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Abstract

Let k be an algebraically closed field. It is known that any stable equivalence between
standard representation-finite self-injective k-algebras (without block of Loewy length 2)
lifts to a standard derived equivalence, in particular, it is of Morita type. We show that
the same holds for any stable equivalence between nonstandard representation-finite self-
injective k-algebras. We also fill a gap in the original proof in standard case. This gives a
complete solution of the liftability question raised by H. Asashiba about twenty years ago.
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1 Introduction

Throughout this paper, we fix an algebraically closed field k. Unless otherwise stated,
all algebras will be finite-dimensional k-algebras, and all their modules will be finite-
dimensional left modules. For an algebra A, we denote by modA the category of A-modules,
and by modA the stable category of modA modulo projective modules. We abbreviate (inde-
composable, basic) representation-finite self-injective algebra over k (not isomorphic to the
underlying field k) by RFS algebra.

The classification of RFS algebras was finished in the 1980’s by Riedtmann and her
collaborators using covering theory and the notion of (combinatorial) configurations. Let
O be a Dynkin quiver of type A,, D,, E¢, E7 or Eg, and let ZQ be the translation quiver
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associated to Q with the translation denoted as . For a translation quiver I", we let kI”
be its path category, whose objects are the vertices of I" and morphisms are generated by
the paths of I" over k; and let k(1) be the mesh category of I", which is a factor category
of kI" by the mesh ideal. Riedtmann showed in [12] that for an RFS algebra A, the stable
AR-quiver (I is of the form ZQ/IT, where Q (the underlying graph of which is called the
tree class of A) is a Dynkin quiver of type A,, D,, E¢, E7 or Eg, and IT is some admissible
subgroup of the automorphism group of ZQ.

Definition 1.1 ([13]) Let A be a stable translation quiver. A (combinatorial) configuration
C is a set of vertices of A which satisfies the following conditions:

(1) Foranye, f € C, Hom(a(e, ) = {/(Z Ej 7: B

(2) Forany e € Ay, there exists some f € C such that Homy (e, f) # 0.

In [5, 13-15], it was shown that the isoclasses of [1-stable ZQ configurations (two
configurations C and C’ of Z Q are called isomorphic if C is mapped onto C’ under an auto-
morphism of Z Q) correspond bijectively to the isoclasses of RFS algebras of tree class Q
with admissible group 17, except in the case of Q = D3, with underlying field having char-
acteristic 2. In such a case, an isoclass of I7-stable Z Q configuration might correspond to
two isoclasses of RFS algebras; both are symmetric algebras, one of which is standard, while
the other one is nonstandard. Here, an RFS algebra A is called standard if k(I"4) is equiv-
alent to indA, where I'4 is the AR-quiver of A and indA is the full subcategory of modA
whose objects are specific representatives of the isoclasses of indecomposable A-modules.
Nonstandard RFS algebras are RFS algebras which are not standard. We will introduce the
representative algebra of nonstandard RFS algebras in next section.

The derived and stable classifications of RFS algebras were given by Asashiba in 1999.
Now we briefly recall his results. First we need to define the type of an RFS algebra A.
If A is as above, by a theorem of Riedtmann [12], IT has the form (¢t~") where ¢ is
some automorphism of Q and 7 is the translation. We also recall the Coxeter numbers of
Q =A,, Dy, Es, E7, Egare hg =n+1,2n—2, 12, 18, 30 respectively. The frequency of
A is defined to be f4 =r/(hg — 1) and the torsion order 4 of A is defined as the order of
¢. The type of A is defined as the triple (Q, fa, t4) and denoted by typ(A).

Theorem 1.2 ([1]) Let A and B be RFS k-algebras for k algebraically closed.

