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FRACTIONAL BRAUER CONFIGURATION ALGEBRAS III: FRACTIONAL

BRAUER GRAPH ALGEBRAS IN TYPE MS

NENGQUN LI AND YUMING LIU*

Abstract
In previous papers, we defined fractional Brauer graphs and studied their covering theory. In this paper,

we develop a covering theory for the Brauer G-sets and use it to generalize the representation type results
and the AR-components results on Brauer graph algebras to the scope of fractional Brauer graph algebras
in type MS.

1. introduction

In [7], we introduced a class of locally bounded quiver algebras called fractional Brauer con-
figuration algebras (abbr. f-BCAs). It was shown that f-BCAs in type S (abbr. fs-BCAs) are
locally bounded Frobenius algebras, and over an algebraically closed field, the representation-finite
fs-BCAs coincide with standard representation-finite basic self-injective algebras. In the present
paper we concentrate on a subclass of fs-BCAs, which are called fractional Brauer graph alge-
bras in type MS (abbr. fms-BGAs). As a natural generalization of Brauer graph algebras (abbr.
BGAs), fms-BGAs are self-injective special biserial and have tame representation type.

It is well-known that over an algebraically closed field, Brauer graph algebras coincide with
symmetric special biserial algebras and whose representation types are classified in terms of the
defining Brauer graphs (abbr. BGs) as follows (here we view a BG as a f-BC, see [7, Section 3]).

Theorem 1.1. (cf. [1] and [11]) Suppose that the field k is algebraically closed. Let E be a finite
connected Brauer graph and AE be the corresponding BGA. Then

(1) AE is representation-finite if and only if E is a Brauer tree (abbr. BT).
(2) AE is 1-domestic if and only if one of the following holds
• The underlying graph of E is a tree, with two vertices f-degree 2 and others f-degree 1.
• E is f-degree trivial and the underlying graph of E has a unique cycle of odd length.

(3) AE is 2-domestic if and only if E is f-degree trivial and the underlying graph of E has a
unique cycle of even length.

(4) AE cannot be n-domestic for n ≥ 3.

Moreover, recently Duffield determined explicitly in [2] the Auslander-Reiten components (abbr.
AR-components) of BGAs in terms of the defining BGs. Note that about thirty years before
Erdmann and Skowroński had obtained a general description in [4] on the representation types
and the AR-components of self-injective special biserial algebras. Since fms-BGAs (which are
defined by fractional Brauer graphs in type MS, or shortly by fms-BGs) are self-injective special
biserial algebras, it is natural to ask how to describe explicitly the representation types and AR-
components of fms-BGAs in terms of defining fms-BGs.

To achieve this, our original idea is to use a covering theory for fms-BGs developed in [8].
However, since a quotient of a fms-BG by a group of automorphisms may not again be a fms-
BG, we need a variation of the notion fms-BG. Therefore we define Brauer G-sets, which are
generalizations of fms-BGs, and they are closed under quotients. Then we study the covering
theory for Brauer G-sets, and compute the fundamental groups of a special class of Brauer G-sets,
namely the modified Brauer graphs (abbr. modified BGs).
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For a fms-BG E, we first consider the modified BG E/〈σ〉, which is the quotient of E by
the group of automorphisms of E generated by the Nakayama automorphism σ. Using E/〈σ〉 we
defined the reduced formRE of E, which is a BG. We show that the fms-BGA AE is representation-
finite (resp. domestic) if and only if the BGA ARE

is representation-finite (resp. domestic).
Moreover, using the covering E → E/〈σ〉 of Brauer G-sets, we calculate the fundamental group
of E when AE is representation-finite or domestic.

Finally, for a fms-BG E with AE representation-finite or domestic, we construct E via the
modified BG E/〈σ〉 using covering theory for Brauer G-sets, and determine the AR-components
of AE.

This paper is organized as follows. In Section 2 we introduce Brauer G-sets and study their
covering theory; we define lines and bands for a Brauer G-set, and discuss the relations between
the bands of a fms-BG and the bands of associated fms-BGA; we show that a fms-BGA AE

is representation-finite (resp. domestic) if and only if the BGA ARE
of the reduced form RE

of E is representation-finite (resp. domestic) (see Theorem 2.29). As a byproduct, we obtain
some unexpected example of weakly symmetric fms-BGA which is not a BGA (Example 2.31).
In Section 3 we first calculate the fundamental groups of modified BGs using an analogy of Van
Kampen theorem, and then together with covering theory for Brauer G-sets we calculate the
fundamental groups of fms-BGs E with AE representation-finite or domestic. In Section 4 we
describe the Auslander-Reiten quivers (abbr. AR-quivers) of representation-finite fms-BGAs in
terms of defining fms-BGs and show that these algebras coincide with basic representation-finite
self-injective algebras of class An. In Section 5 we construction the defining fms-BGs of domestic
fms-BGAs and describe their stable AR-components.

Data availability

The datasets generated during the current study are available from the corresponding author
on reasonable request.

2. Brauer G-sets and covering theory

Throughout this paper we assume that k is a field.

2.1. Review on fractional Brauer graph of type MS.

Definition 2.1. (cf. [7, Section 3]) Let G = 〈g〉 be an infinite cyclic group. A fractional Brauer
configuration of type MS (abbr. fms-BC) is a quadruple E = (E,P,L, d), where E is a G-set,
P is a partition of E such that each class of P is a finite set, L is the partition of E given by
L(e) = {e} for any e ∈ E, and d : E → Z+ is a function, such that

• if e1, e2 belong to same 〈g〉-orbit, then d(e1) = d(e2);
• P (e1) = P (e2) if and only if P (gd(e1) · e1) = P (gd(e2) · e2).

Moreover, if each class of P contains exactly two elements, then E is called a fractional Brauer
graph of type MS (abbr. fms-BG).

Follows from [7, Remark 3.4], the elements of E are called angles, the 〈g〉-orbits of E are called
vertices, the subsets of E of the form P (e) are called polygons (if P (e) contains two elements, we
call P (e) an edge, and call an angle in P (e) a half-edge), and the function d : E → Z+ is called
the degree function. If v is a vertex of E which is a finite set, define the f-degree df (v) of v as
d(v)
|v| ; E is called f-degree trivial if df (v) ≡ 1. The permutation σ : E → E, e → gd(e) · e on E is

called the Nakayama automorphism of E.

Definition 2.2. ([7, Definition 4.1 and Definition 4.4]) For a fms-BC E = (E,P,L, d), the
fractional Brauer configuration category in type MS (abbr. fms-BCC) associated with E is a k-
category ΛE = kQE/IE, where QE is a quiver defined as follows: (QE)0 = {P (e) | e ∈ E},
(QE)1 = {L(e) | e ∈ E} with s(L(e)) = P (e) and t(L(e)) = P (g · e), and IE is the ideal of path
category kQE generated by the following relations:
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• L(gd(e)−1 · e) · · ·L(g · e)L(e) − L(gd(h)−1 · h) · · ·L(g · h)L(h), where P (e) = P (h);
• Paths of the form L(e2)L(e1) with g · e1 6= e2;
• Paths of the form L(gn−1 · e) · · ·L(g · e)L(e) for n > d(e).

Moreover, if E is a finite fms-BC, then we define AE =
⊕

x,y∈(QE)0
ΛE(x, y) (which is a finite

dimensional k-algebra) and call AE a fractional Brauer configuration algebra in type MS (abbr.
fms-BCA).

According to [7, Proposition 6.5], if E is a fms-BC, then ΛE is a locally bounded special
multiserial Frobenius category, and if E is a fms-BG, then ΛE is a locally bounded special bise-
rial Frobenius category. Thus fms-BCAs and fms-BGAs are generalization of BCAs and BGAs
respectively.

For the definitions of morphisms (coverings), walks and fundamental groups (groupoids) of
fms-BCs, we refer to [8, Section 2].

2.2. Brauer G-set and fundamental group. In this subsection, we define Brauer G-sets and
their fundamental groups.

Let E = (E,P,L, d) be a fms-BG. Since each edge P (e) of E contains 2 half-edges, we can
define an involution τ on E such that P (e) = {e, τ(e)} for every e ∈ E. Therefore a fms-BG can
be considered as a triple E = (E, τ, d), where E is a G-set (G = 〈g〉 ∼= Z), τ is an involution on E
without fixed points, and d : E → Z+ is a function on E, such that

• if e1, e2 ∈ E belong to the same G-orbit, then d(e1) = d(e2);

• gd(τ(e)) · τ(e) = τ(gd(e) · e) for every e ∈ E.

Moreover, if E = (E,P,L, d) is a fms-BC such that each polygon of E contains at most 2 elements,
then we may regarded E as a quadruple (E,U, τ, d), where U = {e ∈ E | |P (e)| = 2} is a subset
of E, and τ is an involution on U without fixed points such that P (e) = {e, τ(e)} for every e ∈ U .

The above discussion motivates us to introduce the following notion.

Definition 2.3. A Brauer G-set is a quadruple E = (E,U, τ, d), where E is a G-set (G = 〈g〉 ∼=
Z), U is a subset of E, τ is an involution on U (τ may have fixed points), and d : E → Z+ is a
function on E, such that

(mf1) d(e1) = d(e2) if e1, e2 belong to the same G-orbit;

(mf2) σ(U) = U and τσ(e) = στ(e) for every e ∈ U , where σ : E → E, e 7→ gd(e) · e.
The elements of E are called half-edges of E; an element e ∈ U with τ(e) = e is called a double

half-edge of E; if e ∈ U and e 6= τ(e), then the subset {e, τ(e)} of E is called an edge; the function

d is called degree function; the permutation σ : E → E, e 7→ gd(e) · e on E is called Nakayama
automorphism of E. Similar to fractional Brauer configuration, we have the concepts of vertex
and f-degree for a Brauer G-set.

Example 2.4. Let E = {e, e′} be a G-set with g · e = e′, g · e′ = e. Let U = E, τ = idU be an
involution on U , and d : E → Z+ be the function given by d(e) = d(e′) = 2. Then (E,U, τ, d) is a
Brauer G-set, which is given by the diagram

e′e .

Example 2.5. Let E = {e, e′, e1, e2} be a G-set with g ·e = e1, g ·e1 = e′, g ·e′ = e2, g ·e2 = e. Let
U = {e, e′, e1}, τ be the involution on U given by τ(e) = e′, τ(e′) = e, τ(e1) = e1, and d : E → Z+

be the function given by d(e) = d(e′) = d(e1) = d(e2) = 4. Then (E,U, τ, d) is a Brauer G-set,
which is given by the diagram

e2e1

e

e′

.
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Remark 2.6. According to the remarks before Definition 2.3, a fms-BG is identified with a Brauer
G-set E = (E,U, τ, d) such that U = E and τ has no fixed points, and a fms-BC such that each
polygon of it contains at most two elements is identified with a Brauer G-set E = (E,U, τ, d) such
that τ has no fixed points. We shall frequently using these identifications.

Definition 2.7. A Brauer G-set E = (E,U, τ, d) of integral f-degree with U = E is said to be a
modified Brauer graph (abbr. modified BG).

Let E = (E,U, τ, d) be a Brauer G-set. A walk of E is a sequence of the form

w = en
δn
en−1

δn−1 · · · δ3 e2
δ2
e1
δ1
e0,

where ei ∈ E for 0 ≤ i ≤ n and δj ∈ {g, g−1, τ} for 1 ≤ j ≤ n, such that ei−1, ei ∈ U if δi = τ and

ei =





g · ei−1, if δi = g;

g−1 · ei−1, if δi = g−1;

τ(ei−1), if δi = τ.

We may write w = (en|δn · · · δ1|e0) or w = δn · · · δ1 if there is no confusion. A Brauer G-set E is
said to be connected if every two half-edges e1, e2 of it can be connected by a walk.

Remark 2.8. For a fms-BC E, we have already defined the walks and the special walks in E in
[8, Section 2]. Suppose that E is fms-BC such that each polygon of E contains at most 2 angles,
by Remark 2.6, we can also view E as a Brauer G-set. Then every walk of the Brauer G-set E
is a walk of the fms-BC E, and every special walk of the fms-BC E is a walk of E as a Brauer
G-set. In particular, E is connected as a f-BC if and only if E is connected as a Brauer G-set.

Definition 2.9. Let E = (E,U, τ, d) be a Brauer G-set. Define the homotopy relation ≈ on the
set of walks of E as the equivalence relation generated by

(mh1) (e|g−1g|e) ≈ (e|gg−1|e) ≈ (e|τ2|e) ≈ (e||e) for every e ∈ E.

(mh2) (gd(τ(e)) · τ(e)|τ |gd(e) · e)(gd(e) · e|gd(e)|e) ≈ (gd(τ(e)) · τ(e)|gd(τ(e)) |τ(e))(τ(e)|τ |e) for every
e ∈ U .

(mh3) If w1 ≈ w2, then uw1 ≈ uw2 and w1v ≈ w2v whenever the compositions make sense.

For a walk w of a Brauer G-set E, define [w] := {walks v such that v ≈ w}.
In [8, Subsection 2.4] we have already define the homotopy relation ∼ on the set of walks of a

f-BC E. Note that if E is a fms-BC E such that each polygon of E contains at most 2 angles,
then for walks w1, w2 of E as a Brauer G-set, w1 ≈ w2 implies w1 ∼ w2.

Similar to f-BC, we can define the fundamental group Πm(E, e) (resp. fundamental groupoid
Πm(E,A)) of a Brauer G-set E at e ∈ E (resp. on a subset A ⊆ E), using the homotopy relation
≈.

Example 2.10. Let E = (E,U, τ, d) be the Brauer G-set in Example 2.4, and let A = {e, e′} = E.
Then Πm(E,A) is isomorphic to F/〈c2 = 1x, d

2 = 1y, bac = cba, abd = dab〉, where F is the
fundamental groupoid of the quiver

x yc d
a

b .

Example 2.11. Let E = (E,U, τ, d) be the Brauer G-set in Example 2.5. Then by Lemma 3.1
and Lemma 3.3, Πm(E, e) ∼= F 〈x, y, z〉/〈xy = yx, xz = zx, z2 = 1〉.

In [8, Subsection 2.2] we have already define the fundamental group (groupoid) of a f-BC E.
If E is a fms-BC such that each polygon of E contains at most 2 angles, then by Remark 2.6 we
can view it as a Brauer G-set, and we also have the notion of fundamental group (groupoid). The
following Lemma shows that these two fundamental groups are isomorphic.
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Lemma 2.12. Let E = (E,U, τ, d) be a Brauer G-set such that τ has no fixed points
(equivalently, E is a fms-BC such that each polygon of E contains at most 2 angles), and let A
be a subset of E. Denote by Πm(E,A) and Π(E,A) the fundamental groupoid of E on A as a
Brauer G-set and as a fms-BC respectively. Then Πm(E,A) is isomorphic to Π(E,A).

Proof. In the following, when we say a walk of E, we always view E as a Brauer G-set unless
otherwise stated. First we need to show the following fact: If w1, w2 are two walks of E with
w1 ∼ w2, then w1 ≈ w2. It can be shown that for each walk w of E, there exists some special walk
v and some integer n such that w ≈ (t(w)|gnd(t(w)) |t(v))v. For two walks w1, w2 of E with w1 ∼ w2,

let wi ≈ (t(wi)|gnid(t(wi))|t(vi))vi (i = 1, 2), where vi is a special walk of E and ni is an integer.

Then (t(w1)|gn1d(t(w1))|t(v1))v1 ∼ (t(w2)|gn2d(t(w2))|t(v2))v2, and by [8, Proposition 2.49] we have

(v1, n1) = (v2, n2). Then w1 ≈ (t(w1)|gn1d(t(w1))|t(v1))v1 = (t(w2)|gn2d(t(w2))|t(v2))v2 ≈ w2.
For each walk w of E as a fms-BC, choose a walk w′ of E such that w ∼ w′ (by [8, Proposition

2.49] this can be done). For every a, b ∈ A, define a map F : Π(E,A)(a, b) → Πm(E,A)(a, b),
w 7→ [w′]. If w1, w2 are two walks of E (as a fms-BC) with w1 ∼ w2, then w

′
1 ∼ w′

2 and w′
1 ≈ w′

2.
So F is well defined. Same argument shows that F does not depend on the choice of the walk w′

for each walk w of E as a fms-BC.
For w1 ∈ Π(E,A)(a, b) and w2 ∈ Π(E,A)(b, c), since w′

2w
′
1 is a walk of E such that w2w1 ∼

w′
2w

′
1, F (w2w1) = [w′

2w
′
1] = F (w2)F (w1). Therefore F becomes a functor from Π(E,A) to

Πm(E,A). If F (w1) = F (w2), then w
′
1 ≈ w′

2. Therefore w1 ∼ w2 and w1 = w2, so F is faithful.
For every morphism [w] ∈ Πm(E,A)(a, b), since w and w′ are walks with w ∼ w′, we have w ≈ w′.
Therefore F (w) = [w′] = [w] and F is dense. Since F induces identity map on objects, F is an
isomorphism. �

2.3. Covering theory for Brauer G-sets. In this subsection, we define morphisms and cov-
erings between Brauer G-sets; we compare different coverings between Brauer G-sets using their
fundamental groups; we define special walks on Brauer G-sets and construct the universal cover
of Brauer G-sets.

Definition 2.13. Let E = (E,U, τ, d) and E′ = (E′, U ′, τ ′, d′) be Brauer G-sets. A morphism
(resp. covering) f : E → E′ of Brauer G-sets is a morphism of 〈g〉-sets satisfying the following
conditions (1), (2) and (3) (resp. (1′), (2) and (3)) below:

(1) For every e ∈ U , we have f(e) ∈ U ′;
(1′) For every e ∈ E, e ∈ U if and only if f(e) ∈ U ′;
(2) f(τ(e)) = τ ′(f(e)) for every e ∈ U ;
(3) d′(f(e)) = d(e) for every e ∈ E.

Remark 2.14. (1) Let E and E′ as above. If E and E′ are fms-BCs such that each polygon
contain at most 2 angles (that is, τ and τ ′ has no fixed points), then for any map f : E →
E′, f is a covering of Brauer G-sets if and only if f is a covering of f-BCs.

(2) A morphism f : E → E′ of Brauer G-sets maps each walk of E to a walk of E′. Moreover,
if f : E → E′ is a covering of Brauer G-sets, then for every walk w′ = (h′|δn · · · δ1|e′) of
E′ and for every e ∈ E (resp. h ∈ E) which lies over e′ (resp. h′), there exists a unique
walk w of E which lies over w′ whose source (resp. terminal) is e (resp. h).

For Brauer G-set we have following proposition, which is an analogy to f-BC case.

Proposition 2.15. Let f : E → E′ be a covering of Brauer G-sets, u, v be two walks of E with
s(u) = s(v) or t(u) = t(v). Then u ≈ v if and only if f(u) ≈ f(v).

Therefore each covering f : E → E′ of Brauer G-sets induces an injective map f∗ : Πm(E, e) →
Πm(E′, f(e)) of associated fundamental groups for each e ∈ E.

Remark 2.16. Proposition 2.15 suggests a general method to calculate the fundamental group of
given Brauer G-set. Let f : E → E′ be a covering of Brauer G-sets and e′ ∈ E′. Then f−1(e′)
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becomes a Πm(E′, e′)-set: for any e ∈ f−1(e′) and [w′] ∈ Πm(E′, e′), [w′] · e is defined as the
terminal of w, where w is the walk of E lying over w′ with s(w) = e (Proposition 2.15 ensures
that this group action is well-defined). Then for each e ∈ f−1(e′), the stabilizer subgroup of e in
Πm(E′, e′) equals to the image of f∗ : Πm(E, e) → Πm(E′, e′), which is isomorphic to Πm(E, e).

By analogy with [8, Proposition 2.28], we have

Proposition 2.17. Let E, E1, E2 be Brauer G-sets with E1 connected, and let f1 : E1 → E and
f2 : E2 → E be coverings of Brauer G-sets. For ei ∈ Ei (i = 1, 2) with f1(e1) = f2(e2), there
exists a covering φ : E1 → E2 of Brauer G-sets such that f1 = f2φ and φ(e1) = e2 if and only if
f1∗(Πm(E1, e1)) ⊆ f2∗(Πm(E2, e2)). Moreover, if such φ exists, then it is unique.

Let E = (E,U, τ, d) be a Brauer G-set and Π be a group of automorphism of E. Similar to the
case of f-BC, we may define a quadruple E/Π = (E/Π, U ′, τ ′, d′) as follows: E/Π is the G-set of
Π-orbit of E; U ′ := {[e] ∈ E/Π | e ∈ U} is a subset of E/Π; τ ′ is an involution of U ′ given by
τ ′([e]) = [τ(e)] for every [e] ∈ U ′; d′ : E/Π → Z+ is a function on E/Π given by d′([e]) = d(e) (we
denote [e] the Π-orbit of e ∈ E).

