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Abstract

In 2017, Green and Schroll introduced a generalization of Brauer graph algebras which they call Brauer
configuration algebras. In the present paper, we further generalize Brauer configuration algebras to frac-
tional Brauer configuration algebras by generalizing Brauer configurations to fractional Brauer configu-
rations. The fractional Brauer configuration algebras are locally bounded but neither finite-dimensional
nor symmetric in general. We show that if the fractional Brauer configuration is of type S (resp. of
type MS), then the corresponding fractional Brauer configuration algebra is a locally bounded Frobenius
algebra (resp. a locally bounded special multiserial Frobenius algebra). Moreover, we show that over
an algebraically closed field, the class of finite-dimensional indecomposable representation-finite fractional
Brauer configuration algebras in type S coincides with the class of basic indecomposable finite-dimensional
standard representation-finite self-injective algebras.

1. INTRODUCTION

In [7], Green and Schroll introduced a generalization of Brauer graph algebras which they call
Brauer configuration algebras. As each Brauer graph algebra is defined by a Brauer graph, each
Brauer configuration algebra is defined by a Brauer configuration. Both a Brauer graph and a
Brauer configuration are given by some combinatorial data, each of which encodes the represen-
tation theory of the corresponding algebra. It is known that over an algebraically closed field, the
class of Brauer graph algebras coincides with the class of symmetric special biserial algebras (see
for example [14]) and is closed under derived equivalence (see [2]) (here and throughout when we
say “closed under derived equivalence”, we always mean “closed under derived equivalence up to
Morita equivalence”.); and the class of Brauer configuration algebras coincides with the class of
symmetric special multiserial algebras (see [8]).

In the present paper, we will give a further generalization of Brauer configurations which we
call fractional Brauer configurations and define the corresponding fractional Brauer configuration
categories and fractional Brauer configuration algebras.

Our motivation comes from two reasons. The first one is that unlike the Brauer graph alge-
bras case, the class of Brauer configuration algebras is not closed under derived equivalence (see
Example 6.7). The second one is related to the class of basic indecomposable finite-dimensional
representation-finite self-injective algebras (abbr. RFS algebras). It is known that Brauer graph
algebras of finite representation type are equal to Brauer tree algebras and form a subclass of RFS
algebras of type A, (see [15, 3]). We find that by allowing to take suitable fractional multiplici-
ties in defining Brauer trees we can include naturally other subclass of RFS algebras of type A,,
however the algebras in such subclass are not symmetric any more.

Our first step is to define a fractional Brauer configuration. For simplicity, let us show how
to define a fractional Brauer graph. A Brauer graph I' = (I'g,T'1, i, 0) is defined by a set Ty of
vertices (with a multiplicity function p : I'o — Z4 on it) and a set I'; of edges with an orientation
o on edges associated to every vertex. By viewing each edge as a set consisting of two half edges,
we can redefine a vertex of I' as an (cyclic-)ordered set of half edges associated to a vertex where
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the (cyclic) order is induced from the original orientation o. In other words, we can define a
Brauer graph in a new way as follows. Starting from a finite G-set E (where G = (g) is an infinite
cyclic group) whose elements are called half edges, we define the G-orbits as vertices of E and
the orientation on a vertex is given by the G-action, and define the edges of E by a partition P
on E such that each class P(e) (here P(e) denotes the equivalence class of P containing e € E)
consisting of exactly two half edges. We can define the multiplicity function p : E — Z, directly
on the set F of half edges such that u is constant on each G-orbit G - e.

Using the above terminology, we recall that if Ar is the associated Brauer graph algebra, then
the indecomposable projective module associated to an edge P(e) = {e, €’} is biserial and one
uniserial sequence reads along the G-orbit G -e = {e,g-e,g% - e, -} by u(e) times, and another
uniserial sequence reads along the G-orbit G - € by u(e’) times. We now use a new function
d: E — Z4 such that d is constant on each G-orbit, which is called the degree function. And we
can define a “modified Brauer graph algebra” by defining the indecomposable projective module
associated to an edge P(e) = {e, €’} as follows: it is still biserial and one uniserial sequence reads
along the G-orbit G-e = {e, g-e, g*-e, - - - } in d(e) steps, and another uniserial sequence reads along
the G-orbit G - €’ in d(€’) steps. It is easy to see that a “modified Brauer graph algebra” can be
well-defined if we request a further condition: P(e) = P(€) if and only if P(¢%©).e) = P(gU¢) . ¢')
for all e,e’ € E. Note that a “modified Brauer graph algebra” is a Frobenius algebra but not
symmetric in general (see Example 3.5). In Brauer graph algebra case, the multiplicity function

w(e) is equal to éi)' and d(e) is an integral multiple of | G - e |. However, in “modified Brauer
graph algebra” case, % can be taken a fractional value, which will be called the fractional-degree

at e and is denoted by ds(e). The data E = (E, P,d) defined as above will be called a fractional
Bruaer graph of type MS (see Section 3).

Similarly, a Brauer configuration I' = (I'g,T'y, i1, 0) is defined by a set I'y of vertices (with a
multiplicity function pu : T'g — Z4 on it) and a set I'; of polygons (each polygon is a multiset
of vertices) with an orientation o on polygons associated to every vertex. In order to define a
fractional Brauer configuration, we start from a (finite or infinite) G-set E' (where G = (g) is an
infinite cyclic group) whose elements are called angles. By similar ideas as above, we can define
vertices of E as G-orbits of the angles and polygons of E' by some partition P of the angles (where
P(e) is a finite set for each e € E) and associate a suitable degree function d : E — Z;. We
also use another partition L of E with the property that L(e) C P(e) for each e € E. The data
E = (E,P,L,d) defined as above will be called a fractional Brauer configuration. The precise
definitions are given in Definition 3.3 and Remark 3.4. Here we use angles rather than vertices
and polygons as basic elements, since this avoids to use multisets and the angles can be directly
used to define the arrows in the associated quiver of E (see Section 4), and by this way it is also
easier to define the morphisms between fractional Brauer configurations and the covering theory
of fractional Brauer configurations (which are discussed in a forthcoming paper [10]).

We will define various types of fractional Brauer configurations. The types that we are most
interested in are fractional Brauer configurations of type S (see Definition 3.13), whose definition
use some identification relation for sequences of angles in F (see Definition 3.11). The identification
relation is important in our definition since it makes the associated category (or algebra) of E not
necessarily multiserial. The fractional Brauer configurations with trivial partition L are called
fractional Brauer configurations of type MS (see Definition 3.15) and they form an important
subclass of fractional Brauer configurations of type S and include the fractional Bruaer graphs of
type MS introduced as above.

Our second step is to associate each fractional Brauer configuration E = (E, P, L, d) a locally
bounded k-category Ap = kQg/Ip (where Qg is a locally finite quiver and Ig is an ideal of
the path category kQpg), which will be called the fractional Brauer configuration category of E.
Roughly speaking, the vertices set of Qg is given by polygons {P(e) | e € E}, and the arrows
set is given by {L(e) | e € E}, where the arrow L(e) has the source P(e) and the terminal
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P(g-e). The ideal Ig is defined by three kinds of relations which are similar to (but not equal
to) defining relations for Brauer configuration algebras. The details are given in Definition 4.1
and in Definition 4.4. Note that in general Qg is not the Gabriel quiver of Ap and Ig is not an
admissible ideal of kQg. In type S, it is not hard to represent Ag as kQ'; /I where Q' is the
Gabriel quiver of A and I}, is an admissible ideal of kQ’; (see Lemma 6.2). Similarly, we can
define the fractional Brauer configuration algebra Ap of E, which is a locally bounded k-algebra
(see Definition 5.1).

Our third step is to prove various properties of fractional Brauer configuration categories and
fractional Brauer configuration algebras. Among them, we state the following:

(1) If F is a fractional Brauer configuration, then Ag is a locally bounded k-category in the
sense of Bongartz and Gabriel (see Theorem 4.6).

(2) If E is a fractional Brauer configuration of type S, then Ag is a locally bounded Frobenius
category (see Definition 4.7 and Theorem 4.20) so that the corresponding module category
modA g is a Frobenius category in the sense of Happel.

(3) If F is a fractional Brauer configuration of type MS, then Ag is a locally bounded special
multiserial Frobenius category (see Proposition 6.5).

(4) If E is a finite fractional Brauer configuration of type S with integral f-degree, then A is
a finite-dimensional symmetric algebra (see Proposition 5.5). In particular, if E is a finite
fractional Brauer configuration of type MS with integral f-degree, then Ap is a Brauer
configuration algebra (see Corollary 6.6).

Both (3) and (4) can be seen as proper generalizations of the following result in [8]: every
Brauer configuration algebra is symmetric and special multiserial.

(5) Over an algebraically closed field, the class of finite-dimensional representation-finite in-
decomposable fractional Brauer configuration algebras in type S coincides with the class
of basic indecomposable finite-dimensional standard representation-finite self-injective al-
gebras (see Theorem 7.14) and therefore this class of algebras is closed under derived
equivalence.

This paper is organized as follows. In section 2, we give a quick review on Brauer configuration
and Brauer configuration algebra. In Section 3, 4 and 5, we define the fractional Brauer config-
urations, the associated fractional Brauer configuration categories, and the associated fractional
Brauer configuration algebras respectively. In particular, in Section 4 we define the notion of
locally bounded Frobenius category and show that the fractional Brauer configuration category in
type S is a locally bounded Frobenius category. In Section 6, we determine the Gabriel quivers and
admissible relations of fractional Brauer configuration categories in type S over an algebraically
closed field. Based on this, we show that the fractional Brauer configuration algebra in type MS is
a locally bounded special multiserial Frobenius algebra. In Section 7, based on the description of
the standard form of a locally representation-finite category by Bretscher and Gabriel and the cri-
terion to determining when a locally representation-finite category is standard by Martinez-Villa
and De La Pena, we describe the class of finite-dimensional indecomposable representation-finite
fractional Brauer configuration algebras in type S over an algebraically closed field.

DATA AVAILABILITY

The datasets generated during the current study are available from the corresponding author
on reasonable request.

2. A QUICK REVIEW ON BRAUER CONFIGURATION AND BRAUER CONFIGURATION ALGEBRA

Throughout this paper, let k be a field. We recall (in a slightly new way) the definitions of a
Brauer configuration and a Brauer configuration algebra from [7, Section 1.1 and Section 2.2].
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Definition 2.1. A Brauer configuration (abbr. BC) is a quadruple IT' = (T, T'1, p, 0) which is
defined as follows.

(1) Ty is a finite set, called the set of vertices;

(2) 'y is a finite collection of finite labelled multisets whose elements are in I'g, which is called
the set of polygons, such that each vertex o € I'g is contained in some polygon V € I'1 and
each polygon contains at least two vertices;

(3) w is a function 'y — Z,, which is called the multiplicity function;

(4) o is an orientation of I', that is, for each vertex a € T'g, a cyclic order over the set
Co ={(V,a,i) | V € T'1 such that a occurs as a vertex in V and 1 < i < Ny}, where
Ny, denotes the number of times that o occurs as a vertex in V.

(5) For each polygon V', there exists a vertex o € V' such that val(a) - p(a) > 1, where val()
denotes the cardinal of the set C,.

Remark 2.2. (1) We say that a vertex a € Ty is truncated if val(a)u(a) = 1; that is, «

occurs exactly once in exactly one V € 'y and pu(a) = 1.

(2) A Brauer configuration is called a Brauer graph (abbr. BG) if each polygon of it contains
exactly two vertices.

(3) Note that in the above definition we have rewritten the orientation in Green and Schroll’s
original definition using the set C,. We will call the elements of C,, as angles at the vertex
« (see and compare Definition 3.1 below) and this viewpoint is critical in our definition of
fractional Brauer configuration.

(4) The basic elements in Definition 2.1 are vertices and polygons and the new notion of angles
are derived from them.