(1) If A is standard and B is non-standard, then A and B are not stably equivalent, and
hence not derived equivalent.
(2) Ifboth A and B are standard, or both non-standard, the following are equivalent:

(a) A, B are derived equivalent;

(b) A, B are stably equivalent of Morita type;
(c) A, B are stably equivalent;

(d) A, B have the same stable AR-quiver;

(e) A, B have the same type.

(3) The types of standard RF'S algebras are the following:

@ {(An,s/n,Din,s e N},
(b) {(Azp+1,5,2)Ip,s € N},
©) {(Dy,s,Dln,s e N,n >4},
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@ {(D3m,s/3, D)|m,s e Nym >2,3¢s},
) {(Dy,s,2)|n,s e N,n >4},

() {(D4,s,3)|s e N},

(&) {(Ep,s,1)n=26,7,8;s €N},

(h) {(Eg,s,2)|s € N}

Non-standard RFS algebras are of type (D3, 1/3, 1) for some m > 2.

An interesting question arising from the above classification theorem is the following:

The liftability question ([2]): Does every stable equivalence ¢ : modA — modB between
two RFS k-algebras A and B lift to a standard derived equivalence? In particular, is ¢ a
stable equivalence of Morita type?

Asashiba answered positively the above question for most standard RFS algebras, and
the other few cases in standard case were solved by Dugas [7] using mutation theory (see
also [6] for an alternative proof).

Remark 1.3 (1) We noticed that there are counterexamples of [2, Proposition 3.3] if A and
IT have Loewy length 2. Let A = IT = A be the RFS algebra given by the quiver

and relations foo = y8 = ay = 0. Let ¢ : modA — modA be the stable equivalence
given by ¢ (1) = 2, ¢(2) = 1, ¢(3) = 3. Since the configuration of A is the set of simple
modules, ¢ preserves the configuration of A. But ¢ does not commute with the loop functor
£24, hence is not a stable equivalence of Morita type.

The reason why such counterexamples appear is that in the proof of [2, Proposition 3.3],
the author assumed that each stable equivalence between standard RFS algebras induces
a translation quiver isomorphism between the corresponding stable AR-quivers, thus the
proposition needs an additional assumption that the stable equivalence in question com-
mutes with AR-translation up to isomorphisms. However, by [3, Chapter X, Corollary
1.9(2)], it might be wrong for self-injective algebras with blocks of Loewy length 2.

(2) One key step in the proof of [2, Proposition 3.3] is to construct a functor @ : k(1'4) —
k(I'r) from an equivalence functor ¢’ : k(;I"a) — k(,I';7) such that ¢'(C4) = Cj7, where
C4 (resp. Cry) corresponds to the radicals of indecomposable projective A-modules (resp.
the radicals of indecomposable projective IT-modules). Since k(,I"4) (resp. k(,I7)) is a
quotient category of k(I'4) (resp. k(I';7)), and the values of @ on the arrows a of (1’4
depend on the choices of the lifting of ¢’(«) in k(I'7), one needs to choose carefully these
values so that @ preserves all mesh relations. It seems that this verification is skipped in
the proof of [2, Proposition 3.3] (see page 435, line 1), and we filled the gap by giving the
precise definition of the functor @.

To obtain a corrected form of [2, Proposition 3.3], we need to strengthen the condition
on ¢’ so that ¢’ : k(,I'a) — k(,I'4) is an isomorphism functor inducing identity map on
the objects of k(;I"4), where A is some representative algebra for a given type of standard
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RFS algebras. Then we can construct a functor @ : k(I'y) — k(I'4) which lifts ¢’ under
the above condition. The construction of @ is based on several technical lemmas presented
in Section 3. The detailed explanation will be given in Appendix A.

However, the liftability question in nonstandard case remains open. The main purpose of
the present paper is to give a positive answer in nonstandard case.

Theorem 1.4 Let A, B be nonstandard RFS algebras. Then each stable equivalence ¢ :
modA — modB lifts to a standard derived equivalence. In particular, it is of Morita type.