The following Lemma is an analogy of [8, Lemma 2.39] and Lemma [8, Lemma 2.40], and its
proof is straightforward. Note that here the condition that Π acts admissibly on E is not needed.

Lemma 2.18. E/Π = (E/Π, U ′, τ ′, d′) is a Brauer G-set, and the natural projection p : E → E/Π
is a covering of Brauer G-sets.

By analogy with [8, Subsection 2.4], we construct the universal cover of a Brauer G-set.
Let E = (E,U, τ, d) be a Brauer G-set such that τ has a fixed point. Define a Brauer G-set

Ê = (Ê, Û , τ̂ , d̂) as follows: Ê = E1 ⊔ E2 as a 〈g〉-set with E1 = E2 = E, and denote the element

e ∈ E by ei if we consider it as an element of Ei. Define Û = U1 ⊔ U2 as a subset of Ê, where Ui

denotes the subset U of Ei for i = 1, 2, and for each e ∈ U and i = 1, 2, define

τ̂ (ei) =

{
τ(e)i, if τ(e) 6= e;

e3−i, if τ(e) = e.

Define d̂(ei) = d(e). Note that τ̂ has no fixed points, that is, Ê is a fms-BC such that each polygon
of it contains at most 2 angles.

Let φ : Ê → Ê be the map which sends ei to e3−i for any e ∈ E and i = 1, 2. It is straightforward

to show that φ is a morphism of Brauer G-sets. Since φ2 = id, φ is an automorphism of Ê.

Moreover, Ê/〈φ〉 ∼= E as Brauer G-sets. By Lemma 2.18, we have

Lemma 2.19. The map π : Ê → E, ei 7→ e is a covering of Brauer G-sets.

Let E = (E,U, τ, d) be a Brauer G-set, a walk w of E is called special if it is of the form

(gik · ek|gik |ek)(ek|τ |gik−1 · ek−1)(g
ik−1 · ek−1|gik−1 |ek−1)(ek−1|τ |gik−2 · ek−2) · · ·

(e2|τ |gi1 · e1)(gi1 · e1|gi1 |e1)(e1|τ |gi0 · e0)(gi0 · e0|gi0 |e0),
where 0 ≤ i0 < d(e0), 0 ≤ ik < d(ek), and 0 < il < d(el) for all 1 ≤ l ≤ k − 1. Note that if τ has
no fixed points (that is, E is a fms-BC such that each polygon of it contains at most 2 angles),
then a special walk of E is just a special walk of E as a fms-BC.

For a Brauer G-set E = (E,U, τ, d) and for e ∈ E, similar to the case of fms-BC, we can
define a connected Brauer G-set B(E,e) = (B(E,e), Ue, τe, de) such that τe has no fixed points (that
is, B(E,e) is a fms-BC such that each polygon of B(E,e) contains at most two angles) as follows:
B(E,e) = {special walks of E starting at e}. The action of 〈g〉 on B(E,e) is given by

g · w =

{
gik+1τgik−1τ · · · τgi1τgi0 , if w = gikτgik−1τ · · · τgi1τgi0 with ik < d(t(w)) − 1;

τgik−1τ · · · τgi1τgi0 , if w = gikτgik−1τ · · · τgi1τgi0 with ik = d(t(w)) − 1.
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The subset Ue of B(E,e) is given by Ue = {w ∈ Be | t(w) ∈ U}, the involution τe of Ue is given by

τe(w) =

{
(τ(t(w))|τ |t(w))w, if w = gikτgik−1τ · · · τgi1τgi0 with ik > 0;

gik−1τ · · · τgi1τgi0 , if w = gikτgik−1τ · · · τgi1τgi0 with ik = 0,

and the degree function de is given by de(w) = d(t(w)). Note that B(E,e) is f-degree trivial.
The Brauer G-set ZB(E,e) can also be defined similarly as in [8, Subsection 2.4], whose involution

also has no fixed points. Note that when the involution τ of E has no fixed points (that is, E
is a fms-BC such that each polygon of E contains at most two angles), the fms-BC B(E,e) (resp.
ZB(E,e)) defined as above is just the fms-BC B(E,e) (resp. ZB(E,e)) defined in [8, Subsection 2.4].

Proposition 2.20. There exists a covering of Brauer G-sets q : ZB(E,e) → E, (w,n) 7→ σn(t(w)),
which is universal in the sense of [8, Corollary 2.30].

Proof. It is straightforward to show that q is a covering of Brauer G-sets. By Proposition 2.17,
it suffices to show that Πm(ZB(E,e)) = {1}. When the involution τ of E has no fixed points, it
follows from Lemma 2.12 and [8, Proposition 2.47] that Πm(ZB(E,e)) = {1}.

When the involution τ of E has a fixed point, let π : Ê → E be the covering of Brauer G-sets

in Lemma 2.19. Choose some x ∈ Ê with π(x) = e. Since π is a covering of Brauer G-sets, π

maps special walks of Ê starting at x bijectively onto special walks of E starting at e. Therefore

π induces an isomorphism between B
(Ê,x)

and B(E,e). Since Ê is a Brauer G-set whose involution

has no fixed points, we have Πm(ZB(Ê,x)) = {1}. Therefore Πm(ZB(E,e)) = {1}. �

In general B(E,e) is a finite or infinite tree for any fms-BG E, here is an example:

Example 2.21. Let E be the Brauer G-set in Example 2.4. Then B(E,e) is an infinite tree with
trivial f-degree, which is given by the diagram

··· · · ·

The following proposition is an analogy of [8, Proposition 2.49].

Proposition 2.22. Let E = (E,U, τ, d) be a Brauer G-set, w be a walk of E. Then there exists

a unique special walk v and a unique integer n such that w ≈ (t(w)|gnd(t(w)) |t(v))v.
Proof. It is straightforward to show that each walk of E is homotopic to a special walk. The rest of
the proof is similar to that of Proposition [8, Proposition 2.49], using the covering q : ZB(E,e) → E,
(u, n) 7→ σn(t(u)) of Brauer G-sets in Proposition 2.20, where e = s(w). �

2.4. Lines and bands. In this subsection, we define lines and bands on Brauer G-sets, and
compare the numbers of equivalence classes of bands via a covering between Brauer G-sets. More-
over, we define the reduced form RE (which is a BG) of a finite connected fms-BG E, and show
that the fms-BGA AE is representation-finite (resp. domestic) if and only if the BGA ARE

is
representation-finite (resp. domestic).

Let E = (E,P,L, d) be a finite fms-BG such that each edge of E contains a half-edge e with
d(e) > 1. According to [7, Section 6], AE

∼= kQ′
E/I

′
E with I ′E admissible, where QE is the sub-

quiver of QE given by (Q′
E)0 = (QE)0 and (Q′

E)1 = {L(e) | e ∈ E with d(e) > 1}, and I ′E is
generated by the following three types of relations:

(fR1′) L(gd(e)−1 ·e) · · ·L(g·e)L(e)−L(gd(h)−1 ·h) · · ·L(g·h)L(h), where e, h ∈ E and d(e), d(h) > 1;
(fR2′) L(e1)L(e2), where e1, e2 ∈ E, d(e1), d(e2) > 1, and e1 6= g · e2;
(fR3′) L(gd(e) · e) · · ·L(g · e)L(e), where e ∈ E and d(e) > 1.

Therefore the string algebra AE/soc(AE) is given by the quiver Q′
E and the admissible ideal I ′′E

of kQ′
E generated by the following two types of relations

(a) L(gd(e)−1 · e) · · ·L(g · e)L(e), where e ∈ E and d(e) > 1;
(b) L(e1)L(e2), where e1, e2 ∈ E, d(e), d(h) > 1, and e1 6= g · e2.
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We call b a band of AE if b is a band of the string algebra AE/soc(AE) ∼= kQ′
E/I

′′
E (for the

definition of bands of a string algebra, see [3, II.2]).

Definition 2.23. Let E = (E,U, τ, d) be a Brauer G-set. A line of E is an infinite sequence

l = · · · δ3 e2
δ2
e1
δ1
e0
δ0
e−1

δ−1
e−2

δ−2 · · · ,

where ei ∈ E and δi ∈ {g, g−1, τ} for every i ∈ Z, such that

(a) ei−1, ei ∈ U if δi = τ ;
(b) ei+1 = δi+1(ei) for every i ∈ Z.

We will also write a line l as a family {(ei, δi)}i∈Z. For such a line l and for any integer n,
denote l[n] the line {(e′i, δ′i)}i∈Z, where e′i = ei+n and δ′i = δi+n. We call l[n] the n-th translate of
l. We may consider a line l = {(ei, δi)}i∈Z as a walk in E of infinite length. Moreover, define l−1

as the line {(e′′i , δ′′i )}i∈Z, where e′′i = e−i and

δ′′i =





g, if δ1−i = g−1;

g−1, if δ1−i = g;

τ, if δ1−i = τ.

Call the line l−1 the inverse of l.

Definition 2.24. Let E = (E,U, τ, d) be a Brauer G-set and l be a line of E such that l[n] = l
for some positive integer n. Then l is called a band of E if it is of the form (consider l as a walk
of infinite length)

· · · (e2|τ |g−l1 · h1)(g−l1 · h1|g−l1 |h1)(h1|τ |gk1 · e1)(gk1 · e1|gk1 |e1)
(e1|τ |g−l0 · h0)(g−l0 · h0|g−l0 |h0)(h0|τ |gk0 · e0)(gk0 · e0|gk0 |e0) · · · ,

where 0 < ki < d(ei) and 0 < li < d(hi) for all i ∈ Z.

Definition 2.25. Let E = (E,U, τ, d) be a Brauer G-set. Define an equivalence relation ∼ on the
set of all bands of E: ∼ is generated by

(a) l ∼ l[i] for any integer i;
(b) l ∼ l−1.

For every band l of E, denote [l] the equivalence class of bands of E containing l.

Lemma 2.26. If E = (E,P,L, d) is a finite fms-BG such that each edge of E contains a half-edge
e with d(e) > 1, then there exists a bijection between the set of equivalence classes of bands of E
and the set of equivalence classes of bands of AE.

Proof. For any band l = {(ei, δi)}i∈Z of E, let n be the smallest positive integer such that l = l[n].
Then w = (en|δn · · · δ1|e0) is a closed walk of E, which induces a closed walk φ(l) of the quiver
Q′

E . It can be shown that φ(l) is a band of AE . Moreover, if a band l′ of E is obtained from the
band l of E by a translation (resp. by taking inverse), then the band φ(l′) of AE is obtained form

the band φ(l) of AE by a rotation (resp. by taking inverse), so φ induces a map φ̃ from the set of
equivalence classes of bands of E to the set of equivalence classes of bands of AE.

If l1, l2 are two bands of E such that φ(l1), φ(l2) are equivalent, then there exists a sequence of
bands b0 = φ(l1), b1, · · · , bk−1, bk = φ(l2) of AE such that for each 1 ≤ i ≤ k, bi is obtained from
bi−1 by a rotation or by taking inverse. Therefore there exists a band l′1 of E which is equivalent
to l1 such that φ(l′1) = φ(l2). It can be shown that l′1 = l2. So l1, l2 are equivalent and therefore

φ̃ is injective.
If b is a band of AE , then up to equivalence we may assume that b is of the form

α−1
2r,1 · · ·α−1

2r,n2r
α2r−1,n2r−1 · · ·α2r−1,1 · · ·α−1

4,1 · · ·α−1
4,n4

α3,n3 · · ·α3,1α
−1
2,1 · · ·α−1

2,n2
α1,n1 · · ·α1,1,
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where each αij is an arrow of Q′
E . Assume that αi,1 = L(ei) for each 1 ≤ i ≤ 2r. Then b induces

a closed walk

w = (e1|τ |e2r)(e2r|g−n2r |gn2r · e2r)(gn2r · e2r|τ |gn2r−1 · e2r−1)(g
n2r−1 · e2r−1|gn2r−1 |e2r−1) · · ·

(e3|τ |e2)(e2|g−n2 |gn2 · e2)(gn2 · e2|τ |gn1 · e1)(gn1 · e1|gn1 |e1)
of E. Denote n =

∑2r
i=1 ni + 2r, and let l = {(ei, δi)}i∈Z be the band of E such that l[n] = l and

(en|δn · · · δ1|e0) = w. Then b = φ(l), which implies that φ̃ is also surjective. �

For any Brauer G-set E such that the number of equivalence classes of bands of E is finite,
denote NE the number of equivalence classes of bands of E.

Proposition 2.27. Let E = (E,U, τ, d) be a Brauer G-set and let Π be a finite group of auto-
morphisms of E of order n. Then the number of equivalence classes of bands of E is finite if
and only if the number of equivalence classes of bands of E/Π is finite. In this case we have
NE/Π ≤ NE ≤ nNE/Π.

Proof. Let E/Π = (E/Π, U ′, τ ′, d′). For every band l = {(ei, δi)}i∈Z of E, denote l the band
{([ei], δ′i)}i∈Z of E/Π, where [ei] is the Π-orbit of ei and

δ′i =

{
δi, if δi = g or δi = g−1;

τ ′, if δi = τ

for each i ∈ Z. Since l−1 = l
−1

and l[i] = l[i] for any integer i, the map l 7→ l defines a map f
from the set of equivalence classes of bands of E to the set of equivalence classes of bands of E/Π.
For every band l′ = {(e′i, δ′i)}i∈Z of E/Π and for every e0 ∈ E with [e0] = e′0, since the natural
projection E → E/Π is a covering, there exists a unique band l = {(ei, δi)}i∈Z of E such that
l = l′. Therefore f is surjective.

For every band l′ = {(e′i, δ′i)}i∈Z of E/Π, choose a band l = {(ei, δi)}i∈Z of E such that l = l′.

Suppose that f([b]) = [l′] for some band b of E. Then b ∼ l′. Since for every band v of E, the
operation v 7→ v commutes with translation and taking inverse, we imply that there exists a band
c of E such that b ∼ c and c = l′. Let c = {(hi, ǫi)}i∈Z. Since [h0] = e′0 = [e0], there exists some
π ∈ Π such that π(e0) = h0. Since π(l) = {(π(ei), δi)}i∈Z and c = {(hi, ǫi)}i∈Z are bands of E

which satisfy π(l) = l′ = c and π(e0) = h0, we have π(l) = c. Therefore [b] = [c] = [π(l)] and
f−1([l′]) = {[µ(l)] | µ ∈ Π}. Then we have 1 ≤ |f−1([l′])| ≤ n for every band l′ of E/Π, and the
conclusion holds. �

Let E = (E,E, τ, d) be a fms-BG and σ : E → E, e 7→ gd(e) · e be the Nakayama automorphism
of E. Denote 〈σ〉 the group of automorphisms of E generated by σ. The following lemma is
straightforward.

Lemma 2.28. Let E and σ be as above. If 〈σ〉 is admissible, that is, each 〈σ〉-orbit of E meets
each edge of E in at most one half-edge, then E/〈σ〉 is a Brauer graph; if 〈σ〉 is not admissible,
then E/〈σ〉 is a modified BG which contains a double half-edge.

If 〈σ〉 is admissible, then E/〈σ〉 is a Brauer graph, and we define the reduced form RE of E to
be E/〈σ〉. If 〈σ〉 is not admissible, then E/〈σ〉 is a modified BG which contains a double half-edge,

and Ê/〈σ〉 is defined, which is a Brauer graph (see the paragraph after Lemma 2.18). In this case,

define the reduced form RE of E to be Ê/〈σ〉. (For an example of this construction, see Example
2.31 below.) Note that if E is finite (resp. connected), then so does RE.

Theorem 2.29. Suppose that the field k is algebraically closed. Let E = (E,E, τ, d) be a fi-
nite connected fms-BG. Then AE is representation-finite (resp. domestic) if and only if ARE

is
representation-finite (resp. domestic).



10 NENGQUN LI AND YUMING LIU*

Proof. If E contains a half-edge {e, τ(e)} with d(e) = d(τ(e)) = 1, then it can be shown that
E = {e, g ·e, · · · , gn−1 ·e, τ(e), g ·τ(e), · · · , gn−1 ·τ(e)} for some positive integer n, where gn ·e = e,
gn · τ(e) = τ(e), τ(gi · e) = gi · τ(e) for 0 ≤ i ≤ n − 1, and the degree of each half-edge of E is
equal to 1. Moreover, RE is a Brauer tree with trivial f-degree given by the diagram

.

Both AE and ARE
are Nakayama algebras of Loewy length 2, so they are both representation-

finite. Therefore we may assume that each edge of E contains a half-edge e with d(e) > 1.
For a self-injective special biserial algebra A, it is well known that A is representation-finite if

and only if A has no bands. Moreover, according to [4, Theorem 2.1], A is domestic if and only if
the number of equivalence classes of bands of A is a positive integer.

Since E is finite, the group 〈σ〉 of automorphisms of E is finite. If 〈σ〉 is admissible, then

RE = E/〈σ〉; if 〈σ〉 is not admissible, then we have RE = Ê/〈σ〉 and E/〈σ〉 ∼= RE/〈φ〉, where
φ is the automorphism of RE = (E/〈σ〉) ⊔ (E/〈σ〉) given by φ(hi) = h3−i for every h ∈ E/〈σ〉
(see the paragraph before Lemma 2.19). By Proposition 2.27, the number of equivalence classes
of bands of E is finite (resp. zero) if and only if the number of equivalence classes of bands of RE

is finite (resp. zero). Since each edge of E (resp. RE) contains a half-edge whose degree is larger
than 1, by Lemma 2.26, we imply that the number of equivalence classes of bands of AE is finite
(resp. zero) if and only if the number of equivalence classes of bands of ARE

is finite (resp. zero).
Therefore AE is representation-finite (resp. domestic) if and only if ARE

is representation-finite
(resp. domestic). �

Remark 2.30. Theorem 2.29 gives an effective way to determine the representation type of a
fms-BGA in terms of the reduced form of its defining fms-BG.

Example 2.31. Let E be the fms-BG given by the diagram

,

where the f-degree of the unique vertex of E is 1
2 and the G-action is induced from the clockwise

order on the half-edges around this vertex. Then 〈σ〉 is not admissible and E/〈σ〉 is a Brauer
G-set given in Example 2.4. Therefore RE is a BG with trivial f-degree given by the diagram

.

According to Theorem 1.1, ARE
is domestic, therefore AE is also domestic. One of particularly

interests is that ARE
is symmetric but AE is weakly symmetric with nonidentity Nakayama auto-

morphism. Indeed, AE = kQE/IE, where QE is the quiver

1 2

α1
α2
α3
α4 ,

and IE is generated by α4α1, α1α2, α2α3, α3α4, α2α1 − α4α3, α3α2 − α1α4. The structure of inde-
composable projective modules are as follows:

1

2 2

1
α1 α3

α2 α4
2

1 1

2
α2 α4

α3 α1
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The Nakayama automorphism of AE is induced by ei 7→ ei for i = 1, 2, αi 7→ αi+2 for i ∈ Z/4Z =
{1, 2, 3, 4}. However, ARE

has the same quiver with the following structure of indecomposable
projective modules:

1

2 2

1
α1 α3

α2 α4
2

1 1

2
α2 α4

α1 α3

3. Fundamental groups of fractional Brauer graphs of type MS

In this section, we calculate the fundamental group of a finite connected fms-BG E with AE

representation-finite or domestic. Our method is as follows: we first calculate the fundamental
groups of modified BGs, then we use the covering E → E/〈σ〉 of Brauer G-sets (here E/〈σ〉 is a
modified BG) to reduce the calculation of the fundamental group of E to the calculation of the
fundamental group of E/〈σ〉 by a method mentioned at the end of [8].

3.1. The fundamental groups of modified BGs.

In this subsection we calculate the fundamental groups of modified BGs using an analogy of
Van Kampen theorem for Brauer G-sets.

We denote F 〈x1, x2, · · · , xn〉 the free group on the set {x1, x2, · · · , xn}. The following Lemma
should be compared with [8, Lemma 5.6].

Lemma 3.1. Let E = (E,E, τ, d) be the modified BG given by the diagram

m

e

τ(e)

e1

ea

ea+b

ea+1

,

where E contains n = a+ b double half-edges e1, · · · , ea+b, and the f-degree of the unique vertex of
E is m. Then Πm(E, e) ∼= F 〈x, y, z1, · · · , zn〉/〈xmy = yxm, xmzi = zix

m(1 ≤ i ≤ n), z2i = 1(1 ≤
i ≤ n)〉.
Proof. Define a group homomorphism f ′ : F 〈x, y, z1, · · · , zn〉 → Πm(E, e) as follows: f ′(x) =
[(e|gn+2|e)], f ′(y) = [(e|τga+1|e)], and

f ′(zi) =

{
[(e|g−iτgi|e)], if 1 ≤ i ≤ a;

[(e|g−i−1τgi+1|e)], if a+ 1 ≤ i ≤ n.

