Ax-subalgebra of D*(kG, kG). We explain in Section 5 the cup product formula
in TH (kG, kG) which appeared in [25] and give a new proof for it using Green functors, following
Bouc. In Section 6, we deal with the BV-operator A and the Lie bracket in ﬁﬁ*(k:G, kG). In partic-
ular, we show that the operator A preserves each summand of the additive decomposition, and that
H*(G, k) is indeed a BV subalgebra of i (kG,kG). In Section 7, we use our results to compute
the BV structure of the Tate-Hochschild cohomology for symmetric group of degree 3 over a field k
of characteristic 3. In Appendix A, we provide a proof scattered in literature of the fact that the
Connes’ B-operator is trivial in the group homology H. (G, k).
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1. REMINDER ON HOCHSCHILD (CO)HOMOLOGY AND TATE-HOCHSCHILD COHOMOLOGY

Throughout this paper, we fix a field k. All group algebras denoted by kG or kH, and all algebras
denoted by A in the sequel, and their modules we considers as such, will be assumed to be finite
dimensional. We shall write ® for ®j, the tensor product over the field &, for two k-vector spaces V'
and W, write Hom(V, W) for Homy(V, W), the set of k-linear maps from V to W.

In this section we recall the definition and algebraic structure of the Tate-Hochschild cohomology
of an associative k-algebra. For more details, we refer the reader to [3I, 22] and the references
therein.

1.1. Hochschild (co)homology of algebras. Let A be a finite dimensional k-algebra. Denote the
enveloping algebra A ®j A°P of A by A°.

Let us first recall the construction of the Hochschild (co)chain complexes, using the normalized
bar resolution of A. Denote by A the quotient k-vector space A/(k-1). The normalized bar resolution
(Bar.(A),d.) of A is a free resolution of A as A-A-bimodules, where

Bar_1(A)=A, andforn>0, Bar,(4)=A4® *"® A,
and the differential is defined as follows: for n > 1,
d,, : Bar,(A) — Bar,,_1(A)
sends ap ® @1, @ Gp41 tO
n—1
aoa1 @ a2, @ Gp41 + Z(—l)iao Q1,1 @ TiGit1 @ gl @ Gy + (—1)"a0 @A p—1 @ AnGnt1,
i=1

and for n =0,
doZBaro(A):A®A—)A, ap ® a1 — apaq.

Here for simplicity we write @;; ‘=@ @ ;71 ® --- ®@a; (i < j), and when n = 0, A% .= k. This
complex is exact as there exists a contracting homotopy: for p > 0
sp : Barp(A) — Bar,(A), a0 ®@1p @ app1 — 1 @Gop @ apy1

and s_; : A — Barg(A),a — 1 ® a. Note that each s, (p > —1) is a morphism of right A-modules.
Recall that the Hochschild cochain complex (C*(A, A),§*) is defined as follows:

C"(A, A) = Homue (Bar, (A), A) ~ Hom(A"", 4), for n >0,
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and the differential is given by
"1 CM(AA) = CMTHALA), o= (),

S®(n+1)

where 0" (p) sends a1 ,71 € A to

n

a1p(@r1) + ) (~1) (@1 © Tt @ Grzar) + (1) e(@n)ant.
1=1

In degree zero, the differential map 6° : A — Hom(A, A) is given by
§%(2)(@) = ax —xa (for v € A and @ € A).
For any n > 0, the n-th Hochschild cohomology group of A is defined to be the cohomology group
HH"(A,A) = H"(C* (A, A)) ~ Ext}. (A4, A).
Recall that the Hochschild chain complex (Ci(A, A),0.) is defined as follows:
Cp(A,A) = A® e Bary(A) ~ A A", forn >0,

and, for n > 2, the differential 9, : A© A" — A® Ao

n—1
apa ® az ., + E (—1)'ap ® @11 ® TGlit1 @ Gitan + (—1)"anao @ @1 n—1,
i—1

sends ag ® @y, to

and in degree one, the differential 9, : A ® A — A is given by
01(ap ® 1) = apay — ajag (for ag € A and ay € A).
For all n > 0, the n-th Hochschild homology group of A is defined to be the homology group
HH, (A, A) = H,(C.(A, A)) ~ Tor’" (4, A).

Recall that the bounded derived category D’(A) is the triangulated category obtained from the
homotopy category of bounded complexes of finitely generated A-modules by inverting all quasi-
isomorphisms. The Hochschild cohomology groups HH*(A) can be realized as

HH" (A, A) = Hompe gy (A, A[n]) n >0,

where D?(A¢) is the bounded derived category of A¢ and [n] denotes the n-th shift functor in D*(A*€)
(cf. e.g. [32]). We end this subsection with a remark.

Remark 1.1. Let M be a left A-module. Then Bar,(A) ® 4 M is a free resolution of M. In fact,
this complex is exact with the contracting homotopy {s, ®4 id, p > —1} since {sp, p > —1} are
homomorphisms of right A-modules.

The similar result holds for right A-modules.

1.2. Tate-Hochschild cohomology. Let A be a finite dimensional k-algebra. The singularity
category Dge(A) of A is defined to be the Verdier quotient

Dyg(A) = D*(A)/perA,
where perA4 is the the bounded homotopy category of finitely generated projective A-modules.
Recall that the i-th (i € Z) Tate-Hochschild cohomology group i (A, A) of A is defined as the

space Homp_ (4¢)(A, Ali]), where [i] denotes the i-th shift functor in Dyz(A®). Clearly, the quotient
functor from DY(A¢) to Dyy(A°) induces a natural morphism

p: HH*(A, A) — HH (A, A).

To compute the Tate-Hochschild cohomology ﬁﬁ*(A, A), the second named author constructed a
complex C, (A, A) (called singular Hochschild cochain compler) in [31, Section 3.1]. Roughly speak-
ing, it is a colimit of the inductive system consisting of Hochschild cochain complexes with coefficients
in the bimodules of noncommutative differential forms. On Cg, (4, A), the author constructed a cup
product U and a Lie bracket [-, -], which leads to the following result.
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Theorem 1.2. ([31, Corollary 5.3]) The Tate-Hochschild cohomology ﬁﬁ*(A,A), equipped with
the cup product U and the Lie bracket [-,-], is a Gerstenhaber algebra. Moreover, the above map

p:HH* (A, A) — ﬁﬁ*(A, A) is a morphism of Gerstenhaber algebras.

In the case of a self-injective algebra A over a field k, the Tate-Hochschild cohomology agrees
with the Tate cohomology defined in [9]. We have the following descriptions of the Tate-Hochschild
cohomology HH (A, A).

Proposition 1.3. ([9, Corollary 6.4.1]) Let A be a self-injective algebra over a field k. Denote
Hom 4. (A, A¢) by AY. Then
(i) HH (A, A) ~ HH"(A, A) for all n > 0,
(ii) OH (A, A) ~HH_,,_1(AY, A) for alln < —1,
—0 ——1
(i1i)) HH (A, A) ~ Hom 4. (A, A), HH (A, A) ~ Hom 4. (A4, Qac(A)), and there is an exact sequence

0 HH (A,A) = AY @40 A% Homae (A, A) — HH (A, A) — 0,

where the map o is given by o(f®a)(a’) = f(a')-a fora,a’ € A and f € AY. Here Hom 4.(—, —)
denotes the homomorphism space in the stable category A°-Mod and Q- is the syzygy functor
over A°-Mod.

Now we specialize A to be a symmetric algebra. Symmetric algebras are self-injective and include
group algebras of finite groups. Recall that a symmetric algebra is a finite dimensional k-algebra A
such that there is a symmetric non-degenerate associative bilinear form (-,-) : A x A — k (called
the symmetrizing form), or equivalently, A ~ A* = Homy (A, k) as A-A-bimodules. Note that we
can choose an A-A-bimodule isomorphism (denoted by t) as follows: t(a) = (a,-) for a € A. This
isomorphism ¢ induces the following isomorphism

t®id: Ay A — A" @, A ~ Endg(A)
a®b— tla) @b (x— t(a)(z)b).
Following Broué (see [7]), we call the element (t ® id)~*(id) := >, e; ® f; € A ®) A the Casimir
element of A. Tt follows from [T, Proposition 3.3] that the Casimir element induces an isomorphism

A~ AY =Hompye(A, A%), a+~ Zem@fi

as A-A-bimodules, where we identify Hom 4¢ (A, A¢) as
(A®A)A = {Zai@)bi € A®y A|Zaai®bi = Zai@)bia for any a € A}.

Hence, if A is a symmetric algebra and n < —1, then, by Proposition [[3] (ii), the Tate-Hochschild
cohomology HH (A, A) is isomorphic to the usual Hochschild homology:
HH (A, A) ~ Tor’ [ (AY, A) ~ Tor™ (A, A) = HH_,,_1(A, A).

Moreover, for n = —1,0 we have the following interesting observations.

Remark 1.4. By Proposition (iii), the 0-th Tate-Hochschild cohomology ﬁﬁO(A,A) is a quo-
tient of the 0-th Hochschild cohomology HH®(A, A) and coincides with the stable center Zt(A) =
Z(A)/ZP"(A) (cf. [23} Section 2]). Moreover, the map o : AY ® 4¢ A — Hom 4¢ (A, A) in Proposition
3] (iii) is identified with the trace map

7:HHo(A, A) = A/[A, A] - HH(A, A) = Z(A), a+[A A~ eafi,

where Ker(7) = ZP"(A)" /[A, A] is equal to the so-called 0-th stable Hochschild homology HHZ(A)
(cf. 14 Section 4], [23, Section 2 and 3]). Thus, in this case, the —1-th Tate-Hochschild cohomology

——1
HH (A, A) is a subspace of the 0-th Hochschild homology HHy(A, A) and coincides with the 0-th
stable Hochschild homology HH;) (A) (cf. [14] Section 4], 23, Section 2 and 3]).
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Therefore, ﬁﬁ*(A,A) is a “combination” of the Hochschild cohomology HH"(A, A) and the
Hochschild homology HH, (A, A). We can summarize the above results by means of the following
diagram:

HHC HH! HH?
i I I
_———3 ——2 ——1 —0 —1 —2
HH HH Hgl{ HH HH HH
HH2 HH1 HHO

In [3T] Section 6.4], the author constructed a complex (called Tate-Hochschild cochain complex)
D*(A, A) = (- 2 C1(A, 4) 25 oA, 4) D 04, 4) 5 ¢ (4, 4) L ),

to compute ﬁﬁ*(A, A) for a symmetric algebra A, where 0, (resp. §*) is the differential of C, (A, A)

(resp. C*(A, A)) (see Section [d)); and 7(x) = >, e;xf;. Here Y, (e; ® f;) is the Casimir element.

Note that the bilinear form (-,-) on A defines a non-degenerate bilinear form (still denoted by (-, -))
(,-) : D*(A,A) x D* (A, A) = k

on D*(A, A) : For a € C"™(A, A) and 8 = ag ® a1, € Cp(A, A), we define

B _Jla(@n),a0) ifm=mn,
(B,0) = (o, 5) := {O otherwise.
Remark 1.5. In fact, this bilinear form (-,-) is induced by the duality between C, (A4, A) and

C*(A, A) defined in [T9, Lemma 2.9]. Note that (-,-) descends to ﬁﬁ*(A, A) since it is compatible
with the differential of D*(A, A) (cf. Lemma below). In particular, we have a non-degenerate

—0 ——1
bilinear form between HH (A, A) ~ Z*(A) and HH (A, A) ~ HHE (A) (cf. [19, Theorem 2.15 (3)]).
The following result shows that D*(A, A) has a rich algebraic structure.

Theorem 1.6. ([27, Theorem 6.3 and Proposition 6.5]) Let A be a symmetric k-algebra. Then there
is a cyclic Ax-algebra structure (my = 0, ma, mg3, - -+ ) and an Lo -algebra structure (I; = 0,1, 13, )
on D*(A, A) such that m; = 0 for i > 3, where the restrictions of ma and la to the nonnegative part
D=(A, A) are respectively, the usual cup product and Gerstenhaber bracket on C*(A, A).

Remark 1.7. We have simple and explicit formulas for the A..-products since m; = 0 for ¢ > 3.
But the formulas for the L.-brackets [; are in general very complicated and messy. In Section 2, we
write down the explicit formulas for the A-products m; on D*(kG, kG). In Theorem ETI0 below,

we prove that the Tate cochain complex C*(G, k) is a cyclic A-subalgebra of D* (kG, kG).
Recall that the Connes’ B-operator on the Hochschild chain complex C, (A, A) is defined as

B(ao ® El)m) = Z(—l)mil R Ujm Xy @ a1 i—1-
i=0
Tradler in [29] and Menichi [24] showed that the Hochschild cohomology HH* (4, A) of a symmetric
algebra A is a BV-algebra whose BV-operator A is the dual of the Connes’ B-operator with respect
to the bilinear form (-,-). That is,

<A(f)(a1,m)7 a0> = <B(a0 ® al,m)u f>
Generalizing the above result, we have the following result.
Theorem 1.8. ([31I, Theorem 6.17][27, Corollary 6.7]) Let A be a symmetric k-algebra. Then the
Gerstenhaber algebra (ﬁﬁ (A, A),U,[-,"]) is a BV-algebra whose BV-operator A is given by
A’ fori>0,
A :=¢0 fori=20,
B—i—l fO’)“i S —1.
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2. TATE-HOCHSCHILD COHOMOLOGY OF A GROUP ALGEBRA

Let k be a field, G a finite group and kG the group algebra. Recall that kG is a symmetric algebra
with the symmetrizing form:
(9,h) =1if gh =1 and (g, h) = 0 otherwise
for all g,h € G. In particular, decgfl ® g is a Casimir element of kG. Thus from Section [[.2]
we have that the Tate-Hochschild cohomology ﬁﬁ*(sz, kG) is a “combination” of the Hochschild
cohomology HH" (kG, kG) and the Hochschild homology HH., (kG, kG).