Example 2.3. Let T' = (Ty,T'1, p,0) be a BC defined as follows. Let
F0 = {17 27 3}a
={Vi={1,1,3}, Vo = {1,2}}.
We choose p(3) = 2, and u(i) = 1 for all other vertices. The orientation is given by: (V1,1,1) <
(Vb 172) < (V2> 17 1) < (Vla 1> 1) on 017 (V2727 1) < (V2727 1) on 02; (VY1737 1) < (‘/1737 1) on C3-
The above BC' can be realized by the following diagram:

2V 1
) 3

Green and Schroll associate each BC I' a quiver algebra kQp/If in [7]. Since we do not
emphasize the truncated vertices in our formulation, the quiver Qr and the ideal It defined below
is slightly different from that in [7], in particular, here It is not an admissible ideal in general.
However, the quotient algebras kQr/Ir and kQ[/I]. are isomorphic.

The vertices of Qr are in one to one correspondence with the polygons of I'. For each vertex
a €Ty and for (Vi,a,i1), (Va, @, i2) € Cy such that (Va, e, ig) is the successor of (V1, «,i1), there
is an arrow from v; to ve in Qr, where v; is the vertex of Qr which correspond to the polygon V;
of I' for i =1, 2.

Let a be an arrow of Qr, which corresponds to the triple (V' «,i’) being the successor of the
triple (V, «,7) in C,. Let the triple (V" «,i") € C, be the successor of the triple (V' a,i") and
let @’ be an arrow of Qr which corresponds to (V" «, ") being the successor of (V' a,i’) in C,.
Define a bijection ¢ : (Qr)1 — (Qr)1 by mapping a to o’
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For each arrow a of Qr which corresponds to the triple (V' a,4") being the successor of the
triple (V,,i) in C,, define p(a) = (" !(a)---t(a)a to be a cycle in the quiver Qr, where n is
the smallest positive integer such that " (a) = a (n equals to the cardinal of C,). Call p(a) a
special a-cycle. Let It be the ideal of the path algebra kQr generated by the following two types
of relations:

(R1) p(a)™® — p(b)“?) where a, b are arrows of Qr which start at the same vertex, and p(a)
(resp. p(b)) is a special a-cycle (resp. a special S-cycle);
(R2) ba, where a, b are arrows of Qr such that b # «(a).

Definition 2.4. (cf. [7, Definition 2.5]) The Brauer configuration algebra (abbr. BCA) Ar
associated to I' is defined to be the quotient algebra kQr/Ir.

Note that each Brauer configuration algebra is a special multiserial algebra and in particular a
multiserial algebra (see [8]).

Example 2.5. The BCA corresponding to the BC (which we denote by ') in Example 2.3 is given
by the following quiver Qr

with relations

azasa; = b,ajazas = asajaz = 02,0 = ca; = agza; = cag = a% = bag = a1b = asc = agzc.

Therefore, the indecomposable projective modules have the following structures:

7N
I

4

3. FRACTIONAL BRAUER CONFIGURATIONS

DO — = — = —— O

In this section we define fractional Brauer configurations, which are generalization of Brauer
configurations. According to [15] (see also [13]), a Brauer graph can be seen as a ribbon graph
with a multiplicity function. Inspired by this, let us first reformulate the definition of a Brauer
configuration as follows.

Definition 3.1. A Brauer configuration (abbr. BC) is a tuple A = (Ao, A1,(, P, p,v) which is
defined as follows.
(1) Ag is a finite set, called the set of vertices;
(2) A1 is a finite set, called the set of angles;
(3) ¢ : A1 — Ay is a surjective map, which is called the connection map;
(4) P is a partition of A1, such that |P(e)| > 2 for every e € Ay (P(e) is the equivalence class
determined by P which contains the angle e, which is called a polygon);
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(5) p is a permutation A1 — Ay whose cycles have underlying sets (~1(a) with a € Ao, which
is called an orientation of A;

(6) v:Ag — Z4 is a function, which is called the multiplicity function;

(7) For every polygon P(e) of E, there exists some h € P(e) with | ("*(¢(h)) | -v(¢(h)) > 1.

A Brauer configuration is called a Brauer graph if each polygon of it contains exactly two angles.

Compare with Definition 2.1, in the above definition we use vertices and angles as the basic
elements, and the polygons are derived from them.

Proposition 3.2. Definition 3.1 and Definition 2.1 are equivalent.

Proof. Let I' = (I',I'1, 1, 0) be a Brauer configuration in Definition 2.1, construct a tuple A =
(Ao, A1, ¢, Pyp,v) as follows: Ag = Lo; A1 = Jyer, Ca, where Cp = {(V,@,4) [ V € I'1 such that
a occurs as a vertex in V and 1 <1i < Ny}, Ny, denotes the number of times that a occurs as
a vertex in V; ¢ : Ay — Ag is given by (V,a,i) — «a; P is a partition of A; such that for each
angle (V, a, i) in Ay, the class P(V, «,1) is equal to {(V,3,7) | 5 € T'g occurs as a vertex in V' and
1 < j < Nyg}, which is determined by the polygon V; p is a permutation A; — A such that
p(V,a,i) = (V' a,i"), where (V/, a, i) is the successor of the triple (V, «, i) under the cyclic order
oon Cu; v =p: Ay — Zy. It is straightforward to show that A = (Ag, A1, (, P,p,v) is a Brauer
configuration under Definition 3.1. Note that the condition (5) in Definition 2.1 corresponds to
the condition (7) in Definition 3.1.

Conversely, let A = (Ap,A1,(, P,p,v) be Brauer configuration in Definition 3.1, we define a
quadruple T' = (T'o,T'1, p,0) as follows: Ty = Ag; T'y = {[((P(e))] | e € A1}, where [((P(e))]
represents the finite labelled multiset which is the image of the class P(e) under ¢; u =v : Ty —
Z; In order to define the orientation o, we first define the set C,, of angles at the vertex a (in
the sense of Definition 2.1) as follows.

For each vertex o € Ty, define the set C, to be {(V,a,i) | V € T'; such that o appears in
V = [((P(e))] for some e € A; and 1 < i < Ny}, where Ny, denotes the number of times that
« appears in V. Note that for a polygon V = [((P(e))], a € V if and only if (~!(a)NP(e) # ), and
Ny, is equal to the cardinal of (~*(a)N P(e). For each polygon P(e) of A with (~!(a)NP(e) # 0,
label the elements of (~!(a) N P(e) by ey, - - , e,, and define a map ¢p(e) : (" (a) N P(e) = Cq by
Ppe)(ei) = ([C(P(€))], o, i). Since (~!(a) is a disjoint union of subsets of the form ¢~*(a) N P(e),
the maps ¢p() : ¢~ Y(a)N P(e) = C, induce a map ¢ : (~(a) — C,, which is bijective. Then
the cyclic order o on C, is induced by the permutation p on (~!(a). Also the condition (7) in
Definition 3.1 corresponds to the condition (5) in Definition 2.1. O

In view of Definition 3.1, we can also reformulate the definition of a Brauer configuration algebra
as follows. For a Brauer configuration A = (A, A1, ¢, P,p,v), define a quiver Qa as follows:

e The vertices of Qa correspond to the polygons of A;

e The arrows of Q are given by the angles of A by the following way: given an angle e € Ay
with connection vertex o = ((e) € Ag, there is an arrow from the polygon P(e) to the
polygon P(h), where h = p(e), that is, h is the successor angle of e under the permutation
around the vertex o.

In the following, we will identify the angle e with the corresponding arrow in QA and write
s(e) = P(e),t(e) = P(h) for the arrow e. Let e be an arrow of Qa, define p(e) = p"~1(e)---p(e)e
to be the cycle in the quiver Qa, where n is the smallest positive integer such that p™(e) = e. Let
I be the ideal of the path algebra kQa generated by the following two types of relations:

(R1) p(e)*€e) — p(n)*C(M)  where e, h are arrows of Qa with P(e) = P(h);

(R2) egeq, where ej, ey are arrows of Qa such that ey # p(eq).
The Brauer configuration algebra Aa associated to A is defined to be kQa/Ia.

We now introduce the notion of fractional Brauer configuration.
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Definition 3.3. Let G = (g) be an infinite cyclic group. A fractional Brauer configuration (abbr.

f-BC) is a quadruple E = (E, P, L,d), where E is a G-set, P and L are two partitions of E, and

d: E — Z, is a function, such that the following conditions hold.

(f1) L(e) C P(e) and P(e) is a finite set for each e € E.

(12) If L{er) = L(ea), then P(g- e1) = P(g - c2).

(f3) If e1, ex belong to same (g)-orbit, then d(ey) = d(es).

(f4) Pler) = P(ez) if and only if P(g") - e1) = P(g™®) - e3).

(f5) L(er) = L(e2) if and only if L(g™) - e1) = L(g™®) - e5).

(f6) The formal sequence L( de)=1.¢)... L(g-e)L(e) is not a proper subsequence of the formal
sequence L(g*™=1.h)...L(g-h)L(h) for all e,h € E.

Remark 3.4. We need some further remarks on the above definition as follows.

(1) The elements in E are called angles of the f-BC. The (g)-orbits of E are called vertices of
the f-BC. In other words, every vertex of the f-BC is of the form G - e where e € E is an
angle.

(2) For each vertex v, the (g)-set structure of v gives an order on it, which is a total order
when v is infinite and is a cyclic order when v is finite. The order given by (g)-action on
each vertex of f-BC can be regarded as a generalization of the orientation o of BC.

(3) The classes P(e) of the partition P are called polygons. Note that we allow the cardinality
of P(e) to be 1, that is, P(e) can be a 1-gon, which is different from the BC case.

(4) Condition (f1) means that any two angles e1, ex of the class L(e) lie in the same polygon
P(e), and Condition (f2) means that their successors g - e1,g - es also lie in the same
polygon P(g-e). The partition L is said to be trivial if L(e) = {e} for each e € E.

(5) The function d : E — Z4 is called degree function. Condition (f3) means that the degree
function can be defined on vertices.

(6) Let E be a f-BC and v be a vertex such that v is a finite set, deﬁne the fractional-degree
(abbr. f-degree) ds(v) of the vertex v to be the rational number 4 | . If the f-degree of each
verter of E is an integer, then E is said to have integral f- degree Moreover, if d¢(v) =1
for each vertex v, then E is called f-degree trivial.

(7) Denote o the map E — E, e gd(e) -e, which will be called the Nakayama automorphism
of E. This automorphism is guaranteed by the conditions (f3), (f4) and (f5).

Each BC A = (Ap, A1,(, P,p,v) can be seen as a -BC E = (E, P, L,d) with integral f-degree
and trivial partition L by the following procedure: Let E = A; such that the (g)-action on E is
induced by the permutation p on Aj; the partition P of E is just the partition P of Ay; the partition
L of E is defined to be trivial; the degree function d is given by d(e) = v({(e))- | (1(¢(e)) |. Then
the multiplicity function v is equal to the f-degree dy.

On the other hand, if we allow the multiplicity function v in a BC A = (A, Ay, P,p,v) to
take fractional values such that v(v) is an integral multiple of =T ( 1 for each vertex v € Ay, then

under some suitable conditions we can still form a f-BC along the above procedure (see Example
3.5). Note that in BC case, a vertex v is truncated (cf. Remark 2.2 (1)) if and only if d(v) =

We illustrate our definition of f~-BC with some examples.

Example 3.5. Let E = {1,1',2,2',3,3'}. Define the group action on E by g-1=2, g-2 =3,
g-3=1,9g-1"=2,¢9-22=3,¢9-3 =1". Define P(1) = {1,1'}, P(2) = {2,2'}, P(3) = {3,3'}
and L(e) = {e} for every e € E. The degree d of E is defined by d(e) = 2 for every e € E. So the

2
J-degree of E' has constant value 5.

Example 3.6. Let E = {1,1',2,2',3,3',4,4'}. Define the group action on E by g-1 =2, g-2 = 3,
g:3=1,9g-1"=2,9-2=4,9g-4=1,9-3 =3, g-4=4. Define P(1) ={1,1'}, P(2) ={2,2'},
P(3) =1{3,3}, P(4) = {4,4}, L(1) = {1,1'} and L(e) = {e} for e # 1,1'. The f-degree of E is
defined to be trivial.
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Example 3.7. Let E = {a1,a2,a3,a4}. Define the group action on E by g-a1 = a1, g-az = as,
g-a3 =az, g-as = ay. Define P(ay) = E, L(a1) = {a1,a2}, L(az) = {a3,as}. Define d(a1) =
d(ay) =2, d(ag) = d(as) = 4. So the f-degree of E has constant value 2.