By imitating the proof of [8, Lemma 5.6], it can be shown that for every closed special walk
w = (e|gikτgik−1τ · · · τgi1τgi0 |e) of E at e, [w] belongs to the image of f ′ (by induction on the
number of times that τ appears in w). Then according to Proposition 2.22, f ′ is surjective.
Moreover, it is straightforward to show that the kernel of f ′ contains the normal subgroup of
F 〈x, y, z1, · · · , zn〉 generated by the relations xmy = yxm, xmzi = zix

m(1 ≤ i ≤ n), z2i = 1(1 ≤
i ≤ n). Therefore f ′ induces a surjective group homomorphism f : F 〈x, y, z1, · · · , zn〉/〈xmy =
yxm, xmzi = zix

m(1 ≤ i ≤ n), z2i = 1(1 ≤ i ≤ n)〉 → Πm(E, e).
We need to show that f is also injective. Note that each element of F 〈x, y, z1, · · · , zn〉/〈xmy =

yxm, xmzi = zix
m(1 ≤ i ≤ n), z2i = 1(1 ≤ i ≤ n)〉 is of the form xlmδlkk · · · δl11 , where l ∈ Z,

l1, · · · , lk ∈ Z− {0}, δi ∈ {x, y, z1, · · · , zn} for 1 ≤ i ≤ k, such that
(1) δi−1 6= δi for 1 < i ≤ n;
(2) if δi = x, then 0 < li < m;
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(3) if δi = zr for some 1 ≤ r ≤ n, then li = 1.

If xlmδlkk · · · δl11 ∈ ker(f), according to Proposition 2.22, it is straightforward to show that k = l = 0,

therefore xlmδlkk · · · δl11 = 1. �

The following Lemma should be compared with [8, Lemma 5.8]. For the definition of the
fundamental groupoid of a quiver, we refer to [8, Section 3].

Lemma 3.2. Let E = (E,E, τ, d) be the modified BG given by the diagram

ea

e1

ea+1

ea+b
e h

m n

,

where E contains a+ b double half-edges e1, · · · , ea, ea+1, · · · , ea+b, and the f-degree of the vertex
on the left (resp. right) is m (resp. n). Let A = {e, h} be a subset of E. Then the fundamental
groupoid Πm(E,A) is isomorphic to

F/〈txm = unt, xmzi = zix
m, z2i = 1p(1 ≤ i ≤ a), unvj = vju

n, v2j = 1q(1 ≤ j ≤ b)〉,

where F is the fundamental groupoid of the quiver

x u

t

z1

za

v1

vb

p q

.

Proof. Define a morphism of groupoids F ′ : F → Πm(E,A) by setting F (p) = e, F (q) = h,
F (x) = [(e|ga+1|e)], F (u) = [(h|gb+1|h)], F (t) = [(h|τ |e)], F (zi) = [(e|g−iτgi|e)] (1 ≤ i ≤ a),
F (vj) = [(h|g−jτgj |h)] (1 ≤ j ≤ b). We first need to show that F ′ is full. According to Proposition
2.22, it suffices to show that for every special walk w with s(w), t(w) ∈ A, [w] belongs to the image
of F ′.

Let w = gikτgik−1τ · · · τgi1τgi0 be a special walk of E with s(w), t(w) ∈ A. We will show that
[w] belongs to the image of F ′ by induction on k, that is, the number of times that τ appears in

w. If k = 0, then w = (e|gr(a+1)|e) or w = (h|gs(b+1)|h), where r, s ∈ Z, so [w] belongs to the
image of F ′. Now suppose that k > 0. We may assume that w contains no subwalks of the form
(h|τ |e) or (e|τ |h), otherwise w can be factored as a composition of special subwalks whose sources
and terminals belong to A with k smaller. Therefore we may assume that w is of the form

(e|gik |ck)(ck|τ |ck)(ck|gik−1 |ck−1)(ck−1|τ |ck−1) · · · (c2|τ |c2)(c2|gi1 |c1)(c1|τ |c1)(c1|gi0 |e),
where c1, · · · , ck ∈ {e1, · · · , ea} and 0 < i0, i1, · · · , ik < m(a + 1). It is straightforward to show
that [w] belongs to the image of F ′.

Let y = t−1ut and za+i = t−1vit for 1 ≤ i ≤ b. Then F (p, p) is a free group generated by
x, y, z1, · · · za+b. Let f ′ : F (p, p) → Πm(E, e) be the group homomorphism induced by F ′. Since
F ′ is full, f ′ is surjective. We have f ′(x) = [(e|ga+1|e)], f ′(y) = [(e|τgb+1τ |e)], and

f ′(zi) =

{
[(e|g−iτgi|e)], if 1 ≤ i ≤ a;

[(e|τg−i+aτgi−aτ |e)], if a+ 1 ≤ i ≤ a+ b.

It is straightforward to show that the normal subgroup of
F (p, p) = F 〈x, y, z1, · · · , za+b〉 generated by relations xm = yn, xmzi = zix

m, z2i = 1(1 ≤ i ≤ a+b)
is contained in the kernel of f ′, therefore f ′ induces a surjective group homomorphism

f : F (p, p)/〈xm = yn, xmzi = zix
m, z2i = 1(1 ≤ i ≤ a+ b)〉 → Πm(E, e).

It can be shown directly that each element of F (p, p)/〈xm = yn, xmzi = zix
m, z2i = 1(1 ≤ i ≤

a+ b)〉 is of the form xlmδlkk · · · δl11 , where l ∈ Z, l1, · · · , lk ∈ Z− {0},
δi ∈ {x, y, z1, · · · , za+b} for 1 ≤ i ≤ k, such that
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(1) δi−1 6= δi for 1 < i ≤ n;
(2) if δi = x, then 0 < li < m;
(3) if δi = y, then 0 < li < n;
(4) if δi = zr for some 1 ≤ r ≤ a+ b, then li = 1.

If xlmδlkk · · · δl11 ∈ ker(f), according to Proposition 2.22, it is straightforward to show that k = l = 0,

therefore xlmδlkk · · · δl11 = 1. Thus f is also injective.
Let G be the groupoid

F/〈txm = unt, xmzi = zix
m, z2i = 1p(1 ≤ i ≤ a), unvj = vju

n, v2j = 1q(1 ≤ j ≤ b)〉.
Then it is straightforward to show that F ′ induces a morphism of groupoids F : G → Πm(E,A).
Since G (p, p) = F (p, p)/〈xm = yn, xmzi = zix

m, z2i = 1(1 ≤ i ≤ a + b)〉, and since F induces a
group isomorphism f : G (p, p) → Πm(E, e), by [8, Lemma 5.7], F is an isomorphism of groupoids.

�

The following Lemma is an analogy of [8, Lemma 5.3]. We omit the proof of it.

Lemma 3.3. Let E = (E,U, τ, d) be a connected Brauer G-set. Let C be a subset of E − U such

that for each e ∈ E, e ∈ C if and only if gd(e)(e) ∈ C (We denote gn(h) the action of gn on h
for every h ∈ E and n ∈ Z). Let E′ = E − C and assume that E′ 6= ∅. Define a Brauer G-set
structure (E′, U, τ, d′) on E′ as follows: the action of G = 〈g〉 on E′ is given by

g · h =

{
g(h), if g(h) ∈ E′;

gN (h), if g(h) /∈ E′, where N is the minimal positive integer such that gN (h) ∈ E′;

the degree function d′ is given by

d′(h) = d(h) − |{i | 1 ≤ i ≤ d(h)− 1 and gi(h) /∈ E′}|.
Then E′ is a connected Brauer G-set, and the groupoids Πm(E,E′) and Πm(E′, E′) are isomorphic.

Especially, if we choose C = E − U , then the fundamental groups of E′ and E are isomorphic.

Let E = (E,U, τ, d) be a Brauer G-set. A sub-Brauer G-set E′ = (E′, U ′, τ ′, d′) of E is a Brauer
G-set such that E′ is a sub-G-set of E and the inclusion E′ → E is a morphism of Brauer G-sets.
That is, E′ is a sub-G-set of E, U ′ is a subset of E′ ∩ U such that σ(U ′) = U ′ and τ(U ′) = U ′ (σ
is the Nakayama automorphism of E), τ ′ is the restriction of τ on U ′, and d′ is the restriction of
d on E′.

For a set of sub-Brauer G-sets {Eα = (Eα, Uα, τα, dα)} of E, define the union (resp. the
intersection) of them as ∪αEα = (∪αEα,∪αUα, τ

′, d′) (resp. ∩αEα = (∩αEα,∩αUα, τ
′′, d′′)), where

τ ′, (resp. τ ′′) is the restriction of τ to ∪αUα (resp. ∩αUα), and d
′ (resp. d′′) is the restriction of

d to ∪αEα (resp. ∩αEα).
Similar to [8, Proposition 5.2], we have the following analogy of Van Kampen theorem, and we

omit the proof of it. Note that in this proposition we do not require the family of sub-Brauer
G-sets {Eα}α∈I of E being admissible.

Proposition 3.4. Let E be a Brauer G-set, which is the union of a family of sub-Brauer G-sets
{Eα}α∈I which is closed under finite intersections. Let A be a subset of

⋂
α∈I Eα such that for

each α ∈ I, A meets each connected component of Eα. Then the groupoid Πm(E,A) is the direct
limit of groupoids Πm(Eα, A).

Now we can calculate the fundamental group of a Brauer G-set with integral f-degree (e.g.
modified BGs).

Proposition 3.5. Let E = (E,U, τ, d) be a finite connected Brauer G-set of integral f-degree
with n vertices v1, · · · , vn, k edges, and l double half-edges. Let di be the f-degree of vi for each
1 ≤ i ≤ n, and let r = k − n+ 1. Then the fundamental group of E is isomorphic to
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F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn , ad11 bi = bia
d1
1 (1 ≤ i ≤ r), ad11 cj = cja

d1
1 , c

2
j =

1 (1 ≤ j ≤ l)〉.
Proof. Note that if we take C = E − U , then the modified BG E′ = (E′, E′, τ, d′) constructed in
Lemma 3.3 also has n vertices, k edges, l double half-edges, and the f-degree of each vertex of E′

is equal to the f-degree of the corresponding vertex of E. Moreover, according to Lemma 3.3, the
fundamental groups of E′ and E are isomorphic. Therefore we may assume that E = U .

Let {e1, τ(e1)}, · · · , {ek, τ(ek)} be all edges of E. For each 1 ≤ i ≤ k, define a sub-Brauer G-set
Ei = (Ei, Ui, τi, di) of E as follows: Ei = E as 〈g〉-sets; the subset Ui of Ei is given by

Ui = E −
⋃

1≤j≤k,j 6=i

{ej , τ(ej)};

the involution τi is the restriction of τ on Ui, and the degree function di is equal to d. Let
E′ = (E′, U ′, τ ′, d′) be the intersection of all the Ei’s. For each 1 ≤ i ≤ n, choose hi ∈ vi, and
let A = {h1, · · · , hn} be a subset of E. The family {E′, E1, · · · , Ek} of sub-Brauer G-sets is
closed under finite intersections, and the union of them is E. Moreover, A meets each connected
component of E′ and each connected component of every Ei.

For each vertex vj of E, let lj be the number of double half-edges of E which belongs to vj.
For each 1 ≤ i ≤ k, if the two half-edges ei, τ(ei) belong to the same vertex vj , then we denote

Fi the fundamental groupoid of quiver

βi

γij1
γijlj

αij

xij

, and for each 1 ≤ t ≤ n with l 6= j,

denote Fit the fundamental groupoid of quiver
γit1

γitlt

αit

xit

. By Lemma 3.1 and Lemma
3.3, Πm(Ei, A) is isomorphic to the groupoid Σi =

⊔
1≤t≤n,t6=j(Fit/〈αdt

it γitp = γitpα
dt
it , γ

2
itp = 1

(1 ≤ p ≤ lt)〉) ⊔ (Fi/〈αdj
ij βj = βjα

dj
ij , α

dj
ij γijp = γijpα

dj
ij , γ

2
itp = 1 (1 ≤ p ≤ li)〉). If the two half-

edges ei, τ(ei) belong to two different vertices vj1 , vj2 with j1 < j2, we denote Fi the fundamental

groupoid of quiver
γij11

γij1lj1
γij21

γij2lj2

αij1 αij2

βi
xij1 xij2

, and for each 1 ≤ t ≤ n with t 6= j1, j2,

denote Fit the fundamental groupoid of quiver
γit1

γitlt

αit

xit

. By Lemma 3.2 and Lemma
3.3, Πm(Ei, A) is isomorphic to the groupoid Σi =

⊔
1≤t≤n,t6=j1,j2

(Fit/〈αdt
it γitp = γitpα

dt
it , γ

2
itp = 1

(1 ≤ p ≤ lt)〉) ⊔ (Fi/〈βiα
dj1
ij1

= α
dj2
ij2
βi, α

djq
ijq
γijqp = γijqpα

djq
ijq

, γ2ijqp = 1 (q = 1, 2, 1 ≤ p ≤ ljq)〉).
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For each 1 ≤ j ≤ n, let Gj be the fundamental groupoid of quiver
γj1

γjlj

αj

xj

. It is

straightforward to show Πm(E′, A) is isomorphic to Σ′ =
⊔

1≤j≤n Gj/〈αdj
j γjp = γjpα

dj
j , γ2jp = 1

(1 ≤ p ≤ lj)〉. The direct system {Πm(E′, A) → Πm(Ei, A)}1≤i≤k is isomorphic to the direct
system {µi : Σ′ → Σi}1≤i≤k, where µi is defined by µi(xj) = xij , µi(αj) = αij , µi(γjp) = γijp for
1 ≤ j ≤ n, 1 ≤ p ≤ lj .

Define a quiver Q as follows: Q0 = {v1, · · · , vn}, Q1 = {α′
j , β

′
i, γ

′
jp | 1 ≤ j ≤ n, 1 ≤ i ≤ k,

1 ≤ p ≤ lj}; define s(α′
j) = t(α′

j) = s(γ′jp) = t(γ′jp) = vj for 1 ≤ j ≤ n and 1 ≤ p ≤ lj ; for

1 ≤ i ≤ k, if the two half-edges ei, τ(ei) belong to the same vertex vj, define s(β
′
i) = t(β′i) = vj; if

the two half-edges ei, τ(ei) belong to two different vertices vj1 , vj2 with j1 < j2, define s(β
′
i) = vj1

and t(β′i) = vj2 . Let Π(Q) be the fundamental groupoid of the quiver Q, and let Σ be the

groupoid Π(Q)/〈(α′
q(i))

dq(i)β′i = β′i(α
′
p(i))

dp(i) , (α′
j)

djγ′jp = γ′jp(α
′
j)

dj , (γ′jp)
2 = 1 | 1 ≤ i ≤ k,

1 ≤ j ≤ n, 1 ≤ p ≤ lj〉, where s(β′i) = vp(i) and t(β
′
i) = vq(i). It can be shown that Σ is the direct

limit of the direct system {µi : Σ′ → Σi}1≤i≤k. By Proposition 3.4, the groupoid Πm(E,A) is
isomorphic to Σ. The rest of the proof is similar to that of [8, Proposition 5.9]. �

3.2. The fundamental groups of representation-finite and domestic fms-BGAs.

In this subsection, we assume that the field k is algebraically closed. For a Brauer G-set E, we
always denote σ the Nakayama automorphism of E.

Lemma 3.6. Let E = (E,U, τ, d) be a connected Brauer G-set and let Π = 〈σ〉 ≤ Aut(E). Then
the action of Π on E is free, that is, φ(e) 6= e for each e ∈ E and each φ 6= 1 in Π.

Proof. Suppose that σn(e) = e for some e ∈ E and for some integer n. For any h ∈ E, since E is
connected, we can choose a walk w of E from e to h. Let w = (h|δr · · · δ2δ1|e), where δi ∈ {g, g−1, τ}
for 1 ≤ i ≤ r. Then σn(h) = σn(δr · · · δ2δ1(e)) = δr · · · δ2δ1(σn(e)) = δr · · · δ2δ1(e) = h. Therefore
σn = 1. �

Lemma 3.7. Let E = (E,E, τ, d) be a finite connected fms-BG such that 〈σ〉 ≤ Aut(E) is not

admissible, and let e be a half-edge of E such that τ(e) ∈ e〈σ〉. Let r be the smallest positive integer
with the property that σr(e) = τ(e). We have

(1) The 〈σ〉-orbit e〈σ〉 of e contains 2r half-edges e, σ(e), · · · , σ2r−1(e).
(2) The order of the Nakayama automorphism σ of E is 2r.

(3) If N is the smallest positive integer with the property that gN · e ∈ e〈σ〉 and suppose that
gN · e = σp(e) for some 0 ≤ p ≤ 2r − 1, then (p, 2r) = 1. Especially, p is odd.

(4) The f-degree of each vertex of E/〈σ〉 is odd.

Proof. Since σi(τ(e)) = τ(σi(e)) for any integer i, r is also the smallest positive integer with the
property that σr(τ(e)) = e. If there exists 0 < i < 2r such that σi(e) = e, then 0 < i < r or
r < i < 2r. If 0 < i < r, then σr−i(e) = σr−i(σi(e)) = σr(e) = τ(e), which contradict with the
minimality of r. If r < i < 2r, then σi−r(τ(e)) = σi−r(σr(e)) = σi(e) = e, where 0 < i − r < r,
which also contradict with the minimality of r. Therefore 2r is the minimal positive integer with
the property that σ2r(e) = e, so (1) holds, and (2) follows from Lemma 3.6.

Note that N divides d(e). Otherwise, let d(e) = aN + b with a, b ∈ Z and 0 < b < N . We have

σ(e) = gd(e) ·e = gaN+b ·e = gb ·σap(e) and gb ·e = σ1−ap(e) ∈ e〈σ〉, contradict with the minimality

of N . Let d(e) = aN for some integer a. Then σ(e) = gd(e) · e = gaN · e = σap(e). Since 2r is
the minimal positive integer with the property that σ2r(e) = e, 2r divides 1− ap and (p, 2r) = 1,
which implies (3). Since 2r divides 1 − ap, a is also odd. Since N equals to the cardinal of the

vertex of E/〈σ〉 containing e〈σ〉, a equals to the f-degree of the vertex of E/〈σ〉 containing e〈σ〉.

For every half-edge h of E, since 〈σ〉 acts freely on E and since the order of σ is 2r, h〈σ〉 contains
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2r elements. Using the same method we can show that the f-degree of the vertex of E/〈σ〉 which
contains h〈σ〉 is odd, which implies (4). �

3.2.1. The fundamental groups of representation-finite fms-BGAs.

Theorem 3.8. Let E = (E,E, τ, d) be a finite connected fms-BG. Then AE is representation-
finite if and only if Π(E) ∼= Z.

Proof. By Theorem 2.29, AE is representation-finite if and only if ARE
is representation-finite.

Since RE is a Brauer graph, we have ARE
is representation-finite if and only if RE is a Brauer

tree.
”⇒” Since RE is a Brauer tree, by [8, Proposition 5.9] we have Π(RE) ∼= Z.
If the group 〈σ〉 of automorphisms of E is admissible, then RE = E/〈σ〉 and there exists a

covering E → RE of fms-BGs. By [8, Theorem 2.19], Π(E) is isomorphic to a subgroup of Π(RE).
Since E is finite, the order of the automorphism σ of E is finite, and suppose that o(σ) = r. For

any e ∈ E, by [8, Proposition 2.49], (e|gd(e)r |e) 6= (e||e) in Π(E), therefore Π(E) 6= {1}. Since
Π(E) is a subgroup of Π(RE), it follows that Π(E) ∼= Z.

If the group 〈σ〉 of automorphisms of E is not admissible, then E/〈σ〉 contains a double half-

edge and RE = Ê/〈σ〉. Suppose that E/〈σ〉 has n vertices, k-edges, and l double half-edges. Then
RE has 2n vertices and 2k+l edges. Since RE is a Brauer tree, (2k+l)−2n+1 = 0, and E/〈σ〉 is f-
degree trivial. Since E/〈σ〉 is connected, k ≥ n−1. Therefore k = n−1 and l = 1. By Proposition
3.5, Πm(E/〈σ〉) ∼= F 〈a1, · · · , an, c1〉/〈a1 = · · · = an, a1c1 = c1a1, c

2
1 = 1〉 ∼= F 〈a, c〉/〈ac = ca,

c2 = 1〉 ∼= Z⊕ Z/2Z.
Let e〈σ〉 be the unique double half-edge of E/〈σ〉. Since τ(e) ∈ e〈σ〉, there exists a minimal

positive integer r such that τ(e) = σr(e). By Lemma 3.7 (1), e〈σ〉 = {σi(e) | 0 ≤ i ≤ 2r − 1}.
By the proof of Proposition 3.5, the isomorphism f : Z ⊕ Z/2Z

∼−→ Πm(E/〈σ〉, e〈σ〉) is given

by f(1, 0) = [(e〈σ〉|gd(e)|e〈σ〉)] and f(0, 1) = [(e〈σ〉|τ |e〈σ〉)]. Similar to f-BC case, the covering

φ : E → E/〈σ〉 of Brauer G-set induces a Πm(E/〈σ〉, e〈σ〉)-set structure on φ−1(e〈σ〉) = e〈σ〉, and
the stabilizer subgroup of e in Πm(E/〈σ〉, e〈σ〉) is isomorphic to Πm(E, e) by Remark 2.16, which

is also isomorphic to Π(E, e) by Lemma 2.12. The action of Z ⊕ Z/2Z on e〈σ〉 via the group
isomorphism f is given by (a, 0) · e = σa(e) and (a, 1) · e = σa+r(e) for any a ∈ Z. We have
(a, 0) · e = e if and only if 2r|a, and (a, 1) · e = e if and only if a = br with b odd. Therefore
Π(E, e) is isomorphic to the subgroup of Z⊕ Z/2Z generated by (r, 1), which is isomorphic to Z.