Thus, together with Appendix A, we give a complete solution of the liftability question
in [2] with a corrected form (Proposition A.1) of [2, Proposition 3.3].

This article is organized as follows. In Section 2, we recall the representative algebra
A of nonstandard RFS algebras, its stable AR-quiver (I'4 and indA in terms of a quotient
category of the path category k (I'4. In Section 3, we prove a technical result (Proposition
3.7) on lifting of a stable auto-equivalence of the nonstandard RFS algebra A to a Morita
equivalence. The last section is devoted to prove our main result Theorem 1.4. As a by-
product, we determine the stable Picard group StPic(A) of A (Proposition 4.4).

In Appendix A, we prove a corrected form (Proposition A.1) of [2, Proposition 3.3] and
explain how to use it to reprove [2, Theorem 3.1]. In Appendix B, we give a detailed proof
of [6, Lemma 4.10], which will be used in the proof of our main result.

2 The Representative Algebra of Nonstandard RFS Algebras

Let & be an algebraically closed field of characteristic 2, A be the representative algebra of
nonstandard RFS algebras of type (D3, 1/3, 1) as in [2, Appendix 2], where m > 2. The
algebra A is given by the quiver Q below with relations o, ... = ,82, aj ...y =0
foralli € {1,....m} =7Z/(m), a1ay = o1 Boy,.

Amp—1
ot
Um
8 C 1
AN
o J G

Let I'4 be the AR-quiver of A and ("4 be the stable AR-quiver of A, then [y =
Z.D3p/ (rzm_l ). We use the following enumeration on the vertices of D3y,:

3m

T

1 2 3m —2 —>3m — 1
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Recall that the vertices 3m and 3m — 1 are called high vertices of D3, and it is convenient
to write a vertex of (I'4 as its coordinate (p, q), where p € {1,...,2m — 1} = Z/(2m —
1),1 < g < 3m. The simple A-module corresponding to the vertex i (1 < i < m) in
the quiver Q of A will be simply denoted by i. Note that by [17, Satz 4.4: 3) a)], we can
draw the stable AR-quiver (I"4 so that the simple module 1 corresponds to (0, 3m), the
simple module j corresponds to (2m — j, 1) for 2 < j < m. Let P; be the indecomposable
projective A-module corresponding to the vertex i. Then we have the following structure of
the indecomposable projective A-modules:

P = , Py = 2 sy Py= m -

1
1/ \2 ‘

3
\ \

——

; 1/
2 3 m
1 : \ AN
m—1 m 1 2
\ \ l/ g
m 1
AN :
\1/ 2 m
LetC :={radP; | i = 1,2,--- , m}. Then we have
radP; = 1 9 ,radP = 3 5., 1adPy = 1-
\ \ : e
2 3 m 1
i ; \ AN
m—1 m 1 )
| | 1/ |
m 1 3
o S AN |
1 2 m

The positions of C in the stable AR-quiver (I'4 are important, they indicate the positions
of the indecomposable projective modules in the AR-quiver 4. Since the loop functor §2 4
induces an automorphism of (I'4 and a bijection between the set of simple A-modules and
C,andsince {(0,3m—1), 2m—1—j,1)| j=1,..,m—1}and {(0,3m), Cm—1—j,1) |
Jj =1, ...,m — 1} are isomorphic configurations, we can draw the stable AR-quiver ;I in
anew way so that C corresponds to {(0,3m —1), Cm—1—j, 1) | j=1,.,m—1}in 4.
In the following, we fix C to the position {(0,3m —1),2m —1—j, 1) | j=1,..,m — 1}
in I'a, except in Appendix B (where we fix the simple A-modules 1,2,---,m to the
positions (0, 3m), 2m — 2, 1), - - -, (m, 1), respectively).