Example 3.8. Let E = {1,1',17,2,2/,3,4,4',4" 5,5 ,6}. Define the group action on E by g-1 = 2,
g-2=4,9-4=5,9-5=1,9g-1'=2,¢9-2=4,9.4=6,9g-6=1,9-1"=3,9-3=4",
g 4" =5, g5 = 1". Define P(1) = {1, 1,1}, P(2) = {2,2}, P(3) = {3}, P(4) = {4, 4,4},
P(5) = {5,5'}, P(6) = {6}, L(1) = {1,1'}, L(2) = {2,2'}, L(4) = {4,4"}, L(5) = {55},
L(e) = {e} for other e € E. The f-degree of E is defined to be trivial.

Example 3.9. Let E = {i |i € Z} U{i' | i € 3Z}. Define the group action on E by
i+1, if e =1 with i =0 (mod 3);
g-e=<i+2, if e =1 with i =1 (mod 3) or if e =i with i =0 (mod 3);
(i+1), ife=1i withi=2 (mod3).
Define
Ple) = {{z‘,z’/}, ife =i withi=0 (mod 3);

) {el, otherwise;
and L(e) = {e} for every e € E. The degree d of E is given by d(e) =2 for every e € E.

Every fractional Brauer configuration E = (E, P, L, d) can be visualized as some diagram I'(E),
which consists of polygons such that every two polygons can only intersect on their vertices. Each
polygon in I'(E) corresponds to a polygon (of the form P(e)) of E, and each e € E corresponds to
an angle of the polygon P(e) in I'(E). Two angles of polygons in I'(E) are connected to the same
vertex of I'(E) if and only if the two corresponding elements of E belong to the same (g)-orbit of
E. For each vertex v = G - e of I'(E), the (g)-set structure of E gives an order (which is always
taken to be clockwise) to angles of polygons in I'(E) which are connected to v.

Note that if a polygon P(e) has cardinality 1, then P(e) has only one angle and it corresponds
to a half edge in I'(E'); and if P(e) has cardinality 2, then P(e) has two angles and they correspond
to one edge (or two half edges) in I'(E). The {-BCs in Examples 3.5, 3.6, 3.7, 3.8, 3.9 can be
visualized by the following diagrams

a a4
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Definition 3.10. Let E be a f-BC.

(1)

(2)

Let n be a positive integer. We call p = (ep, - ,e2,e1) a sequence of angles of length n
in E, if e,s are angles in E and P(g - e;) = P(ej+1) for all 1 <i < n — 1. Moreover, for
every e € E, we call (). a sequence of angles of length 0 in E at e, or a trivial sequence of
E ate.

A sequence of the form p = (¢" 1 -e,--- ,g-e,e) withe € E and 0 < n < d(e) is called
a standard sequence (associated to the vertex G -e) of E (we define p = (). whenn =0).
For n > 0, the source (resp. terminal) of standard sequence p = (¢g" ' -e,---,g-e,e) is
defined to be e (resp. g™ -e); both the source and the terminal of the trivial sequence (). are
defined to be e. The composition of two standard sequences is defined in a natural way.

(3) A standard sequence of the form (gd(e)*1 e,---,g-e,e) withe € E is called a full sequence
of E.
For a standard sequence p = (¢" ! -e,---,g-e,e), we can define two associated standard

sequences (which can be called the left complement and the right complement of p respectively)

(g1 e ... gntlie g .e), if 0 <n < d(e);
"p= ()gd(e)(e)’ if n =d(e);
(gd(e)*l_@... ,g'€,€), ifn=0 and p = ()67
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and
(g_1 : 679_2 TCy 7gn—d(e) ’ 6), if0<n< d(e)a
p/\ = ()e’ if n = d(e);
(g7t-e,--- ,gde) . e), if n=0and p=()e.
Note that for a standard sequence p of F, both “pp and pp”" are full sequences of E.
For a sequence p = (e, ,e2,e1) in E, we can associate a formal sequence as follows:

L(p) = L(ey)---L(ea)L(e1), if p= (en,--- ,e2,e1) is a sequence of length > 0;
P = Lp(ey, if p = ()e is a trivial sequence at e.

Moreover, for a set 2" of sequences, define L(2") = {L(p) | p € Z7}.

Definition 3.11. Let FE be a f-BC, p, q be two sequences of angles in E. Denote p = q if the
associated formal sequences L(p) and L(q) are equal. In this case we say that p, q are identical.

Remark 3.12. (1) Any standard sequence which is identical to a trivial sequence (). is also
a trivial sequence () such that P(e) = P(¢').
(2) By (f6) we see that any standard sequence which is identical to a full sequence p is also a
full sequence q with "p ="\q.
(3) By (f4) and (f5), for standard sequences p, q, "“p = "q if and only if p" = ¢".

For a set 2~ of standard sequences, denote *2" = {"p |p € 2} (resp. 2" ={p"|pe Z}),
and denote [2'] = { standard sequence ¢ | ¢ is identical to some p € 2 }.

Definition 3.13. A f-BC E is said to be of type S (or E is a fs-BC in short) if it satisfies
additionally the following condition:
(f7) For standard sequences p = q, [["p]"] = ["a]"] or ["[P"]] = ["[a"]].

In particular, if F is a f;-BC such that each polygon of E has exactly two elements, then we
call E a fractional Brauer graph of type S (abbr. fs-BG).

Remark 3.14. (1) For a standard sequence p, we have [“[p"]] = [*[("p)"]] = ["(["p)"")] =
["p]"]. It follows that the conditions [[p]"] = [["q]"] and ["[p"]] = [*[¢"]] in Definition
3.13 are equivalent.
(2) For standard sequences p = q, the equation [["p]
or a full sequence.

N = [["q]"] is always true if p is a trivial

In Example 3.5, the partition L is trivial. So for non-trivial standard sequences p,q of ¥, p = ¢
implies p = gq. Then (f7) holds and FE is a f,-BC and indeed a f,-BG.

In Example 3.6, the only case for p = ¢ and p # ¢ for non-trivial standard sequences p, q is
p=(1) and ¢ = (1'). Since [["p]"] = [["¢]"] = {(1), (1))}, E is a f,-BC and indeed a f,-BG.

In Example 3.7, let p = (a1) and q = (az2) be identical standard sequences in E, then [["p]"] =
{(a1), (a2), (as,az2,a3)} and [[*q]"] = {(a1), (az)}. Therefore E is a -BC but not a fs-BC.

In Example 3.8, let p = (2,1) and ¢ = (2/,1') be identical standard sequences in E, then
["p)"] = {(2,1),(2,1),(3,1")} and [["q]"] = {(2,1),(2/,1")}. Therefore E is a -BC but not a
fs-BC.

In Example 3.9, the partition L is trivial. Then (f7) holds and FE is a fs-BC.

Definition 3.15. A -BC E = (E, P, L,d) is said to be of type MS (or E is a fpys-BC in short) if
partition L of E is trivial. If E is a f-BC of type MS such that P(e) contains exactly two elements
for each e € E, then E is said to be a fractional Brauer graph of type MS (abbr. fps-BG).

Since identical non-trivial standard sequences in a f-BC of type MS must be equal, it is of type
S. The above Example 3.5 and Example 3.9 are {-BCs of type MS.
We summarize our discussion by the following diagram:
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BC — f,+-BC — f;-BC — f-BC

f f f

BG — f,,s-BG — f;-BG

4. FRACTIONAL BRAUER CONFIGURATION CATEGORY

In this section, we will associate every {-BC E a k-category Ar which we call a fractional
Brauer configuration category. It turns out that Ag is a locally bounded k-category in the sense
of Bongartz and Gabriel.

4.1. The quiver of a fractional Brauer configuration category.

Definition 4.1. For a -BC E = (E, P, L,d), we associate a quiver Qg as follows.
e The set (Qg)o of vertices is given by {P(e) | e € E};
o The set (Qg)1 of arrows is given by {L(e) | e € E}, where the arrow L(e) has the source
P(e) and the terminal P(g - e).

Denote s : (Qg)1 — (Qr)o and t: (Qr)1 — (QEr)o by two maps with s sending each arrow to its
source and t sending each arrow to its terminal.

Remark 4.2. We have the following interpretations of Qg in terms of the conditions of f-BC.

(1) (f1) and (f2) ensure that the definition of the source and the terminal of an arrow L(e)
of Qg are independent to the choice of the representative e of the class L(e).

(2) Partition L means that the arrows of Qg are obtained by identifying L(e) with L(e") in
Qp if e and €' belong to the same partition class of L. Moreover, since P(e) (hence also
L(e)) is a finite set for each e, the quiver Qg is locally finite, that is, the number of arrows
starting or stopping at any vertex is finite.

(3) (f4) (resp. (f5)) ensures that the Nakayama automorphism o of E induces a permuta-
tion on (Qg)o (resp. (Qr)1). (f4) and (f5) together with (f3) ensure that o commutes
with s and t so that it induces an automorphism of the quiver Q. We also denote this
automorphism by o.

(4) p = (en, -+ ,e2,e1) is a sequence of E if and only if L(p) = L(e,)---L(e2)L(e1) is a
path of Qg, and we write a path of Qg from right to left. For a trivial sequence p = ()e,
L(p) = 1p() is the trivial path of Qg at verter P(e).

(5) Ewvery finite (resp. infinite) (g)-orbit G-e corresponds to a cycle L(gl¢¢I=1.¢) ... L(g-e)L(e)
of length | G - e | (resp. an infinite path --- L(g-e)L(e)L(g~"-¢e)--- ) in the quiver Q.

We usually denote a polygon in a f-BC E by P(i) = {i,7,i”,---} and denote the corresponding
vertex in Qg by 7. In Example 3.5, Qg is the following quiver

3
L(3) L(2')
L(3) L(2)
L(1)
1 2 -
L(1)

In Example 3.6, Qg is the following quiver
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L(4)C44)C3/ L() .

L(2")__L(2)
2
In Example 3.7, Qg is the following quiver
L(a1) C a Q L(as) .
In Example 3.8, Qg is the following quiver
3
L(l//)
1=——=2
L(1)
L(3)
L(5) L(2) .
L(6)
L(4
5 4
%
6

In Example 3.9, Qg is the following quiver

1 5
L(0) L) L@ L(5)
O / \ 3 / \ 6 /
LWQKQ) Lm4%<4> ng

Lemma 4.3. Let E = (E,P,L,d) be a f-BC. For a path p = L(ey)---L(e2)L(e1) of Qg, the
following conditions are equivalent:

(1) There exists some e € E such that p = L(g"~'-e)---L(g-e)L(e).

(2) Miz1 9" - Lie) # 0.
Proof. If there exists some e € E such that p = L(g
g" " L(g ' -e) foreach 1 < i < nand g"! e c
L(e;) # 0. Conversely, if NI, g" " L(e;) # 0, let h g" " L(e;) and let e = g'~™ - h.
Since e € g'~% - L(e;) for each 1 < i < n, L(g"' - e) = L(e;) for each 1 < i < n. Therefore
p=L(g""-e)-- Lig-e)Le). O

The above quiver Qg defines a path category kQr whose objects are the vertices of Qg and
whose morphisms are generated by the paths of Qg.

n—

L.¢)- -~ L(g - e)L(e), then 9" L(e:) =
ﬂ’.‘ lgn—z - L(e;). Therefore Nz g™ " -
€ Niey
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4.2. The relations of a fractional Brauer configuration category.

Definition 4.4. For a -BC E = (E, P, L,d), we define an ideal Iy of the path category kQpg

which is generated by the following three types of relations:

(fR1) L(g™©)=1=k.¢)... L(g-e)L(e) — L(¢*™M~1=k.p) ... L(g-h)L(h), where k > 0, P(e) = P(h)
and L(g"®)~" . ¢) = L(g*M~" . h) for1 <i < k.