The Hochschild (co)chain complexes of kG have the following simple descriptions. For a set X, we
denote by k[X] the k-vector space spanned by the elements in X. In particular, we have kG = k[G].

Note that kG can be identified with the k-vector space k[G], where G = G — {1}. Whenn =10, G "
denotes a one-point set and k[@xn] := k. For simplicity, we write (g1.,,) for (g1,92,- - ,gn) € G*™.
The normalized bar resolution (Bar,(kG),d.) of kG has the form (throughout we just write all
the maps on the base elements)
Bar_; (kG) = kG, and for n >0, Bar,(kG) =k[Gx G " x G,
dp : Barg(kG) = k[G x G] = kG, (90,91) — g0og1, and forn >1,

dn : Ba'rn(kG) — Barn—l(kG)u (907m7 gn-i-l) = Z(_l)i(g(hmv 91941, 79_717 gn+1)'
=0

Here k[G x G x G] denotes the k-vector space spanned by the elements in the Cartesian product

GxG " xG. We always use the normalized bar resolution (except in Appendix A) since it greatly

simplifies the computations. From now on, we just write g for its image 7 in G.
Recall that the Hochschild cochain complex (C*(kG, kG), §*) is defined as follows:

C"™(kG, kG) = Hom yy- (Bar, (kG), kG) =~ Homy (k[G "], kG) ~ Map(G ", kG), for n > 0,
where Map(@xn, kG) denotes the set of maps from G to kG, and the differential is given by

o Map(@xn, kG) — Map(éx(nﬂ), EG), o= 8"(p),

where 6" (¢) sends g1.,11 € """ to

n+1

n
919(92,n+1) + Z(_l)l@(gl,iflvgigi+1agi+2,n+l) + (=" @(g1,n)gn+1-

i=1
In degree zero, the differential map §° : kG — Map(G, kG) is given by
8%z)(g) = gr —xg (for x € kG and g € G).
Recall that the Hochschild chain complex (C.(kG, kG), 0,) is defined as follows:
Cp(kG, kG) = kG @1 Bar, (kG) ~ k[G x G "], forn >0,
where k[G x@xn] denotes the k-vector space spanned by the elements in G x@xn, and the differential
is given by

Oy K[GXx T = k[Gx T "V,

n—1
(90: 91,n) = (9091, g2,n) + Z(_l)l(QOagl,i—lagigH—lagi+2,n) + (=1)"(9n90, 91,n—1)-
i=1
In degree one, the differential map 9, : k[G x G] — kG is given by
91(90,91) = gogr — 9190 (for go € G and g, € G).

From Section[[.2] the Tate-Hochschild cohomology 0l (kG, kG) can be computed by the following
Tate-Hochschild cochain complex D*(kG, kG):

(2) - BEG G B kG D kG S Map(G,kG) S -
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where the differential 7 (from degree —1 component to degree 0 component) is defined to be the
trace map = — dec gxg~'. Notice that deG g ® g~ ! is a Casimir element of kG.

Since we have an algebra isomorphism (kG)¢ ~ k(G x G) given by g1 ® g2 ~ (g1, 95 '), we can
identify each kG-kG-bimodule M as a left k(G x G)-module by the action (g1, 92) - = gi2gy ', or
as a right k(G x G)-module by the action z - (g1, g2) = g5 'zg1. In the following, we shall view the
bar resolution, the Hochschild co(chain) complexes for the group algebra kG in terms of k(G x G)-
modules. Consequently,

HH"(kG, kG) =~ Exty ¢ ) (kG kG),

where the k(G x G)-module structure on both kG by the action (g1, g2) -2 = gi2g; *, and
HH,, (kG, kG) ~ Tor* <9 (LG, kQG),

where the first kG has a right k(G x G)-module structure by the action z - (g1, g2) = g5 ‘xg1, and
the second kG has a left k(G x G)-module structure by the action (g1, g2) - = = g12g5 "

Now we recall from [31] the (generalized) cup product on D*(kG, kG).

Definition 2.1. Let a € D"(kG,kG) and € D™ (kG,kG). Then the (generalized) cup product
a U B is defined by the following six cases:

Case 1. n > 0,m > 0. Then o € C™"(kG,kG), B € C™(kG,kG), and the cup product aU 3 €
Ot (kG kG) = D"t (kG| kG) is the same as the usual cup product on C*(kG, kG):

—Xn+m

aUlp: G = kG, 91n40m = a(91,0)B(Gnr1,n1m)-

Case 2. n < —1,m < —1. Then a = (go,91,s) € Cs(kG,kG) with s = —n—1>0, 8 = (ho,h1,) €
Cy(kG,kG) with t = —m — 1 >0, and the cup product U B € Csyy11(kG, kG) = D" (kG, kG) is

defined by

- —Xs+t+1
alUpf= Z(gho, hit,9" " g0, 91,5) € k[G x G~ ].

geG
This product in Cy(kG,kG) is originally defined in [1I, Theorem 6.1] inspired from string topology.
Case 3. n>0,m < —1 andn+m < —=1. Then a € C"(kG,kG), B = (ho,h1,) € Ci(kG, kG)
witht = —m—1> 0, and the cup product aUp € Cy_,,(kG,kG) = D"t (kG, kG) is the same as the
usual cap product N (which induces an action of Hochschild cohomology on Hochschild homology):
—Xt—n

aU B = (a(ht—nt1,)ho, h1t-n) € k[G X G ].

Case 4. n>0,m < —1 andn+m > 0. Then o € C"(kG,kG), B = (90, 91.1) € CL(kG, kG) with
t=—-m—12>0, and the cup product o U B € C" = 1(kG, kG) = D" (kG, kG) is defined as the
following generalized cap product:

—Xn—t—1

aUB:G = kG, hini1— > alhin 1,9 " 91.4)909-
geG
Case 5. n < —=1,m >0 and n+m < —1. Then o = (go,91,5) € Cs(kG,kG) with s = —n—12> 0,
B e C™(kG,kG), and the cup product a U B € Cs_p(kG, kG) = D™ (kG, kG) is the following cap
product N from the right side:

—=Xs—m

aU B = (908(91.m), gm+1.s) € k[G x G 7.
Case 6. n < —=1,m >0 and n+m > 0. Then o = (go,g1,5) € Cs(kG, kG) with s = —n —1 >0,
B € C™(kG,kG), and the cup product a U B € C" =Y kG, kG) = D""™(kG, kQ) is defined as the
following generalized cap product from the right side:

—xm—s—1 _
ay ﬁ G " — ]{,‘G, hl,m—s—l — Z ggOﬁ(gl,sug 17 hl,m—s—l)-
geqG

Remark 2.2. Since the definition of the cup product U in this paper is different from that in [31],
in order to make the following identity still hold in D*(kG, kG) (cf. Lemma 23)),

aUp)=0(a)UB+ (-1)"aud(B), foraecD"(kG, kG)and g € D"(kG,kQG),
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we have to change the signs of the differential in the negative part D<Y(kG, kG). That is, the new
differential 9" on D*(kG, kG) is given as follows:

o (o) = (=)0 () for a € D™(kG,kG) and m < 0,

) 6(a) for « € D™ (kG, kG) and m > 0.
By Section[[.2] there is a non-degenerate bilinear form on D*(kG, kG) (induced by the symmetrizing
form (-,-) on kG)
(,) : D" (kG,kG) x D*(kG,kG) — k
For a € C™(kG, kG) and 8 = (g0, 91.n) € Cn(kG, kG), we define
algin), if m =n,
(8,0) = (o, B) = {< (910)-907

0 otherwise.

As usual, we call an element o € D"(kG, kG) homogeneous of degree n, and its degree will be
denoted by |a|. In particular, o] = —m — 1 for a € C,,(kG, kG) = D" 1 (kG, kG).

Lemma 2.3. The following identities hold in the complex (D*(kG,kG), ")
(@ (@), 8) = (~1)/*H @, '(8), (aUB,7) = (a,BUA),
o (aup) =0 U+ (-1)aud(p)
for homogeneous elements «, B,y € D*(kG, kG).

Proof. The first equality follows from a straightforward computation. Let us verify the second
identity. We have the following two cases.

(i) For ¢ € C™(kG,kQ), v € C"(kG,kG) and o := (9o, 91,m+n) € Cmtn(kG, kG), we have
(@U Y, a) = (90, (91,m)V(gm+1,m+n)) = (&, (V(Im+1,m+n)90, 91,m)) = (¢, ¥ Ua)
(@UY, ) = (g0, 9(91,m )Y (Im+1,m4n)) = ((908(91,m), gm+1,m+4n), ¥) = (€U &, ¢).
This implies that (¢ U, ) = (¢, Ua) = (a U @, ).
(ii) For o = (g0, 1.») € Cr(kG,kG), 3 = (ho, h1+) € C:(kG, kG) and ¢ € CTTH1(kG, kG), we have

<aUﬁ7¢> = Z<gh07(b(hl,tug_lgOagl,’r» = Z<(907gl,r)agho(b(hl,hg_lu?)> = <Oé,6 U ¢>

Se geqG
<O[ U ﬂv ¢> = Z<gh07 (b(hl,t; 971907 gl,T)> = Z<(h07 hl,t)a ¢(?7 971907 gl,'l“)g> = <ﬁa ¢ U O[>
ge@ geG

where we need to use the identity - (990,97") = X ca(9, 909~ ") in k[G x G] for g € G.

This verifies the second identity. From the first two identities, to verify the third identity, it is
sufficient to consider the following two cases.

(i) For ¢,v € C*(kG, kG), it is well-known that

d(pUP) =8(@) Uv + (=D Ub(y).
In this case, the third identity holds since 9’ = § for C*(kG, kG).
(ii) For a = (g0, 91.5) € Cs(kG,kG) and B = (ho, h1) € Ci(kG, kG), we have

d(aUpB) = Z d((gho, h1t, 9 90, 91.5))

geG
=aUd(B) + (—1)1a(a) U B.

Thus 9'(a U B) = (=1)l*la U &' (B) + 9'(a) U B since & (o) = (—1)1*19(a).
This proves the lemma. 1
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As a consequence, the (generalized) cup product U on D*(kG, kG) induces a graded-commutative

associative product (still denoted by U) over iy (kG, kG), which coincides with the Yoneda product
in the singularity category D ((kG)¢) (cf. [31]). We remind that, contrary to the Hochschild cochain
complex case, the above cup product U on the Tate-Hochschild cochain complex is not associative,
but it is associative up to homotopy (cf. [27]). From [27, Theorem 6.3], it follows that the cup
product extends to an A-algebra structure (mq, ma, ms, - -) on D*(kG, kG) with my = ', ma = U
and m; = 0 for i > 3 (cf. Theorem [[.G)). The formula for mg is described as follows.

(i) If either ¢, p, v € C*(kG,kG) or ¢, p, ¥ € Ci(kG, kG), then ms(¢o, @, 1) = 0.
(i) If o, 8 € Cu(kG, kG) and ¢ € C*(kG, kG), then ms(«, 8,6) = 0 =ms(¢, o, B).
(ili) If a € Ci(kG,kG) and ¢, ¢ € C*(kG, kG), then ms(¢, ¢, ) = 0 = ms(a, ¢, @).
(iv) For ¢ € C™(kG,kG), ¢ € C"(kG,kG) and o = (g0, 01, - ,9r) € Cr(kG, kG),

o if r +2 < m+n, then mz(¢, o, p) € C™"T""2(kG, kG) is defined by

ms3 (¢7 «, (P) (h17 Tty hm—r+n—2) =

min{n,r+1}
S )T (i -2,9,950)909(91,5-19 " Pan—rtj—1m—rin—2),
geG j=1

o if r +2 > m+mn, then ms3(d, a, ) = 0.
(v) For av= (o, 91,) € Cr(kG,kG), B = (ho, h1,s) € Cs(kG, kG) and ¢ € C™(kG, kG),
e if m —1<r+s, then

Z Z 90¢ 91,m—s+j—1,9, h]+1 S)hOa h1 9 7gmfs+j,r)a
geG j=0

o if m—1>r+s, then ms(a, ¢, 8) =0.
Therefore we have the following identity, for aq, aq, as € D*(kG, kG),
a1 U (042 U a3) — (a1 U 042) Uas= 8'(m3(a1, a2, 043)) + mg(a'(al), a9, 043)
—l—(—l)‘o‘l‘mg(al , 6’(a2), 043) + (—1)|°‘1‘+|°‘2‘m3(a1, a9, 8’(a3)).