Since A is a nonstandard RFS algebra, according to [15, Proof of Proposition 3.3],
there is a well-behaved functor U : kI'y — indA, that is, it maps each vertex of I'4 to
the corresponding indecomposable module and maps each arrow of I'4 to an irreducible
morphism, where kI'4 is the path category of the quiver I'4. Moreover, the functor U
induces an isomorphism U : kI'4/J =~ indA, where J is the ideal of kI generated
by the modified mesh relations {m, | x # (0,3m — 1)} U {m@©3m—1) + p}, where m,
denotes the mesh relation starting at x and p denotes the following path of length 4m:
0,3m—1) —» (1,3m—-2) - (2,3m-3) - (2,3m—-2) - (3,3m—-3) - (3,3m—2) —
o= 2m—-1,3m-2) - 2m,3m—-3)— 2m,3m—-2) — 2m,3m—1) = (1,3m—1).
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Here is a diagram of the path p in the case m = 3 (where x denotes the modules in C and
the path p is marked by the double arrows):

ININININININS
VAYAYAYAYAYA
INSNINSNSNS NS
VAYAYAYAYAYAY:
INININSNSNSNS
INSNINSNSNSNS
VAYAVAYAVAYAY,

DY
/

0 1 2 3 4 0 1

Furthermore, U induces an isomorphism V : k .4/ > indA, where I is the ideal of
k ¢I's generated by {my | x # (0,3m — 1)} U {m3m—1) + p}, where my, p denote the
residue classes of my, p in k (1”4 under the natural quotient functor kI'y —> k ;I'4.

We would like to mention an interesting fact on the category k ("4 /1, although we will
not use it in the present paper. It is known that the smallest integer such that each path of
length greater than or equal to this integer is zero in k(ZDs3,,) is 6m — 3 (see [5, Section
1.1]). From the existence of a covering functor k(ZD3,,) — k ;I'a/I (see [15, Section 4]
and [4, Example 3.1c)]), it is not hard to see that the same holds in the category k ("4 /1. In
particular, rad(mod A) has nilpotency 6m — 3.

3 A Technical Result on Stable Auto-Equivalence of Nonstandard RFS
Algebras

Let C be a Krull-Schmidt k-additive category. For the definition of the radical rad(—, —) of
C and the irreducible morphisms in C, we refer to [16, Section 2.2]. Recall that if both X
and Y are indecomposable, then a morphism f : X — Y in C is irreducible if and only if
f erad(X, Y) \ rad* (X, Y). We shall frequently use the following simple fact.

Lemma 3.1 If X and Y are two indecomposable nonprojective A-modules over a self-
injective algebra A, and if f : X — Y is a morphism in modA with the image f in modA,
then f is an irreducible morphism in modA if and only if f is an irreducible morphism in
modA.

The following two lemmas give a way to lift a mesh relation in modA to a mesh relation

in modA (that is, an almost split sequence in modA). For any A-module X, we denote by
14 (X) the composition length of X.
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Lemma 3.2 Let A be an algebra, I's be the AR-quiver of A. Let

Y
o
o B2

X—Yh—Z

Ys

be a mesh in Iy, where X, Y1, - -+, Y5, Z are indecomposable nonprojectives. Let f; (resp.
gi) be irreducible morphisms corresponding to «; (resp. Bi) such that Y_ g; fi = 0 in modA.
Then we have the following.

(1) There exist morphisms f{ for 1 <i <s such that f{ = fi inmodA for 1 <i < s and
Y- & f{ = 0inmodA.

(2) If moreover, A is a self-injective algebra, then there exist morphisms g} for 1 <i <'s
such that g; = g; inmodA for 1 <i <sand}_g;f; = 0in modA.