(fR2) Paths of the form L(ey)--- L(e2)L(e1) with (Niey g" "~ L(e;) =0 forn > 1.

(fR3) Paths of the form L(g" ' -e)---L(g-e)L(e) for n > d(e).

We call the quotient category Ap = kQg/Ig the fractional Brauer configuration category (abbr.

f-BCC) of E. Moreover, if E is a fs-BC ( resp. fs-BG, fims-BC, fms-BG), then we call Ag a

fs-BCC (resp. fs-BGC, fps-BCC, fns-BGC).

Remark 4.5. We have the following interpretations to the ideal Ig:

e (fR1) means that L(p) — L(q) is contained in Ig if p,q are standard sequences of E with
Ap ="q. Note that (fR1) is equal to (R1) in BCA case, but if the partition L is nontrivial,
then (fR1) contains more elements in general.

o (fR2) means that each path of Qg not of the form L(g" ' -e)---L(g-e)L(e) is contained
in Iy (see Lemma 4.3). Unfortunately, Conditions (f1) — (f6) do not ensure that all full
sequences define nonzero paths in kQg/Ig (see Examples 3.7, 3.8), for this to be true, we
need the condition (f7) (see Remark 4.16). Note that (fR2) is equal to (R2) in BCA case,
but if the partition L is nontrivial, then (fR2) contains more elements in general.

e (fR3) defines the mazximal possible paths in kQp which are not contained in Ig. Together
with (f3) in Definition 3.3 it is not hard to see that, for each vertex x = P(e) € (QE)o,
there is a natural number Ny = (max{d(h) | h € P(e)} + 1) such that Ig contains each
path of length > N, which starts or stops at x.

e Condition (f6) in Definition 3.3 ensures that Ig is contained in the ideal of kQp gener-
ated by arrows. Otherwise, there exists a relation r = L(gH©)~1"F . ¢)... L(g - e)L(e) —
L(g*M=1=k . p)... L(g - h)L(h) of type (fR1) such that the length of one of the paths
L(gU=1F . ¢)... L(g - e)L(e) and L(g*M~1=F.h)...L(g-h)L(h) is 0. If the length of
L(gU)=1=F . ¢)... L(g - e)L(e) is 0, then k = d(e). Since r is nonzero, k < d(h). So
L(g™®)=1.¢e)... L(g-e)L(e) is a proper subsequence of L(g*™=1.h)-.. L(g-h)L(h), which
contradicts the condition (f6).

e Condition (f7) holds when the partition L is trivial and in this case E is a fps-BC.

In Example 3.5, Ig is generated by the following relations:
L(2)L(1) — L(2)L(1), L(3)L(2) — L(3)L(2"), L(1)L(3) — L(1") L(3),
L(2"YL(1), L(2)L(1"), L(3")L(2), L(3)L(2"), L(1")L(3), L(1) L(3").
In Example 3.6, Ir is generated by the following relations:
L(3) — )LL), L(4) — L) L)L), L3)L(E2) - L)L), LE)LE),
L(3)L(3"), L(4)L(2"), L(4")L(4), L(2)L(1)L(4"), L(2")L(1) L(3), L(1) L(3) L(2) L(1).
In Example 3.7, let p = (a1), ¢ = (a3, az,a3) be standard sequences, then "p = "q. Therefore
L(ay) = L(as)L(a1)L(a3) in Ag. Similarly, L(ag) = L(a1)L(as)L(a1) in Ag. We have
(1) L(a1) = L(as)L(a1)L(as) = L(as)L(a3)L(a1)L(as)L(as)
in Ag. Since
L(az) Ng- L(az) N g* - L(a1) = {a3,as} N {as,as} N {a1, a2} = 0,

L(az)L(as)L(a1) = 0 in Ag. Therefore L(a;) = 0 in Ag. Similarly, L(az) = 0 in Ag. So Ig is
generated by L(ay), L(as) and Ap = k.
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In Example 3.8, I is generated by the following relations:
L(5)L(4) — L(6)L(4"), L(2)L(1) — L(3)L(1"), L(4')L(3), L(1")L(6).
In Example 3.9, Ip is generated by the following relations:
L(3i+ 1)L(3i) — L(3i + 2)L(3d"), L(3i")L(3i — 2), L(3i)L(3i — 1),
where ¢ € Z.

Recall from [4, Definition 2.1] that a locally bounded category is a k-category A satisfying the
following three conditions:

e For each x € A, the endomorphism algebra A(z, ) is local.
e Distinct objects of A are not isomorphic.
e For each z € A, ZyeA dimgA(z,y) < oo and EyeA dimgA(y, x) < oc.

For the definition of the radical of a locally bounded category, we refer to [4, Section 2].

Theorem 4.6. Let E = (E,P,L,d) be a f-BC, and let Ap = kQg/Ir be the associated f-BCC.
Then we have the following.

(1) Ag is locally bounded k-category.

(2) Let J be the ideal of Ag generated by the arrows of Qg. Then J is the radical of Ap.

(3) The Nakayama automorphism o of E induces an automorphism of the category Ap which
s also denoted by o.

Proof. (1) follows from the facts that Qg is a locally finite quiver and that for each vertex x €
(QE)o, there is a natural number N, such that Ir contains each path of length > N, which starts
or stops at = (cf. [4, Page 337]). Alternatively, we give a direct proof as follows.

For e € E, each nonzero path in Ap starting at P(e) is of the form L(g"~!-h)---L(g -
h)L(h), where h € P(e) and 0 < n < d(h). Since D,e(q,), Ar(P(€),a) is generated by
such paths as a k-space, and since P(e) is finite, dimy(D,e(g,), Ar(P(€),a)) < oo. Similarly,
dimy (B e (g, AE(a, P(e))) < .

For each morphism f : z — y in J, to show that f is in the radical of Ap, we need to show
that id, — f'f is invertible for all f' € Ag(y,z). Let x = P(e), then each path starting at x of
length larger than max{d(h) | h € P(e)} is zero in Ag. Therefore f’f is nilpotent and id, — f'f
is invertible.

For each morphism f : x — y with f ¢ J, there exists A € k* such that f = \id, + f’ with
f' € J. Since f’ is nilpotent, f is invertible. Therefore f is not in the radical of Ag. We have
proved that J is the radical of Ag, that is (2).

For each object x in Ag, A(x,z) is a finite dimensional algebra, and A(z,x)/(radA(x,z)) =
A(z,x)/J(x,z) = k. Therefore A(x,z) is local. For different objects z, y in Ag, A(z,y) = J(z,y)
is contained in the radical of Ag, thus each morphism f : x — y is not an isomorphism, so = % y.
Therefore Ag is locally bounded.

By Remark 4.2 (3), o induces an automorphism of the quiver Q g. Moreover, it is straightforward
to show that the automorphism o of Qg also induces an automorphism of the category Ag. This
proves (3). O

4.3. The category Ap in type S is a locally bounded Frobenius category.

Definition 4.7. We call a locally bounded category A to be Frobenius if for every object x of A,
there exists some objects y,z of A such that A(—,z) = DA(y,—) and A(z,—) = DA(—, z), where
D denotes the usual k-duality on vector spaces.

Note that such objects ¥, z in the definition above are also unique by Yoneda’s lemma. Denote
by modA the category of finitely generated A-modules (here, a finitely generated A-module means
it is isomorphic to a quotient of a finite direct sum of representable contravariant functors from
A to modk). According to [4, Section 2|, the indecomposable projective modules in modA are
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isomorphic to A(—,z) (z € A) and the indecomposable injective modules in modA are isomorphic
to DA(y,—) (y € A). Therefore if A is a locally bounded Frobenius category, then the category
modA is a Frobenius category in the sense of Happel [9]. This demonstrates our terminology of
locally bounded Frobenius category.

Definition 4.8. Let E = (E, P, L,d) be a f-BC and let
& ={L(p) | p is a standard sequence of E},

which is a set of paths of Qg. Define a relation R on & as follows: for u, v € &, uRv if and only

if u= L(p) and v = L(q) for some standard sequences p, q of E with "p = "q.

Remark 4.9. (1) Ifu, v € & and uRv, then u,v have the same source and the same terminal.

(2) Foru, v € & with uRv, if w = L(p) such that p is a trivial sequence ()., then v = L(q) for
some trivial sequence ¢ = ()er such that P(e) = P(€’), and therefore u = v.

(3) For paths u,v of & of length > 1, uRv if and only if u—wv is a relation of Iy of type (fR1).

Lemma 4.10. Let E = (E, P, L,d) be a f-BC and let

L(g"™"-e)--L(g-e)L(e) = L(¢""' - h)--- L(g - h)L(h)
be a path of Qr. Then n > d(e) (resp. n < d(e)) if and only if n > d(h) (resp. n < d(h)).

Proof. Suppose n > d(e) and n < d(h). Then L(g“®)~1.¢)... L(g-e)L(e) is a proper subsequence
of L(g“M=1 . h)...L(g - h)L(h), which contradicts to (f6). Therefore n > d(e) if and only if
n > d(h). Similarly n < d(e) if and only if n < d(h). O

Remark 4.11. Let By (resp. PBa) be the set of paths of Qr which are relations of type (fR2)
(resp. of type (fR3)) in Ig. By Lemma 4.10, we know that the set of paths in Qg is a disjoint
union of B1, By and &.

Lemma 4.12. For a f-BC E = (E, P, L,d), (f7) is equivalent to the following condition:
(f7') For any standard sequence p of E, the set of paths v € & with vRL(p) is {L(p) | "p = "p'}.

Proof. Suppose that (f7) holds. For a standard sequence p of E, if v is a path in & with vRL(p),
then there exists standard sequences q,r of E with L(p) = L(q), v = L(r) and ¢ = "*r. Then
p=qandr € ["g]" C [["q]"] = ["p]"]. So there exists some standard sequence [ of E with "p = "I
and [ = r, and therefore v = L(I) belongs to the set {L(p) | “p = "p’}. Then the condition (f7')
holds.

Conversely, suppose that (f7') holds. For standard sequences p,q of E with p = ¢ and for
r e [[/\p] |, there exists some standard sequence t of E with L(r) = L(t) and 't = "p. Since

L(q) = , L(r)RL(q). Then by (f7") we have L(r) = L(s) for some standard sequence s of E
with "¢ = "s. Therefore r = s and r € [["q]"], which implies that [["p]"] C [["q]"]. Similarly, we
have [ C [[*p]"], and the condition (f7) holds. O

Lemma 4.13. If E = (E,P,L,d) is a fs-BC, that is, E is a f-BC satisfying moreover (f7), then
R is an equivalence relation on &.

||| f\

A

")
|

Proof. By definition, R is reflexive and symmetric. Suppose uRv and vRw for u, v, w € &. If

u = L(p) for some standard sequence p of E, by Lemma 4.12, v = L(q) for some standard sequence
q of E with "p = ¢, and w = L(r) for some standard sequence r of E with g = "r. Therefore
Ap ="r and uRw. g

Lemma 4.14. Let E = (E, P, L,d) be a fs-BC, u, v be paths of Qg such that u — v is a relation
of Ip of type (fR1). For each path w of Qg whose source (resp. terminal) is equal to the terminal
(resp. source) of u, one of the following holds: (1) wu, wv (resp. uw, vw) are relations of Ig of
type (fR2) or type (fR3); (2) wu —wv (resp. uw — vw) is a relation of Ig of type (fR1).
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Proof. Since u — v is a relation of I of type (fR1), u, v are paths of length > 1 in & with uRwv.
Let w be a path of Qg whose source is equals to the terminal of u. We may assume that [(w) > 0.
If wu is neither a relation of Ix of type (fR2) nor a relation of Ig of type (fR3), then wu € &.
Let wu = L(p), where p is a non-trivial standard sequence of E. Write p = pap1, where u = L(p1)
and w = L(pz). Since l(w),l(u) > 0, both p; and py are non-trivial standard sequences of E.
Since uRv, by Lemma 4.12, v = L(q1) for some standard sequence ¢q; of E with "p; = "q;. Write
Ap1 = p3po, where ps3 is a standard sequence of E. Moreover, write g1 = ¢3q2 such that ¢ = po
and g3 = p3. Then p3 = "(pop1) and g3 = "(g2q1). Since wu = L(pap1) and wv = L(gaq) with
Mpap1) = p3 = ¢3 = "(q2q1), (wu)R(wv) and wu — wv is a relation of I of type (fR1). O

For a set &/ of paths of Qg and for every two vertices z, y of Qg, denote ,.o7, be the subset
of &7 consists of paths with source x and terminal y. For a subset S of any k-vector space V', we
denote by kS the k-subspace of V' generated by S.