From [27, Proposition 6.5], it follows that the A..-algebra structure is compatible with the non-
degenerate bilinear form (-,-) in the following sense:

3) (oo, mi(on, -+, ap)) = (=)l (ag, -+ agk—1), ax)

for any o; € D*(kG,kG), 0 < i < k. Such A-algebra is called cyclic. In particular, Formula (iv)
is dual to Formula (v) in the sense of Equation ([@). In other words, we may get one from the other
by Equation (8).

Moreover, one can define a Lie bracket [-,-] on ﬁﬁ*(kG, k@) such that (ﬁﬁ*(kG, kG), U, [, ])
becomes a Gerstenhaber algebra, that is, for homogeneous elements «, 3, in ﬁﬁ*(sz, kG), the
following three conditions hold:

° (ﬁﬁ*(kG, kG),U) is an associative algebra and it is graded commutative, that is, the cup
product U is an associative multiplication and satisfies o U 8 = (—1)‘0‘”5‘6 U a;

o (ﬁﬁ*(kG, kQG),[-,]) is a graded Lie algebra of degree —1, that is, the Lie bracket [-, | satisfies
[, B] = —(=1)Uel=DUBI=D[B a] and the graded Jacobi identity

(~1){=01Dfg, 6], ] 4 (~1)1P1-D-D](3, 5], o] 4 (~1)=DII-D 1, o] ] = 0

e Poisson rule: [a U B,7] = [a, 7] U B + (=D)Il=Da U3, 4].

The Lie bracket [-, -] is a generalization of the Gerstenhaber bracket [-, -] in Hochschild cohomology,
and we can write it down explicitly at the complex level. Since [-, -] is determined by the cup product
U and the BV-operator A in ﬁﬁ*(kG,kG) (see below), we refrain from giving a formula at the
complex level. The interested reader can refer the details to the paper [31].

Let us now define the BV-operator A in ﬁﬁ*(kG, kG). At the complex level, A is the Connes’
B-operator B for the negative part D<°(kG, kG) = C.(kG, kG), is the operator A for the positive
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part D>0(kG, kG) = C>°(kG, kG), and A : D°(kG, kG) — D~ (kG, kG) is zero. More precisely, if

n<—1,then A=B:k[GxG ] — kG x GXSH] (let s = —n — 1) is given by

S

o= (90,91,5) 3(04) = Z(—l)is(l,gi,s,go,iflﬁ
i=0
if n > 1, then A=A: Map(axn,kG) — Map(ax(n_l),kG) maps any « : G = kG to Aa) :
@X(nil) — kG such that

A( gln 1 Z Z Zn 1) gzn 1,9n, 91,i— 1) 1>g,:1,

gn€G i=1
where (-,-) is the symmetrizing form on kG (cf. [22, Section 8]). It is easy to verify that the
operator A : D*(kG,kG) — D*1(kG,kG) is a chain map (with A2 = 0) and therefore induces
an operation (still denoted by 3) in OH (kG,kG). Tt turns out that the Gerstenhaber algebra
(ﬁﬁ*(kG, kG),U, [-,-]) together with the operator A is a Batalin-Vilkovsky algebra (BV-algebra),
that is, in addition to be a Gerstenhaber algebra, (A*(kG, kG),A) is a complex and

o8] =~ AU ) ~ A@) U B — (-1)laUAB))
for all homogeneous elements «, 5 € i (kG,kG) (ct. [31]).

Remark 2.4. The signs in the definition of a BV-algebra depend on the choice of the definitions
of cup product and Lie bracket. If we define aU’'8 = (—=1)l*lIfla U g and A'(a) = (=1)el=DA(a),
then we get

[, 8] = (=1)*I(A"(aU'B) — A()U'B — (~1)*la’A'(5)),
which is the equality in the usual definition of a BV-algebra (see, for example [13], 24]). We choose

the sign convention from [29] because of our convention of the definitions of cup product and Connes’
B-operator in the Hochschild (co)homology theory.

3. REMINDER ON COHOMOLOGY AND TATE COHOMOLOGY OF FINITE GROUPS

In this section we recall some notions on Tate cohomology of finite groups. For the details, we
refer the reader to [8, Chapter VIJ.

3.1. Group (co)homology. Let k be a field, G a finite group and kG the group algebra. Let M
be a left kG-module. Then the cohomology of G with coefficients in M is defined to be

HP(G,M) = Ext},(k,M), p > 0,
and the homology of G with coefficients in M is defined to be
H, (G, M) = Tory% (k, M), p > 0,
where k is the left trivial kG-module in Extf, (k, M) and is the right trivial kG-module in Tor}“ (k, M).
By Remark [Tl the complex P, := Bar.(kG) Qi k is the standard resolution of the trivial

kG-module k. So there exist canonical complexes computing group (co)homology.
Recall that the group cohomology complex (C*(G, M), 0*) is defined as follows:

C™(G, M) = Homyg (Bar, (kG) ®ra k, M) ~ Homye (k[G "], M) ~ Map(G ", MG), for n >0,
and the differential is given by
6" : Map(@", M) — Map(@ "V, M), o = 6"(p),

Xn]

where 0" () sends g1 41 € a

n

919(92,n+1) + Z(_l)i@(gl,i—la 9igit1, ivamt1) + (=1 o(grn).
i=1

In degree zero, the differential map 6° : M — Map(G, M) is given by
§°x)(9) =gr —x (for x € M and g € G).
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We can consider M as a right kG-module via z - g = g~ 'z,2 € M,g € G. Then Tor*® (k, M) =~
Tor®® (M, k), where we use the right kG-module M in Tor®“ (M, k). Notice that Tor*@ (M, k) can
by computed by the group homology complex (C.(G,M),d.), which is defined as follows:

Cn(G, M) = M &3¢ Bar, (kG) @rg k~ M @ k[G""], for n >0,

and the differential 9, : M @ k[G"] — M @ k[G* """

n—1

TR G g1 (ga0) + D _(=1)'T® (9101, 6141, Giran) + (1) @ (91,0-1),
i=1

],n > 2 is given by

and in degree one, the differential map 0y : M ® k[G] — M is given by
Oh(rz@g)=z-g1—x (forz€ M and g1 € G).

Let us explain conjugation maps, restriction maps and corestriction maps on group (co)homology,
as we shall need them in Section Bl For more details, we refer the reader to the textbook [11].
Let G be a finite group and M a kG-module. Let Q. be a projective resolution of k as a kG-
module.
(1) For any g € G and H < G, write YH = gHg~'. The conjugation map ¢g* : H*(H, M) —
H*(YH, M) is induced by the map
9" Hompg (Q«, M) — Homgp (Qx, M), ¢+ %p,
where 9p(z) = gp(g~'x),z € Qu;
(2) For H < G, the restriction map res% : H*(G, M) — H*(H, M) is induced by the natural
inclusion map Homyg(Q«, M) — Homgy(Q., M), as homomorphisms of kG-modules are

necessarily homomorphisms of kH-modules;
(3) For H < G the corestriction map cor$ : H*(H, M) — H*(G, M) is induced from the map

HOHlkH(Q*,M) — HomkG(Q*;M)v 2 — ZQ/))
teT

where T is a complete set of representatives of the left cosets of the subgroup H in G;
(1) For any g € G, the conjugation map g, : H.(H, M) — H.(9H, M) is induced by the map
G M @k Qu = M Qpapg Quy, T QY — 19" Qporr gY;
(2’) For H < G, the restriction map res% : Hy (G, M) — H.(H, M) is is induced by the map

M @ra Qv = M @pa Qv, T Qrgyr— Zﬂ @kt T,
teT
where T is a complete set of representatives of the left cosets of the subgroup H in G;
(3") For H < G, the corestriction map cor$ : Hy(H,M) — H.(G, M) is induced from the
natural quotient map M Qry Q« — M Rpg Q.

3.2. Tate cohomology of groups. Applying the duality functor ()* = Homy(—, k) to the standard
resolution P, = Bar.(kG)®ick, we get a “backwards projective resolution” Hom(Bar, (kG) @k k, k)
of k. By splicing together Bar, (kG) ®i¢ k and Hom(Bar, (kG) ®rc k), k) we get a complete resolution
of the trivial module &:

PQ P1 Pl*

P Py*
T~ k(/

where the (left) kG-module structure over P = Homy(P,, k) is given by (gp)(z) = o(g~'x) for
any ¢ € P¥ and € P,,. We denote this complete resolution by F., where F, = P, for n > 0 and
F, =P*,_,forn < —1. Let U be any (left) kG-module. Applying the functor Homyg(—,U) to Fi,
we get a cochain complex, denoted by C*(G,U) (called Tate cochain complex of G):
(1) The nonnegative part C=9(G, U) is exactly the group cohomology complex C*(G,U) with
coeflicients in U.
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(2) For each n < —1 (let s = —n — 1 > 0), we notice that there is a natural isomorphism

U @ie Ps ~ Homya (P, U), u®gz+— (a— Z a(gz)gu),
geG

where in U @y Ps we consider U as a right kG-module by the action ug = g~'u, and where

P? is viewed as a left kG-module. It follows that, for n < —1 (let s = —n — 1 > 0),

C™(G,U) = Homy (P, U) ~ U Qg Ps ~ U @pe (kGO k(G ) ~ U @ k[G "]
and the differential is given by

s—1
0u(w,915) = (97 '@, 92.6) + Y _ (1) (%, 9101, 9igi 11, Giva.s) + (—1)° (@, g1,6-1)
1=1

forall s > 1,z € U and g1, -+ ,gs € G. Therefore the negative part C<°(G,U) is exactly
the group homology complex C, (G, U) with coefficients in U (Here we consider U as a right
kEG-module).
(3) For n = —1 (or s = 0), the differential §_; : Co(G,U) = U — U = C°(G,U) is given by
u— (3 ,eq9)uforuel.
The Tate cohomology of G with coefficients in U is defined to be the (co)homology group
H"(G,U) = H*(C*(G,U)) = H"(Homyg (F.,U)).
We have the following descriptions of the Tate cohomology ﬁ"(G ,U):
(i) H"(G,U) ~ H"(G,U) := Ext}s(k,U) for all n > 0,
(i) HY(G,U) ~H_,,_1(G,U) := Tor®™@ _ (U, k) for all n < —1,
(iii) there is an exact sequence
0— H (G,U) = Hy(G,U) S H(G,U) — H(G,U) — 0.

Denote the sum g by N. Then the map « is the so-called norm map:

geG
Ho(G,U) =Ug — UY =H(G,U), u— Nu.

Therefore, H* (G,U) is a “combination” of the group cohomology H*(G, U) and the group homology
H.(G,U). We can summarize the above results by means of the following diagram (cf. [8, VI. 4]):

HO H! H2
/ { | |
s @: @ /@ m me
H, M, H,

Of particular interest to us is the case when U = k, the trivial kG-module. From now on, we
always refer to Tate cohomology of a group algebra kG as H*(G, k), unless stated otherwise.

Remark 3.1. If the characteristic of k divides the order of G, then the map « : Ho(G, k) — H°(G, k)
is zero and we have that H™}(G, k) ~ Ho(G,k) and H°(G,k) ~ H°(G,k). Otherwise, the map
a: Ho(G, k) — HO(G, k) is an isomorphism and we have that H? (G, k) = 0 for all p € Z.

4. LIFTING THE ADDITIVE DECOMPOSITION TO THE COMPLEX LEVEL

Let k be a field and G a finite group. Then the Tate-Hochschild cohomology HH (kG, kG) admits
an additive decomposition (as k-vector spaces):

HH (kG,kG) ~ @ H*(Ca(), k),
rzeX

where X is a set of representatives of conjugacy classes of elements of G and C¢/(z) is the centralizer
subgroup of x € G, and where H*(Cg (), k) is the Tate cohomology of Cg(x) (cf. |25 Section 5]).
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In this section, we give an explicit construction of the additive decomposition at the complex level.
We deal with this task in three cases:

The first case: n > 0. In this case,

HH' (kG,kG) ~ HH"(kG,kG) ~ @) H"(Ca(x), k) = @D Extic, @) (k. k);
rzeX reX
The second case: n < —1 (1et s =-n—1>0). In this case,
HH' (kG, kG) ~ HH,(kG, kG) ~ @ H,(Cc(2), k) = @ Tor* s (k, k);
rzeX zeX

The third case: n = 0,—1. In this case,
kaG EBHOCG ), HH kaG @H k).

zeX rzeX

The first case. This is just the usual additive decomposition of the Hochschild cohomology
HH"(kG, kG) (except in degree zero component) and its lifting (to the complex level) has been
done by the first named author and the third named author in [22]. The idea is as follows. Cibils
and Solotar [T0] constructed a subcomplex of the Hochschild cochain complex C*(kG, kG) for each
conjugacy class, and then they showed that for a finite abelian group, the subcomplex is isomorphic
to the group cohomology complex (cf. Section [BI]). This was generalized to any finite group in
[22]: for each conjugacy class, this complex computes the group cohomology of the corresponding
centralizer subgroup. Let us briefly recall the construction there. For simplicity, we denote by H.
and H* the Hochschild chain complex C, (kG, kG) and the Hochschild cochain complex C*(kG, kG)
respectively.