Proof The assumption shows that we can assume that _ g; fi +vu = 0, where u : X — P,
v: P — Z,and P a projective module. Since Yy, -- - , Yy are pairwise nonisomorphic, it
is easy to verify that (g1, ---,g) : Y1 ®--- @ Yy — Z is irreducible. Since there exists
an almost split sequence 0 - X — Y1 @--- @Yy — Z — 0,41 ®--- @ Y) >
14(Z). Since irreducible morphisms are injective or surjective, we have that (g1, - - - , g)
is surjective. Since P is projective, v factors through (g1, --- , gs). Let v = >_ g;w;, then
Y gi(fi + wiu) = 0. Let f/ = fi + wiu, we have f/ = f; in modA for 1 <i < s and
>~ & f/ = 0inmodA. This proves (1). Notice that projective modules are also injective over
a self-injective algebra, the proof of (2) is dual to that of (1), using the injective envelope of
X. O

By modifying the proof of Lemma 3.2, we have the following lemma.

Lemma 3.3 Let A be an algebra, I's be the AR-quiver of A. Let

)|
A
o B2

X—Y,—Z

Y

be a mesh in I'y, where X, Y1, --- , Y5, Z are indecomposable nonprojectives. Let f; (resp.
gi) be irreducible morphisms corresponding to «; (resp. B;i) such that y_ g; fi = 0 in modA.
Then we have the following.

(1) If there exists some t (1 < t < s) with Y i 1a(Y;) > 14(2Z) (or equivalently
i=1
(g1, , &) is an epimorphism), then there exist morphisms fi/ for1 <i <t such
that f{ = fi inmodA for 1 <i <t and Yii&ifl+ Y i1 8ifi = 0in modA.
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(2) If moreover, A is a self-injective algebra such that there exists some t (1 <t < s)
with ZE:] [A(Y;) > 1a(X) (or equivalently (f1,--- , f;) is a monomorphism), then
there exist morphisms g| for 1 <i <t such that g, = gi inmodA for 1 <i <1t and

Y8 fi+ Y & fi = 0in modA.

The following lemma, which is inspired by some idea from the proof of [2, Proposition
3.3], gives a sufficient condition for a functor ¢ : modA — modA to be an equivalence,
where A is an algebra of finite representation type.

Lemma 3.4 Let A be an algebra of finite representation type, ¥ : modA — modA be a
k-functor such that

(1)  preserves the radical of modA: for every pair (X, Y) of A-modules,

V(rada(X,Y)) € rada(y(X), ¥ (Y));

(2)  preserves the indecomposability and irreducible morphisms between indecompos-
ables;

(3) ¥ reflects isomorphism classes: for A-modules X and Y, if (X)) = ¢ (Y), then X =
Y.

Then  is an equivalence.

Proof First we claim that ¥ (rady) + radi = rady. Since Y (rad4) C rady, ¥(rady) +
radi C rady. To show thatrad4 € ¥ (rad A)—l—radi, let X, Y be indecomposable A-modules
and f erada(X,Y). If f € rad?, then f € Y(rady) + radi. Iff¢ rad%, since X, Y are
indecomposable, f is irreducible. Since A is of finite representation type, by (2) and (3), ¥
induces a quiver automorphism of "4, where I'4 is the AR-quiver of A. Then there exists
some indecomposable A-modules Z, W and an irreducible morphism g : Z — W such
that ¥ (g) is an irreducible morphism from X to Y. Since A is of finite representation type,
dimi(rada (X, Y)/rad’ (X, Y)) < 1. Then there exists some A € k* and h € rad’ (X, Y)
such that f = AY(g) + h = ¥ (rg) + h. Since Ag € rads(Z, W) and h € radﬁ(X, Y),
f € ¥(rady) +rad?.