Lemma 4.15. Let E = (E,P,L,d) be a fs-BC. For every two vertices x, y of Qg, Igp(z,y) =
k,(%1)c: Dk, (%) Dk{u—v | u,v € & and uRv}. In particular, the relations of types
(fR1),(fR2),(fR3) generate I as a k-vector space in this case.

Proof. Each element n of Ig(z,y) is of the form Y \ju;rv;, where \; € k*, uls, vis are paths
of Qg, and s are relations of I of type (fR1), type (fR2), or of type (fR3). If r; is a re-
lation of Ip of type (fR2) or of type (fR3), it is straightforward to show that w;r;v; is also a
relation of Ig of type (fR2) or of type (fR3). Therefore u;r;v; € y(,%’l)x L y(%g)x. If r; is
a relation of Iy of type (fR1), by Lemma 4.14, either u;r; is a relation of Ip of type (fR1)
or u;r; € k:y(%’l)z@ky(%’g)z, where z is the source of r;. Therefore either w;r;v; is a rela-
tion of I of type (fR1) or u;ryv; € ky(ﬁl)z@ky(%g)x, which also follows by Lemma 4.14.
Then we implies w;riv; € k,(%1): Dk (B2)s @ k{u —v | u,v € & and uRv}. So Ip(z,y) C
k,(%1): Dk, (%2): D k{u—v|u,ve & anduRv}. The fact that k (%1). Dk ,(%2). D k{u—
v|u,v €, & and uRv} is contained in I (x,y) follows from the definition of /. O

Remark 4.16. Lemma 4.15 shows that if E is a fs-BC, then every path in & is not contained in
Ip, and therefore it is nonzero in Ag. This shows that Condition (f7) ensures that the nonzero
paths precisely correspond to standard sequences of E.

Proposition 4.17. Let E = (E, P,L,d) be a fs-BC, € be a set of representatives of paths in &
under equivalence relation R. Then for every two vertices z, y of Qg, the image of ¢ in A(z,y)
forms a k-basis of A(x,y).

Proof. It follows from Lemma 4.15 and the fact that y(ﬁl)x L y(%’g)x U, & forms a basis of

Note that for u, v € & with uRv, we have u = v in A, therefore the image of ;€ in Ag(z,y)
is independent to the choice of representatives of paths in & under equivalence relation R.

Let £ = (E, P,L,d) be a fs-BC. For every two objects x, y of A and for u € ¢, let u = L(p)
for some standard sequence p. Define "u to be the unique path in o(z) @y such that "uRL(Mp),
and " to be the unique path in ,%,-1(,) such that u"RL(p").

Note that "(—) is a well defined map from yCa 10 4yt if u = L(p) = L(q) for standard
sequences p, ¢ of E, then p = g, therefore L("p)RL("q). Similarly, (—)" is a well defined map
from ¢y to , € 5-1(y)-
Lemma 4.18. Let E = (E, P, L,d) be a fs-BC. For every two objects z, y of Ag, (—)" : U(x)%y —

y €z 18 the inverse of M(—) : yCo— U(x)cgy.

Proof. Foru € , €, with u = L(p) for some standard sequence p, “u is a path in ¢ with “uRL("p).
Then there exists standard sequences g1, g2 of F with “u = L(q1), L("p) = L(q2) and "“q1 = "qo.
By Remark 3.12 (3), ¢ = ¢4, and therefore L(q1") = L(¢%). Since L("p) = L(q2), L(p)RL(%).
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By the definition of (—)", we have (“u)"RL(q}"). So (“u)"RL(p), where L(p) = u. Since both u
and ("“u)" belong to , €, ("u)" = u. It can be shown similarly that MuM) = . O

For each object x of A, let w be the unique path in J(x)%x which corresponds to a full sequence.
Define a linear form € : Ag(z,0(x)) — k by sending w to 1 and sending other u € )¢ to zero.
For every objects z, y of Ag, let (—,—) : Ap(y,o(x)) x Ag(z,y) — k be the bilinear form defined
by the composition Ag(y,o(z)) X Ag(x,y) multa, Ap(z,0(2)) S k.

Lemma 4.19. For every two objects x, y of Ag, the bilinear form (—,—) : Ag(y,o(z)) x
Agp(x,y) — k defined by (a,b) = e(ab) is non-degenerate.
Proof. 1t suffices to show for every u € ;¢ and v € a(w)%y’

1 A

0, otherwise.

y U="U

(2) (v, u) = {

Note that for u € ¢, and v € U(I)%y, either vu = 0 in Ag or (vu)Rw for some w € G(I)%x, SO
the value of (v, u) can only take 0 or 1. When v = "u, suppose that v = L(p) for some standard
sequence p. Then “u = L("p) in Ag and (v,u) = e("uu) = e(L("p)L(p)) = e(L("pp)) = 1.
Conversely, suppose that (v,u) = 1. Since e(vu) = (v,u) = 1, vu # 0 in Ag. By Lemma 4.15,
vu € &. By the definition of €, vu = L(q) for some full sequence g of E. Write ¢ = ¢g2¢1 such that
L(q1) = v and L(g2) = v. Then “uRL("q1) and L(“q1) = L(g2) = v imply "“uRv. Since both "u

and v belong to ¢, we have “u = v. O

We now show that the associated locally bounded category of a f;-BC is a Frobenius category.

Theorem 4.20. Let E be a fs-BC. Then Agp(—,0(x)) = DAg(z,—) for all object x of Ag.
Therefore the associated f-BCC Ag is a locally bounded Frobenius category.

Proof. For each two objects z, y of Ag, by Lemma 4.19, the bilinear form (—, —) : Ag(y,o(z)) x
Ap(z,y) — k is non-degenerate. Therefore it induces an isomorphism Ag(y,o(x)) = DAg(z,y).
Moreover, by the definition of the bilinear form, this isomorphism is natural at y, so we have
Ap(—,0(x)) = DAg(z,—). Replace x by 0~ !(x), we have Ag(—,7) = DAg(c~!(x),—). Therefore
Ag is a locally bounded Frobenius category. O

5. FRACTIONAL BRAUER CONFIGURATION ALGEBRA

Definition 5.1. Let E be a f-BC, and let Ap = ®x,ye(QE)o Ap(x,y) be the algebra corresponding
to the category Ag. We call Ag the fractional Brauer configuration algebra (abbr. f-BCA) of E.
If moreover E is a fs-BC (resp. fs-BG, fims-BC, fms-BG), then we call Ap a fs-BCA (resp.
Fs-BGA, fins-BCA, frms-BGA).

By definition, Ag is a locally bounded algebra (that is, there is a complete set of pairwise orthog-
onal primitive idempotents {1, | € (Qg)o} such that (Ag)l, and 1,(Ag) are finite-dimensional
over k for all z € (Qg)o) since the category Ag is locally bounded and Apg is isomorphic to
kQg/Ig. If moreover E is a finite set, then Ap is a finite-dimensional algebra.

When F is a finite f,-BC, we may extend the linear forms € : Ag(z,0(z)) — k (the definition

of € is given before Lemma 4.19) to a linear form of Ag, which is also denoted by €. Let (—,—) :
multi

Ap x Ap — k be the bilinear form defined by the composition Ap x A —— Ap — k. For each
x, y € (QE)o, the restriction of this bilinear form to Ag(y,o(z)) x Ag(z,y) is non-degenerate by
Lemma 4.19 and the restriction of (—, —) : Ap X Ap — k to Ag(y/,2') x Ag(x,y) is zero, whenever
y # vy or ' # o(z). Therefore the bilinear form (—,—) : Ap x Ag — k is non-degenerate with
the property that (ab,c) = (a,be) for all a,b,c € Ag. Then we have:

Proposition 5.2. If E is a finite fs-BC, then Ag is a finite-dimensional Frobenius algebra with
the linear form e : Ap — k defined as above.
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In Example 3.5, F is a f,,,s-BG and Ag is a finite-dimensional special biserial Frobenius algebra.
The structures of indecomposable projective modules of Ap are

P = ; Py =

1 , 2 3 .
VRN /N VRN
2 2 3 3 1 1
NS NS NS
3 1 2
In Example 3.6, F is a fs-BG and Apg is a finite-dimensional symmetric algebra but is not
multiserial. The structures of indecomposable projective modules of Ap are

P = 1, PR= 2 . PB=3, P=4.

| RN | |

2 3 4 1 1

VAN NS !

3 4 1 2 2
NS \ \ \

1 2 3 4

In Example 3.7, E is a -BC but not a f;-BC (see remarks after Remark 3.14), and Ap = k

(see remarks after Remark 4.5).
In Example 3.8, E is a -BC but not a fs-BC (see remarks after Remark 3.14). The structures

of indecomposable projective modules of Ag are

P = 1 Py = 2 P3= 3 ,P= 4 ,Ps = ) ,Ps= 6.
VRN \ | VAR \ \
2 3 4 4 5 6 1 1
NS RN ‘ NS VRN ‘
4 5 6 5 1 2 3 2
‘ NS ‘ NS
5 1 2 4
| |
2 5

Therefore Ag is finite-dimensional but not self-injective.
In Example 3.9, F is a f;,s-BC and Ag is a locally bounded special biserial Frobenius algebra.
The structures of indecomposable projective modules of Ap are

Py = 3i ; P31 = 3i+1, Psito= 3i+2,

31+ 1 31+ 2 3+ 3 31+ 3

~N 7 | |

3t 43 3i+4 3145
where i € Z.
Let E be a finite f,-BC. The automorphism ¢ of Ag induces an automorphism of Ag, which is

also denoted by o. Note that the automorphism o preserves the bilinear form (—, —) on Ag, that
is, (o(a),o(b)) = (a,b) for all a,b € Ap.

Lemma 5.3. If E is a finite fs-BC, then e(o(a)b) = e(ba) for all a,b € Ag.

Proof. Let a =3, c(0p)o e a0d b= 3", (0., ybo, Where jaz, by € Ap(z,y). Then e(ba) =
> aye(@u)o o) by yaa) and e(o(a)d) = 32, c0u)o (o) (@)o(2) o(z)by)- To show €(o(a)b) =
e(ba), it suffices to show that €(,(,)by yaz) = €(,(,)0(a)o(z) o(x)by) for each z, y € (Qp)o. We may
assume that ja, € %, and )by € a(x)%y' For u € /¢, and v € U(x)(ﬁy, by the proof of Lemma

o(x
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4.19,
(3) e(vu) = {1’ v="u;

0, otherwise.

Moreover, it can be shown straightforward that o(u) = "("u) in Ag. If v = "u, then €(o(u)v)
e("(Mu) M) = 1 = e(vu). If v # "u, by Lemma 4.18, v # " ("u). Then e(o(u)v) = (" (Pu)v)
0 = €(vu). Therefore €(,(,)by yaz) = €(5(4)0(A) o (2) o) by)-

o

Proposition 5.4. If E is a finite fs-BC, then the automorphism o of Ag is equal to the inverse
of the usual Nakayama automorphism of the self-injective algebra Ap.

Proof. Let v4 be the Nakayama automorphism of Ag. Then e(ab) = e(bva(a)) for all a, b € Ap.
By Lemma 5.3, e(ab) = e(bo~1(a)) for all a, b € Ag. Since (a,b) = e(ab) and (—, =) : Apx Ag — k
is non-degenerate, 0~ = v4. Therefore o = VZI. O

Proposition 5.5. If E is a finite fs-BC of integral f-degree (for example, if E is a finite fp,s-BC
of integral f-degree or if E is a finite fs-BG of integral f-degree), then Ag is a finite-dimensional
symmetric algebra.