Recall from Section 2 that the Hochschild cohomology HH* (G, kG) of the group algebra kG can
be computed by the Hochschild cochain complex C*(kG, kG):

(H") 0 — kG 2% Map(@, £G) 2 -+ — Map(@ ", k@) 2 .-

where the differential is given by
8°(x)(9) = gr —xg (for x € kG and g € G)
and (for ¢ : G — kG and g1 "y 0nt1 € 6)

5" (@)(91.n+1) = g19(g2:n+1) + Z P(g1,i-1:9igi+1, Git2nt1) + (= 1) 0(g1,0) gn41-
=1

Let X be a complete set of representatives of the conjugacy classes in the finite group G. For x € X,
C, = {grg—!|g € G} is the conjugacy class corresponding to z and Cg(r) = {g € G|grg™! = '} is
the centralizer subgroup. Now take a conjugacy class C, and define

HC = k[C,], and for n > 1,

He ={p: G " — kG | ¢(g1,-+ ,gn) € klg1 -+ 9nCs] C kG, Vg1, ,gn € G},
where g1 - - - g,C,, denotes the subset of G obtained by multiplying g; - - - g, on C, and k[g1 - - - 9,Cy]
is the k-subspace of kG spanned by this set. Note that we have g;---¢,C, = Crg1---¢g, and
Elgi -+ 9nCs] = E[Crg1---gn]. Let Hi = @,~,Hy. Cibils and Solotar observed that Hj is a
subcomplex of H* and H* = @, x 1z (see [10, Page 20, Proof of the theorem]).

Lemma 4.1. The complex H}; is isomorphic to the complex
Homkcc(w)(Bar* (kG) Rra k, k),
which computes the group cohomology H* (Ce(x), k) of Ca(x). More concretely, there is an isomor-
phism of complexes:
My — Homyc(x)(Bary(kG) ®ka k, k),
(pr: G " = kG) = (308 xG " = k), BuVizGin) = Gig
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where we write o5 (g1.n)gn L g1 " = Soity @i pxi € kCy; we fiz a right coset decomposition of ()
in G:
G = CG(‘T),Y].,LE U---u CG(‘T),Y’H,;E,LE
and thus C = {¥; @Y1, s Ynp e Vng .} Here we write x; = 5, j0%i 2 and Sp = {12, g}
and we take v1.4, =1 and 1 = x. The inverse is given by
HOkaG(I)(BaI‘* (kG) Rra k, k) — H;,
-~ —Xn —Xn o~

((pm : S;E x G — k) — (9% e — kG))u S%(Ql,n) = 2?21 (pw(’yi,mugl,n)xigl c o Gn-

Passing to the cohomology, we have H*(H:) ~ H*(Cq(x), k).

Proof. This follows from the first five steps in [22, Page 9]. O

To compare the two complexes Homyc, () (Bar. (kG) ®xq k, k) and
C*(Cq(x), k) = Homycy () (Bary (kCa (2)) @kcg (2) by k),
we need the following comparison maps defined in [22 Page 16]. The comparison map
v: Bar, (kCq(2)) ®pcg(a) b — Bar(kG) ®kc k

is just defined as the inclusion map ¢ : k[Cq(z) X Cg(:v)xn] <5 k[G x G"]. The comparison map
p : Bar.(kG) ®rg k — Bar, (kCq(2)) @rcg(a) k

is defined as follows:
p-1:k — k, 11,
po: kG — kCg(x), hviz+—>h, for h € Cq(x),
pk[Gx Gl — k[Ca(z) x Ca(x)], (Miw,g1) — (hyhiy),
where h € Cg(x) and 7,291 = hi, Y1, for by, € Ca(),
Pn : k[G X éxn] — k[CG(I) X OG(x)Xn]a (h’ﬂyi,x;gl,n) — (hvh”ila o 7h"in)a

where h ,hi,, € Ca(x) are determined by the sequence {g1,--- , gn} as follows:

i1y """
Vi,xd1 = hilvs},ma 75},192 = hiz’ys?,mu T 75?*1)1971 = hin')/s?,m-

Remark 4.2. Notice that p ot = id. There is a homotopy s : Bar.(kG) @kc k — Bar,(kG) ®ra k
between id and ¢ o p. For (hvi.z, g1.n) € k[G x G "], we define

n
S(hFYLI’ gl7n) = (ha Yi,xy gl,n) + Z(_l)J(hv hila e 7hij P ”Ysg,m, gj+1, 7971)7
j=1

where h;,, -+, hi, € Ca(z) are determined by the sequence {g1,--- , gn} as follows:

i1y "
Yi,xg1 = hilﬁys%,zv Vstz92 = hi2’75?,za ) 75?*111971 = hin")/s;‘,z-

By a straightforward computation, we get that id —top = (d®kg k) o s+ so (d®@rg k), where d is the
differential of Bar,(kG) (cf. Section 2l). As a consequence, we get a homotopy deformation retract
of complexes of (left) kCq(z)-modules

P
s Q Bar*(kG) Qg k — @ Bar*(kCG (,T)) ®kCG(z) k.
v reX
That is, we have por = id and id —top = (dQrc k) os+so(dRkck). We remark that our construction
of the homotopy s is inspired from [I5] Definition 3.4].

Applying the functor Homyc, (2)(—, k) to the above homotopy deformation retract in Remark
and then composing with the isomorphism in Lemma 1] we obtain the following homotopy
deformation retract of complexes for any = € X,

(5 My == C"(Calw). k).

p
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Here the surjection ¢* is given by

Xn

S HE = CF(Ca(n),k),  [e: G " = kG = [fn: Calz)  — K,

with @z (h1,,) = a1,2, where @g(h1n)h, Zal 22 € kCy.
In other words, @, (h1,) is just the coefficient of = in @, (hy n)h, ! h_ € kC,. The map p* is
given by
P C*(Ca(z), k) = H:, [Pe:Ca@) " =kl [pe: G " = kG,
with @, € HY, and  @u(g1n) = > Bulhiy, - s hi)Tigr -+ gn,
i=1
where h;,, -+, hi, € Cq(z) are determined by the sequence {g1,- -, gn} as follows:
Yi,xg1 = hil’YS},I? Vslz92 = hizst,am N 75?*1)1971 = hin'ys?,m-
The homotopy s” is given by: For (g, : G — kG) € H™, we define s%(¢p,) € HI ! as
n—1 ng
" (¢a)(g1,n-1) ZZ },jfcigl"'gn—l,
7=0 =1

where the coeflicients a}) ; are determined by the following identity (when j = 0, we set V50 . = Vi)

Ny
—1 -1 -1 _ k
%c(hm"' ’hij7’75‘z)m7g‘j+1".' agnfl)gnfl"'gl Yijx = E Q; Lk

since we have h;, hi, - - hij'yszyxgj_l,_l C e On—1 = Yixg1 - gn—1 forany 0 < j <n —1.
Therefore, we get a lifting of the additive decomposition of HH* (kG, kG) at the complex level.

Theorem 4.3. (cf. [22, Theorem 6.3]) Let k be a field and G a finite group. Consider the additive
decomposition of Hochschild cohomology algebra of the group algebm kG:
HH* (kG, kG) ~ P H* (Co (=
reX

where X is a set of representatives of conjugacy classes of elements of G and Cq(x) is the centralizer
of G. Then the above additive decomposition lifts to a homotopy deformation retract of complexes

Q C*(kG, kG)—> @ C*(Ca(x), k),

p* zeX

where ¥ =3 1, pF =0 cx PPy and 8T =) 8T,
Notice that the homotopy s* in the above theorem is induced from the homotopy s in Remark
A2 which is not contained in [22, Theorem 6.3].

The second case. This is just the usual additive decomposition of the Hochschild homology
HH, (kG, kG) (except in degree zero component). We use a similar idea as in the first case to give a
lifting of HH..(kG, kG) to the complex level.

Recall from Section Bl that the Hochschild homology HH..(kG, kG) of the group algebra kG can
be computed by the Hochschild chain complex C.(kG, kG):

(H.) S KGx G S EEx G kG — 0,
where the differential is given by
s—1
0s(90:91.6) = (9091, 92.6) + D _(=1)"(90, 91,i-1, Gigi+1: Giv2.s) + (—1)*(gsgo0, 91.6-1),
i=1

d1(90,91) = gog1 — 190 (for go € G and g1 € G).
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We denote
Hayo = k[Cy], and for s > 1,
Hos =kl(95" 97 w,016) [u€Coygry-- g5 € Gl
Let Hy o = @520 Hz.s. It is easy to verify that H, . is a subcomplex of H, and H, = @IGX Ha s

Remark 4.4. We obtain this decomposition of C\(kG,kG) = H, motivated from Cibils-Solatar’s
decomposition of H*, but this decomposition has already appeared in |21, 7.4.4 Proposition]. In
fact, the complex k[T, (G, z)] in [2I] 7.4.4 Proposition], which is constructed as certain subcyclic set
of the cyclic bar construction, coincides with H, .. We thank an anonymous referee for pointing out
this to us.

Lemma 4.5. The complex Hy . is isomorphic to k Qe (z) Bark(kG) @ra k, which computes the
group homology H.(Cq(z), k) of Ca(x). More concretely, there is an isomorphism of complexes:

L HMas RSk Bar, (kG) ©ka k = k @pog () k|G x G,
(9519190 ‘g0, 91,s) 1 @kcg(a) 90,55

and its inverse is given by

k ®kCc(m) k[G X GXS] — /Hmys,
1 ®kog(@) 90,5~ (95"~ 91 95 290, 91,6)-

Proof. The differential in the complex H,, . is induced from H., while the differential in the complex
k ®kcg(z) kG x @XS] is given by

s—1

1 @kcg (@) 90,s — 1 @rcg(a) (9091, 92,5) + Z(—l)i(go, 91,i—159i9i+1 9it2,s) T (—1)°g0,6-1)-

i=1
It is straightforward to check that the given maps commute with the above differentials. Passing
to the homology, we have H,(H,.) ~ H.(Cq(z), k) = Tor*“¢® (k k) since Bar,(kG) @y k is a
projective resolution of k as kC¢(x)-modules. O

Applying the functor k ®rc(») — to the homotopy deformation retract in Remark and then
composing with the isomorphism in Lemma H5 we obtain the following homotopy deformation
retract for any z € X,

Pax
5o D Ha o == Cu(Ca(@), k).
Here the injection ¢, is given by
e 1 Cu(Ca(x), k) —Ha s,

Xn

[@p = (h1, - hn) €E[Ca(x) | —aw = (h - hi e, ki) € Han)

and the surjection p, is given by

Pz Haw — C*(CG(JJ), k)

— — _ ~ ——Xn
o = (gnl 9 1901790 lagl,n) € Hom| — [0z = (hiy, -+, hi,) € K[Ca(z) ]
where h;,, -+, hi, € Cq(z) are determined by the following sequence:
go = h’yi,wa Yi,xg1 = hi1’7511,17 ’7511,192 = hiz’ys?,mu Tty ’75?*1)1911 = hin')/s?,m'

The homotopy s is given as follows: For o, = (g,,* - ~gflgoflxgo,gl,n) € Haon,
n
Sm(ai) - Z(—ly(gﬁl o gl_lgo_lxha hil? e 7hij57557magj+17 e 7gn) € Hm,nJrlv
j=0
when j = 0, we set 50 , = Vi -
Therefore, we get a lifting of the additive decomposition of HH, (kG, kG) at the complex level.
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Theorem 4.6. Let k be a field and G a finite group. Consider the additive decomposition of
Hochschild homology of the group algebm kG:

(kG kG) EBH (Cal(z
zeX

where X is a set of representatives of conjugacy classes of elements of G and Cq(x) is the centralizer
of G. Then, the above additive decomposition lifts to a homotopy deformation retract of complexes

s (> CukG.kG) = @ H“<_ @D C.(Ca(x), k).

reX b reX

where by = EmEX Lay Px = ZmEX Pz and Sx = ZmEX Sx

The third case. Recall from Proposition [[.3] that we have the following exact sequence

0 HH | (kG, kG) — HHo(kG, kG) = HH(kG, kG) — HH (kG kG) — 0.
By Remark [[4] the map 7 is lifted to
7: Co(kG, kG) = kG — C°(kG,kG) = kG, h+ > ghg™!
geG

From the above two cases, it follows that the additive decompositions:

HH, (kG, kG) @ Ho(Ce(x), k), HH(EG, kG) @ H(Ce(x

reX zeX

are lifted to

kG = Co(kG,kG) ~ D, cx k[C:] — D,cx Co(Calx), k) = D, x Fa,

(4) T € k[Cm] — 1,
r — 1,
and
kG = C°(kG,kG) = @zex klC:] — @mex C°(Cq(x), k) = @mex ky.
(5) x €k[Cy] — 1 €ky
x; €k[C] — 0 ifa; #£x
Yo w o 1y €k,

where k, is the one-dimensional vector space indicated by x and 1, the unit of k,. For each z € X,
we also have an exact sequence

0 — H™'(Ca(x), k) = Ho(Ca(w), k) 3 H(Ca (@), k) = H(Cq(w), k) = 0,
where the map «, is lifted to the map
oz Co(Ca(x), k) =k — C%Cq(x),k) =k, 1+ |Cq(x)|

Note that we have the following commutative diagram

Co(Cq (), k) —=> CO(Cq (), k)

7T

Co(kG, kG) CO(kG, kG)

where the vertical injections are defined in () and (&), respectively. This implies that the restriction
of the trace map 7 to Co(Cq(x), k) is v for any x € X. Thus we have the additive decompositions

Al (kG, kG) ~PHE Y k), * (kG k@) ~ P B (Ce(=)

zeX reX

As a conclusion of the above three cases, we get the following additive decomposition

(6) (kG kG) ~ P H*(Ca(x

zeX



20 YUMING LIU, ZHENGFANG WANG AND GUODONG ZHOU

Since we note that the trace map 7 restricts to 7, : Hao — H2 for any z € X, we get a subcomplex:
Hi: oo Han = Heo = HO — HL —

of D*(kG, kG). 1t is clear that D*(kG, kG) = P, x H: as complexes.