”⇐” Suppose that AE is not representation-finite, then AE has a band. Since AE is not a
Nakayama algebra, there exists some e ∈ E with d(e) > 1. According to Lemma 2.26, E has a
band l, which corresponds to a closed walk w of E of the form

(e2k|τg−i2k |e2k−1)(e2k−1|τgi2k−1 |e2k−2) · · · (e2|τg−i2 |e1)(e1|τgi1 |e0),
where e0 = e2k and 0 < ij < d(ej−1) for 1 ≤ j ≤ 2k. Using w we obtain a special walk

w′ = (σk(e2k)|τgd(e2k−1)−i2k |σk−1(e2k−1))(σ
k−1(e2k−1)|τgi2k−1 |σk−1(e2k−2)) · · ·

(σ(e2)|τgd(e1)−i2 |e1)(e1|τgi1 |e0)
of E. Let e = e0 = e2k. Since E is finite, the order of the automorphism σ of E is finite.
Suppose that σr = idE , then the walk v = σk(r−1)(w′) · · · σk(w′)w′ is a closed special walk of
E at e. Moreover, vl is also a closed special walk of E at e for any positive integer l. Let
u = (e|grd(e)|e) be a closed walk of E at e. Then uv = vu. By [8, Proposition 2.49], the subgroup
of Π(E, e) generated by u and v is isomorphic to Z ⊕ Z. Therefore Π(E, e) is not isomorphic to
Z, a contradiction. �

3.2.2. The fundamental groups of domestic fms-BGAs.
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Lemma 3.9. Let G be a group and let N be the normal subgroup of G generated by X, where
X is a subset of G. Let H be a subgroup of G such that N ⊆ H, and I be a subset of G which
contains exactly one element from each right coset of H. Then N is the normal subgroup of H
generated by Y = {bab−1 | b ∈ I, a ∈ X}.
Proof. Since N is the normal subgroup of G generated by X, it is the subgroup of G generated
by the set X ′ = {gag−1 | g ∈ G, a ∈ X}. Since each element of X ′ is conjugate to some element
of Y in H, N is the normal subgroup of H generated by Y . �

Definition 3.10. ([9, Chapter 6, Section 8]) Let F be a free group on the set S. For any element
g 6= 1 of F , express g as a reduced word in the generators: g = x1x2 · · · xk, where xi ∈ S or
x−1
i ∈ S for 1 ≤ i ≤ k. Define g′ = x1x2 · · · xk−1. A nonempty subset G of F is said to be a

Schreier system in F if g′ ∈ G for any g ∈ G with g 6= 1.

Proposition 3.11. ([9, Chapter 6, Theorem 8.1]) Let F be a free group on the set S, F ′ be a
subgroup of F , and G be a Schreier system in F which contains exactly one element from each
right coset of F ′. Then F ′ is a free group on the set {gsΦ(gs)−1 | g ∈ G, s ∈ S, gsΦ(gs)−1 6= 1},
where the map Φ : F → G assigns each element of F the unique element of G in the same coset
of F ′.

Lemma 3.12. Let E = (E,E, τ, d) be a finite connected fms-BG and let B = E/〈σ〉. Suppose
that the modified BG B has k-edges, l double half-edges, and n vertices v1, · · · , vn of f-degree d1,
· · · , dn respectively. Then AE is domestic if and only if one of the following holds

(1) l = 2, k − n+ 1 = 0, di = 1 for 1 ≤ i ≤ n;
(2) l = 0, k − n+ 1 = 0, di = 2 for exactly two numbers i = i0, i1, and di = 1 for i 6= i0, i1;
(3) l = 0, k − n+ 1 = 1, di = 1 for 1 ≤ i ≤ n.

Proof. ”⇒” If the subgroup 〈σ〉 of Aut(E) is not admissible, by Lemma 3.7, the f-degree of each

vertex of B is odd. Moreover, RE = B̂ is a Brauer graph whose Euler character χ(RE) =
2(k − n + 1) + l − 1. By Theorem 2.29, ARE

is domestic. Since the f-degree of each vertex of B
is odd, the f-degree of each vertex of RE is also odd. Then by Theorem 1.1 we imply that RE is
a f-degree trivial BG with χ(RE) = 1. Therefore we have k − n + 1 = 0, l = 2, and di = 1 for
1 ≤ i ≤ n. Then (1) holds.

If the subgroup 〈σ〉 of Aut(E) is admissible, then B = RE is a Brauer graph. By Theorem
2.29, ARE

is domestic. According to Theorem 1.1, either (2) or (3) holds.

”⇐” If (1) holds then RE = B̂ is a Brauer graph with trivial f-degree and the underlying graph
of RE contains a unique cycle. According to Theorem 1.1 and Theorem 2.29, AE is domestic. If
(2) or (3) holds, then RE = B, and by Theorem 1.1, ARE

is domestic. So by Theorem 2.29 AE is
also domestic. �

Proposition 3.13. Let E = (E,E, τ, d) be a finite connected fms-BG such that AE is domestic.
Then Π(E) ∼= F 〈a, b〉/〈a2 = b2〉 or Π(E) ∼= Z⊕ Z.

Proof. Suppose that the modified BG B = E/〈σ〉 has k-edges, l double half-edges, and n vertices
v1, · · · , vn of f-degree d1, · · · , dn respectively. Since AE is domestic, one of the conditions (1),
(2), (3) in Lemma 3.12 holds.

Suppose that condition (1) in Lemma 3.12 holds, that is, l = 2, k − n + 1 = 0 and di = 1 for

1 ≤ i ≤ n. Let B = (B,B, τ ′, d′), and let e〈σ〉 and h〈σ〉 be the two double half-edges of B. Since
E is connected, so is B. By the proof of Proposition 3.5, there is a group isomorphism

f : F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c
2
1 = c22 = 1〉 ∼−→ Πm(B, e〈σ〉)

such that f(a) = [(e〈σ〉|gd(e)|e〈σ〉)], f(c1) = [(e〈σ〉|τ ′|e〈σ〉)], f(c2) = [(w′)−1(h〈σ〉|τ ′|h〈σ〉)w′], where

w′ is a walk of B from e〈σ〉 to h〈σ〉. We may assume that w′ lifts to a walk w of E from e to h.
Let r be the minimal positive integer with the property that σr(e) = τ(e). Then by Lemma 3.7

(1) and (2), |e〈σ〉| = 2r and the order of the Nakayama automorphism σ of E is 2r. By Lemma 3.6,
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we also have |h〈σ〉| = 2r. Then by Lemma 3.7 (1), r is also the minimal positive integer with the

property that σr(h) = τ(h). The covering of Brauer G-sets φ : E → B induces a Πm(B, e〈σ〉)-set

structure on φ−1(e〈σ〉) = e〈σ〉, and Π(E, e) ∼= Πm(E, e) is isomorphic to the stabilizer subgroup
of e in Πm(B, e〈σ〉) by Remark 2.16. Using the group isomorphism f we may view e〈σ〉 as a
F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c

2
1 = c22 = 1〉-set. Since

[(w′)−1(h〈σ〉|τ ′|h〈σ〉)w′] · e = [(w′)−1(h〈σ〉|τ ′|h〈σ〉)] · h
= [(w′)−1] · τ(h) = [(w′)−1] · σr(h) = σr([(w′)−1] · h) = σr(e),

we have c2 · e = σr(e). Moreover, we have a · e = σ(e) and c1 · e = σr(e). For each 1 ≤ i ≤ 2r,

identify the element σi(e) of e〈σ〉 with the integer i, and let

ρ : F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c
2
1 = c22 = 1〉 → S2r

be the group homomorphism given by the action of F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c
2
1 = c22 = 1〉

on e〈σ〉. Then ρ(a) = (1 2 · · · 2r) and ρ(c1) = ρ(c2) = (1 r + 1)(2 r + 2) · · · (r 2r).
Let ρ̃ : F 〈a, c1, c2〉 → S2r be the group homomorphism induced by ρ, and let H = {x ∈

F 〈a, c1, c2〉 | ρ̃(x)(1) = 1} be a subgroup of F 〈a, c1, c2〉. Then Π(E, e) is isomorphic to H/N ,
where N is the normal subgroup of F 〈a, c1, c2〉 generated by relations ac1 = c1a, ac2 = c2a,
c21 = c22 = 1. Let G = {1, a, a2, · · · , a2r−1} be a subset of F 〈a, c1, c2〉. Then G is a Schreier system
in F 〈a, c1, c2〉 which contains exactly one element from each right coset of H. By Proposition
3.11, H is a free group on the set {xi, yi, z | 0 ≤ i ≤ 2r − 1}, where

xi =

{
aic1a

−r−i, if 0 ≤ i ≤ r − 1;

aic1a
r−i, if r ≤ i ≤ 2r − 1;

yi =

{
aic2a

−r−i, if 0 ≤ i ≤ r − 1;

aic2a
r−i, if r ≤ i ≤ 2r − 1;

and z = a2r. Since N is the normal subgroup of F 〈a, c1, c2〉 generated by c21, c
2
2, c1ac

−1
1 a−1,

c2ac
−1
2 a−1, by Lemma 3.9, N is the normal subgroup of H generated by the set {aic2ja−i,

aicjac
−1
j a−i−1 | 0 ≤ i ≤ 2r − 1, j = 1, 2}. A calculation shows that

aic21a
−i =

{
xixr+i, if 0 ≤ i ≤ r − 1;

xixi−r, if r ≤ i ≤ 2r − 1;

aic22a
−i =

{
yiyr+i, if 0 ≤ i ≤ r − 1;

yiyi−r, if r ≤ i ≤ 2r − 1;

aic1ac
−1
1 a−i−1 =





xix
−1
i+1, if 0 ≤ i ≤ r − 2 or r ≤ i ≤ 2r − 2;

xr−1zx
−1
r , if i = r − 1;

x2r−1x
−1
0 z−1, if i = 2r − 1;

aic2ac
−1
2 a−i−1 =





yiy
−1
i+1, if 0 ≤ i ≤ r − 2 or r ≤ i ≤ 2r − 2;

yr−1zy
−1
r , if i = r − 1;

y2r−1y
−1
0 z−1, if i = 2r − 1.

Therefore

Π(E, e) ∼= H/N = F 〈x0, · · · , x2r−1, y0, · · · , y2r−1, z〉/〈x0 = · · · = xr−1 = x−1
r = · · ·

= x−1
2r−1, y0 = · · · = yr−1 = y−1

r = · · · = y−1
2r−1, z = x−2

0 = y−2
0 〉 ∼= F 〈x0, y0〉/〈x20 = y20〉
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Suppose that condition (2) in Lemma 3.12 holds, that is, l = 0, k−n+1 = 0, di = 2 for exactly
two numbers i = i0, i1, and di = 1 for i 6= i0, i1. Suppose that e, h are two half-edges of E with
e〈σ〉 ∈ vi0 and h〈σ〉 ∈ vi1 . By the proof of [8, Proposition 5.9], there is a group isomorphism

f : F 〈a, b〉/〈a2 = b2〉 ∼−→ Π(B, e〈σ〉)

such that

f(a) = (e〈σ〉|g d(e)
2 |e〈σ〉) and f(b) = (w′)−1(h〈σ〉|g d(h)

2 |h〈σ〉)w′,

where w′ is a walk of B from e〈σ〉 to h〈σ〉. We may assume that w′ lifts to a walk w of E from
e to h. Suppose that the 〈g〉-orbit of e contains M half-edges, then vi0 contains N = (M,d(e))

half-edges. Since di0 = 2, d(e) = 2N . Since 1 = (MN ,
d(e)
N ) = (MN , 2),

M
N is odd. So 2N divides

M +N . We have

σ
M+N
2N (e) = g

d(e)(M+N)
2N · e = gM+N · e = gN · e.

Similarly, suppose that the 〈g〉-orbit of h containsM ′ half-edges, then vi1 contains N
′ = (M ′, d(h))

half-edges. Moreover, 2N ′ divides M ′ + N ′ and σ
M′+N′

2N′ (h) = gN
′ · h. Since M

N (resp. M ′

N ′ ) is the

minimal positive integer i (resp. j) such that σi(e) = e (resp. σj(h) = h), by Lemma 3.6,
M
N = o(σ) = M ′

N ′ .

The covering of fms-BGs φ : E → B induces a Π(B, e〈σ〉)-set structure on φ−1(e〈σ〉) = e〈σ〉, and
Π(E, e) is isomorphic to the stabilizer subgroup of e in Π(B, e〈σ〉). Denote o(σ) = r, and identify

the element giN · e of e〈σ〉 with the integer i for any 1 ≤ i ≤ r. Then e〈σ〉 = {1, 2, · · · , r} becomes

a F 〈a, b〉/〈a2 = b2〉-set via the isomorphism f : F 〈a, b〉/〈a2 = b2〉 ∼−→ Π(B, e〈σ〉). Since

a · (giN · e) = (e〈σ〉|g d(e)
2 |e〈σ〉) · (giN · e) = g

d(e)
2 giN · e = gNgiN · e = g(i+1)N · e,

the action of a on e〈σ〉 = {1, 2, · · · , r} corresponds to the permutation (12 · · · r). Suppose that the
walk w of E from e to h is of the form w = (h|δs · · · δ1|e) with δi ∈ {g, g−1, τ}. Let

δ−1
i :=





g−1, if δi = g;

g, if δi = g−1;

τ, if δi = τ.

Since

b · e = (w′)−1(h〈σ〉|g d(h)
2 |h〈σ〉)w′ · e = δ−1

1 · · · δ−1
s g

d(h)
2 δs · · · δ1(e) = δ−1

1 · · · δ−1
s gN

′

δs · · · δ1(e)

= δ−1
1 · · · δ−1

s gN
′ · h = δ−1

1 · · · δ−1
s σ

M′+N′

2N′ (h) = δ−1
1 · · · δ−1

s σ
M+N
2N (h)

= σ
M+N
2N δ−1

1 · · · δ−1
s (h) = σ

M+N
2N (e) = gN · e,

and since the action of F 〈a, b〉/〈a2 = b2〉 on e〈σ〉 commutes with the action of 〈σ〉 on e〈σ〉, the
action of b on e〈σ〉 = {1, 2, · · · , r} also corresponds to the permutation (12 · · · r).

The action of F 〈a, b〉/〈a2 = b2〉 on e〈σ〉 = {1, 2, · · · , r} defines a group homomorphism ρ :
F 〈a, b〉/〈a2 = b2〉 → Sr, and let ρ̃ : F 〈a, b〉 → Sr be the homomorphism induced by ρ. Let

H = {x ∈ F 〈a, b〉 | ρ̃(x)(r) = r}
be a subgroup of F 〈a, b〉. Then Π(E, e) is isomorphic to H/K, where K is the normal subgroup
of F 〈a, b〉 generated by a2b−2. Since G = {1, a, · · · , ar−1} is a Schreier system in F 〈a, b〉 which
consists exactly one element from each right coset of H, by Proposition 3.11, H is a free group on
the set {xi | 0 ≤ i ≤ r}, where

xi =





aiba−i−1, if 0 ≤ i ≤ r − 2;

ar−1b, if i = r − 1;

ar, if i = r.
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By Lemma 3.9, K is the normal subgroup of H generated by {ai+2b−2a−i | 0 ≤ i ≤ r − 1}. A
calculation shows that

ai+2b−2a−i =





x−1
i+1x

−1
i , if 0 ≤ i ≤ r − 3;

xrx
−1
r−1x

−1
r−2, if i = r − 2;

xrx
−1
0 x−1

r−1, if i = r − 1.

Since r = M
N is odd, we have x0 = x−1

1 = x2 = · · · = xr−3 = x−1
r−2 and xr = xr−2xr−1 = xr−1x0 in

H/K. Therefore H/K ∼= F 〈x0, xr−1〉/〈x−1
0 xr−1 = xr−1x0〉. Let y = xr−1 and z = xr−1x0. Then

x−1
0 xr−1 = xr−1x0 is equivalent to y2 = z2, so H/K ∼= F 〈y, z〉/〈y2 = z2〉.
Suppose that condition (3) in Lemma 3.12 holds, that is, l = 0, k − n + 1 = 1 and di = 1 for

1 ≤ i ≤ n. By [8, Proposition 5.9], we have Π(B) ∼= Z⊕Z. Since Π(E) is isomorphic to a nonzero
subgroup of Π(B), either Π(E) ∼= Z or Π(E) ∼= Z ⊕ Z. Since AE is not representation-finite, by
Theorem 3.8, we have Π(E) ∼= Z⊕ Z. �

Let E = (E,U, τ, d) be a finite connected Brauer G-set, where the order of the Nakayama
automorphism σ of E is r. Define a equivalence relation ≈′ on the set of walks of E as follows:
w ≈′ v if and only if w ≈ (e|gkrd(e)|e)v for some integer k, where e is the terminal of v. Denote
[[w]] the equivalence class of ≈′ that contains w, and define a group Π′

m(E, e) = {[[w]] | w is a
closed walk at e}, which is called the reduced fundamental group of E at e. Since E is connected,
Π′

m(E, e)’s are isomorphic for different e ∈ E. Therefore we may simply write Π′
m(E, e) as Π′

m(E).
Using Proposition 2.22, it is straightforward to show that there is an exact sequence

0 → Z
i−→ Πm(E, e)

π−→ Π′
m(E, e) → 0,

where i(1) = [(e|grd(e)|e)] and π([w]) = [[w]].

Lemma 3.14. A covering f : E → E′ of finite connected Brauer G-sets induces an injective
group homomorphism f∗ : Π

′
m(E, e) → Π′

m(E′, f(e)).

Proof. Define f∗ : Π′
m(E, e) → Π′

m(E′, f(e)) as f∗([[w]]) = [[f(w)]]. Assume that E = (E,U, τ, d)
and E′ = (E′, U ′, τ ′, d′). Denote σ (resp. σ′) the Nakayama automorphism of E (resp. E′), and
suppose that the order of σ (resp. σ′) is r (resp. r′). If w, v are closed walks of E at e with

w ≈′ v, then w ≈ (e|gkrd(e)|e)v for some integer k. Therefore f(w) ≈ (f(e)|gkrd(e)|f(e))f(v),
where d(e) = d′(f(e)). For any y ∈ E′, since E′ is connected, there exists x ∈ E such that
f(x) = y. Then (σ′)r(y) = (σ′)r(f(x)) = f(σr(x)) = f(x) = y. Since σ′ acts admissibly on E′, we
have (σ′)r = 1. So the order of σ′ divides r. Therefore f(w) ≈′ f(v) and f∗ is well defined. To

show that f∗ is injective, suppose that f∗([[w]]) = 1, then f(w) ≈ (f(e)|gk′r′d′(f(e))|f(e)) for some

integer k′. By Proposition 2.15, w ≈ (e|gk′r′d′(f(e))|e), where d(e) = d′(f(e)). Then σk
′r′(e) = e.

Since σ acts admissibly on E, r divides k′r′. Therefore w ≈′ (e||e) and [[w]] = 1. �

Lemma 3.15. If E = (E,E, τ, d) is a finite connected fms-BG, then Π′
m(E, e) is isomorphic to

Π′
m(E/〈σ〉, e〈σ〉).

Proof. Let f : E → E/〈σ〉 be the natural projection. According to Lemma 3.14, f∗ : Π
′
m(E, e) →

Π′
m(E/〈σ〉, e〈σ〉) is injective. For any [[w′]] ∈ Π′

m(E/〈σ〉, e〈σ〉), lift w′ to a walk w of E with source

e. Since the terminal of w belongs to e〈σ〉, we may assume that t(w) = σn(e) for some integer n.