Proof. Since E has integral f-degree, the automorphism ¢ of Ag is identity. By Lemma 5.3, the
linear form € of Ag is symmetric. i

Remark 5.6. (1) There exist self-injective algebras which are not Morita equivalent to fs-
BCA. For example, if k is an algebraically closed field, then every basic indecomposable
nonstandard representation-finite self-injective algebra is not isomorphic to fs-BCA (see
Theorem 7.14). Another example which is not Morita equivalent to fs-BCA is the algebra
k{z,y)/(a®, y*, xy — Myx), where A # 1.

(2) By Corollary 6.6, a fms-BCA with integral f-degree is equal to a BCA at least over an
algebraically closed field. However, the fs-BGAs with integral f-degree beyond the scope of
BCAs, they are also symmetric but not special biserial in general and will be studied in a
forthcoming paper [11].

6. THE GABRIEL QUIVER AND ADMISSIBLE RELATIONS OF A FRACTIONAL BRAUER
CONFIGURATION CATEGORY IN TYPE S

Throughout this section k will be an algebraically closed field. Let A be a locally bounded
k-category. According to [4, Section 2.1], A is isomorphic to the form kQ/I, where @ is a locally
finite quiver and I is an admissible ideal of path category kQ), that is, for each z € @, there exists
a positive integer N, with Q=N+ (2, —) C I(z,—) C kQZ%(z, —) and kQ=Ne(—,2) C I(—,x) C
kQ>%(—,x), where kQ=" denotes the ideal of k@) generated by paths of length > n. Moreover,
such quiver @) is uniquely determined by A, which is called the Gabriel quiver of A.

By [4, Section 2.1], the Gabriel quiver () and the admissible ideal I of A can be constructed
as follows. The vertices of ) are the objects of A. Denote rad, the radical of the k-category
A. For every objects x,y of A, choose morphisms f1,---, fy, in rada(z,y) such that the images
of fi, -+, fm in rady (z,y)/rad3 (z,y) form a k-basis of it. Then there are m arrows ay,--- ,
from z to y in (). Moreover, the functor p : kQQ — A sending each vertex of @ to the associated
object in A and sending each arrow «; to the morphism f; is full, which induces an isomorphism
kQ/I — A, where I = ker p is the admissible ideal.

In this section, we will determine the Gabriel quiver and admissible relations of Ap = kQg/IE,
where E is a f;-BC. As the following lemma shows that, the Gabriel quiver and the admissible
ideal are obtained from a reduction procedure from the quiver Qg and the ideal Ig.

Let E = (E, P, L,d) be a fs-BC. Let & be the set of paths of the quiver Qg with an equivalence
relation R defined in Definition 4.8. Note that each arrow a of Qg from z to y belongs to ,&’;.
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Definition 6.1. (1) We call an arrow o of Qr from x to y reduced, if there exists a path
p € , &y of length > 2 such that aRp.
(2) Denote , N ;. the set of representatives of non-reduced arrows of Qg from x to y under the
equivalence relation R, and define a sub-quiver Q'; of Q:

(QF)o = (Qr)o, (Qp)1 = |_| s e
xvye(QE)O
(3) Denote p: kQy, — Ap = kQg/IE the natural k-linear functor, and let I}, := kerp.

Note that by the property (5) in Definition 2.1, if £ is a BC (viewed as a f-BC) and e is an
angle such that the corresponding vertex G - e is truncated, then the arrow L(e) of Qg is reduced.

Lemma 6.2. Q'; is the Gabriel quiver of Ag, the functor p : kQ'y — Ag is dense and full, and the
kernel I, of p is an admissible ideal of kQ'y. In particular, the fs-BC category Ag is isomorphic
to the category kQ'z/I};.

Proof. The fact that p is dense is clear since @, and Qg have the same vertices. To show that p
is full, it suffices to show that for each z,y € (Qg)o, the image of , .4, in J(x,y)/J?(x,y) forms

a k-basis of J(z,y)/J%(z,y), where J is the ideal of Ag generated by the arrows of Qg (J is also
the radical of Ag by Theorem 4.6).
By Proposition 4.17, the set of paths

D= {y%m —{1z}, if z = y;

€, otherwise

forms a k-basis of J(x,y), where % is a set of representatives of paths in & under equivalence
relation R. We may assume that .47, is contained in ,%,. For each p € P, — /AN 4, either p
is a reduced arrow of Qg or p is a path of length > 2, therefore p € J%(z,y). So the image of
gV In J(z,y)/J%(x,y) generates the whole space. Suppose that Y © ; N € J%(x,y), where
Ai € k and o; € A, for each 1 < i < n, then we may assume that Yo iy = Z;n:1 wip; in
Ag, where u; € k and p; is a path of Qg of length > 2 for each 1 < j < m. According to Lemma
4.15, we may assume that each p; belongs to ,&,. For each 1 < j < m, let ¢; be the path of
y P« such that p;Rq;. Since l(p;) > 2, qj ¢ -/ z. Since , P, forms a k-basis of J(z,y), we have
Yo Ay = ZTzl pjq; = 0 in Ap. Then A; = 0 for each 1 <4 < n and the image of ;.4 in
J(x,y)/J?(x,y) is linearly independent. O

For each set .« of paths of Qg, denote &/’ the subset of &/ formed by the paths in < which
are also paths of Q5. Then for every vertices z, y of Q', y(%’i)x L y(ﬁé)x U ,&"; forms a basis of
kQ’; (cf. Remark 4.11). Similar to Lemma 4.15, we have

Lemma 6.3. Let E = (E,P,L,d) be a fs-BC. For every vertices x, y of Q, Ip(xz,y) =
k., (#1): Dk, (%) @ k{u—v|uve & and uRv}.

Proof. By Lemma 4.15 we have Ip(z,y) = k (%1): Dk ,(%2): Dk{u —v | u,v € (& and
uRv}. Since I}, is the kernel of the k-linear functor p : kQ; — Ap = kQg/Ig, the subspace
k., (#1): Dk, (%5)c @ k{v—v]|uve &% and uRv} of kQ(z,y) is contained in If(z,y).
Conversely, for each r € I%;(z,y), we may write
r= DD S T
P€, (#))sU, (B)) 4€,E"s
where A, i1y € k. Then

> AP+ D g € Ip(2,y).

PE, (B1)al, (Bh)a 9€,6"s
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Since each p €  (#]). U ,(%5). belongs to Ip(z,y), quya@’z tqq € Ip(x,y). By Lemma 4.15
we imply that > c o

Y x
Therefore for each ¢ € , &4,

tiqq belongs to the subspace k{u —v | u,v € &, and uRv} of Ig(x,y).

Z py = 0.

l€,& 4 IRq
S0 > e, 61, Heq € K{u—v | u,v € &, and uRv} and 7 belongs to the subspace
y x
k., (#1): Dk, (%) @ k{u—v|uve & and uRv} of kQ(z,y). O

Note that Examples 3.5, 3.6 and 3.9 are of type S. In Examples 3.5 and 3.9, Q' is the same as
QE respectively, and in Example 3.6, Q’; is obtained from Qg by removing the loops.

Definition 6.4. (cf. [8]) We call a locally bounded category A special multiserial if A = kQ/I for
some locally finite quiver () and some admissible ideal I, such that for each arrow « of @, there
exists at most one arrow 3 (resp. ) of @ such that Sa ¢ I (resp. ay ¢ I).

Proposition 6.5. If E is a fi,s-BC, then Ag is a locally bounded special multiserial Frobenius
category. In particular, if £ is a fms-BG, then Ag is a locally bounded special biserial Frobenius
category.

Proof. By Lemma 6.2, Ap = kQ';/I};, where Q' is a locally finite quiver and I, is an admissible
ideal of kQ’;. Let a = L(e) be an arrow of Q. If fa ¢ I}, for some arrow § of Q', by Lemma
6.3 we have Sa ¢ A, so fa = L(g- h)L(h) for some h € E. Since the partition L of F is trivial,
e=nhand 8= L(g-e). Similarly, if ay ¢ I}, for some arrow 7 of Q’, then v = L(g~' - ¢). So
there exists at most one arrow 8 (resp. ) of Q’; such that Sa ¢ Iy, (resp. ay ¢ I};), and Ag is
special multiserial. The fact that Ag is Frobenius follows from Theorem 4.20. ]
Corollary 6.6. If E is a finite fp,s-BC with integral f-degree, then A is a BCA.

Proof. By Propositions 6.5 and 5.5, Ap is a finite-dimensional special multiserial symmetric al-
gebra. Now by the result of [8], over an algebraically closed field, the class of symmetric special
multiserial algebras coincides with the class of BCAs. O

One reason for us to define -BCAs is that BCAs are not closed under derived equivalence.

Example 6.7. Let E = {1,1',1"7,2,2',3,3',4,4',5,5'}. Define the group action on E by g-1 =2,
g-2=3,9-3=1,9g-1"=4,9g-4=1,9-1"=5,9g-5=1",9-2=2,9-3=3,9-4=4,
g-5=0>5. Define P(1) ={1,1,1"}, P(2) ={2,2'}, P(3) = {3,3'}, P(4) = {4,4'}, P(5) = {5,5'},
and L(e) = {e} for every e € E. The f-degree of E is defined to be trivial. Then E is a Brauer
configuration, and Ag is a BCA, which is given by the quiver

B2

2N
4 /w 61\> 5
with relations 0 = B1v2 = 7183 = 102 = 0183 = 7102 = 0172 = B28183062, B3B281 = Y2y1 = 0201.

Ag is a representation-finite self-injective algebra of type (Ds,1,1), which is derived equivalent
to the algebra B, where B is given by the quiver

5%4Y3
Nl/z;

3 2
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with relations yoy1 = 6201, 0 = d1aa0y2 = Yiaoa102 = Qa1 Y2 Y102 = Q1Y27Y1020 .

Since B is not multiserial, it is not a BCA. However, B is a fs-BCA, whose fractional Brauer
configuration E' = (E', P, L', d') is given as follows: E' = {1,1',2,3',4,4',5,5'}. The action of
(g) on E" is given by g-1=2,9-2=4,9g-4=5,9g-5=1,9-1=3,9.3 =4,9g-4=5,¢9-5 =1
The partition P' on E' is given by P'(1) = {1,1'}, P'(2) = {2}, P'(3') = {3}, P'(4) = {4,4'},
P'(5) = {5,5"}. The partition L' on E' is given by L'(4) = {4,4'}, L'(5) = {5,5'}, and L' (e) = {e}
for other e € E'. The f-degree of E is defined to be trivial.

7. FRACTIONAL BRAUER CONFIGURATION ALGEBRAS AND REPRESENTATION-FINITE
SELF-INJECTIVE ALGEBRAS

Throughout this section k will be an algebraically closed field.

Let @ be a locally finite connected quiver without double arrows, I be an admissible ideal of
path category kQ. The pair (Q,I) is called a quiver with relations.

Recall from [4, Definition 2.2] that a locally bounded category A is called locally representation-
finite if for every object x of A, the number of isomorphism classes of finitely generated indecom-
posable A-module [ such that [(z) # 0 is finite. Denote the Gabriel quiver of A by Q4.

For a translation quiver I', we let kI" be its path category, and let k(I") be the mesh category of
I', which is a factor category of kI' by the mesh ideal. For a locally bounded category A, we denote
by indA the category formed by chosen representatives of the finitely generated indecomposable
modules.

Definition 7.1. ([4, Definition 5.1]) A locally representation-finite category A is said to be stan-
dard if £(I'y) = indA, where I'y is the AR-quiver of A.

Definition 7.2. ([12, Definition 1.3]) Let (Q,I) be a quiver with relations. A relation p =
Yoy Aiu; € I(x,y) with A; € k* and u; a path from z to y, is a minimal relation if n > 2 and for
every non-empty proper subset K of {1,--- ,n}, >, Niu; & I(z,y).

For a quiver with relations (Q, I), [12, Lemma 2.3] introduces two conditions:
(D) If p=>"", Niu; € I is a minimal relation, then for every two different 4,5 € {1,--- ,n} there
exists ¢ € k* such that u; + cu; € 1.
(C) Let x, y, z € Qp, u be a path of @ with source z and terminal y, and v, w be two paths of @
with source y and terminal z, such that vu, wu ¢ I. Then for A € k*, vu + Awu € I if and only if
v+ Aw e I.