Remark 4.7. By Theorems and [L.6] we obtain a homotopy deformation retract

g@ D*(kG,kG)& P C*(Ca(x), k),

L reX

where, for m > 0, we have

_mMml ~m __ . m -~—m—1 __ . ~m __ .m —~—m—1 __
P = lm; p=Lp = Pm; B =5, S = Sm.-

This homotopy deformation retract should play a crucial role in the future study of the behavior of
the higher algebraic structures on D*(kG, kG) in terms of the additive decomposition.
Taking = 1, we obtain a split inclusion of complexes 7,1 : C*(G, k) — D*(kG, kG) given as

follows:
C*(G k) — C*(kG,kG),

)
(p:G" —>k) — WG kG), Y(gim) = 0(91,0)91  Gn;
C.(G k) — C.(kG,kG),

)

(g1) — (g3 g7 2010,
In particular, this induces an inclusion 7,—; : H* (G, k) < i (kG, kG).
We define a left kG-module kG as follows. As a vector space .kG = kG and the action of G

on kG is given by conjugation: g-z = gxg~' for any ¢ € G and = € kG. Note that we have a
kG-module decomposition kG = @, x kCz, where C, denotes the conjugacy class of .

Proposition 4.8. We have an isomorphism of complexes p : D*(kG,kG) — CA'*(G,CkG). As a
result, we can present the isomorphisms in the additive decomposition as follows:

HH (kG,kG) ~ H*(G, kG) =~ @ H*(G,kC,) ~ P B (Ca (@), k
rzeX rzeX
Proof. (Compare to [22] Remark 6.2]) Let us construct the morphism of complexes p : D*(kG, kG) —
C*(G, kG) as follows. For m > 0 and ¢ € D™ (kG, kG) ~ Map(G ", kG), we define
p(9) € C™(G, ckG) ~ Map(G™ ™ kG), (g1.m) = (g1m)g" -+ g1 -

In fact, for each z € X, p restricts to an isomorphism p, : H' = Map(axm, kC,). Similarly, for
m >0 and (h,g1.m) € D™ kG, kG) ~ k[G x G "], we define
p((hg1m)) = (hg1 -+ Gy g1.m) € C"H(G, kG) = K[G x G,

In fact, for each x € X, p restricts to an isomorphism p; : Hz m = k[Cy x éx’”]. It is easy to check
that p is a morphism of complexes. Note that p is an isomorphism with inverse p~' given by

P W) (91m) = ©(G1.m)91 - gm, for any ¢ € C™(G, kG);

p_l((hu gl,m)) = (hg;ml e 9;1’ gl,m)u fOY any (hu gl,m) S C—m—l(G7 ckG)
for m > 0. Thus the isomorphism p induces the first two isomorphisms in this proposition. The
third isomorphism in the proposition follows from the following isomorphisms of complexes

kCy Qra Bar*(k:G) Qra k >~k QkCa(x) Bar, (kG) Rra k,
Homyg (Bar, (kG) @ra k, kCy) ~ Homycy, (2)(Bar. (kG) ®ig k, k).
We remark that the above two isomorphisms are induced by
Homycy, (o) (kG k) =~ kCy ~ k @ (o) kG, (Vjz + 0ij) 7;$x7i,m =1 Qreg (@) Vi

Here we fix a right coset decomposition of Cg(z) in G: G = Cg(x)y1,2 U+ U Cq(x)vn, » and thus
Cy = {”yiix”yLw Yt 2 @Yn, 2 b+ This proves the proposition. O
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Remark 4.9. Note that the non-degenerate bilinear pairing on D*(kG, kG) (cf. Remark[[H]) induces
non-degenerate bilinear pairings (for each n € Z):

() s HE x 72177”1 — k for any z,y € X such that 271 € C,.
In particular, we have {a, 8) = 0 for any « € ﬁ; and § € 7—7; (z,y € X) such that 27! ¢ C,.

Recall that we have a cyclic Ay-algebra structure ((-,-),d",U,ms, m; =0 (i > 3)) on D*(kG, kG)
(see Section [2). Notice that the Tate cochain complex C*(G, k) can be seen as a subcomplex of

~

D*(kG, kG) under the inclusion 7,1 : C*(G, k) — D*(kG,kG) (cf. Remark [L.1).
Theorem 4.10. The Tate cochain_complex C*(G, k) is a cyclic Asg-subalgebra of D*(kG, kG), and
moreover H: is an Aoo-module of C*(G, k) for each x € X, under the decomposition D*(kG, kG) =
Doex 7
Proof. By Proposition .8 we have an isomorphism of complexes

Toet = p a1 : CF(GL k) S HE (C D*(KG, kG)).
For any o € 7—7’1" and 8 € 7—72 (x € X)), by the definition of U in Section 2] it is easy to check that

aUB, BUa e H™"

This shows that U on D*(kG, kG) restricts to ’QT and ’;Q; is a module of C* (G, k). It remains to verify
that ms(a, 8,7) € ’,Q; for a, 8 € ﬁf and v € ﬁ; Recall from Section 2l we only need to consider
the two nontrivial cases for mg. The first case is as follows. Let ¢ € H",a = (g0, 91,+) € H1,» and
p e HY for r+2 <m+n. We have

mB(d)a «, @)(hla Tty hmfrJran) -

min{m,n,r}

Z Z (=)™ (R m—rtjm25 95 950)909(91,5-15 9 s Bn—rtj—1m—rtn—2)-
geG =1

Since we have that ¢(y1, - ,Ym) € k[y1y2---ym] for any y; € G (1 <i < m), gog1---g- = 1, and
(Y1, Yn) € klyry2 - ynCy] for any y; € G (1 < i <n),
¢(h1,m—7‘+j7 g, gj,r)go(p(gl,j—la 9717 hm—r+j+1,m—r+n) S k[hl T hm—r-i—ncw]-

Thus mz(p, o, ¥) € HI'~"T". The second case can be verified in a similar way. O

Corollary 4.11. Let G be a finite abelian group. Then we have an isomorphism
D*(kG, kG) ~ kG ® C* (G, k)
as cyclic Aso-algebras.
Remark 4.12. The cyclic As-algebra structure ((-,-),m/,mb, -+ ) on kG ® C*(G, k) is defined as
follows.
(91 ® a1,92 ® az) = (g1, 92) (o, az),
my,((g1 @ ar), -+, (gp @ ap)) = g1+ gp @ mplan, -+, ap)
for any ¢; ® ay; € kG®6’*(G,k) (it=1,---,p).

Proof of Corollary[{-11. From Proposition B8, we have an isomorphism p : D*(kG, kG) = kG @
Cr (G, k), which induces an isomorphism p,, : 7—7; Sk 6*(6’, k) for any « € G. Tt is easy to check
that p respects the cup product. Let us prove that p respects the product ms as well. We need to
check the following two cases. For the first case, let ¢ € H7', ¢ € Hy and o = (90s 91, sGr) € Hor

for x,y, z € G andin—i—n > r. By the above isomorphisms p, (z € X), we have that ¢ = ;va, P = y@
for some ¢ € H",vp € HY, and go - - - g» = 2. Thus
mB(d)a Q, 1/})(h17 Tty hmfrJrn) -

min{m,n,r}

oD U b(hmortsr 9595009089151, 9  Bn—rt i 1morin) € Kl B iy
geG  j=1
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This implies that ms(¢, a,¥) € H;’Lz’”*" For the second case, let o« € Hy ., B € Hy,s and ¢ € HI* for
—1 < r+s. By Equation @) , we have (ms(c, ¢, 8),%) = (o, m3(, 8,1)) for any ¢ € Hz, (w € X).
It follows from Remark B9l that mz(«, ¢, 8) € H, . since we have mz(¢, 3,v) € H,.,, by the first

case. This proves the corollary. 1

5. THE CUP PRODUCT FORMULA AND A NEW PROOF VIA GREEN FUNCTORS

In this section, we describe Nguyen’s cup product formula for the Tate-Hochschild cohomology

algebra ﬁﬁ*(kG, k@) in terms of the additive decomposition and provide a new proof via Green
functors, following Bouc.

5.1. The cup product formula. We shall state the cup product formula at the cohomology level
analogous to the result of Siegel-Witherspoon [28]. In fact, this has been done by Nguyen in [25].
Let X ={g1 = 1,92, -+ ,g-} be a complete set of representatives of conjugacy classes of elements

of G and H; := Cq(g;) is the centralizer subgroup of G. Let ~; : H*(H;, k) — HH (kG, kG) be the
split injection appearing in the additive decomposition in Proposition [4.§]
HH (kG,kG) ~ (G, kG) =~ @D 0 (Hi k).
gieX
We now state the cup product formula in terms of the above additive decomposition of HH (kG, kG).

For i,5 € {1,---,r}, let D be a set of double coset representatives for H;\G/H;. Recall that for
each x € D, there is a unique k = k(x) such that g, = Yg¢;Y"g; for some y € G.

Theorem 5.1. ([25] Theorem 5.5]) Let o € H*(H;, k), B € ﬁ*(Hj, k). Then

~ila) U, (B Z Vi COTW resW v (a )UresW (yz)*(8))),
xeD

where W = W (x) = Y*H,; (| YH,.

Note that conjugation maps, restriction maps and corestriction maps appeared in the above
formula have been recalled in Section Bl The cup product formula for Hochschild cohomology
HH*(kG, kG) was given by Siegel and Witherspoon in [28].

From the above cup product formula it is clear that the Tate cohomology algebra i (G, k) can
be seen as a graded subalgebra of i (kG, kG) and

"(kG, kG) ~ P U (Cola). k) =T (G ke ( @ B (Calx).k)

reX zeX—{1}
is an isomorphism of graded H*(G, k)-modules (see also Theorem ZI0).

5.2. Mackey functors. There are at least three different (but equivalent) points of view for Mackey
functors and Green functors. We shall recall two of them; for more details we refer the reader to
[4, 5L [6]. We will see that the cup product formula from the previous section follows essentially from
the equivalence between two definitions of Green functors.

Let k£ be a field and G be a finite group.

Definition 5.2. A Mackey functor for G over k is given by the following data:
For an arbitrary subgroup H of G, we are given a k-module M (H) and homomorphisms of k-
modules
tyy : M(H) — M(K),
riy s M(K) — M(H),
ot : M(H) — M(°H),
for H< K < G,g € G, where 9H = gHg™'. They satisfy the following conditions:



TATE-HOCHSCHILD COHOMOLOGY RING 23

(1) (transitivity) If H C K C L are subgroups of G, then
ticty =ty TR = TH
if 9,9 € G,H <G, then cg opcg. i = Cgrg,H-
(2) (compatibility) If H C K are subgroups of G and g € G, then
cq kit = tzgcg,Hv
Co,HTT = riﬁch.

(3) (triviality) If H is a subgroup of G, then

th=rf = Idps(my;

moreover, if g € H, cg = Idps(r)-
(4) (Mackey aziom) If H C K O L are subgroups of G, then

Tgtf = Z tgmuLCu,H“ﬁLTIL{umLa
u€[H\K/L]
where [H \ K/L] is a set of representatives of the double cosets of K modulo H and L and

H*=u"'Hu.

The maps tﬁ are called transfers or traces and the maps rg are called restrictions.

The cohomology of finite groups is a Mackey functor. In fact, fix a finite group G, for H < G,
define M(H) = H*(H,k); for H < K < G,g € G, the maps t& r& c, g are respectively the maps
cor resf | g* recalled in Section Bl The Tate cohomology of finite groups is also a Mackey functor
with similarly defined maps.

Let us introduce the second definition of Mackey functors and this definition uses the category
G-set of finite left G-sets. Recall that a bivariant functor from G-set to the category k-Mod of
k-modules is a pair of functors (M,, M*) from G-set to k-Mod, where M, is covariant and M* is
contravariant, such that the pair of functors coincide on objects. That is, for any G-set X, the two
k-modules M, (X) and M*(X) are the same (denoted by M (X)).

Definition 5.3. A Mackey functor for G over k is a bivariant functor (M*,M*) from G-set to
k-Mod satisfying the following conditions:
(1) (additivity) If X and Y are finite G-sets, ix and iy are respectively the inclusion map of X
and Y to the disjoint union X LY, then the maps

M(X) @ 8r(y) MO ey

- M*(i - -
M(XUY) ")
are isomorphisms inverse one to each other.