Let v = (e|g−nd(e)|t(w))w be a closed walk of E at e. Then f(v) = (e〈σ〉|g−nd(e)|e〈σ〉)w′, where d(e)
is equal to the degree of e〈σ〉 in E/〈σ〉. Since the order of the Nakayama automorphism of E/〈σ〉
is 1, we have f(v) ≈′ w′. Then f∗([[v]]) = [[f(v)]] = [[w′]] and f∗ : Π

′
m(E, e) → Π′

m(E/〈σ〉, e〈σ〉) is
also surjective. �

For a group Π, denote Π̃ the abelianization of Π.

Proposition 3.16. For a finite connected fms-BG E = (E,E, τ, d), the follow are equivalent:

(a) AE is domestic;
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(b) Π′
m(E) ∼= Z or Π′

m(E) ∼= F 〈a, b〉/〈a2 = b2 = 1〉;
(c) Π̃′

m(E) ∼= Z or Π̃′
m(E) ∼= Z/2Z ⊕ Z/2Z.

Proof. Suppose that the modified BG B = E/〈σ〉 has k-edges, l double half-edges, and n vertices
v1, · · · , vn of f-degree d1, · · · , dn respectively. According to Lemma 3.12, AE is domestic if and
only if B satisfies one of the conditions in Lemma 3.12. We choose some e〈σ〉 ∈ B.

”(a) ⇒ (b)” Suppose that B satisfies condition (1) in Lemma 3.12, that is, l = 2, k−n+1 = 0,
di = 1 for 1 ≤ i ≤ n. By the proof of Proposition 3.5, there exists an isomorphism

F 〈a, c1, c2〉/〈ac1 = c1a, ac1 = c1a, c
2
1 = c22 = 1〉 → Πm(B, e〈σ〉)

which maps a to [(e〈σ〉|gd(e)|e〈σ〉)]. By the exact sequence

0 → Z
i−→ Πm(B, e〈σ〉)

π−→ Π′
m(B, e〈σ〉) → 0

we see that Π′
m(B, e〈σ〉) is isomorphic to F 〈c1, c2〉/〈c21 = c22 = 1〉. By Lemma 3.15 we have

Π′
m(E, e) ∼= F 〈c1, c2〉/〈c21 = c22 = 1〉. Using the same method, it can be shown that Π′

m(E, e) ∼=
F 〈a, b〉/〈a2 = b2 = 1〉 if B satisfies condition (2) in Lemma 3.12, and Π′

m(E) ∼= Z if B satisfies
condition (3) in Lemma 3.12.

”(b) ⇒ (c)” By a straightforward calculation.
”(c) ⇒ (a)” Let r = k − n+ 1. By the proof of Proposition 3.5, there exists an isomorphism

f : F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn , ad11 bi = bia
d1
1 (1 ≤ i ≤ r),

ad11 cj = cja
d1
1 , c

2
j = 1(1 ≤ j ≤ l)〉 → Πm(B, e〈σ〉)

such that f(ad11 ) = [(e〈σ〉|gd(e)|e〈σ〉)]. By the exact sequence

0 → Z
i−→ Πm(B, e〈σ〉)

π−→ Π′
m(B, e〈σ〉) → 0

we see that Π′
m(B, e〈σ〉) is isomorphic to

F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn = 1, c2j = 1(1 ≤ j ≤ l)〉.
Therefore the abelianization of Π′

m(B, e〈σ〉) is isomorphic to

Zr ⊕ Z/d1Z⊕ · · · ⊕ Z/dnZ⊕ (Z/2Z)l.

Since Π′
m(B) is isomorphic to Π′

m(E) by Lemma 3.15, we see that the group

Zr ⊕ Z/d1Z⊕ · · · ⊕ Z/dnZ⊕ (Z/2Z)l

is isomorphic to Z or Z/2Z ⊕ Z/2Z. Therefore there are only four possible cases:
(i) r = 1, l = 0 and d1 = · · · = dn = 1;
(ii) r = 0, l = 0, di = 2 for exactly two numbers i = i0, i1, and di = 1 for i 6= i0, i1;
(iii) r = 0, l = 1, di = 2 for exactly one number i = i0, and di = 1 for i 6= i0;
(iv) r = 0, l = 2, and d1 = · · · = dn = 1.

According to Lemma 3.7, case (iii) can not happen. Since case (i), (ii), (iv) correspond to
condition (3), (2), (1) in Lemma 3.12, respectively, AE is domestic. �

Lemma 3.17. The center of the group F 〈a, b〉/〈a2 = b2〉 is an infinite cyclic group generated by

a2.

Proof. It is straightforward to show that each element of F 〈a, b〉/〈a2 = b2〉 of one of the following

type: (1) a2m(ab)na, m ∈ Z, n ∈ N; (2) a2m(ba)nb, m ∈ Z, n ∈ N; (3) a2m(ab)n, m ∈ Z, n ∈ N;

(4) a2m(ba)n, m ∈ Z, n ∈ N. Let E be the Brauer graph

2 2

and let e be a half-edge of E. By the proof of [8, Lemma 5.8], there exists an isomorphism

f : F 〈a, b〉/〈a2 = b2〉 → Π(E, e)
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such that f(a) = (e|g|e), f(b) = (e|τgτ |e). For any m ∈ Z and n ∈ N, if a2m(ab)na belong to the

center of F 〈a, b〉/〈a2 = b2〉, then so does (ab)na. Therefore

(e|(τgτg)n+1|e) = f(b(ab)na) = f((ab)nab) = (e|(gτgτ)n+1|e).
Since (e|(τgτg)n+1|e) and (e|(gτgτ)n+1 |e) are homotopic special walks of E, by [8, Proposition
2.49] they are equal, a contradiction. Therefore any element of F 〈a, b〉/〈a2 = b2〉 of type (1) does
not belong to the center of F 〈a, b〉/〈a2 = b2〉. For elements of type (2) we also have the same
conclusion. For elements of type (3) or type (4), it can be shown that they belong to the center

of F 〈a, b〉/〈a2 = b2〉 if and only if n = 0. Therefore center of F 〈a, b〉/〈a2 = b2〉 is generated by a2.

Since f(a2) = (e|g2|e), by [8, Proposition 2.49], the order of a2 is infinite. �

Lemma 3.18. For any positive integers m, n ≥ 2, the center of F 〈a, b〉/〈am = bn = 1〉 is trivial.

Proof. Let E be the Brauer graph

m n .

Suppose that e is the half-edge of E on the left of the diagram, by the proof of Lemma 3.2, there
exists an isomorphism

f : F 〈a, b〉/〈am = bn〉 → Πm(E, e)

such that f(a) = [(e|g|e)], f(b) = [(e|τgτ |e)]. Therefore f induces an isomorphism

f̃ : F 〈a, b〉/〈am = bn = 1〉 → Π′
m(E, e).

It is obvious that every element of F 〈a, b〉/〈am = bn = 1〉 is of the form aikbjkaik−1bjk−1 · · · ai1bj1ai0 ,
where 0 ≤ i0, ik < m, 0 < il < m for 1 ≤ l ≤ k − 1, and 0 < jl < n for 1 ≤ l ≤ k.

We need show that such an expression is unique: Suppose that aikbjkaik−1bjk−1 · · · ai1bj1ai0 and
aprbqrapr−1bqr−1 · · · ap1bq1ap0 are two such expressions with

aikbjkaik−1bjk−1 · · · ai1bj1ai0 = aprbqrapr−1bqr−1 · · · ap1bq1ap0 .
Then

[[w]] = f̃(aikbjkaik−1bjk−1 · · · ai1bj1ai0) = f̃(aprbqrapr−1bqr−1 · · · ap1bq1ap0) = [[v]],

where
w = (e|gikτgjkτgik−1τgjk−1τ · · · gi1τgj1τgi0 |e),
v = (e|gprτgqrτgpr−1τgqr−1τ · · · gp1τgq1τgp0 |e)

are two special walks of E. Since w ≈′ v, we have w ≈ (e|gmN |e)v for some integer N . By
Proposition 2.22, N = 0 and w = v. Therefore k = r, il = pl for 0 ≤ l ≤ k, and jl = ql for
1 ≤ l ≤ k.

If x belongs to the center of the group F 〈a, b〉/〈am = bn = 1〉, write x as the standard form

aikbjkaik−1bjk−1 · · · ai1bj1ai0 as above. Since x commutes with a and b, it can be shown that x
must equal to 1. �

Proposition 3.19. Let E = (E,E, τ, d) be a finite connected fms-BG. If Π(E) ∼= F 〈a, b〉/〈a2 = b2〉
or Π(E) ∼= Z⊕ Z, then AE is domestic.

Proof. If Π(E) ∼= F 〈a, b〉/〈a2 = b2〉, by Lemma 2.12, Πm(E) ∼= F 〈a, b〉/〈a2 = b2〉. Since there
exists an exact sequence

0 → Z
i−→ Πm(E, e)

π−→ Π′
m(E, e) → 0,

where i(1) = [(e|grd(e)|e)] belongs to the center of Πm(E, e), by Lemma 3.17 we see that Π′
m(E) ∼=

F 〈a, b〉/〈a2 = b2, a2N = 1〉 for some positive integer N . Then the abelianization of Π′
m(E)

is isomorphic to Z/2Z ⊕ Z/2NZ. Suppose that E/〈σ〉 has k-edges, l double half-edges, and n
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vertices v1, · · · , vn of f-degree d1, · · · , dn, respectively. By Lemma 3.15, Π′
m(E) ∼= Π′

m(E/〈σ〉),
which is isomorphic to

F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn = c21 = · · · = c2l = 1〉
by Proposition 3.5, where r = k − n+ 1. The abelianization of

F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn = c21 = · · · = c2l = 1〉
is Zr ⊕ Z/d1Z ⊕ · · · ⊕ Z/dnZ ⊕ (Z/2Z)l, which is isomorphic to Z/2Z ⊕ Z/2NZ. Suppose that
N > 1, then there are two possible cases:
(1) r = l = 0, di0 = 2N , di1 = 2 for some 1 ≤ i0, i1 ≤ n, and di = 1 for i 6= i0, i1;
(2) r = 0, l = 1, di0 = 2N for some 1 ≤ i0 ≤ n, and di = 1 for i 6= i0.
If case (1) occurs, then

Π′
m(E) ∼= Π′

m(E/〈σ〉) ∼= F 〈a1, a2〉/〈a2N1 = a22 = 1〉.
So by Lemma 3.18, the center of Π′

m(E) is trivial. But we also have Π′
m(E) ∼= F 〈a, b〉/〈a2 = b2,

a2N = 1〉, therefore the center of Π′
m(E) contains an element a2, which is not equal to the

identity element, a contradiction. If case (2) occurs, since E/〈σ〉 contains a double half-edge,
the automorphism group 〈σ〉 of E is not admissible. By Lemma 3.7, the f-degree of each vertex
of E/〈σ〉 is odd, a contradiction. Therefore N = 1, and Π′

m(E) ∼= F 〈a, b〉/〈a2 = b2 = 1〉. By
Proposition 3.16, AE is domestic.

If Π(E) ∼= Z⊕ Z, by Lemma 2.12, Πm(E) is also isomorphic to Z⊕ Z. By the exact sequence

0 → Z → Πm(E) → Π′
m(E) → 0,

we see that Π′
m(E) ∼= Z⊕ Z/NZ for some positive integer N . Suppose that E/〈σ〉 has k-edges, l

double half-edges, and n vertices v1, · · · , vn of f-degree d1, · · · , dn, respectively. By Lemma 3.15,
Π′

m(E) ∼= Π′
m(E/〈σ〉), which is isomorphic to

F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn = c21 = · · · = c2l = 1〉
by Proposition 3.5, where r = k − n+ 1. The abelianization of

F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn = c21 = · · · = c2l = 1〉
is Zr ⊕Z/d1Z⊕ · · · ⊕ Z/dnZ⊕ (Z/2Z)l, which is isomorphic to Z⊕Z/NZ. We have four possible
cases:
(1) N = 1, r = 1, l = 0, d1 = · · · = dn = 1;
(2) N = 2, r = 1, l = 0, di = 2 for some 1 ≤ i ≤ n, and dj = 1 for j 6= i.
(3) N = 2, r = 1, l = 1, d1 = · · · = dn = 1;
(4) N > 2, r = 1, l = 0, di = N for some 1 ≤ i ≤ n, and dj = 1 for j 6= i.
Since Π′

m(E) is isomorphic to Z⊕ Z/NZ, it is abelian. However, Π′
m(E) is also isomorphic to

F 〈a1, · · · , an, b1, · · · , br, c1, · · · , cl〉/〈ad11 = · · · = adnn = c21 = · · · = c2l = 1〉,
which is isomorphic to F 〈a, b〉/〈a2 = 1〉, F 〈b, c〉/〈c2 = 1〉, and F 〈a, b〉/〈aN = 1〉 for case (2), (3),
and (4), respectively. We see that Π′

m(E) is non-abelian in these cases, a contradiction. Therefore
only case (1) can occurs. In this case, Π′

m(E) ∼= Z, and by Proposition 3.16, AE is domestic. �

Theorem 3.20. For a finite connected fms-BG E, AE is domestic if and only if Π(E) ∼=
F 〈a, b〉/〈a2 = b2〉 or Π(E) ∼= Z⊕ Z.

Proof. By Proposition 3.13 and Proposition 3.19. �

4. Representation-finite fractional Brauer graph algebras of type MS

In this section we assume that k is an algebraically closed field. We abbreviate indecomposable,
basic, representation-finite self-injective algebra over k (not isomorphic to the underlying field k)
by RFS algebra.
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4.1. Review on configurations of stable translation-quivers of tree class An.

Definition 4.1. ([10, Definition 2.3]) Let Γ be a stable translation quiver and let k(Γ) be the
mesh category of Γ. A (combinatorial) configuration C is a set of vertices of Γ which satisfies the
following conditions:

(1) For any e, f ∈ C, Homk(Γ)(e, f) =

{
0 (e 6= f),
k (e = f).

(2) For any e ∈ Γ0, there exists some f ∈ C such that Homk(Γ)(e, f) 6= 0.

Let Π be an admissible group of automorphisms of ZAn, and let C be a Π-stable configuration
of ZAn. By [10, Theorem 5], there exists an RFS algebra AC ,Π of class An such that indAC ,Π is
isomorphic to the mesh category of the translation quiver (ZAn)C /Π, where indAC ,Π denotes the
category of a chosen set of representatives of non-isomorphic indecomposable finitely generated
AC ,Π-modules. Together with [10, Theorem 4.1], we have

Proposition 4.2. ([10]) The map C 7→ AC ,Π is a bijection between the isomorphism classes of
Π-stable configurations of ZAn and the isomorphism classes of RFS algebras of class An with
admissible group Π.

Definition 4.3. ([10, Definition 2.6]) A Brauer relation of order n is an equivalence relation on

the set n
√
1 = {e 2mπ

n
i | m ∈ Z} ⊆ C such that the convex hulls of distinct equivalence classes are

disjoint.

If B is a Brauer relation of order n, we denote βB the permutation of n
√
1 assigning to each

point s its successor in the equivalence class of s endowed with the anti-clockwise orientation, see
[10, Section 2.6].

Proposition 4.4. ([10, Proposition 2.6]) Let B be a Brauer relation of order n and denote by CB

the set of vertices (i, j) of ZAn such that en(i + j) = βB(en(i)), where en(m) = e
2mπ
n

i. The map
B 7→ CB is a bijection between the Brauer relations of order n and the configurations of ZAn.

For any integer p, let ∆p = {(p, i) | 1 ≤ i ≤ n} ⊆ (ZAn)0 be the “going up diagonal” and
∇p = {(p − i, i) | 1 ≤ i ≤ n} ⊆ (ZAn)0 be the “going down diagonal” of ZAn. If C is a
configuration of ZAn, define two permutations αC and βC of Z (see [10, Section 3.4]) as follows:
αC (p) = n + x + 1, where (x, y) is the unique point of C in ∇p, and βC (p) = p + i, where (p, i)
is the unique point of C in ∆p. It is straightforward to show that αC βC (p) = p + n + 1 for any
p ∈ Z.

Given any admissible group of automorphisms Π of ZAn and any Π-stable configuration C of
ZAn, the RFS algebra AC ,Π of class An can be described as follows (see [10, Section 6.2]): Let
α = αC and β = βC be the permutations of Z associated with C . Let cr be the unique point of C

on ∇r. Define an action of Π on Z by setting cgr = gcr for any g ∈ Π and r ∈ Z. Let Q̃ = Q̃C be

the quiver with Q̃0 = Z and Q̃1 = {αr, βr | r ∈ Z}, where αr : r → α(r) and βr : r → β(r). For
any g ∈ Π, it can be shown that either gα = αg and gβ = βg, or gα = βg and gβ = αg, depending
on whether g is a translation or a translation-reflection. Therefore g induces an isomorphism of

Q̃. Denote QC ,Π the residue quiver Q̃/Π, and let αr, βr the residue classes of αr, βr modulo Π.

Theorem 4.5. ([10, Theorem 6.2]) AC ,Π is isomorphic to the algebra defined by the quiver QC ,Π

and the relations βα(r)αr = αβ(r)βr = 0 and ααar−1(r) · · ·αα(r)αr = ββbr−1(r) · · · ββ(r)βr, where

r ∈ Z and ar, br are defined by αar (r) = r + n = βbr(r).

Next we will give a Brauer relation of order n from a Brauer tree with n edges and trivial
f-degree. Let B = (B,P,L, d) be such a Brauer tree and fix e ∈ B. Note that we can view B as
a Brauer G-set with τ the involution on B. Then for each half-edge b of B, there exists a unique
integer 0 ≤ i ≤ 2n − 1 such that b = (τg)i(e). Denote αi the arrow L((τg)i−1(e)) in QB , where
1 ≤ i ≤ 2n. Call the arrows α2j−1 (1 ≤ j ≤ n) the β-arrows and the arrows α2j (1 ≤ j ≤ n) the
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α-arrows of QB. Note that for each half-edge h of B, L(h) is a β-arrow if and only if L(τ(h))
is an α-arrow, and L(h) is a β-arrow if and only if L(g · h) is a β-arrow. Moreover, call a path
of QB a β-path (resp. α-path) if each arrow of this path is a β-arrow (resp. α-arrow). Define an

equivalence relation B on n
√
1 = {e 2mπ

n
i | m ∈ Z} ⊆ C as follows: e

2kπ
n

i and e
2lπ
n

i are equivalent if
and only if the vertices P ((τg)2k(e)) and P ((τg)2l(e)) of QB can be connected by a β-path (the
elements in n

√
1 are in one-to-one correspondence with the vertices of QB , which is given by the

map e
2mπ
n

i 7→ P ((τg)2m(e))). Moreover, we denote βB the permutation of n
√
1 assigning to each

point s its successor in the equivalence class of s endowed with the anti-clockwise orientation.

Proposition 4.6. B is a Brauer relation of order n. Moreover, for each e
2kπ
n

i ∈ n
√
1, suppose the

terminal of the β-arrow α2k+1 of QB is P ((τg)2l(e)), then βB(e
2kπ
n

i) = e
2lπ
n

i.

Proof. For e
2kπ
n

i, e
2lπ
n

i ∈ n
√
1, suppose that 0 ≤ k, l < n. Let

l′ =

{
l, if l > k;

l + n, l ≤ k,

and define (e
2kπ
n

i, e
2lπ
n

i) = {e 2rπ
n

i ∈ n
√
1 | k < r < l′}.

For any β-arrow α2k+1 of QB, it can be shown that g(τg)2k(e) = (τg)2(k+l)(e), where l is the
number of vertices of B which can be connected to the vertex (τg)2k(e)〈g〉 of B via a path of B
that contains the edge P ((τg)2k+1(e)) (here we consider B as a graph). That is, l is the number
of edges in the dotted circle in Figure 1 below.

α2k+1

(τg)2k(e)

g(τg)2k(e)

||
(τg)2(k+l)(e)

(τg)2k+1(e)

Figure 1

So the terminal of the β-arrow α2k+1 is P ((τg)2(k+l)(e)), and we have βB(e
2kπ
n

i) = e
2(k+l)π

n
i. To

show that B is a Brauer relation of order n, it suffices to show that for any e
2rπ
n

i ∈ (e
2kπ
n

i, e
2(k+l)π

n
i),

e
2(r+s)π

n
i also belongs to (e

2kπ
n

i, e
2(k+l)π

n
i), where 1 ≤ s ≤ n is the integer such that g(τg)2r(e) =

(τg)2(r+s)(e).