According to [12, Corollary 3.9], a locally representation-finite k-category A is standard if and
only if A = k(Q, I) for some quiver with relations (@, I) which satisfies conditions (D) and (C).

Proposition 7.3. Let E = (E, P, L,d) be a fs-BC such that Ag is locally representation-finite.
Then (Q'y, I) satisfies conditions (D) and (C), hence Ap = kQ'y/I}; is standard.

Proof. By Lemma 6.3, any relation r € Ij(z,y) can be written as » ;| Aju; + Z;n:1 Hjv; +
ZZ:1 vi(Pk — qi), where A;, pj, v € k%, up € (B)e, vj € (H)z, and py, qx € &' with
prRqr. If v is minimal, then n, m = 0. Therefore r is of the form Zf\il Z?;l cijwij, where
cij € k*, wij € ,&'y, and wjjRwy j if and only if i = i'. Since r € I (z,y), by Lemma 6.3 we
have Z;-lizl cij = 0 for each 7, and therefore Z;-lizl cijwi; € Ip(z,y) for each 4. Since r is minimal,
N = 1. For every two different i,j € {1,--- ,d;}, since wi;Rwij, wi; — wij € Iy. Then (Q'y, I})
satisfies condition (D).

Let z, y, z be vertices of Q' and u, v, w be paths of Q% with v € kQ'(z,y), v, w € kQ'(y, 2),
such that vu, wu ¢ I. If vu + Awu € Iy for A € k*, by Lemma 6.3 we have A = —1 and vu,
wu € &', with (vu)R(wu). Let vu = L(p) and wu = L(q) for some standard sequences p, g of
E with “p = "q, we may write p = pap; and q¢ = ¢2q1, where L(p1) = L(q1) = u, L(p2) = v,
L(q2) = w. Then py = p1p™ = q1¢" = ¢4 So "“pa = "¢2 and vRw. Therefore v+Aw = v—w € I},.
Then (Q', I};) satisfies condition (C'). O
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Let A be a locally representation-finite category. For any objects a, b of A, A(a,b) is a uniserial

bimodule over A(b,b) and A(a,a) (see [6, Section 2.4]). Denote
Z°A(a,b) = Aa,b) D #'A(a,b) D %*A(a,b) D --- D Z'Aa,b) D
the radical series of A(a,b) as a A(b,b)-A(a,a)-bimodule. A morphism p € A(a,b) is said to have
level n if u € Z"A(a,b) — Z" 1 A(a,b). We denote by I = indA the category formed by chosen
representatives of the isomorphism classes of indecomposable finite-dimensional A-modules, such
that a* = A(—,a) is chosen as a representative for each object a of A. Note that (—)* induces a
fully faithful functor A — I = indA. Denote
rad(}:IQrad}Qrad%2-~2rad’;2

the radical series of the category I. Since rad’(a*,b*) is a bimodule over I(b*,b*) and I(a*, a*), it
is equal to some Z"A(a,b)*. Let g(a,b,n) = sup{p | rad}(a*,b*) = #™A(a,b)*}. Define the grade
g(p) of a morphism p € A(a,b) of level n by g(u) = g(a,b,n). See [5, Section 1.1].

Remark 7.4. According to [6, Section 2.4], Z"1A(a,b) has codimension < 1 in %" A(a,b). Let
g=g(a,b,n), then
(4) Z"MA(a,b)* = (#"A(a,b)radA(a,a) + radA(b, b)Z"A(a, b))*
= rady(a*, b*)radl(a*, a*) 4+ radI(b*, b*)rad(a*, b*) C rad?“(a*, b*).

Since rady(a*, b*) = Z"A(a,b)*, we imply that rad?“(a*, b*) has codimension < 1 in radf(a*,b*).
In case g < o0, radgﬂ(a* b*) # radj(a*,b*), so rangrl(a* b*) has codimension 1 in radf(a*,b*).

Let A be a locally representation-finite category. Accordmg to [6, Section 2.1], the universal
cover A of A is defined to be the full subcategory of k:(FA) formed by projective vertices of FA,

where FA denotes the universal cover of the AR-quiver I'y of A. Moreover, there exists a covering
functor F': A — A, which is given by the commutative diagram

E(Ty) 21
incl. (=)
;]

J

where E : k(T'y) — I is a well-behaved functor ([4, Section 3.1]).

Since Iy is simply connected, it does not contains oriented cycles. Therefore k:(FA)(x x) 2k
for each object z of k(I'y). Since A is a full subcategory of k(T'y), A(z,z) = k for each object
x of A. Since T'y is a Riedtmann-quiver ([4, Theorem 2.9]), by [4, Proposition 2.4], A is locally
representation-finite. By [5, Section 1.3]|, A is schurian, that is, dimA(z,y) < 1 for all objects
x,y of A.

Let M be a locally bounded Schurian category. A path

:1::3;0—>x1—>-~—>xp:y
of Qs is said to be nonzero if the composition
M(xp—1,xp) X -+ x M(xo,21) = M(x0,2p)
is nonzero (see [5, Section 1.3]).
In next two lemmas, we use the following notations from [5]: denote @ an arrow in @5 and

denote a a representative of @, that is, a morphism of A which belongs to rady (x,y) — rad3 (z, )
with z (resp. y) the source (resp. terminal) of @.

Lemma 7.5. ([5, Lemma 1.4]) Let A be a locally representation-finite category, ag Ay gy 2

C = p_1 = ay, be a path of Qp and oy € rady (a1, a;) — rad?\(ai_l, a;) a representative of a;.
The following statements are equivalent:
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(1) glag -+~ agan) = 3770 g(ai);
(2) ay, - - - ol # 0 for all representatives o of &;

(3) @, - - - aaaq is the projection of a nonzero path of /N\, where A is the universal cover of A.

If a path u of QA satisfies one of the statements of Lemma 7.5, then it is called a stable

path. For a stable path ag A a NN Ap—1 O, an of Qa, the level of ay, - - agay is
independent to the choices of the representatives «; of @;. Define the level of the stable path

ap a1 2 - S an G, an to be the level of the morphism ay, - - - @ .
Definition 7.6. (see [5, Section 1.5]) Let A be a locally representation-finite category. A stable

contour of A is a pair (v,w) of stable paths of Qp which have the same source, the same terminal
and the same level.

Lemma 7.7. Let A be a locally representation-finite category, (v, w) be a pair of paths of Qx with
the same source a and the same terminal b, a (resp. 5) be a point of the universal cover A which
lies over a (resp. b), U be the path of Q7 with source a (resp. with terminal 5) which lies over v,
and w be the path of Qx with source a (resp. with terminal 5) which lies over w. Then (v,w) is

a stable contour of A if and only if v and w are nonzero paths ofK with the same terminal (resp.
with the same source).

Proof. We only prove the case that v and w have the same source a. o
"=" Let v = 0, ---0paq and w = By, - - - B281, where each @; and each 8 is an arrow of Q4.
Let ¥ be the path

G=10 511 2 iz 2,
and w be the path

~ 51 b2 om

a=yYo — Y1 — " Ym—-1 —7 Ym;
where each 7; and each d; is an arrow of Q5. For each 1 <7 < n (resp. 1 < j < m), choose a
representative v; € rady (z;—1, xi)—rad%(xi_l, ;) of 7; (resp. arepresentative 6; € rady (y;—1,¥%i)—
rad%(yj_l, y;) of 8;), then oy = F(v;) (resp. B; = F(d;)) is a representative of @; (resp. j3;), where

F : A — Ais the covering functor. Since (v, w) is a stable contour, g(a, - - - cea1) = g(Bm - - - f251).
Let 9= g<an o a2a1)'
Since F : k(I'p) — I is a covering functor, it induces an isomorphism
~ +1 /~ * 7% +1, % 1%
@ radi(fl\)(a,z)/radz(fl\)(a, z) — radf(a*,b*) /rad]"" (a*, b¥).
Ez=b*
By Remark 7.4, dimy(radd(a*, b*)/radd™ (a*,b*)) = 1, so there exists a unique object z of k(T's)

such that Ez = b* and rad? - (@,z)/rad’"} (a,z) # 0. Since E(yn---71) = F(yn---m)* =
k(T'A) k(T'a)

(an---on)* € radd(a*, b%) — radd™ (a*,0%), yn - -1 € rad? ~ (@, x,) —rad’™ (@, ). Therefore
k k(T'a)

(Ta)
xn = z, and y,, = z for the same reason. Moreover, since 7, ---v1 # 0 (resp. Opm -1 # 0), U

(resp. w) is a nonzero path of Q3.

7«<" Since v and w are nonzero paths of K, v and w are stable. Let v be the path

a = xg T—1>x1 E)'--xn_l Exn:g
and w be the path

~ 51 52 Sm. 5

a=yYo — Y1~ Ym-1 — Ym = b,
where each 7; and each §; is an arrow of QT\' For each 1 < i < n (resp. 1 < j < m), choose a
representative ; € rady (z;—1, xi)—rad%(xi_l, ;) of 7 (resp. a representative d; € rady (y;—1, i) —
rad%(yj,l,yj) of §;), and let a; = F(v;) (vesp. B; = F(d;)), where F : A — A is the covering
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functor. Since A is schurian and v, w are nonzero paths of K, there exists some A € k* such that
Om - 01 = AYn--+71- Therefore B, --B1 = Aay, --- a1 and the stable paths v and w have the
same level.

0

Remark 7.8. If (v,w) is a stable contour with v # w, then both v and w are paths of Qx of length
> 2. The reason is as follows: by Lemma 7.7, the pair (v, w) lifts to a pair (v,w) of nonzero paths
of Qx with same source a and same terminal b. Suppose A kQz/Ix for some admissible ideal
I3 of kQ3. Since dimkx(ﬁ,g) =1 and v,w are nonzero paths of /~\, there exists some \ € k* with
’17—d)\ﬂ7 € Ix. Therefore both v and w are paths of length > 2, and the same things are true for v
and w.

Definition 7.9. ([5, Section 3.1]) The standard form A of a locally representation-finite category
A is the full subcategory of the mesh category k(I'y) of the AR-quiver I' of A formed by projective
vertices. Similarly, the standard form A of a basic representation-finite algebra A is defined to be
the algebra @), ,k(I'4)(p, ¢), where p, g range over all projective vertices of I'4.

It can be shown that for a locally representation-finite category A (resp. _a basic representation-
finite algebra A), A (resp. A) is standard and the AR-quivers of A and A (resp. A and A) are
isomorphic. For a locally representation-finite category A, the standard form A of A is described
as follows.

Proposition 7.10. ([5, Theorem 3.1]) Let A be a locally representation-finite category. For any
two objects x, y of A, let In(x,y) be the subspace of kQx(z,y) which is generated by the non-
stable paths and by the differences v —w, where (v, w) ranges over the stable contours with source
x and terminal 3. Then I, is an ideal of the path category kQx and the standard form A of A is
isomorphic to kQp/Ix.

We abbreviate indecomposable, basic, representation-finite self-injective algebra over k (not
isomorphic to the underlying field k) by RFS algebra.

Lemma 7.11. Let A be an RFS algebra, A = kQa/I4 be the standard form of A, v, w be two
paths of Qa with the same source (resp. terminal) which belong to socA — {0}. Then (v,w) is a
stable contour of A.

Proof. Since A is self-injective and v, w € socA — {0}, they also have the same terminal. Since v
and w are nonzero in A, they are stable paths. Since v and w belong to socA — {0}, which have
the same source, there exists some A € k* such that w = \v in A. By the definition of I4, we
imply that A = 1 and (v, w) is a stable contour of A. O

Lemma 7.12. Let A be an RFS algebra of Loewy length > 2, A = kQa/I4 be the standard form
of A. Let o, -+~ agay be a path of Qa which belongs to socA — {0}, p (resp. q) be a path of Qa
such that pay, - -+ ag (Tesp. ap_1---a1q) belongs to socA — {0}, then I(p) =1 (resp. I(q) = 1) and
p (resp. q) is unique.