(2) (cartesian squares) If

and

X 5 v
\l/b \l/c
T 4 Zz

is a pullback (or equivalently, cartesian square) of finite G-sets, then we have the equality
M, (b)M*(a) = M*(d)M,(c).

Notice that the property for cartesian squares in the second definition (i.e. Definition [5.2]) implies
the Mackey formula in the first definition (i.e. Definition (3).

Morphisms between Mackey functors are natural transformations between bivariant functors and
compositions of morphisms are just compositions of natural transformations.

The equivalence between the two definitions can be explained as follows.

Give a Mackey functor M in the sense of the first definition, for a finite G-set X and each
x € X, write G, < G its stabilizer. Then define M (X) = (®pexM(G,))%, where the G-action on
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BrexM(Gy) is given by g-a = ¢y, (a) € M(9G,) = M(Gyy) for z € X, g € G,a € M(Gy). Tt is
not difficult to verify that M is a Mackey functor in the sense of the second definition. Usually we
take [G'\ X] a set of representatives of the orbits of G in X, and write M(X) = Seea\x1M (Gz).

Conversely, given a Mackey functor M in the sense of the second definition, then for a subgroup
H < @G, the set of left cosets G/H can be considered as a transitive G-set with left multiplication
as G-action, then define M(H) = M(G/H), and this is a Mackey functor in the sense of the first
definition.

In the following, we will not distinguish between M and M, and write only M.

Return to the example of the Mackey functor given by Tate cohomology of finite groups. For a
finite G-set X, define M (X) = H*(G, k[X]); for a morphism of G-sets f : X — Y, the map M, (f) :
M(X) — M(Y) is the usual map H*(G, k[X]) — H*(G, k[Y]), since Tate cohomology is covariant in
the coefficients. Obviously for H < G, M(G/H) = H*(G, k[G/H]) = H*(G, kG @y k) ~ H*(H, k).

Let T" be a finite G-set. For a Mackey functor M for G over k, the Dress construction gives a new
Mackey functor Mt defined as follows: for any G-set X, Mp(X) = M(X x TI'). It is not difficult to
see that Mt is a Mackey functor ([4] 1.2]).

5.3. Green functors. A Green functor A is a Mackey functor “with a compatible ring structure”.
There is also a definition of Green functors in terms of G-sets (|4, 2.2]).

Definition 5.4. A Green functor for a finite group G over k is a Mackey functor A, such that for
each subgroup H < G, A(H) has a structure of k-algebra. We ask that the Mackey functor structure
and the algebra structure satisfy the following conditions:
(1) If H C K are subgroups of G, for arbitrary g € G, the k-module homomorphisms r¥ and
cg,z are homomorphisms of k-algebras.
(2) (Frobenius identity) If H C K are subgroups of G, for arbitrary elements a € A(H),b €
A(K), we have
b- (tha) =t ((rb) - a),
(tga) - b=tg(a- (rib)).
Let A, B be two Green functors, and let f: A — B be a morphism between Mackey functors. If for
each subgroup H < G, the map fr : A(H) — B(H) is a homomorphism of k-algebras, then f is a
morphism of Green functors.

Similarly, Green functors have a definition via G-sets.

Definition 5.5. A Green functor over k is a Mackey functor A, such that for each pair of finite
G-sets XY, there is a homomorphism of k-modules A(X) x A(Y) - A(X xY),(a,b) — a xb
satisfying the following conditions:
(1) (bifunctoriality) If f : X — X' and g : Y — Y’ are homomorphisms of finite G-sets, then
there exist the following commutative diagrams

X

AX)x AY) = AXXY)
LA(F)xAulg) LA(fxg)
AX)x AY") S AX' xY")
and
AX)x AY) 5 AX xY)
TA* () xA"(9) TA*(fxg)
X

AX) x AY') S AX' xY)
(2) (associativity) If X,Y, Z are finite G-sets, we have the following commutative diagram:

AX) x AY) x A(Z) " 4(x) x A(Y x 2)
L(X)xIda(z) Ix
AX xY) x A(Z) % AX XY x Z)

where (X xY)x Z) =X xY xZ~Xx (Y x Z).
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(3) Let o be the G-set with one element. Then there exists an element €4 € A(e) such that for
each finite G-set X and arbitrary element a € A(X), we have

Ai(px)(a xea) =a= Agx)(ca x a),
where px (resp. qx) is the projection from X X o (resp. e x X) to X.

Let A, B be Green functors for the group G over k. Then a morphism between them is a morphism
of Mackey functors f : A — B such that for any finite G-sets X,Y, the following diagram is
commutative:

AX)x AY) 5 AX xY)
$rxxfy Irxxy
B(X)x B(Y) 5 B(X xY).

Let .G be the G-set G with conjugation action. Recall that a crossed G-monoid T is a G-monoid
with a G-monoid map from I" to .G. Let A be a Green functor over k for G and I" a crossed G-monoid.
Then Bouc proved that the Dress construction Ar is a Green functor ([6, Theorem 5.1]). Notice
that in this case, A(I') = Ar(e), the evaluation at the trivial G-set e of Ar, has a new k-algebra
structure: for a,b € A(T"), define their product a xr b to be A, (ur)(a x b), where up : T x T' = T is
the multiplication of the G-monoid T'.

5.4. A new proof of the cup product formula. Now we explain how the result in [6] gives a quick
proof of the main result of [25], that is, the cup product formula for Tate-Hochschild cohomology.
Let us recall Bouc’s result. In the following statement, we write the action of G on I' as 9.

Theorem 5.6. [6l Theorem 6.1 and Corollary 6.2] Let A be a Green functor for G over k and T a

crossed G-monoid. Then G
Ar(e) = AT) = (D AG,))
yel’

and the y-component of the product of a,b € A(T') is

c G e
(@ xpb)y = Z tG(L,ﬁ) ((rc(a’ﬁ)aa) X (TGfa,B) bg))
(a,B)eGL\(I'XT),aB="y

Taking a set of orbit representatives [G\T'], there is an isomorphism of k-modules

AT ~ @ AG,)
YE[G\T]
where [G\I'] is a set of representatives of the orbits of G in T'. With this notation, the product of
a € A(Gy) and b € A(Gs) is equal to

G. G, _ Gu;s
@ @ tGg(w,e)meg(w,e)wéCg(w,e),GmGws (Tcmcwga Tcwmc%b)
e€[G\T'we[G,\G/G5]

where g(w, €) = g is an element of the unique class Geg in G\G such that 9(~*0) = e.

Let k be a field and G a finite group. Then G acts by conjugation on itself and denote by .G this
G-set. Then it is well known that the Tate cohomology A = H*(G, k[?]) sending a finite G-set X to
H*(G, k[X]) is a Green functor. Consider the crossed G-monoid T' = (.G, u) where u : (G — (G is
the trivial homomorphism of G-monoids sending each element to the unit in .G. Then one verifies
easily that for the Dress construction we get Ap = H*(G, k[? X ,G]). Remark that by [25, Section
4], A(T) = Ap(e) = H*(G, k[.G]), together with the k-algebra structure a xr b defined above, is
isomorphic to the Tate-Hochschild cohomology ring ﬁﬁ*(kG  kG).

Nguyen [25] considered the additive decomposition for the Tate-Hochschild cohomology ring of a
group algebra. Her proof is similar to that of [28]. Notice that Bouc’s above result also applies to
this situation and yields a new proof of [25, Theorem 5.5] just as is explained in [6l Page 421]. Let
us explain the details.
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As a G-set, the G-orbits in .G are just conjugacy classes. Let X = {¢g1 = 1,92, -+ ,g.} be
a complete set of representatives of conjugacy classes of elements of G and denote the centralizer
subgroup Ce(g;) of G by H; for 1 <i <r. As G-sets, .G is isomorphic to [[;_, G/H;, and
A(G/H;) = H*(G, k[G/H;)) = H* (G, kG ®yn, k]) ~ H*(H;).

So we have an isomorphism of graded vector spaces
HH (kG) ~ H*(G, k[.G)) ~ @D H*(H)).
i=1

Fix 4,5 € {1,---,r}. Let D be a set of double coset representatives for H;\G/H;. Recall that for
each x € D, there is a unique k = k(z) such that g, = ¥(g;"g;) for some y € G. Now Theorem [5.0]
gives the cup product formula:

Yi(@) U (B) = Y.ep ’VK(COTyf}Cmymij (reSHmejaureSHi]mmHj (8)))
H UH, . vep
= Y.epwmlcoryt (resyliy*(a) Uresy,  (yx)*(B))),

where W = W(z) = ¥*H,; (Y H,. This is exactly |25, Theorem 5.5].

Remark 5.7. The above cup product formula on ﬁﬁ*(kG, kG) can be lifted to a cup product
formula at the complex level by the homotopy deformation retract in Remark . Recall that the
cup product formula in the nonnegative part D=°(kG, kG) in terms of the additive decomposition
at the complex level was obtained in [22 Section 7]. Now, we describe the cup product formula in
the negative part D<Y(kG, kG) as follows. Let X be the fixed set of representatives of conjugacy
classes of elements of G. Recall that for any z € X, we have fixed a right coset decomposition of

Calz)in Gt G = Ca(2)m1.2 U+ UCq(2)7n. .. Let ap = (g1.s) € k[Ca(z) ] = Cs(Ca(x), k) and
ay = (hiy) € k[Cg(y)Xt] = Cy(Caly), k) for z,y € X. By Theorem [L.6] we get that

telaw) = (95097 2. g1,5) € O (kG kG);

te(ay) = (bt hity, hay) € Ou(kGLEG).
This yields

L*(am) U L*(ay) - Z(gh;l T hflyu hl,tug_lgs_l o 'g;1$,9175) S Cs+t+1 (kGa kG)
geG
Therefore, we have the following cup product formula:
P (i () Ut () = Z (azUay): € @ Cott+1(Ca(2), k),
zeX zeX
where for a fixed z € X,
(O‘I U O‘y)z = Z (kilv e 7kis+t+1) € CS-‘rt-‘rl (CG(Z)v k)
g€l

where
I :={g € Glhi---hg twgh; ' - hi'y = ¢(g)z¢(g)~" for some ¢(g) € G}
and Ky, , -,k

(b(g) € CG(Z)’Y@Z? 7i7zh1 = kil 75},27 75},2h2 = kizVs?,z? T 75:*17zht = kit,755727

isrie1 € Ca(2) are uniquely determined by the following equations

11 1. _ 5 _ . —k
Vst,z9 9s 91 T = k1t+1752+11z7 752*17,291 - k1t+2’752+21z7 ) Fys?s,zgs - k1t+s+1752+s+1,z'

By Remark .9 and Equation (), it is not difficult to obtain the cup product formula for the other
cases between D<°(kG, kG) and D=°(kG, kG). The details are left to the reader.

8There should have an Ao-product formula at the complex level using the Homotopy Transfer Theorem. Here we
only consider the product formula for mso. The higher product formulas will be explored in future research.
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6. THE A-OPERATOR FORMULA

We have defined the BV-operator A in ﬁﬁ*(kG, k@) at the complex level (cf. Section 2). In this
section, we determine the behavior of the operator A under the additive decomposition. There are
three cases to be considered:

~ —>0
The first case: A in HH (kG,kG). At the complex level, for any n > 0,
A : Map(G™", k@) — Map(ax(nil), kG)

X (n—1)

maps any o : G — kG to Ala) : G — kG such that

ﬁ( gln 1 Z Z zn 1) glnaglz 1) 1>g_1-

gn€G =1
—~ —<—
The second case: A'in HH™ 1(kG, kG). At the complex level, for any n < —1 (let s = —n—1 > 0),
AEGxGE) = kG x G

is given by
S

= (g0,91,5) = Ala) = Z(_l)zs(lugi,sagO,i—l)-
i=0

The third case: A : Iflﬁo(kG, kG) — HH 1(kG, kG). In this case, A : kG — kG is zero.

Since the last case is trivial, we deal with the first two cases. In the first case, A is the BV-operator
A in the Hochschild cohomology HH* (kG, kG), and its behavior under the additive decomposition
has been determined in [22]. Let us briefly recall the results there. As in Section 4, we fix a
complete set X of representatives of the conjugacy classes in the finite group G. For z € X,
C, = {grg~'lg € G} is the conjugacy class corresponding to z and Cg(x) = {g € Glgzg~! = =}
is the centralizer subgroup. For each z € X, H} = @, Hp is a subcomplex of the Hochschild
cochain complex C*(kG, kG) = H*, where -

—{p: G — kGlp(gr, -+, gn) € klg1 -+~ 9nCa] C kG, g1, g, € G}
Lemma 6.1. (|22, Lemma 8.1]) For any x € X and n > 1, the BV-operator A : H" —s H"1
restricts to Ay 1 H? — HP L.
We can define an operator A, by the following commutative diagram

H (M) —— 20 HOL(H)

zl zJ/
H"(Co(a), k) —=> H"1(Co(a), ),
where the vertical isomorphisms are given in Theorem

Theorem 6.2. (22, Theorem 8.2)) Let A, : H*(Cq(z), k) — H" 1 (Cq(x), k) be the map induced
by the operator A : HH"(kG, kG) — HH" "' (kG, kG). Then, at the complex level, A, is defined as

follows:

Ap(@)(hin-1) = > (=1 " (hi oy bty by e by )

i=1
for 1 : Cg(x)xn — k and for hy,--+ ,hp—1 € Ca(x).