Since e
2rπ
n

i ∈ (e
2kπ
n

i, e
2(k+l)π

n
i), we may assume that k < r < k + l. So the half-edge (τg)2r(e)

of B belongs to the dotted circle in Figure 1 (Note that the set of half-edges in the dotted
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circle in Figure 1 is {(τg)2k+i(e) | 1 ≤ i ≤ 2l}). Since (τg)2r(e) 6= (τg)2(k+l)(e), the half-

edge (τg)2(r+s)(e) = g(τg)2r(e) also belongs to the dotted circle in Figure 1. So (τg)2(r+s)(e) ∈
{(τg)2k+i(e) | 1 ≤ i ≤ 2l}. Suppose (τg)2(r+s)(e) = (τg)2k+i(e) for some 1 ≤ i ≤ 2l, then

2n|(2(r + s) − (2k + i)), so we have i = 2j for some 1 ≤ j ≤ l and e
2(r+s)π

n
i = e

2(k+j)π
n

i. If j = l,

then g(τg)2r(e) = (τg)2(r+s)(e) = (τg)2(k+l)(e) = g(τg)2k(e) (the last identity follows from Figure

1) and (τg)2r(e) = (τg)2k(e). Therefore (τg)2(r−k)(e) = e, and 2n|2(r − k), a contradiction. So

1 ≤ j < l and e
2(r+s)π

n
i = e

2(k+j)π
n

i ∈ (e
2kπ
n

i, e
2(k+l)π

n
i). �

4.2. AR-quivers of representation-finite fms-BGAs: the main statements.

Let E = (E,E, τ, d) be a finite connected fms-BG with Nakayama automorphism σ such that
ΛE is representation-finite and let RE be the reduced form of E (see Section 4). According to the
proof of Theorem 3.8, E/〈σ〉 is one of the following forms: (a) a Brauer tree; (b) a modified BG
of trivial f-degree with a unique double half-edge, which has p+ 1 vertices and 2p + 1 half-edges
(p ≥ 0). For case (a), choose a half-edge h of E/〈σ〉 which belongs to the unique exceptional
vertex of E/〈σ〉; and for case (b), choose h to be the unique double half-edge of E/〈σ〉. Then
for case (a) we have Πm(E/〈σ〉, h) = 〈x〉 ∼= Z, where x = [(h|gl|h)] and l is the cardinal of the
〈g〉-orbit of h, and for case (b) we have Πm(E/〈σ〉, h) = 〈x, y〉 ∼= Z ⊕ Z/2Z, where x = [(h|gl|h)]
with l the cardinal of the 〈g〉-orbit of h and y = [(h|τ |h)] (Here τ denotes the involution of the
modified BG E/〈σ〉).

For case (a), suppose that the f-degree of the exceptional vertex of E/〈σ〉 is m, and suppose
that B = B(E/〈σ〉,h) is a Brauer tree with trivial f-degree given in [8, Example 2.43]. Let n be
the number of edges of B. Then E/〈σ〉 has n

m edges. There exists a covering p : B → E/〈σ〉
such that the image of the fundamental group of B in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) is 〈xm〉.
Choose a half-edge e of B with p(e) = h, then the pair (B, e) defines a Brauer relation of B
order n (cf. the remarks before Proposition 4.6). Let C = CB be the configuration of ZAn

corresponding to B (see Proposition 4.4). Suppose the image of the fundamental group of E in
Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) via the homomorphism induced by the covering E → E/〈σ〉 is 〈xr〉,
then we have

Theorem 4.7. For case (a), the configuration C of ZAn is τ
n
m -stable and the AR-quiver ΓΛE

of

ΛE is isomorphic to (ZAn)C /〈τ
nr
m 〉, where τ denotes the automorphism of ZAn induced from the

translation of the translation quiver ZAn and the positive integers n, m, r are defined as above.

For case (b), let B = RE = Ê/〈σ〉 and e = h1 ∈ (E/〈σ〉)1. Then B is a Brauer tree with
trivial f-degree, which has n = 2p+1 edges. Let B be the Brauer relation given by the pair (B, e),
and C = CB be the configuration of ZAn corresponding to B. According to Theorem 3.8, the
fundamental group of E is isomorphic to Z. Then the the image of the fundamental group of E in
Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) = 〈x, y〉 ∼= Z⊕Z/2Z via the homomorphism induced by the covering
E → E/〈σ〉 is either generated by xr for some r ∈ Z+, or generated by xry for some r ∈ Z+. We
have

Theorem 4.8. For case (b), configuration C defined above is symmetric (cf. [10, Section 3.2]).
If the image of the fundamental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) is generated by xr for
some r ∈ Z+, then the AR-quiver ΓΛE

of ΛE is isomorphic to (ZAn)C /〈τnr〉. If the image of the
fundamental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) is generated by xry for some r ∈ Z+,
then the AR-quiver ΓΛE

of ΛE is isomorphic to (ZAn)C /〈τnrφ〉, where φ is the automorphism of
(ZAn)C which induces an involution of ZAn (cf. [10, Proposition 3.2]).

Remark 4.9. In fact, it is not hard to show that the class of representation-finite fms-BGAs
coincides with the class of RFS algebras of class An. On the one hand, let AE be a representation-
finite fms-BGA. Since AE is self-injective special biserial, for every vertex x of the stable AR-quiver
of AE, there are at most two arrows starting at x. Therefore AE cannot be an RFS algebras of
class Dn or class En. On the other hand, let A be a RFS algebra of class An. According to



27

Riedtmann’s description of quivers with relations of RFS algebras of class An (see Theorem 4.5),
A is special biserial. Therefore, by the construction of its corresponding f-BC E = (E,P,L, d) (cf.
remarks before [7, Proposition 7.13]), each polygon P (e) of E contains at most two half-edges and
the partition L is trivial. Then E is a fms-BC such that each polygon of E contains at most two
half-edges. By adding a half-edge to every single half-edge of E, we obtain a fms-BG E′ such that
the corresponding algebras of E and E′ are isomorphic.

4.3. Proofs of the main statements.

Let B = (B,P,L, d) be a Brauer tree with trivial f-degree which has n edges and fix e ∈ B, B
be the Brauer relation given by the pair (B, e), and C = CB be the configuration of ZAn which

corresponds to B. Let Q̃ = Q̃C be the quiver given by the configuration C (see the remarks
before Theorem 4.5). Denote τ the involution of B as a Brauer G-set. For each edge P (h) of B,
there exists a unique number i ∈ {0, 1, · · · , n − 1} such that P (h) = P ((τg)2i(e)), and we define
f(P (h)) = i.

Let X be a subset of B such that X meets each vertex of B in exactly one half-edge, and
such that for any h ∈ X , f(P (h)) ≤ f(P (gk · h)) for every integer k. Define a fms-BG ZB =

(ZB, P̃ , L̃, d̃) as follows: ZB = {(h, k) | h ∈ B, k ∈ Z}, where the G-set structure of ZB is given
by

g · (h, k) =
{
(g · h, k), if g · h /∈ X ;

(g · h, k + 1), if g · h ∈ X ;

P̃ (h, k) = {(h′, k) | h′ ∈ P (h)}, L̃(h, k) = {(h, k)}, d̃(h, k) = d(h) for every (h, k) ∈ ZB. It is easy
to show that ZB is the universal cover of B.

Define f : (QZB)0 → Z as the function given by f(P̃ (h, k)) = f(P (h))+nk for each edge P̃ (h, k)

of ZB. Note that for each half-edge (h, k) of ZB, we have 1 ≤ f(P̃ (g · (h, k))) − f(P̃ (h, k)) ≤ n.

For each half-edge (h, k) of ZB, call the arrow L̃(h, k) of QZB a β-arrow (resp. an α-arrow) of
QZB if L(h) is a β-arrow (resp. an α-arrow) of QB (cf. the remarks before Proposition 4.6).

Lemma 4.10. Let (h, k) ∈ ZB with L̃(h, k) a β-arrow of QZB. Then f(P̃ ((τg)2(h, k))) =

f(P̃ (h, k)) + n+ 1, where τ denotes the involution of ZB as a Brauer G-set.

Proof. Note that 1 ≤ f(P̃ (g ·(h, k)))−f(P̃ (h, k)) ≤ n and 1 ≤ f(P̃ (gτg(h, k)))−f(P̃ (τg(h, k))) ≤
n. Since P̃ (g · (h, k)) = P̃ (τg(h, k)) and P̃ (gτg(h, k)) = P̃ ((τg)2(h, k)), 2 ≤ f(P̃ ((τg)2(h, k))) −
f(P̃ (h, k)) ≤ 2n. Since L̃(h, k) a β-arrow of QZB , L(h) a β-arrow of QB . Then f(P ((τg)

2(h))) −
f(P (h)) ≡ 1 (mod n). Since f(P̃ ((τg)2(h, k)))− f(P̃ (h, k)) ≡ f(P ((τg)2(h)))− f(P (h)) (mod n),

we have f(P̃ ((τg)2(h, k))) − f(P̃ (h, k)) = n+ 1. �

Lemma 4.11. There exists an isomorphism of quivers QZB → Q̃ which maps each vertex v of

QZB to the vertex f(v) of Q̃.

Proof. For each integer r, there exists a unique half-edge (h, k) of ZB such that L̃(h, k) is a β-

arrow of QZB and f(P̃ (h, k)) = r. Define f(L̃(h, k)) = βr and f(L̃(τ(h), k)) = αr. We need to

show that f defines a quiver isomorphism QZB → Q̃.
For each arrow γ of QZB , by the definition of f we have f(s(γ)) = s(f(γ)). To show f : QZB →

Q̃ is a morphism of quivers, it suffices to show that f(t(γ)) = t(f(γ)).

Since 1 ≤ f(P̃ (g · (h, k))) − f(P̃ (h, k)) ≤ n for each half-edge (h, k) of ZB, we have

(1) f(P̃ (g · (h, k))) − f(P̃ (h, k)) =

{
f(P (g · h))− f(P (h)), if f(P (g · h)) > f(P (h));

f(P (g · h))− f(P (h)) + n, if f(P (g · h)) ≤ f(P (h)).

For each arrow γ = L̃(h, k) of QZB, if f(L̃(h, k)) = βr, then L(h) is a β-arrow of QB and

f(P (h)) + nk = f(P̃ (h, k)) = r. f maps the terminal P̃ (g · (h, k)) of L̃(h, k) to f(P̃ (g · (h, k))).
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By Equation (1) we have

f(P̃ (g · (h, k))) − r =

{
f(P (g · h))− f(P (h)), if f(P (g · h)) > f(P (h));

f(P (g · h))− f(P (h)) + n, if f(P (g · h)) ≤ f(P (h)).

Since L(h) is a β-arrow of QB, e
2πf(P (g·h))

n
i is the successor of e

2πf(P (h))
n

i in the Brauer relation B,
so f(P (g · h))− f(P (h)) ≡ β(f(P (h))) − f(P (h)) = β(r)− r (mod n). Since 1 ≤ β(r)− r ≤ n,

β(r)− r =

{
f(P (g · h))− f(P (h)), if f(P (g · h)) > f(P (h));

f(P (g · h))− f(P (h)) + n, if f(P (g · h)) ≤ f(P (h)).

So we have f(P̃ (g · (h, k))) = β(r), which is the terminal of βr in Q̃.

If f(L̃(h, k)) = αr, then L̃(h, k) is a α-arrow of QZB . Therefore L̃(τ(h, k)) and L̃(g
−1τ(h, k)) are

β-arrows of QZB . According to Lemma 4.10, f(P̃ (g·(h, k)))−f(P̃ (g−1 ·(τ(h), k))) = n+1. Suppose

that f(P̃ (g−1 · (τ(h), k))) = t, then f(L̃(g−1(τ(h), k))) = βt, and therefore r = f(P̃ (h, k)) =

f(P̃ (τ(h), k)) = β(t), where the last identity follows from last paragraph. So f(P̃ (g · (h, k))) =

n+ 1 + t = αβ(t) = α(r), which is the terminal of αr in Q̃.

By the arguments above, f : QZB → Q̃ is a morphism of quivers. Clearly f is an isomorphism.
�

Let Λ̃ be the k-category kQ̃/Ĩ , where Ĩ is the ideal of kQ̃ generated by the following relations:
(a) βα(r)αr = αβ(r)βr = 0;
(b) ααar−1(r) · · ·αα(r)αr = ββbr−1(r) · · · ββ(r)βr, where r ∈ Z and ar, br are defined by αar (r) =

r + n = βbr(r).
If Π is an admissible automorphism group of ZAn which stabilize C , then each g ∈ Π induces

an automorphism of Q̃ (see the remarks before Theorem 4.5), which also induces a k-linear auto-

morphism g̃ of Λ̃. Denote Π̃ the group of automorphisms of Λ̃ formed by g̃ with g ∈ Π. It can

be shown that Π̃ acts freely on Λ̃. Let Λ = Λ̃/Π̃ be the quotient category (see [5, Section 3]) and
A =

⊕
x,y∈ΛΛ(x, y). By Theorem 4.5, A is isomorphic to AC ,Π.

Lemma 4.12. The quiver isomorphism QZB → Q̃ in Lemma 4.11 induces an isomorphism ΛZB →
Λ̃ of k-categories.

Proof. By definition ΛZB = kQZB/IZB , where IZB is generated by the following relations:

(a′) L̃(τg(h, k))L̃(h, k) = 0;

(b′) L̃(gd(h)−1 · (h, k)) · · · L̃(g · (h, k))L̃(h, k) = L̃(gd(τ(h))−1 · (τ(h), k)) · · · L̃(g · (τ(h), k))L̃(τ(h), k).
Since for each (h, k) ∈ ZB, L̃(h, k) is an α-arrow (resp. a β-arrow) of QZB if and only if L̃(τg(h, k))

is a β-arrow (resp. an α-arrow) of QZB , the quiver isomorphism QZB → Q̃ maps the relations of

type (a′) in IZB to the relations of type (a) in Ĩ. Since f(P̃ (gd(h) · (h, k))) = f(P̃ (h, k + 1)) =

f(P̃ (h, k)) + n, we see that the quiver isomorphism QZB → Q̃ maps the relations of type (b′) in

IZB to the relations of type (b) in Ĩ. �

Proof of Theorem 4.7. Step 1: To show that the configuration C in Theorem 4.7 is τ
n
m -stable.

Since the Brauer tree E/〈σ〉 has n
m edges, we have (τg)

2n
m (h) = h. Then p((τg)

2n
m (e)) =

(τg)
2n
m (p(e)) = (τg)

2n
m (h) = h = p(e). Since the fundamental group Π(E/〈σ〉, h) ∼= Z of E/〈σ〉 is

abelian, the covering p : B → E/〈σ〉 is regular. Therefore there exists an automorphism ν of B

such that ν(e) = (τg)
2n
m (e). Since each half-edge b of B is of the form (τg)i(e) for some integer

i, we have ν(b) = (τg)
2n
m (b) for every b ∈ B. For any i ∈ Z, let j be the unique integer in [1, n]

such that g(τg)2i(e) = (τg)2(i+j)(e). Then (i, j) is the unique vertex of ZAn in ∆i ∩ C . Since

g(τg)2(i+
n
m
)(e) = g(τg)2i(ν(e)) = ν(g(τg)2i(e)) = ν((τg)2(i+j)(e)) = (τg)2(i+j+ n

m
)(e), (i + n

m , j) ∈
C , and C is τ

n
m -stable.
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Step 2: To show that ΛE is isomorphic to the k-category Λ̃/Π̃, where Π̃ is induced by the group

of automorphisms Π of ZAn generated by τ
nr
m .

Since the image of the fundamental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) via the homo-
morphism induced by the covering E → E/〈σ〉 is 〈xr〉, where x = [(h|gl|h)] and l is the cardinal
of the 〈g〉-orbit of h, E is isomorphic to ZB/〈µ〉, where µ is the automorphisms of ZB such that
µ(e, 0) = glr(e, 0). Let u be the automorphism of QZB induced by µ. Then ΛE is isomorphic to

ΛZB/〈ũ〉, where ũ denotes the automorphism of ΛZB induced by u. Let f : QZB → Q̃ be the

isomorphism of quivers in Lemma 4.11. To show that ΛE is isomorphic to Λ̃/Π̃, it suffices to show
the diagram

QZB
f

//

u

��

Q̃

v
��

QZB
f

// Q̃

commutes, where v is the automorphism of Q̃ given by v(i) = i+ nr
m for any i ∈ Q̃0 and v(αi) =

αi+nr
m
, v(βi) = βi+nr

m
for any i ∈ Z.

Let r = am+b with a, b ∈ N and 0 ≤ b < m. Then glr ·(e, 0) = glbglma ·(e, 0) = glb ·(e, a). It can
be shown that f(P (glb ·e)) = bn

m , so f(P̃ (glr ·(e, 0))) = f(P̃ (glb ·(e, a))) = an+ bn
m = n(a+ b

m) = nr
m .

For each vertex P̃ (x, k) of QZB with L̃(x, k) a β-arrow of QZB , assume that f(P̃ (x, k)) = i. Denote

σ the Nakayama automorphism of ZB. Since L̃((σ−1(τg)2)i(e, 0)) is a β-arrow of QZB with

f(P̃ ((σ−1(τg)2)i(e, 0))) = i by Lemma 4.10, we have (σ−1(τg)2)i(e, 0) = (x, k). So u(P̃ (x, k)) =

P̃ (µ(x, k)) = P̃ (µ((σ−1(τg)2)i(e, 0))) = P̃ ((σ−1(τg)2)iµ(e, 0)) = P̃ ((σ−1(τg)2)iglr(e, 0)). Since

L̃(glr · (e, 0)) is a β-arrow of QZB , by Lemma 4.10, f(P̃ ((σ−1(τg)2)iglr(e, 0))) = f(P̃ (glr · (e, 0)))+
i = nr

m + i = v(i). Therefore fu(P̃ (x, k)) = vf(P̃ (x, k)). Similarly we have fu(L̃(x, k)) =

vf(L̃(x, k)) and fu(L̃(τ(x, k))) = vf(L̃(τ(x, k))), so the diagram above is commutative.

Let A =
⊕

x,y∈Λ̃/Π̃(Λ̃/Π̃)(x, y). According to Theorem 4.5, A ∼= AC ,Π, where Π is gener-

ated by the automorphism τ
nr
m of ZAn. By Step 2, ΛE is isomorphic to Λ̃/Π̃, so ΓΛE

∼= ΓA
∼=

(ZAn)C /〈τ
nr
m 〉.

�

Proof of Theorem 4.8. Step 1: To show that the configuration C in Theorem 4.8 is symmetric.
We need to show that for any (i, j) ∈ C , the vertex (i+ j−p−1, n+1− j) of ZAn also belongs

to C .
Let ι be the automorphism of B = Ê/〈σ〉 which maps xi ∈ (E/〈σ〉)i to x3−i ∈ (E/〈σ〉)3−i

for each x ∈ E/〈σ〉 and i = 1, 2. Denote τ the involution of B as a Brauer G-set. Since
ι(e) = τ(e) = (τg)n(e) and since each half-edge b of B is of the form (τg)i(e) for some integer

i, we have ι(b) = (τg)n(b) for any b ∈ B. Since (i, j) ∈ C , we have g(τg)2i(e) = (τg)2(i+j)(e).
Therefore

(τg)2(i+j)+n(e) = ι((τg)2(i+j)(e)) = ι(g(τg)2i(e)) = g · ι((τg)2i(e)) = g(τg)2i+n(e)

and
τ(τg)2(i+j)+n(e) = (τg)2i+n+1(e) = (τg)2(i+p+1)(e).

Since
τ(τg)2(i+j)+n(e) = g(τg)2(i+j)+n−1(e) = g(τg)2(i+j+p)(e),

βB(e
2(i+j+p)π

n
i) = e

2(i+p+1)π
n

i, where βB is the permutation of n
√
1 assigning to each point s its

successor in the equivalence class of s endowed with the anti-clockwise orientation (see the remarks
after Definition 4.3). Since (i+p+1)−(i+j+p) = 1−j ≡ n+1−j (mod n) and 1 ≤ n+1−j ≤ n,
we have (i+ j+ p, n+1− j) ∈ C . Since C is τn-stable, (i+ j− p− 1, n+1− j) also belongs to C .
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Step 2: To show that the automorphism ψ of ZB which maps (e, 0) to (τ(e), 0) induces an
automorphism u of QZB such that the diagram

QZB
f

//

u

��

Q̃

v
��

QZB
f

// Q̃

Figure 2

commutes, where f is the isomorphism of quivers in Lemma 4.11 and v is the automorphism of

Q̃ induced by the automorphism φ of (ZAn)C in Theorem 4.8 (see the paragraph before Theorem
4.5).