Inductively, we show that W(radﬁx) + rad’lzJrl = 1rad'/f4 foralln > 1. Whenn = 1 it is true.
Assume that ¥ (rad’y) + rad'/i\+1 = rad’y for some n > 1, then rad’ffrl = (rad})(rady) =
(¥ (rad’y) + rad':rl)(W(radA) + radi) = 1//(rad’;‘+1) + V¥ (rad’y )radi + rad':rlw(radA) +
rad'/"+3. Since ¥ (rads) C rady, ¥ (rad’y) C rad’j. Then t/f(rad’j‘)radi + rad’/f\+l Y(rady) +
radff;r3 - rad’}lﬂ. Hence rad’j;rl - W(rad';‘“) + rad'lffz. Since 1//(rad’;‘+1) C rad’j;rl and
rad’}fz C rad’/fﬁrl , W(rad';\+]) + rad'/f,+2 = rad'jfl.

We now show that 1 is full. Since ¥ (rad’}) + rad';"H = rady for all n > 1, by
induction we have v (rady) + rad’/’:rl = rad4 for all n > 1. Since A is of finite represen-
tation type, rad, is nilpotent. Then ¥ (rad4) = rads. For indecomposable A-module X,
Y,if X 27, then rad4 (¥ (X), ¥ (Y)) = Homy (¥ (X), ¥ (Y)) and ¥ : Homy(X,Y) —
Homy (¥ (X), ¥ (Y)) is an epimorphism. If X = Y, for f € Ends(¥(X)), f =X -id+ g
for some A € k and g € rads (Y (X), ¥ (X)). Since ¢r(radg) = radas, ¥ : Ends(X) —
End4 (¥ (X)) is an epimorphism and ¥ : Homa(X,Y) — Homa(¢(X), ¥ (Y)) is an
epimorphism. Then v is full.
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Since  is full, ¥ induces an epimorphism

P HomaX,¥)—> € Homa@(X), ¥(Y)).

X,YeindA X,YeindA

Since i induces a quiver automorphism of I'4, v is dense and

dimy @ Homu(X,Y)=dimiy @) Homa(¥(X), ¥ (¥)).

X,YeindA X,Y €indA
Hence ¢ induces an isomorphism @ Homa(X,Y) > @ Homu (¥ (X), ¥ (Y)).
X,YecindA X,YecindA
This implies that i is full, faithful and dense. Therefore v is an equivalence. O

Lemma 3.5 Let P be an indecomposable projective-injective module over an algebra A
withls(P) > 2. Let f : radP — P, g : P — P/socP be A-module homomorphisms with
im(gf) = radP /socP. Then both f and g are irreducible morphisms.

Proof 1t is sufficient to show that f is injective and g is surjective. If g is not surjective,
since rad P /socP is the unique maximal submodule of P/socP, im(g) < radP/socP.
Since im(f) C radP by the same reason, im(gf) < g(radP) < rad(radP/socP) g
rad P /soc P, a contradiction. Then g is surjective.

Since im(f) C rad P, we have a sequence of morphisms rad P i) radP %> radP /socP,
where f/, g’ are morphisms induced from f, g respectively. Since [4(P) > 2, rad?(P) #
0. Then socP C rad’(P). Since g is surjective, g’ is surjective and ker(g’) = socP C
rad’>(P) = rad(radP). Then g’ is an essential epimorphism. Since im(gf) = radP/socP,
g’ f'is an epimorphism. Then f’ is an epimorphism, which implies that f’ an isomorphism.
Therefore f is injective. O

Recall from Section 2 that for the representative algebra A of nonstandard RFS algebras
of type (D3, 1/3, 1), there is an isomorphism U : kI"4/J — ind A such that U maps each
vertex of ' to the corresponding indecomposable module and maps the residue class of
each arrow of I' to an irreducible morphism. Let g : kI's/J — k I'4/I and g : indA —
indA be the natural quotient functors, respectively. Since U restricts to an isomorphism
between the subcategory of projective vertices of kI"4/J and the subcategory of projective
modules in indA, U induces naturally an isomorphism V : k ;I'4/I — indA, which also
maps the residue class of each arrow of (I"4 to an irreducible morphism. Let ¢’ : indA —
indA be an isomorphism, which induces an isomorphism ¢, : k (I'x/I — k ;I'4/I. Then
we have a diagram with three commutative faces, see Fig. 1.