In the second case, A is the Connes’ B-operator in the Hochschild homology HH..(kG, kG). Re-
call that for each v € X, Hy . = D,50Ha,s is a subcomplex of the Hochschild chain complex

C.(kG,kG) = H., where
Hos = k(95" 97 'u,016)|u € Cuy1, -+, g5 € G).
Lemma 6.3. Forx € X and s > 0, the operator B : Hy — Hsy1 restricts to By : Hy s — Ha s41-
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Proof. We need to show that B(a) € Hy s41 for each a = (95197 95 ' 290, 91,5) € Ha.s, Where
g0 € G, g1, ,gs € G. This follows from the definition of the operator B:

S
Blgs '+ gy gp ' wgo, g1.6) = (Lo "+ 0795 w0, 91.8) + D (=1 (1, 950,95 -+ 97 ' 90 ' 290, 91.i-1)
=1
and for each 0 < i < s,

g g et g g tego) Tt gt (9o gie1) M a(gogiea) = 1

We can define an operator f?w by the following commutative diagram

Hy(Hos) —— Hy1(Has)

H,(Co(x), k) 25 Hop (Cola), k),

where the vertical isomorphisms are given in Theorem

Theorem 6.4. Let B, : Hy(Cq(x), k) — Hep1(Co(x),k) be the map induced by the operator
B : HH (kG,kG) — HHy41(kG, kG). Then, at the complex level, B, is defined as follows:

Bo(y) = (L,hyt e hitw ) + Z(—l)is(l, hisyhy - hita hii1)
i=1

—XS]

for v = (h1,s) € k[Cq(x)
Proof. By Theorem 6] this is straightforward by chasing the above commutative diagram. O

Theorem FI0 shows that the natural inclusion 7,—; : H*(G, k) < ﬁﬁ*(sz, kEG) (cf. Remark [L7)
is an inclusion of graded algebras. We now further prove that it is an inclusion of BV-algebras.

Corollary 6.5. Let k be a field and G a finite group. Then Tou—y : H*(G, k) < oa (kG,kG) is an
(unitary) embedding of BV-algebras.

Proof. Tt follows from Theorem [ATI0 that the inclusion is an embedding of graded algebras. Theorems
and show that this inclusion preserves the operator A. Since this operator together with the
cup product U generates the Lie bracket [-, -] on ﬁﬁ*(kG, kG), we deduce that the Lie bracket [-, ]
restricts to H*(G, k) = H*(C¢(1), k). This proves the corollary. O

Remark 6.6. We remark that A restricts to zero on ﬁ*(G, k) due to the fact that the Connes’
B-operator is trivial in the group homology H, (G, k). In Appendix A, we shall provide a proof of
this non-trivial result, which is known and only implicit in the literature.

Let G be a finite abelian group. By Corollary [Tl we have an isomorphism of graded algebras

HH (kG, kG) ~ kG @5 0* (G, k).

Since the Lie bracket on HH (kG, kQ) is in general nontrivial (see e.g. [20, Corollary 4.2]) and the Lie
bracket on H*(G, k) is always trivial, the above isomorphism is not an isomorphism of BV-algebras.

Remark 6.7. Notice that the restrictions of A to other summands H*(Cg(z), k) (where z # 1) in
the additive decomposition are non-trivial in general. Notice also that although the ﬁ—operator is
trivial on the Tate cohomology i (G, k), it is not trivial at the complex level. We conjecture that
the Tate-Hochschild cochain complex D*(kG, kG) is a BV -algebra and the Tate cochain complex
o (G, k) is a BV subalgebra. Equivalently, we conjecture that the operad of the frame little 2-discs
acts on D*(kG, kG) and this action restricts to the subcomplex C*(G, k).



TATE-HOCHSCHILD COHOMOLOGY RING 29

Let us consider the stable Hochschild homology HH? (kG kG) which has been studied in [14] [23].

——m—1
From Remark [T we have that HHS! (kG, kG) = HH (kG,kG) for m > 0. Hence HH' (kG kG)
is computed by the following truncated (at degree —1) complex of D*(kG, kG),

6/ 6/ i ’ ’
Co(kG kG : - 2 Oy (kG EG) 275 - 25 01 (kG KG) 25 Ker(r) — 0

where C_1(kG, k@) = Ker(r) and C_,_1(kG,kG) = Co(kG,kG) for p > 0; and we recall that
9, = (=1)77719, (cf. Remark Z2). Note that the restriction of the cup product U to C.(kG,kG)

is strictly associative (since ms = 0 when restricted to D<°(kG, kG)) and compatible with the
differential o’.

Remark 6.8. In general, the restriction of U to the whole negative part D<°(kG, kG) = C.(kG, kG),
is not compatible with d': For go,hg € D 1 (kG,kG) = Cy(kG,kG), we have that go U hg €
C1(kG, kG) and

91 (90 Uho) =Y d1((gho, 9" 90)) = Y _(9hog g0 — g™ " gogho),
9eG e
which is not zero in general, but 9)(go) = 0 = 9j(ho) in C.(kG,kG). Hence U is not well-
defined on the whole H*~}(D<Y(kG, kG)) = HH, (kG, kG), but it is well-defined on the subspace
HH' (kG kG) C HH, (kG kG).

Analogously, let us denote by C, (G, k) the truncated (at degree —1) complex of the Tate cochain
complex C*(G, k). The cohomology of this complex is denoted by H*!, | (G, k), namely HS! (G, k) =

H-™"YC,(G,k)) for m > 0. Then the homotopy deformation retract in Remark E7] induces the
following additive decomposition

HHS' (kG kG) ~ @D HI'(Co (), k).
zeX
As a consequence, we have the following result.

Theorem 6.9. The stable Hochschild homology HH*', | (kG kG), equipped with the Connes’ B-
operator and the cup product U, is a BV-algebra (without unit). Moreover, H*, (G, k) is a BV
subalgebra of HH*, | (kG, kG).

Proof. This follows from Corollary [6.5] O

Denote by BG the classifying space of a finite group G. There is a well-known isomorphism
between the Hochschild homology HH,.(kG, kG) and the singular homology H,(LBG, k) of the free
loop space LBG := Map(St, BG) of BG (cf. [21, 7.3.13 Corollary]). Under this isomorphism,
the Connes’ B-operator on HH, (kG, kG) corresponds to the S!-action on H.(LBG,k) (cf. [21]).
We denote by H'(LBG, k) the subspace of H,(LBG, k) corresponding to HH'(kG, kG) under the
above isomorphism. Transferring the cup product on HH (kG, kG) to H*(LBG, k), we obtain the
following result.

Corollary 6.10. Let G be a finite group and k be a field. Then H*t, | (LBG, k) equipped with the
Sl-action and the transferred product, is a BV-algebra (without unit).

Proof. This follows from Theorem and the above analysis. O

Remark 6.11. Clearly, H! (LBG, k) = H,,,(LBG, k) for m > 0 and HH{ (kG, kG) = H5 (LBG, k) C
Ho(LBG, k). It would be interesting to give a topological construction of the transferred product on
H%t, | (LBG,k).

7. THE SYMMETRIC GROUP OF DEGREE 3

In this section, we use our results to compute the BV structure of the Tate-Hochschild cohomology
for symmetric group of degree 3 over a field k of characteristic 3. For convenience, we write the BV-

operator A in i (kG,kG) as A in this section.
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Recall that in a BV-algebra, there is the following equation (see [I3]; here we have changed the
original equation according to the sign convention in Remark 24] and we write ¢~ instead of 6 U ~y):

Alapy) = (=)WMD A(aB)y + aA(By) + (-1)*IP15A ()
—(~1)lA @)y = ()l Pla(A(E)y - (=) TagA )]
where «, 3, are homogeneous elements. So in order to compute the A-operator in ﬁﬁ*(kG, kQG),
it suffices to find the value of A on each generator and the value of A on the cup product of every

two generators. Also recall that we can use the cup product formula, the A-operator formula and
the following formulas to compute the Lie bracket in a BV-algebra:

[, 8] = (=11l A (@ U B) — Ala) U B = (-1)*la U A(B)),
[, B] = _(_1)(\a|—1)(\6|—1)[57a]'

>0
Notice that the associative algebra structure of the positive part HH™ (kSs, kS3) has been deter-
mined by Siegel and Witherspoon in [28] and the associative algebra structure of the whole algebra

ﬁﬁ*(kG , k@) has been determined by Nguyen in [25]. Moreover, the A operator and the Lie bracket
——>0
of the positive part HH ™ (kSs, kS3) has been computed by the first and the third named authors in

Let G = S3 = (a,bla® =1 = b? bab = a~!). Choose the conjugacy class representatives as 1, a, b.
The corresponding centralizers are H; = G, Hy = (a) and Hz = (b). So ﬁﬁ*(k83) ~ H*(Ss) ®
H*((a)) ® H*((b)). The algebra structures of H*(Ss), of H*((a)), and of H*((b)) are known (see
[25]). H*(Ss) is of the form k[z]/(22) @y k[z, 2], where z, z, 2! are of degrees 3,4, —4, respectively,
subject to the graded-commutative relations. H*((a)) is of the form k[w:]/(w1?) @4 klwsz,ws '],
where wy, wa, wy D are of degrees 1,2, —2, respectively, subject to the graded-commutative relations.
H*((b)) = 0, since k(b) is semisimple. Identify the elements z,z with their images under 4 in
ﬁﬁ*(kG, kG) and denote by Wy, Wa, W, 1, W, ! the images of the elements (resp.) wy,wg, w; *, ws *
under 2, and put E; := v;(1) (i = 1,2) and C := Es + F; = F> + 1. Then Nguyen proved in [25]
the following presentation for the Tate-Hochschild cohomology algebra oa (kG,kG): it is generated
as an algebra by elements x, z, 2=, C, Wy, Wy, and Wy ! of degrees (resp.) 3,4,—4,0,1,2, and —2,
subject to the relations

aWy =0, oWy =:2Wy, 2z7'Wi=(zz" )W, ",
C?=CWy'=CW; =0 (i=1,2),
Wi =20 W,?=z27'C, WiWa=2aC, WW,'=uz2"'C,
together with the graded commutative relations. Observe that although both w3 and w; 3 are nonzero
in H*((a)), we have that W3 = W2W, = 2CW, = 0 and W, % = W, 2W,; ! = 2~ 'CW; ' = 0 in
HH (kG, kG). Moreover, wowy ' = 1 in F*((a)) but WoW, ' = C # 1 in HH (kG, kG).

By Section 7, the operator A : ﬁﬁn(kS;),) — ﬁﬁnil(kk%) restricts to the operators A, :
H((b)) — H" (b)), A, : H*((a)) — H""1((a)), and A; : H?(S3) — H""1(S5). Both A,
and A, are zero maps and we only need to consider A, : H"((a)) — H" 1((a)). In 22, we
have computed A, for the positive part H>%((a)) up to degree 4: Ay (w2) = 0, Ag(wiws) = —wo,
ﬁa (we) =0, ﬁa(wl) = —1. By the duality mentioned in Remark [[L5] we get the values of ﬁa for the
negative part H<((a)) up to degree —4: ﬁa(wlwgl) = —wy ", ﬁa(wgl) =0, ﬁa(w1w2_2) = —wy?,
A, (wy?) = 0. Moreover, in degree 0, we have A4(1) = 0. From these results we can compute the
values of A on the elements of degrees between 4 and —4 in ﬁﬁ*(kSg). For example, A(z) = 0 since
z € H*(S3) and A, is trivial; A(W1W,) = —Ws, the reason is as follows: under the additive decom-
position, W1 W5 corresponds to the element x + wiws, ﬁl(sc) =0, ﬁa(wlwz) = —wy; A(Wz_l) =0,
the reason is as follows: W, !'is an element of degree —2, under the additive decomposition, it
corresponds to an element \w, ' with some A € k, but ﬁa(wgl) =0; A(W71) = —E; =1—C (here
1 = E; denotes the unit element of HH (kSs3)) since ﬁa(wl) = —1 (here 1 denotes the unit element
of H*({a))); etc.
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We now compute the Lie brackets. Since we have the following Poisson rule: [ U 3,7] = [a,¥] U

B+ (=1)ll=Da (B, 4], it suffices to write down the Lie brackets between generators in ﬁﬁ*(k:Sg).
There are 49 cases, we list them explicitly. In the following computations, we shall freely use the
three formulas mentioned at the beginning of this section.

(1) [x,2] = 0. (2) [2,2] =0. (3) [2,2] =0. (4) [x,271] =0. (5) [z}, 2] = 0.

The cases (1) to (5) can be seen from the facts that A; and therefore the Lie brackets are trivial
over H*(S3).