Proof. Since oy, ---ag ¢ socA, I(p) > 1. Suppose [(p) > 2, write p = apy- - apyq Where [ > 2.
Since api10y, -+ ¢ socA, there exists arrows of, af, -+, o4, (k > 1) of Q4 such that
Qn410y - aoal -~ ady ;. € socA — {0}. Similarly, since o, - aoc ---ab_, ¢ socA, there exists
arrows o, -+, ob ;. ; (1 >1) of Q4 such that ay, - aga) -~y ; € socA — {0}. According
to Lemma 7.11, the pair of paths (ay, - - aooq,ap -] --- 0, _;) is a stable contour of A.
By Lemma 7.7, (ai,of---af_, ;) is also a stable contour of A. Since I(of---af , ;) > 2,
ar # o ---ab_, ;. But it contradicts to Remark 7.8.

To show p is unique, let a1, o, 41 be two arrows of Q4 such that both apiiay---az and
o, 1Qn - a2 belong to socA — {0}. Similarly, we can show that (a1, ;) is a stable contour
of A. Then by Remark 7.8 we have aj,41 = ), ;. O
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Let A be an RFS algebra of Loewy length > 2 with the standard form A = kQ a/I4. For each
path v = a, - - - asaq of Q4 which belongs to socA — {0}, let ;41 (resp. ap) be the unique arrow
of Q4 such that ay, 10y, -+ as € socA — {0} (resp. ap_1---ajap € socA — {0}). Define v[1] =
Qpt1Qy, -+ - ag and v[—1] = ap—1 - - ajag. Define v[n] = (v[n — 1])[1] and v[—n]| = (v[1 — n])[-1]
for each n > 1 inductively. Let E = {e, | v is a path of Q4 which belongs to socA — {0}} be a
set, define the G-set structure on E by setting g" - e, = e,,) for each e, € E and for each n € Z,
where G' = (g) is an infinite cyclic group. For each path v of 4 which belongs to socA — {0},
let a,, be the initial arrow of v. Define two partitions P, L on F as follows: for every e, € FE,
P(ey) = {ew | s(v) = s(w)} and L(e,) = {ew | @y = @y}, where s(p) denotes the source of the
path p. Define a function d : E — Z by setting d(e,) to be the length of v.

Proposition 7.13. Let A be an RFS algebra of Loewy length > 2 with the standard form A =
kQa/la andlet E = (E, P, L,d) as above. Then E is a finite fs-BC and the corresponding fs-BCA
Afg is isomorphic to A.

Proof. Step 1: To show that E = (E, P, L,d) is a finite fs-BC.

(f1) Since I4 is an admissible ideal and Q4 is finite, the number of nonzero paths of @4 is
finite. Therefore F and each class P(e,) are finite sets. By definition we have L(e,) C P(e,) for
any e, € I.

(f2) If L(ey) = L(ew), then a, = ay, therefore s(v[l]) = t(ay) = t(aw) = s(w[l]) and
P(g-ey) = Pley)) = Plew)) = P9 ew).

(f3) Since (v ) (vin ]) for any path v which belongs to socA — {0} and for any n € Z,
d(e,) = d(ey) for any ey, e, € F which belong to the same (g)-orbit.

(f4) If P(ey) = P(ew), then s(v) = s(w). Since A is self-injective and v, w € socA—{0}, v and w
have the same terminal. Therefore v[l(v)] and w[l(w)] have the same source. Since o(e,) = €y[i(y)]
(resp. o(ew) = €wp(w)): Plo(es)) = P(o(ew)). Similarly we have P(07(ey)) = P(0™ ! (ew)).

(f5) If L(ey) = L(ew), then a, = ay. Let v = v, and w = w'ay,. By Lemma 7.11, (v, w)
is a stable contour of A, and by Lemma 7.7, (v, w’) is also a stable contour of A. Let 8 be the
arrow of QA such that Bv’ € socA — {0}. Since (v,w’) is a stable contour of A, v/ —w' € I4.
Therefore v’ = w' in A, and Buw’ = v’ € socA — {0}. Thus v[1] = ﬁv’ and w([l] = pw’. Since

Qi) = B = Quliw)]> L(o(ev)) = L(o(ey)). Similarly, we have L(o~ Ley)) = Lo (ew)).

(f6) For ey, ey € E, if d(e;) < d(ew) and L(ey);) = L(ey)) for each 0 < i < d(ey), then
w = w'v for some path w’ of Q4. Since v, w € socA — {0}, we have w = v.

(f7) Note that each standard sequence (g" !-e,,--- ,g-e,,e,) of E can be regarded as a pair of
paths (v”,v") of @ 4 such that I[(v') = n and v"v" = v. Conversely, each pair of paths (v”,v") of Q4
with v”v" € socA — {0} corresponds to a standard sequence (g" ' - ey, -+, g - €y, e,) of E, where
v ="V and n = [(v'). Therefore we may consider a standard sequence of F as such a pair. Two
standard sequences (v”,v’) and (w”, w’) of E are identical if and only if ' = w’. Therefore for each
standard sequence (v”,') of E, we have ["(v",v")] = {(w,v") | wv” € socA — {0}}. For identical
standard sequences (u,v), (w,v) of E, we have ["(u,v)]" = {(u,v") | w’ € socA — {0}} and
M (u, )] = {(/,0") | w’,u'v" € socA — {0}}. Also we have [[(w,v)]"] = {(w',v') | wv',w'v" €
socA — {0}}. By Lemma 7.11, (uv,wv) is a stable contour of A, then by Lemma 7.7 (u,w) is also
a stable contour of A. Therefore u = w in A, and uv’ € socA— {0} if and only if wv' € socA—{0}.
Thus [[*(u, v)]"] = ["(w, v)]"].

Step 2: To show A = Ap.

Define a quiver morphism f : Qg — Q4 which maps each vertex P(e,) to s(v) and maps each
arrow L(e,) to a,. It is straightforward to show that f is a quiver _isomorphism. To show f
induces an isomorphism between Ap and A, it suffices to show that f (I ) = 14, where f is the
isomorphism kQp — kQ 4 of path categories induced by f.

If L(eypm—1-#)) -+ Lleyp)) L(€v) — Llewpmr—1-k]) - L(ew1)) L(ew) is a relation of I of type
(fR1), where s(v) = s(w), m = l(v), m' = l(w), and L(eyjm—i) = L(ewm—g) for 1 < i <k,
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then we may assume that v = pg and w = pq’, where p is a path of length k. By Lemma
7.11 and Lemma 7.7, (¢, ¢’) is a stable contour of A. Therefore f(L(eyfm—1-k) - L(eyq))Lley) —
L(ewpm—1-1)) -~ L(ewp)) L(ew)) = ¢ — ¢’ € Ia.

If L(ey, ) L(ey,)L(ey,) is a relation of I of type (fR2), then the path
p=f(L(ey,) - Lley,)L(ey,)) = au,, -+ iy, of Q4 is not a subpath of any path v of @4 which
belongs to socA — {0}. Therefore p is non-stable and it belongs to I4.

If L(eyp)) - - - L(ey[1)) L(ey) is a relation of I of type (fR3), where n > I(v), then
f(L(eyn)) - - - Leypy) L(ey)) is a path of @4 which contains v as a proper subpath. Therefore

F(L(eypm) -+ Leypy) Lley)) = 0 in A. So we have f(Ig) C La.

For any non-stable path p of A, we have p = 0 in A. Then p is not a subpath of any path of
Q 4 which belongs to socA — {0}. Let g be the preimage of p under ]7 If ¢ is not a relation of Ig
of type (fR2), then ¢ = L(eypn_1)) -~ L(eyq1))L(ey) for some e, € E and some n > 0. Since p is
not a subpath of v, n > [(v). Therefore ¢ is a relation of Iy of type (fR3).

For any stable contour (v,w) of A, since v # 0 in A, there exists some path u of Q4 such
that uv € socA — {0}. Since v = w in A, wv € socA — {0}. Let p = uv, ¢ = uw, then
L(epim—r—11) -~ Llepp)) L(ep) — Legimi—r—1) - - - Legni) L(eq) is a relation of I of type (fR1),
where m = I(p), m’ = l(q), k = l(u), which is the preimage of v — w under f Therefore the ideal

I4 of Q4 is contained in f(Ig). O

Theorem 7.14. The class of standard RFS algebras is equal to the class of finite-dimensional
indecomposable representation-finite fs-BCAs.

Proof. Let A be a standard RFS algebra. Then A and its standard form A are isomorphic. If the
Loewy length of A is larger than 2, by Proposition 7.13, A is a fs-BCA. If the Loewy length of A
is 2, then A is given by the quiver

with relations a;110; = 0, where i € {0,1,--- ,n — 1} = Z/nZ. Define a fs-BC E = (E, P, L,d)
as follows: E = {eg,e1, -+ ,e,—1} with the G-set structure given by g - e; = e;j+1, where i €
{0,1,--- ;n—1} = Z/nZ; the partitions P and L are given by P(e) = L(e) = {e} for every e € F;
the degree function d is given by d(e) = 1 for every e € E. Then A is isomorphic to Ag, which
implies that A is a f,-BCA.

Conversely, let Ap be a finite-dimensional indecomposable representation-finite f,-BCA. By
Proposition 7.3 and Proposition 5.2, Ag is standard and self-injective. Moreover, by Proposition
4.17 and Theorem 4.6, the radical of A is nonzero, so A is not isomorphic to k. Therefore Ag is
a standard RFS algebra. O

Corollary 7.15. The class of finite-dimensional representation-finite fs-BCAs is closed under
derived equivalence.

Proof. Tt follows from Theorem 7.14 and the fact that the class of standard RF'S algebras is closed
under derived equivalence (by [3] and [1]). O

We illustrate the discussion in this section with an example.

Example 7.16. Let A = kQ/I, where Q is the quiver
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(m > 2), and I is the ideal of kQ generated by vy, ---asar — 2, Q1Qm, ;- Q1B - o
(1 <i<m). Aisa standard RFS algebra of type (Dsm,3,1). Let A = kQ/I4 be the standard
form of A, where 14 is the ideal of kQ generated by non-stable paths and by differences v — w
with (v,w) being a stable contour of A. It is straightforward to show that (cu, ---asaq, %) is a
stable contour of A and the paths oy, ;- a1fayy, -+ a; (1 <i<m) are non-stable paths. So
the ideal I is contained in I4. Since A is standard, A is isomorphic to A, and dim A = dim;A.
Therefore I = 14.

We now construct the fs-BC E = (E, P, L,d) associated to A (see the paragraph before Propo-
sition 7.13). The set of paths of Q which belong to socA — {0} is

{Bam a1, B3, am -+ a1 8, a1 B - - - g, 01 Bt - - @3, -+ Q1 - 1 By}

Denote 1 = eq,,.a18s 1 = €apars 1 = egs, and i = eq,_,..aiBam-—a; Jor 2 < i < m, then
E = {1,1,1",2,--- ,m} with the G-set structure given by g-1 =1,¢9-1=2,¢9g-2=3, ---,
g-(m—=1)=m,g-m =1, g-1" = 1". The partition P is given by P(1) = {1,1,1"} and
P(e) = {e} for other e € E. The partition L is given by L(1) = {1,1"} and L(e) = {e} for other
e € E. The degree function d is given by d(1”) = 3 and d(e) = m + 1 for other e € E. E can be
visualized by the following diagram:

Let Ag be the associated f-BCA. Then we have the following structure of the indecomposable
projective Ag-modules:

P = 1 s, Po= 9o, ..., Pp= -
RN \ |
1 2 3 }
\ \
2 3 }
m P
_ 1 \
m‘ 1 T‘n | 3
m 1 }
\1/ 2 m

Note that there is a standard sequence p = (1”,1") associated to the vertex G -1” and there is
a standard sequence q = (m,---,3,2,1') associated to the vertex G - 1. Since L(1) = {1,1"}, the
left complements p and "q are identical, we have a relation L(p) — L(q) of type (fR1), which
corresponds to the relation B2 — oy -+ -0y in A.
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