For each r ∈ Q̃0, let (i, j) be the unique vertex of ZAn which belongs to ∇r ∩ C , and let

(x, k) ∈ ZB such that f(P̃ (x, k)) = i and L̃(x, k) is a β-arrow of QZB . By the definition of f ,

f(L̃(x, k)) = βi, so f(P̃ (g · (x, k))) = β(i) = r. Denote σ the Nakayama automorphism of ZB. By

Lemma 4.10, f(P̃ ((σ−1(τg)2)i(e, 0))) = i. Since both L̃(x, k) and L̃((σ−1(τg)2)i(e, 0)) are β-arrows

of QZB and since f(P̃ (x, k)) = f(P̃ ((σ−1(τg)2)i(e, 0))) = i, we have (x, k) = (σ−1(τg)2)i(e, 0).
Then g · (x, k) = g(σ−1(τg)2)i(e, 0) and ψ(g(x, k)) = g(σ−1(τg)2)iψ(e, 0) = g(σ−1(τg)2)iτ(e, 0) =
σ−i(gτ)2i+1(e, 0). Therefore

u(P̃ (g · (x, k))) = P̃ (ψ(g · (x, k))) = P̃ (σ−i(gτ)2i+1(e, 0))

= P̃ (τσ−i(gτ)2i+1(e, 0)) = P̃ (σ−i(τg)2iτgτ(e, 0)).

Since τgτ(e, 0) is a β-arrow of QZB , by Lemma 4.10, f(P̃ (σ−i(τg)2iτgτ(e, 0))) = f(P̃ (τgτ(e, 0)))+

i. Since τ(e) = (τg)n(e), τgτ(e) = (τg)n+1(e) = (τg)2(p+1)(e). So

f(P̃ (τgτ(e, 0))) ≡ f(P (τgτ(e))) = p+ 1 (mod n).

Since

f(P̃ (τgτ(e, 0))) = f(P̃ (τgτ(e, 0))) − f(P̃ ((e, 0))) = f(P̃ (gτ(e, 0))) − f(P̃ (τ(e, 0))),

1 ≤ f(P̃ (τgτ(e, 0))) ≤ n. Therefore f(P̃ (τgτ(e, 0))) = p+ 1, and

fu(P̃ (g · (x, k))) = f(P̃ (σ−i(τg)2iτgτ(e, 0))) = f(P̃ (τgτ(e, 0))) + i = p+ 1 + i.

Since φ(i, j) = (i + j − p − 1, n + 1 − j), v(r) = (i + j − p − 1) + (n + 1 − j) = i + p + 1. Then
fuf−1(r) = i + p + 1 = v(r), and the above diagram is commutative on vertices. Since u maps
each α-arrow (resp. β-arrow) of QZB to a β-arrow (resp. an α-arrow) of QZB and v maps each

α-arrow (resp. β-arrow) of Q̃ to a β-arrow (resp. an α-arrow) of Q̃, we see that the above diagram
is also commutative on arrows.

Step 3: To show that the AR-quiver ΓΛE
of ΛE is isomorphic to (ZAn)C /〈τnr〉 if the image of

the fundamental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) is generated by rx for some r ∈ Z+.
Since the image of the fundamental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) is generated

by rx for some r ∈ Z+, according to Proposition 2.17 E is isomorphic to ZB/〈σr〉 (here σ
denotes the Nakayama automorphism of ZB). Therefore ΛE is isomorphic to ΛZB/Π, where Π
is a group of automorphisms of ΛZB generated by the automorphism of ΛZB which is induced by
the automorphism w of QZB , where w is induced by the automorphism σr of ZB. Let t be the

automorphism of Q̃ induced by the automorphism τnr of ZAn which stabilize C . Then t(i) = i+nr
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and t(αi) = αi+nr, t(βi) = βi+nr for each i ∈ Z. We have a commutative diagram

QZB
f

//

w

��

Q̃

t
��

QZB
f

// Q̃

,

Figure 3

where f is the isomorphism of quivers in Lemma 4.11. Therefore the quiver isomorphism f :

QZB → Q̃ induces an isomorphism ΛZB/Π → Λ̃/Π̃ of k-categories, where Π̃ is generated by

the automorphism of Λ̃ induced by the automorphism t of Q̃. Let A =
⊕

x,y∈Λ̃/Π̃(Λ̃/Π̃)(x, y).

According to Theorem 4.5, A ∼= AC ,〈τnr〉. Therefore the AR-quiver ΓΛE
of ΛE

∼= ΛZB/Π is
isomorphic to (ZAn)C /〈τnr〉.

Step 4: To show that if the image of the fundamental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h)
is generated by xry for some r ∈ Z+, then the AR-quiver ΓΛE

of ΛE is isomorphic to
(ZAn)C /〈τnrφ〉, where φ is the automorphism of (ZAn)C which induces an involution of ZAn.

Let ψ be the automorphism of ZB which maps (e, 0) to (τ(e), 0). Since the image of the funda-
mental group of E in Π(E/〈σ〉, h) ∼= Πm(E/〈σ〉, h) is generated by xry, according to Proposition
2.17 E is isomorphic to ZB/〈σrψ〉 (here σ denotes the Nakayama automorphism of ZB). So ΛE

is isomorphic to ΛZB/Π, where Π is a group of automorphisms of ΛZB generated by the auto-
morphism of ΛZB which is induced by the automorphism wu of QZB , where w (resp. u) is the
automorphism of QZB induced by the automorphism σr (resp. ψ) of ZB. Let t (resp. v) be the

automorphism of Q̃ induced by the automorphism τnr (resp. φ) of (ZAn)C . By Figure 2 and
Figure 3, we have a commutative diagram

QZB
f

//

wu

��

Q̃

tv
��

QZB
f

// Q̃

.

So the quiver isomorphism f : QZB → Q̃ induces an isomorphism ΛZB/Π → Λ̃/Π̃ of k-categories,

where Π̃ is generated by the automorphism of Λ̃ induced by the automorphism tv of Q̃. Let

A =
⊕

x,y∈Λ̃/Π̃
(Λ̃/Π̃)(x, y). According to Theorem 4.5, A ∼= AC ,〈τnrφ〉. Therefore the AR-quiver

ΓΛE
of ΛE

∼= ΛZB/Π is isomorphic to (ZAn)C /〈τnrφ〉. �

5. Domestic fractional Brauer graph algebras of type MS

In this section we assume that k is an algebraically closed field. For a finite dimensional self-
injective k-algebra A, denote sΓA the stable AR-quiver of A.

5.1. Exceptional tubes of representation-infinite fms-BGAs.

Let E = (E,P,L, d) be a finite connected fms-BG with AE representation-infinite. According
to [7, Section 6], AE

∼= kQ′
E/I

′
E with I ′E admissible, where QE is the sub-quiver of QE given by

(Q′
E)0 = (QE)0 and (Q′

E)1 = {L(e) | e ∈ E with d(e) > 1}, and I ′E is generated by the following
three types of relations

(fR1′) L(gd(e)−1 ·e) · · ·L(g·e)L(e)−L(gd(h)−1 ·h) · · ·L(g·h)L(h), where e, h ∈ E and d(e), d(h) > 1;
(fR2′) L(e1)L(e2), where e, h ∈ E, d(e), d(h) > 1, and e1 6= g · e2;
(fR3′) L(gd(e) · e) · · ·L(g · e)L(e), where e ∈ E and d(e) > 1.

We will consider a module of AE as a representation of the quiver with relations (Q′
E , I

′
E). We call

an AE-module M a string module if it can be seen as a string module over the quotient algebra
AE/soc(AE) (for the definition of string and string modules, see [3, II.2 and II.3]).
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For every e ∈ E, denotes Me the uniserial AE-module given by the direct string L(gd(e)−2 ·
e) · · ·L(g·e)L(e) (defineMe as the simpleAE-module at P (e) if d(e) = 1). Since AE representation-
infinite, it is not a Nakayama algebra. Then it is straightforward to show that for each edge
P (e) = {e, e′} of E, either d(e) > 1 or d(e′) > 1. ThereforeMe1 is not isomorphic to Me2 for every
e1 6= e2.

Recall that a connected component of sΓAE
consisting of string modules of the form ZA∞/〈τn〉

(n ≥ 1) is called an exceptional tube. The following result should be compared with [2, Lemma
4.4] for BGAs.

Lemma 5.1. Let E = (E,P,L, d) be a finite connected fms-BG with AE representation-infinite.
Then a string module M of AE is at the mouth of an exceptional tube in the stable AR-quiver of
AE if and only if M ∼=Me for some e ∈ E.

Proof. Note that for each edge P (e) = {e, e′} of E, either d(e) > 1 or d(e′) > 1. By [4, Theorem
2.1 and Theorem 2.2], an indecomposable string moduleM of AE is at the mouth of an exceptional
tube in the stable AR-quiver of AE if and only if there exists precisely one irreducible morphism
N →M in sΓAE

for some indecomposable AE-module N .
”⇒” Let M be at the mouth of an exceptional tube in sΓAE

, which is given by a string w.
Since there is only one irreducible morphism N → M with N indecomposable non-projective, it
is straightforward to show that w is a direct (or an inverse) string. Suppose that w = L(gr−1 ·
e) · · ·L(g · e)L(e) is a direct string, where 0 ≤ r ≤ d(e)− 1. If r = d(e)− 1, then M =Me. If r <
d(e)− 1, let N be the string module given by the string w′ = L(h)−1 · · ·L(gd(h)−2 ·h)−1L(gr · e)w,
where gr+1 ·e and gd(h)−1 ·h are two half-edges of E which form an edge of E. Then w′ is obtained
from w by adding a co-hook, and there exists an irreducible morphism N → M . Since there do
not exists another irreducible morphism in sΓAE

with terminal M , the projective cover of M is
uniserial, and the string w is trivial. Let e′ be the half-edge of E such that e and e′ form an edge
of E. Since the projective cover of M is uniserial, d(e′) = 1, so we have M =Me′ .

”⇐” Let M = Me for some e ∈ E, and let P (e) = {e, e′}. If the projective cover of M is
uniserial, then either d(e) = 1 or d(e′) = 1. In both case it is straightforward to show that there is
only one irreducible morphism N →M with N indecomposable non-projective. If the projective
cover of M is not uniserial, then there exists an AR-sequence 0 →Mh → N →M → 0, where N
is the string module given by the string

L(gd(e)−2 · e) · · ·L(g · e)L(e)L(e′)−1L(gd(h)−2 · h) · · ·L(g · h)L(h)
with g · e′ and gd(h)−1 · h two half-edges of E which form an edge of E. Then N →M is the only
irreducible morphism in sΓAE

with terminal M . �

Lemma 5.2. Let E = (E,P,L, d) be a finite connected fms-BG with AE representation-infinite.
Denote τ the involution of E as a Brauer G-set. Then for every e ∈ E, DTr(Me) ∼=Mσ−1(gτ)2(e),
where DTr denotes the AR-translation of AE and σ denotes the Nakayama automorphism of E.

Proof. If d(e), d(τ(e)) > 1, then there are two arrows L(e), L(τ(e)) of Q′
E starting at P (e). There

exists an AR-sequence 0 →Mσ−1(gτ)2(e) → N →Me → 0, where N is the string module given by
the string

L(gd(e)−2 · e) · · ·L(g · e)L(e)L(τ(e))−1L(gd(h)−2 · h) · · ·L(g · h)L(h)
with h = σ−1(gτ)2(e).

If d(e) = 1 and d(τ(e)) > 1, then Me is the simple AE-module at the vertex P (e) of Q′
E. There

exists an AR-sequence 0 →Mσ−1(gτ)2(e) → N →Me → 0, where N is the string module given by
the string

L(τ(e))−1L(gd(h)−2 · h) · · ·L(g · h)L(h)
with h = σ−1(gτ)2(e).

If d(τ(e)) = 1, then the projective cover P of Me is uniserial and Me
∼= P/soc(P ). So there

exists an AR-sequence 0 → rad(P ) → P ⊕ rad(P )/soc(P ) → Me → 0, where rad(P ) ∼= Mg·e.
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Since d(τ(e)) = 1, gτ(e) = στ(e) = τσ(e), and σ−1(gτ)2(e) = σ−1(gτ)(τσ)(e) = σ−1gσ(e) = g · e.
Then DTr(Me) ∼= rad(P ) ∼=Mσ−1(gτ)2(e). �

The following result should be compared with [2, Theorem 4.5] for BGAs.

Proposition 5.3. Let E = (E,P,L, d) be a finite connected fms-BG with AE representation-
infinite. Denote τ the involution of E as a Brauer G-set, σ the Nakayama automorphism of E,
and σ−1(gτ)2 : E → E, e 7→ σ−1(gτ)2(e) the permutation on E. Then

(1) There is a bijection between the set of exceptional tubes in the stable AR-quiver sΓAE
of

AE and the set of 〈σ−1(gτ)2〉-orbits of E.
(2) The rank of an exceptional tube of sΓAE

is equal to the length of the associated 〈σ−1(gτ)2〉-
orbit of E.

Proof. According to Lemma 5.1, there is a bijection between E and the set of string modules of
AE at the mouth of an exceptional tube of sΓAE

. Moreover, by Lemma 5.2, the action of the
AR-translation DTr on this set of modules corresponds to the permutation σ−1(gτ)2 on E. �

5.2. Construction of domestic fms-BGAs.

Let E be a finite connected fms-BG with AE domestic. By Theorem 2.29 so does ARE
, where

RE =

{
E/〈σ〉, if 〈σ〉 is admissible;

Ê/〈σ〉, otherwise.

Suppose that the modified BG E/〈σ〉 has k-edges, l double half-edges, and n vertices v1, · · · , vn
of f-degree d1, · · · , dn, respectively. By Lemma 3.12, there are only three possible cases:

(1) l = 2, k − n+ 1 = 0, di = 1 for 1 ≤ i ≤ n;
(2) l = 0, k − n+ 1 = 0, di = 2 for exactly two numbers i = i0, i1, and di = 1 for i 6= i0, i1;
(3) l = 0, k − n+ 1 = 1, di = 1 for 1 ≤ i ≤ n.

Lemma 5.4. In case (1), E is determined by E/〈σ〉 and the order of the Nakayama automorphism
σ of E up to isomorphism.

Proof. Suppose that E and E′ are two fms-BGs such that E/〈σ〉 ∼= E′/〈σ〉 is a modified BG as
in case (1) and the Nakayama automorphisms of E and E′ have the same order. According to
Lemma 3.7 (2), the order of the Nakayama automorphisms of E is even, say 2r.

By Proposition 3.5, the fundamental group of E/〈σ〉 is isomorphic to

F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c
2
1 = c22 = 1〉,

and by the proof of Proposition 3.13, the image of the fundamental group of E in F 〈a, c1, c2〉/〈ac1 =
c1a, ac2 = c2a, c

2
1 = c22 = 1〉 is the subgroup of F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c

2
1 = c22 = 1〉

formed by elements x which satisfies ρ(x)(1) = 1, where ρ : F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a,
c21 = c22 = 1〉 → S2r is the group homomorphism given by ρ(a) = (1 2 · · · 2r) and ρ(c1) = ρ(c2) = (1
r + 1)(2 r + 2) · · · (r 2r). Since the same things also hold for E′, the image of the fundamental
groups of E and E′ in F 〈a, c1, c2〉/〈ac1 = c1a, ac2 = c2a, c

2
1 = c22 = 1〉 are equal. By Proposition

2.17, E and E′ are isomorphic. �

Now we construct the fms-BG E with E/〈σ〉 in case (1). Suppose that the order of the
Nakayama automorphism of E is 2r, where r is a positive integer. Let B = E/〈σ〉 = (B,B, τ, d)
and fix some b ∈ B. Since the diagram obtained by deleting the two double half-edges of the
diagram of B is a tree, each element c of B can be expressed uniquely as the form (gτ)jc(b), where
0 ≤ jc ≤ 2n− 1. For every vertex v of B, let bv be the half-edge in v with jbv smallest. Define a
fms-BG Er = (Er, Er, τ, d) as follows: Er = {(c, j) | c ∈ B, j ∈ {1, 2, · · · , 2r} = Z/2rZ}; for every
(c, j) ∈ B, define

g · (c, j) =
{
(g · c, j), if g · c 6= bv for any vertex v of B;

(g · c, j + 1), if g · c = bv for some vertex v of B,
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τ(c, j) =

{
(τ(c), j), if c is not a double half-edge of B;

(c, j + r), if c is a double half-edge of B,

and d(c, j) = d(c).

Proposition 5.5. In case (1), E is isomorphic to Er.

Proof. Since B = E/〈σ〉 is f-degree trivial, d(c) = |G · c| for each c ∈ B. For every (c, j) ∈ Er,
since d(c, j) = d(c), it can be shown that the Nakayama automorphism σ of Er is given by
σ(c, j) = (c, j + 1). So the covering Er → B, (c, j) 7→ c induces an isomorphism Er/〈σ〉 ∼= B.
Since the order of the Nakayama automorphism of Er is 2r, by Lemma 5.4, Er is isomorphic to
E. �

Lemma 5.6. In case (2), E is determined by E/〈σ〉 and the order of the Nakayama automorphism
σ of E up to isomorphism.

Proof. The proof is similar to that of Lemma 5.4. Suppose that E and E′ are two fms-BGs such
that E/〈σ〉 ∼= E′/〈σ〉 is a fms-BG as in case (2) and the Nakayama automorphisms of E and
E′ have the same order. According to the proof of Proposition 3.13, the order of the Nakayama
automorphisms of E is odd, say 2r − 1.

By [8, Proposition 5.9], the fundamental group of E/〈σ〉 is isomorphic to F 〈a, b〉/〈a2 = b2〉, and
by the proof of Proposition 3.13, the image of the fundamental group of E in F 〈a, b〉/〈a2 = b2〉
is the subgroup of F 〈a, b〉/〈a2 = b2〉 formed by elements x which satisfies ρ(x)(1) = 1, where
ρ : F 〈a, b〉/〈a2 = b2〉 → S2r−1 is the group homomorphism given by ρ(a) = ρ(b) = (1 2 · · · 2r− 1).
Since the same things also hold for E′, the images of the fundamental groups of E and E′ in
F 〈a, b〉/〈a2 = b2〉 are equal. By [8, Proposition 2.32], E and E′ are isomorphic. �

Now we construct the fms-BG E with E/〈σ〉 in case (2). This construction is similar to that
in case (1). Suppose that the order of the Nakayama automorphism of E is 2r − 1, where r is a
positive integer. Let B = E/〈σ〉 = (B,B, τ, d) and fix some b ∈ B. Since the diagram of B is a
tree, each element c of B can be expressed uniquely as the form (gτ)jc(b), where 0 ≤ jc ≤ 2n− 3.
For every vertex v of B, let bv be the half-edge in v such that jbv is smallest. Define a fms-BG
E′

r = (E′
r, E

′
r, τ, d) as follows: E

′
r = {(c, j) | c ∈ B, j ∈ {1, 2, · · · , 2r−1} = Z/(2r−1)Z}; for every

(c, j) ∈ E′
r, define

g · (c, j) =





(g · c, j), if g · c 6= bv for any vertex v of B;

(g · c, j + 1), if g · c = bvi for some vertex vi of B with i 6= i0, i1;

(g · c, j + r), if g · c = bvi for some vertex vi of B with i = i0 or i = i1,

τ(c, j) = (τ(c), j), and d(c, j) = d(c).

Proposition 5.7. In case (2), E is isomorphic to E′
r.

Proof. For every (c, j) ∈ E′
r, since

d(c, j) =

{
|G · c|, if c /∈ vi0 , vi1 ;

2|G · c|, if c ∈ vi0 or c ∈ vi1 ,

we have σ(c, j) = (c, j+1). Therefore E′
r/〈σ〉 ∼= B. Since the order of the Nakayama automorphism

of E′
r is 2r − 1, by Lemma 5.6, E′

r is isomorphic to E. �

Let B = E/〈σ〉 = (B,B, τ, d) be the fms-BG in case (3). Then the diagram of B is a graph
with a unique cycle. Suppose the length of this cycle is m, and there are p edges outside this cycle
and q edges inside this cycle. Then we have m + p + q = n. Denote gτ the permutation on B
mapping each c ∈ B to (gτ)(c). It is straightforward to show that B has exactly two 〈gτ〉-orbits,
one of length m + 2p containing every half-edge outside the unique cycle of B, and the other of
length m + 2q containing every half-edge inside the unique cycle of B. We call a half-edge of B
outer (resp. inner) if it belongs to the first (resp. second) 〈gτ〉-orbit.
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Now we construct the fms-BG E with E/〈σ〉 in case (3). Fix an outer half-edge b ∈ B = E/〈σ〉
belonging to the unique cycle of B. Then τ(b) is an inner half-edge of B. For every outer (resp.
inner) half-edge c of B, there exists a unique integer 0 ≤ jc ≤ m+2p−1 (resp. 0 ≤ j′c ≤ m+2q−1)

such that c = (gτ)jc(b) (resp. c = (gτ)j
′

c(τ(b))). For every vertex v of B, define a half-edge bv ∈ v
as follows: if v contains an outer half-edge, define bv as the outer half-edge in v with jbv smallest;
if v does not contain any outer half-edge, define bv as the inner half-edge in v with j′bv smallest.