(6) [2,C] = —(A(zC) — A(z)C + zA(C)) = —A(W1W3) = Wy, since A(x) = A(C) = 0.
Cl = —Wa.

z, Wi] = —(A(zWh) — A(2)Wh + 2A(Wh)) = —z(—E2) = 2(C — 1), since W7 = 0, A(z) =

(10) [z, Ws] = —(A(aW3) — A(z)Ws + 2A(W3)) = —A(xW3) = 0. In the last step, we use the
fact that A(2W3) = 0. The reason is as follows: W5 is an element of degree 5, under the additive
decomposition, it corresponds to an element in H*({a)) and has the form Aw;ws? with some \ € k.

Using the formula for A-operator it is easy to show that ﬁa (wiwz?) = 0.

(11) [W2, 2] = 0.

(12) [z, Wy ] = —(A@EWy ) — A(x)Wy 't +2AW, 1) = —A(eW, ') = —A(W;) = C — 1, since
Wy = xzx “7Wy = zee 7MW, = WAL

13) Wy o] = [z, Wy Y] =1-C.

14) [33,3:] =0. (15) [,2] = 0. (16) [z,2] = 0. (Since the Lie brackets are trivial over H*(S3).)

17) [2,0] = —(A(zC) — A(2)C — 2A(C)) = —=A(2C) = —A(WF) = 0.

18) [C, z] = 0.

9)

[2, W] = A(zW7) — A(2)W7 —2zA(Wh) = A(aWs) —2(1-C) = —2(1 - C) = z(C' — 1), since
he above we have computed that A(zWs) = 0.
20) Wy, z] = —[z,W1] = z(1 = C).

(21) [z, Wa] = —(A(zW2) — A(2)W2 — 2A(W2)) = —A(2W2) = 0. The reason for the last step is
as follows: zW5 is an element of degree 6, under the additive decomposition, it corresponds to an
element in H*((a)) and has the form Aws? with some A € k. Using the formula for A-operator it is
easy to show that A, (ws?) = 0.

(22) [Wa, 2] = 0.

(23) [z, Wy 1] = (AW ) — A(2)Wy b — 2A(W5 1)) = 0. Notice that zW, * is an element of
degree 2, under the additive decomposition, it corresponds to an element in H*({a)) and has the
form Awsy with some A € k. However, ﬁa(wg) =0.

(24) W5t 2] =0.

(25) [z~ 1,27 =0.

(26) 271, C) = —(A(z7'C) = A(z~1)C — 27 TA(C)) = 0. The reason is as follows: z~'C = W, ? is
an element of degree —4, under the additive decomposition, it corresponds to an element 2~ + \wy 2
with some A € k, Ay(z71) =0, ﬁa(w52) =0.

(27) [C, 271 = 0.

(28) 7L Wy] = A(z"Wh) — AGz"HWy — 27 LA(WL) = —27TA(Wh) = 275C — 1). Notice
that A(z71W7) = 0, since 271, is an element of degree —3, under the additive decomposition, it

(
(
(
(
(1
int
(

corresponds to the element wlu;;2 and ﬁa(wlwgz) =0.

(29) Wy, 27 Y = —[z"L, Wil =2"1(1-0O).

(30) [z71, W] = —(A(z71Wa) — A(z7 Y)Wy — 27 TA(Ws)) = —A(27'W3) = 0. The reason for
the last step is as follows: z~'Wj, is an element of degree —2, under the additive decomposition, it
corresponds to an element \w, ' with some A € k, but Aq (wy) = 0.

(31) [Wa, 271 = 0.

(32) 27, Wy = (AW D =AY, =2 TAW, 1Y) = —A(z7'W, ') = 0. The reason
for the last step is as follows: 21 W, Lis an element of degree —6, under the additive decomposition,
it corresponds to an element \w,® with some \ € k, but ﬁa(w2_3) =0.

(33) [Wa, 271 = 0.

(34) [C,C) = —(A(C?) — A(C)C — CA(C)) = 0.
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(35) [C, W] = —(A(CW1) — A(C)W1 — CA(WL)) = CA(W1) =C(1-C)=C

(36) [IW1, C] = [C,Wh] = —C.

(37) [C, W] = —(A(CWz) — A(C)W2 — CA(W2)) =0.

(38) [Wa, O] = 0.

(39) [C, W5 1] = —(A(CW; ) — AC)W; ! — CAGW; ) =0

(10) 175 1] =

(41) (Wi, Wh] = —[Wy, Wh] = 0.

(42) (W, Wa] = —(A(W1W2) — A(W1)Wo + W1 A(W2)) = Wa + (1 — C)W2 = =W,

(43) [Wa, Wi] = —[Wy, Wa] = W.

(40) IV, W, 1] = —(A(Wi Wy )~ AW W5+ W3 AGW; 1) = —A(—L) +(1—- OOyt = Wy !
(45) Wy ', Wi = =W, Wyt = =W, L

(46) [Wo, Wa] = —(A(WZ) — A(Wa)Wo — WaA(W2)) = 0. The reason that A(W3) = 0 is as

follows: W3 = zC'is an element of degree 4, under the additive decomposition, it corresponds to an
clement z + Aw? with some A € k, Aq(z) = 0, A, (w?) = 0.

(47) [Wa, Wy '] = —(A(Wa Wy ) = A(Wo) Wy P =W AWy 1)) = —A(Wo W, 1) = 0, since Wo W,
is an element of degree 0.

(48) (W5, Wa] = 0.

(49) Wy L Wyt = —(A(W5 2) = AW, YWyt =Wy PA(W5 1)) = 0. The reason that A(W, 2) =
0 is as follows: W{Q = 27!C is an element of degree —4, under the additive decomposition, it
corresponds to an element 2~ 4 \w, ? with some \ € k, Ay(z71) =0, ﬁa(w2_2) =0.

Remark 7.1. In [22], our computations for Lie brackets contain some minor errors, which are

caused by the same reason: The equality A, (w;) = —1 on H*((a)) should correspond to the equality
A(Xy) = —F2 =1—Cy in HH*(kS3), but we used A(X;) = —1 in [22]. We list all the corrections
in [22] as follows:

[u, X1] = u(C1 — 1) = —[X1,u], [v,X1]=v(1—-C1) = —[Xq,v];
[C1, X1] =C1(ChL — 1) = —[X1,C4], [Co, X1] =Co(CL — 1) = —[X1,Cy].

But the following phenomena in our examples is still true both in Hochschild cohomology and in
Tate-Hochschild cohomology: The Lie bracket of any two generators in even degrees vanishes.

APPENDIX A. A PROOF OF B =0 IN H,(G, k)

In this appendix, we denote kG by A and use the unnormalized bar resolution Bar.(A) of A.
Recall that the cyclic bicomplex {CC) 4(A) | p,q > 0} is the double complex (cf. [21I] Section 2.1]):

i/b \Lfb’ b

A®3 1-t A®3 N A®3 1-t

b e b

42 17t ge2 N gee 1t
N S
ATt g N g At
where

o CCpy(A) = AR+
o V(e ® - ®ay) =" g(~1)ag® - @ a1 ® - @ ay,
e bag® - ®ap) =b(a @ - ®ap) + (—1)Papao @a1 @ -+ @ ap—_1,
o tpla0 ®---@ap) = (—1)Pa, @ag@--- @ ap-1,
o N, = Zfzo t', where t* denotes the i-th power of the map t.

It is well known (cf., e.g., [32] Section 2.1]) that the cyclic homology HC.(A) of A is defined as the
homology of the total complex of CC, .(A). Note that the odd columns of CC, .(A) are exact, as
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they are exactly Bar,(A)[1] (the shift [1] of the bar resolution Bar,(A)), and the even columns are
the Hochschild chain complex C, (A, A). We define, for p > 0, a map s : A2P+TD 5 A®@+2) by
s(ap @ Qap) =1Ray® -+ Q ap.

Now the Connes’ B-operator is defined to be B = (1 —t)sN : A2+ — A®®+2)_ Gince it can be
shown that B? = Bb+ bB = 0, B induces a map HH,(A) — HH,1(A), still denoted by B. Note
that if we use the normalized Hochschild chain complex as in the main text of the present paper,
then B is equal to sN at the complex level. Consider the following short exact sequence of double
complexes:

0= CCa(A) L OO, (A) S CC, L (A)2] = 0
where C'C<3 . (A) is the double complex formed by the first two columns of CC, .(A), I is the natural
embedding, S is the quotient map, and where for the double complex CC, ..(A)[2],

(CC*7*(A)[2])P,Q = CCP—27Q(A)'

By a standard fact (Killing contractible complexes) from homological algebra (see [21] 2.1.6 Lemmal),
C<2.+(A) has a total complex which is quasi-isomorphic to the Hochschild chain complex C (A4, A).
Thus we get a long exact sequence

o= HH, (A, A) 5 HC,(A) 2 HCp_o(A) 2 HH,,_1(A, A) — - .
Note that the composition of the maps (still denoted by B)
HH, (4, A) & HC, (4) £ HH, 11 (A4, A)

is exactly the Connes’ B-operator (cf. [32, Exercise 9.8.2]).
Now we consider another double complex {C), ,(G) | p,q > 0}:

o b o

1—t'

A®2 A®2 N’ A®2 -t
o
A 1—t' A N’ A 1—t
o e
i 1—t' i N I 1—t
where
° Opyq(G) = A®q’ 1 .
¢ V(1@ ®gn) =92 g3m+ iy (—1)'g1i-1 @ gigit1 @ Giv2,n:
¢ (1 ® - ®gn) =091 ® - @gn) + (—=1)"g1n—1,
o (@ Qgn1)=(=1)""lg, 1 g RGP ® R g,

o N, =31t

The odd columns of C, . (G) are exact since they are isomorphic to (k®xeBar. (kG))[1], the projective
resolution (shifted by [1]) of the trivial module k as right A-modules. The even columns are obtained
by shift [1] on the group homology chain complex C, (G, k). Here we adapt the notation from Karoubi
[18] and denote by HC,(G) the homology of the total complex of C, .(G). Similarly, the double
complex Cc .(G) has a total complex whose n-th homology is naturally isomorphic to the group
homology H, (G, k). Observe that there is a split injection (which is clearly compatible with the
additive decomposition map in Theorem [G]):

1:Cuk(G) —  CCy.(A),
ANy A@ A®M,
gl,n — (97:1"'91_1791,71)7
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whose retraction is given by
r:CC (A) —  Cii(Q),
A®A®T  —  A®T
gom = Gimif gogi---gn =1,
or go,n, +—— 0 otherwise.

Thus we have the following commutative diagram between long exact sequences:
.- — > HH, (A, A) —= HC,,(A) —2= HC,,_o(A) —Z= HH,_ (4, A) — - --
s H, (G k) — = HCO, (G) —2> HC, 2(G) — 2> H, 1 (G, k) —— -+ -
Note that the restriction of the Connes’ B-operator to H, (G, k) is the composition of maps
Ho(G.F) % HC,(G) 2 o (G 1),
So in order to prove that the restriction of the Connes’ B-operator vanishes, it is sufficient to prove
that B : HC,,(G) — H,,11(G, k) vanishes for n > 0. The following result is due to Karoubi.
Theorem A.1 ([I8]). We have

HC,(G) ~ @D Hy (G, k)

’iGZZQ
and the map S : HC,, (G) — HC,,_2(G) is a projection with kernel H, (G, k).

As a consequence, the long exact sequence in the second row of the above commutative diagram
splits as short exact sequences

0 — H, (G, k) & HC,(G) 2 HC,_o(G) — 0.

In particular, the map B : HC,(G) — H,+1(G, k) is zero.
For the reader’s convenience, we include a proof of Theorem [A.T]

Proof of Theorem A Note that C, .(G) ~ k @k Cs .(G), where the double complex C., .(G) is
defined as follows,

R TV

4®3 17t qe3 N 4@3

oo

A2 1—1 492 N g@2 1—1
iE 1—t i/l_b/ N /lf 1—t

where N
tn(90 @ @ gn-1) = (=1)"""g0 gn-1® (91 Gn-1)" Qg1 @+ @ g
and N,, = 31" | #%; the odd columns are Bar,(A)[1]; the even columns are the complex Bar(A) @4 k
with the differential b = ' ® 4 idy, where Bar(A) is the deleted bar resolution. Thus we have
HC.(G) = Hu(k @pa Tot(Cy . (G)) ~ H,(k @k Tot(Cs . (G)).

By a spectral sequence argument, we have that Tot(C. .(G)) is quasi-isomorphic, as complexes of
kG-modules, to the following complex

K, : k+ 0+ k< 0+ Fk<+---.

So we have a quasi-isomorphism
k@kg Ky ~ k@, Tot(C, . (Q)).
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Taking the following projective resolution K % of Ky,

|5 | |

A®3 0 A®3
L

A®? 0 A®?
I T
A 0 A

we get that
HC, (G) ~ Hy(k @k K.) ~ Hy(k ®fg Tot(K, 1)) ~ Hy(k @k Tot(K, ) ~ @D Ha2i(G, k),

iEZZO

where the forth isomorphism comes from the fact that k ®pg Bar.(A) ®rg k ~ C,(G, k). We have
the following commutative diagram,

HC,,(G) HC,_5(G)

T

EBieZZO H, 2(G, k) —— 691'6220 Hy—2-2/(G,k)

where S is induced by the identity morphisms from H,_9,(G, k) to H,,_2;(G, k) for ¢ > 0. So the
kernel of S is H,, (G, k). O
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