Suppose that the order of the Nakayama automorphism σ of E is r. For every integer 1 ≤ l ≤ r,
define a fms-BG Erl = (Erl, Erl, τ, d) as follows: Erl = {(c, j) | c ∈ B, j ∈ {1, · · · , r} = Z/rZ}; for
every (c, j) ∈ Erl, define

g · (c, j) =
{
(g · c, j), if g · c 6= bv for any vertex v of B;

(g · c, j + 1), if g · c = bv for some vertex v of B,

τ(c, j) =





(τ(c), j), if c 6= b and c 6= τ(b);

(τ(c), j + l), if c = b;

(τ(c), j − l), if c = τ(b),

and d(c, j) = d(c).

Proposition 5.8. In case (3), E is isomorphic to some Erl with 1 ≤ l ≤ r.

We need some preparations before we prove Proposition 5.8.
According to the proof of [8, Proposition 5.9], we have an isomorphism u : Π(B, b) → Z⊕Z with

u((b|gd(b)|b)) = (1, 0) and u((b|(gτ)m+2p|b)) = (0, 1). Let H be the image of the composition map

Π(E, e) → Π(B, b)
u−→ Z⊕ Z, where e ∈ E is a preimage of b in E (the subgroup H of Z⊕ Z does

not depend on the choice of e). Let A = {(a, 0) | a ∈ Z}, B = {(0, a) | a ∈ Z} be two subgroups
of Z ⊕ Z. Since E is connected and since the order of the Nakayama automorphism σ of E is r,
the closed walk (b|gkd(b)|b) of B at b lifts to a closed walk of E at e if and only if r | k. Therefore
H ∩A = rA. Moreover, since the covering E → B = E/〈σ〉 is r-sheeted, [Z⊕ Z : H] = r.

Lemma 5.9. H is a free abelian subgroup of Z⊕Z generated by (r, 0) and (i, 1), where i is some
integer with 0 ≤ i ≤ r − 1.

Proof. We have (A +H)/H ∼= A/(A ∩H) ∼= Z/rZ, and [A +H : H] = r. Since [Z ⊕ Z : H] = r,
A + H = Z ⊕ Z. Since (0, 1) ∈ A + H, there exists some h ∈ H such that (0, 1) ∈ A + h. So
h = (i, 1) for some i ∈ Z. Let H ′ be the subgroup of H generated by (r, 0) and (i, 1). Since
[Z⊕ Z : H ′] = r, H ′ = H. Then H is generated by (r, 0) and (i, 1), and we may choose i to be an
integer such that 0 ≤ i ≤ r − 1. �

Proof of Proposition 5.8. Since the f-degree of B is trivial, the Nakayama automorphism σ
of Erl is given by σ(c, j) = (c, j + 1). Then the covering p : Erl → B, (c, j) 7→ c induces an

isomorphism Erl/〈σ〉 ∼= B. Let u : Π(B, b) → Z ⊕ Z be the isomorphism with u((b|gd(b) |b)) =

(1, 0) and u((b|(gτ)m+2p|b)) = (0, 1). In order to calculate the image of the composition map

Π(Erl, (b, 1))
p∗−→ Π(B, b)

u−→ Z⊕ Z, we first consider the action of Z ⊕ Z on p−1(b) = {(b, j) | j ∈
{1, · · · , r} = Z/rZ} via the isomorphism u : Π(B, b) → Z⊕ Z.

We have (1, 0) · (b, j) = gd(b) · (b, j) = σ(b, j) = (b, j + 1). Since the number of outer half-edges
of B of the form bv with v a vertex of B is m + p, we have (0, 1) · (b, j) = (gτ)m+2p(b, j) =

(b, j+ l+m+ p). Let Kl be the image of the composition map Π(Erl, (b, 1))
p∗−→ Π(B, e)

u−→ Z⊕Z.
Then Kl = {x ∈ Z⊕Z | x · (b, 1) = (b, 1)}, which is the subgroup of Z⊕Z generated by (r, 0) and
(−(l+m+ p), 1). According to Lemma 5.9, there exists some 1 ≤ l ≤ r such that Kl = H. By [8,
Proposition 2.32], Erl is isomorphic to E. �

We remark that the fms-BGs constructed in this subsection may not be pairwise non-isomorphic,
although every finite connected fms-BG E with AE domestic is isomorphic to one of the fms-BG
constructed in this subsection.
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5.3. Stable AR-components of domestic fms-BGAs.

In this subsection, we always denote τ the involution and σ the Nakayama automorphism for a
Brauer G-set if there is no confusion.

Let E be a finite connected fms-BG such that E/〈σ〉 is a Brauer G-set in case (1), that is,
B = E/〈σ〉 is a f-degree trivial modified BG with n vertices, n− 1 edges and 2 double half-edges.
Denote σ−1(gτ)2 the permutation on E mapping each e ∈ E to σ−1(gτ)2(e). Suppose that the
order of the Nakayama automorphism σ of E is 2r.

Lemma 5.10. For every e ∈ E, the length of the 〈σ−1(gτ)2〉-orbit of e is n.

Proof. According to Proposition 5.5, E is isomorphic to Er (the definition of Er is given be-
fore Proposition 5.5). For every (c, j) ∈ Er, let N be the minimal positive integer such that
(σ−1(gτ)2)N (c, j) = (c, j). Note that the Nakayama automorphism σ of B is identity. So n is the
minimal positive integer such that (σ−1(gτ)2)n(c) = c. Since there exists a covering of Brauer
G-sets p : Er → B which maps each (c′, j′) ∈ Er to c′ ∈ B, we have

(σ−1(gτ)2)N (c) = (σ−1(gτ)2)N (p(c, j)) = p((σ−1(gτ)2)N (c, j)) = p(c, j) = c.

Therefore n | N .
Since {(gτ)(c), (gτ)2(c), · · · , (gτ)2n(c)} = B, there are exactly n numbers i ∈ {1, 2, · · · , 2n}

such that (gτ)i(c) is of the form bv for some vertex v of B. Moreover, since B contains two
double half-edges and since {c, (gτ)(c), · · · , (gτ)2n−1(c)} = B, there are exactly two numbers
i ∈ {0, 1, · · · , 2n − 1} such that (gτ)i(c) is a double half-edge of B. So we have (gτ)2n(c, j) =
((gτ)2n(c), j+n+2r) = (c, j+n). Therefore (σ−1(gτ)2)n(c, j) = σ−n(gτ)2n(c, j) = σ−n(c, j+n) =
(c, j) and N | n. Then we have N = n. �

Proposition 5.11. Let E be a finite connected fms-BG such that E/〈σ〉 is a Brauer G-set in case
(1). Suppose that the order of the Nakayama automorphism of E is 2r. Then sΓAE

is a disjoint

union of 4r components of the form ZA∞/〈τn〉, 2r components of the form ZÃn,n, and infinitely
many components of the form ZA∞/〈τ〉.
Proof. Since E has 4nr half-edges, by Lemma 5.10, E contains 4r 〈σ−1(gτ)2〉-orbits, each of length
n. By Proposition 5.3, sΓAE

contains 4r exceptional tubes, where the rank of each tube is n. Now
the result follows from [4, Theorem 2.1]. �

Let E be a finite connected fms-BG such that E/〈σ〉 is a Brauer G-set in case (2), that is,
B = E/〈σ〉 is a Brauer graph whose underlying diagram is a tree with n vertices v1, · · · , vn of
f-degree d1, · · · , dn, respectively, such that di = 2 for exactly two numbers i = i0, i1 and di = 1 for
i 6= i0, i1. Denote σ−1(gτ)2 the permutation on E mapping each e ∈ E to σ−1(gτ)2(e). Suppose
that the order of the Nakayama automorphism σ of E is 2r − 1.

Lemma 5.12. For every e ∈ E, the length of the 〈σ−1(gτ)2〉-orbit of e is n− 1.

Proof. According to Proposition 5.7, E is isomorphic to E′
r (the definition of E′

r is given be-
fore Proposition 5.7). For every (c, j) ∈ E′

r, let N be the minimal positive integer such that
(σ−1(gτ)2)N (c, j) = (c, j). Note that the Nakayama automorphism σ of B is identity. So n − 1
is the minimal positive integer such that (σ−1(gτ)2)n−1(c) = c. Since there exists a covering of
Brauer G-sets p : E′

r → B which maps each (c′, j′) ∈ E′
r to c′ ∈ B, we have

(σ−1(gτ)2)N (c) = (σ−1(gτ)2)N (p(c, j)) = p((σ−1(gτ)2)N (c, j)) = p(c, j) = c.

Therefore (n− 1) | N .
Since {(gτ)(c), (gτ)2(c), · · · , (gτ)2n−2(c)} = B, for each vertex v of B, there is exactly one num-

ber i ∈ {1, 2, · · · , 2n−2} such that (gτ)i(c) = bv. So we have (gτ)2n−2(c, j) = ((gτ)2n−2(c), j+n−
2+2r) = (c, j+n−2+2r). Since σ(c′, j′) = (c, j′+1) for every (c′, j′) ∈ E′

r, (σ
−1(gτ)2)n−1(c, j) =

σ−n+1(gτ)2n−2(c, j) = σ−n+1(c, j +n− 2+ 2r) = (c, j +2r− 1) = (c, j) and N | (n− 1). Then we
have N = n− 1. �
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Proposition 5.13. Let E be a finite connected fms-BG such that E/〈σ〉 is a Brauer G-set in
case (2) and suppose that the order of the Nakayama automorphism of E is 2r− 1. Then sΓAE

is
a disjoint union of 4r − 2 components of the form ZA∞/〈τn−1〉, 2r − 1 components of the form

ZÃn−1,n−1, and infinitely many components of the form ZA∞/〈τ〉.
Proof. Since E has (4r−2)(n−1) half-edges, by Lemma 5.12, E contains 4r−2 〈σ−1(gτ)2〉-orbits,
each of length n− 1. By Proposition 5.3, sΓAE

contains 4r− 2 exceptional tubes, where the rank
of each tube is n− 1. Now the result follows from [4, Theorem 2.1]. �

Let E be a finite connected fms-BG such that E/〈σ〉 is a Brauer G-set in case (3), that is,
B is a Brauer graph with trivial f-degree whose diagram contains a unique cycle. Suppose that
the length of this cycle is m, and suppose that there are p edges outside this cycle and q edges
inside this cycle, where n = m+ p+ q. Fix an outer half-edge b of B which belongs to the unique
cycle of B, and suppose that the order of the Nakayama automorphism of E is r. According to
Proposition 5.8, E is isomorphic to some Erl with 1 ≤ l ≤ r, where the definition of Erl’s are
given before Proposition 5.8.

Denote σ−1(gτ)2 the permutation on E mapping each e ∈ E to σ−1(gτ)2(e).

Lemma 5.14. Under the assumptions above, when m is odd, E ∼= Erl contains (r,m + 2l)

〈σ−1(gτ)2〉-orbits of length r(m+2p)
(r,m+2l) and (r,m+ 2l) 〈σ−1(gτ)2〉-orbits of length r(m+2q)

(r,m+2l) , and when

m is even, E ∼= Erl contains (2r,m + 2l) 〈σ−1(gτ)2〉-orbits of length r(m+2p)
(2r,m+2l) and (2r,m + 2l)

〈σ−1(gτ)2〉-orbits of length r(m+2q)
(2r,m+2l) , where (a, b) denotes the greatest common divisor of a and b.

Proof. Denote f : Erl → B the covering of Brauer G-sets which maps each (c, j) ∈ Erl to c ∈ B.

Note that B is a disjoint union of two 〈gτ〉-orbits b〈gτ〉 and τ(b)〈gτ〉, where the length of b〈gτ〉 is
m+2p and the length of τ(b)〈gτ〉 is m+2q (here gτ denotes the permutation on B mapping each
c ∈ B to gτ(c)).

When m is odd, since bothm+2p andm+2q are odd, the 〈gτ〉-orbits b〈gτ〉 and τ(b)〈gτ〉 of B are
also 〈σ−1(gτ)2〉-orbits of B (note that the Nakayama automorphism σ of B is identity). Since the
projection of each 〈σ−1(gτ)2〉-orbit of Erl under f is a 〈σ−1(gτ)2〉-orbit of B, each 〈σ−1(gτ)2〉-orbit
of Erl is of the form (b, j)〈σ

−1(gτ)2〉 or of the form (τ(b), j)〈σ
−1(gτ)2〉, where j ∈ {1, · · · , r} = Z/rZ.

Let N be the minimal positive integer such that (σ−1(gτ)2)N (b, j) = (b, j). Since m+2p is the
minimal positive integer such that (σ−1(gτ)2)m+2p(b) = b, we have

(σ−1(gτ)2)N (b) = (σ−1(gτ)2)N (f(b, j)) = f((σ−1(gτ)2)N (b, j)) = f(b, j) = b.

Therefore (m+2p) | N . Note that b〈gτ〉 = {b, gτ(b), · · · , (gτ)m+2p−1(b)} contains m+p half-edges

of the form bv, and b ∈ b〈gτ〉, τ(b) /∈ b〈gτ〉. Therefore

(gτ)m+2p(b, j) = ((gτ)m+2p(b), j +m+ p+ l) = (b, j +m+ p+ l),

and

(σ−1(gτ)2)m+2p(b, j) = σ−(m+2p)(gτ)2(m+2p)(b, j) = (b, j+2(m+p+l)−(m+2p)) = (b, j+m+2l).

Since N ′ = r
(r,m+2l) is the minimal positive integer such that ((σ−1(gτ)2)m+2p)N

′

(b, j) = (b, j),

N = (m + 2p)N ′ = r(m+2p)
(r,m+2l) . Moreover, two half-edges (b, j1), (b, j2) of Erl belong to the same

〈σ−1(gτ)2〉-orbit if and only if (r,m+2l) divides j1−j2. Therefore there are (r,m+2l) 〈σ−1(gτ)2〉-
orbits of Erl of the form (b, j)〈σ

−1(gτ)2〉, each of length r(m+2p)
(r,m+2l) .

Let M be the minimal positive integer such that (σ−1(gτ)2)M (τ(b), j) = (τ(b), j). Since m+2q
is the minimal positive integer such that (σ−1(gτ)2)m+2q(τ(b)) = τ(b), m+ 2q divides M . Since

τ(b)〈gτ〉 = {τ(b), gτ(τ(b)), · · · , (gτ)m+2q−1(τ(b))} contains q half-edges of the form bv, and since

b /∈ τ(b)〈gτ〉, τ(b) ∈ τ(b)〈gτ〉, we have

(gτ)m+2q(τ(b), j) = ((gτ)m+2q(τ(b)), j + q − l) = (τ(b), j + q − l).
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So

(σ−1(gτ)2)m+2q(τ(b), j) = σ−(m+2q)(gτ)2(m+2q)(τ(b), j)

= (τ(b), j + 2(q − l)− (m+ 2q)) = (τ(b), j − (m+ 2l)).

Then M ′ = r
(r,m+2l) is the minimal positive integer such that ((σ−1(gτ)2)m+2q)M

′

(τ(b), j) =

(τ(b), j), and M = (m + 2q)M ′ = r(m+2q)
(r,m+2l) . Moreover, two half-edges (τ(b), j1), (τ(b), j2) of Erl

belong to the same 〈σ−1(gτ)2〉-orbit if and only if (r,m+ 2l) divides j1 − j2. Therefore there are

(r,m+ 2l) 〈σ−1(gτ)2〉-orbits of Erl of the form (τ(b), j)〈σ
−1(gτ)2〉, each of length r(m+2q)

(r,m+2l) .

When m is even, since both m+ 2p and m+ 2q are even, the 〈gτ〉-orbits b〈gτ〉 of B splits into

two 〈σ−1(gτ)2〉-orbits b〈σ−1(gτ)2〉 and gτ(b)〈σ
−1(gτ)2〉, each of length m

2 + p, and the 〈gτ〉-orbits
τ(b)〈gτ〉 of B splits into two 〈σ−1(gτ)2〉-orbits τ(b)〈σ−1(gτ)2〉 and (g · b)〈σ−1(gτ)2〉, each of length
m
2 + q (note that the Nakayama automorphism σ of B is identity). Since the projection of each

〈σ−1(gτ)2〉-orbit of Erl under f is a 〈σ−1(gτ)2〉-orbit of B, each 〈σ−1(gτ)2〉-orbit of Erl is equal to

one of the following 〈σ−1(gτ)2〉-orbits of Erl: (b, j)
〈σ−1(gτ)2〉, (gτ(b), j)〈σ

−1 (gτ)2〉, (τ(b), j)〈σ
−1(gτ)2〉,

(g · b, j)〈σ−1(gτ)2〉, where j ∈ {1, · · · , r} = Z/rZ.
Let N be the minimal positive integer such that (σ−1(gτ)2)N (b, j) = (b, j). Since m

2 + p is the

minimal positive integer such that (σ−1(gτ)2)
m
2
+p(b) = b, we have

(σ−1(gτ)2)N (b) = (σ−1(gτ)2)N (f(b, j)) = f((σ−1(gτ)2)N (b, j)) = f(b, j) = b.

Therefore (m2 + p) | N . Similar to the case m odd, we have (gτ)m+2p(b, j) = (b, j +m + p + l).
Then

(σ−1(gτ)2)
m
2
+p(b, j) = σ−(m

2
+p)(gτ)m+2p(b, j) = (b, j +m+ p+ l − (

m

2
+ p)) = (b, j +

m

2
+ l).

Since N ′ = r
(r,m

2
+l) is the minimal positive integer such that ((σ−1(gτ)2)

m
2
+p)N

′

(b, j) = (b, j),

N = (
m

2
+ p)N ′ =

r(m+ 2p)

(2r,m + 2l)
.

Moreover, two half-edges (b, j1), (b, j2) of Erl belong to the same 〈σ−1(gτ)2〉-orbit if and only if
(r, m2 + l) divides j1 − j2. Therefore there are (r, m2 + l) 〈σ−1(gτ)2〉-orbits of Erl of the form

(b, j)〈σ
−1(gτ)2〉, each of length r(m+2p)

(2r,m+2l) . Similarly it can be shown that there are (r, m2 + l)

〈σ−1(gτ)2〉-orbits of Erl of the form (gτ(b), j)〈σ
−1(gτ)2〉, each of length r(m+2p)

(2r,m+2l) .

LetM be the minimal positive integer such that (σ−1(gτ)2)M (τ(b), j) = (τ(b), j). Since m
2 +q is

the minimal positive integer such that (σ−1(gτ)2)
m
2
+q(τ(b)) = τ(b), we have (m2 + q) |M . Similar

to the case m odd, we have (gτ)m+2q(τ(b), j) = (τ(b), j + q − l). Then

(σ−1(gτ)2)
m
2
+q(τ(b), j) = σ−(m

2
+q)(gτ)m+2q(τ(b), j) = (τ(b), j+q−l−(

m

2
+q)) = (τ(b), j−(

m

2
+l)).

Since M ′ = r
(r,m

2
+l) is the minimal positive integer such that ((σ−1(gτ)2)

m
2
+q)M

′

(τ(b), j) =

(τ(b), j),

M = (
m

2
+ q)M ′ =

r(m+ 2q)

(2r,m + 2l)
.

Moreover, two half-edges (τ(b), j1), (τ(b), j2) of Erl belong to the same 〈σ−1(gτ)2〉-orbit if and
only if (r, m2 + l) divides j1 − j2. Therefore there are (r, m2 + l) 〈σ−1(gτ)2〉-orbits of Erl of the

form (τ(b), j)〈σ
−1(gτ)2〉, each of length r(m+2q)

(2r,m+2l) . Similarly it can be shown that there are (r, m2 + l)

〈σ−1(gτ)2〉-orbits of Erl of the form (g · b, j)〈σ−1(gτ)2〉, each of length r(m+2q)
(2r,m+2l) . �

By Lemma 5.14, Proposition 5.3 and [4, Theorem 2.1], we have
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Proposition 5.15. Let E ∼= Erl be a finite connected fms-BG such that E/〈σ〉 is a Brauer
G-set in case (3), where the length of the unique cycle of B = E/〈σ〉 is m and the number
of edges of B outside (resp. inside) this cycle is p (resp. q). If m is odd, then sΓAE

is a

disjoint union of (r,m + 2l) components of the form ZA∞/〈τ
r(m+2p)
(r,m+2l) 〉, (r,m + 2l) components

of the form ZA∞/〈τ
r(m+2q)
(r,m+2l) 〉, (r,m+ 2l) components of the form ZÃ r(m+2p)

(r,m+2l)
, r(m+2q)
(r,m+2l)

, and infinitely

many components of the form ZA∞/〈τ〉. If m is even, then sΓAE
is a disjoint union of (2r,m+2l)

components of the form ZA∞/〈τ
r(m+2p)
(2r,m+2l) 〉, (2r,m+ 2l) components of the form ZA∞/〈τ

r(m+2q)
(2r,m+2l) 〉,

(2r,m + 2l) components of the form ZÃ r(m+2p)
(2r,m+2l)

, r(m+2q)
(2r,m+2l)

, and infinitely many components of the

form ZA∞/〈τ〉.
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