We often use the following fact without mentioning.

Lemma 3.6 Under the above assumptions, let « be an arrow of I'y which is also considered
as a morphism in kI'y/J, and let o (a) be a morphism in kI'y/J such that q(o(x)) =
d)(’)(q («)). Then U (o (@)) is an irreducible morphism in ind A.

Proof To show that U (o («)) is an irreducible morphism in indA, by Lemma 3.1, it suffices
to show that qU (o («)) is an irreducible morphism in indA. Since U : kI'y/J — indA
maps the residue class of each arrow of I'4 to an irreducible morphism, U(«) is an
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irreducible morphism, and qU («) is an irreducible morphism in indA. Since ¢’ is an
isomorphism and

qU (o (@) = Vg(o(a) = Veyq(a) = ¢'Vg(a) = ¢'qU (a),
qU (o (@)) is an irreducible morphism in ind A. O

It is clear that the similar result as Lemma 3.6 holds for any RFS algebra A.
We now prove the main result of this section, which is a corrected form of [2, Proposition
3.3] in nonstandard case.

Proposition 3.7 Let k be an algebraically closed field of characteristic 2, A be the repre-
sentative algebra of nonstandard RFS algebras of type (D3, 1/3, 1), where m > 2. Let
¢ : modA — modA be a stable equivalence such that ¢ (X) = X for any X € modA. Then
¢ lifts to a Morita equivalence.

Proof Since ¢ : modA — modA is a stable equivalence, it induces an equivalence ¢’ :
indA — indA. Then we have the diagram in Fig. 1. Note that since the categories k"4 /J,
indA, k ;I'x/I, and indA are basic, equivalences between them automatically become iso-
morphisms. By construction, the left, the right and the bottom faces of the diagram in Fig. 1
are (strictly) commutative.

We will divide our proof into two steps. In Step 1, we define a functor v : kI'y/J —
kI'4/J such that the back face of the diagram in Fig. 1 is commutative; the functor ¢6 then
induces a functor v : indA — ind A such that the top and the front faces of the diagram in
Fig. 1 are also commutative. In Step 2, we show that ¢ : indA — ind A is an isomorphism.

Step 1: To define a functor Yy : kI'n/J — kIa/J which lifts the functor ¢ :
kSFA/I d k‘YFA/I.

We begin to define v/, on objects as the identity map. For each arrow o : x — y of
', (by abuse of notation, we also denote by « the corresponding morphism in k14 or in
kI'x/J), we need to choose a morphism o(«) : x — y of kI"4/J such that go () =
d)(’)q (a)ink (I'4/1I and all o () are compatible with the modified mesh relations in k"4 /J.
Once this is done, we get the desired functor V) : kI'y/J — kI'4/J. We will divide Step
1 into four substeps.

Step 1.1:  To choose a section D, in Iy = ZD3 [(T?"Y) (note that Ty =
D5, / (t2"=1y since the underlying graphs of D}, and D3y, are isomorphic)

kTp/J kT'p/J
q indA q indA
q y
ke DAL s o=k Ia/T q
1% 0 LV
N e
indA - indA.

Fig. 1 The diagram at the beginning of Step 1
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and to define inductively (to the left direction) the values of o on all the arrows
in (I'x except for the arrows ﬂ? (1 <i=<3m-—2)and 8% in Fig. 2, such that
o(my) = 0inkI's/J for all vertices x in ;I's and not in C once the values of
o on all arrows which belong to my have been defined.

Recall that we fix C = {radP; | i = 1,2, - -+ , m} to the position {(0, 3m—1), 2m—2, 1),
, (m, 1)} in the stable AR-quiver ("4 (cf. Section 2). The arrows in the section ng

/ \3771 2 ﬁsm z/

.9.9.9.%.

1\,
B Bz
/ \

L] o
N\
© 30
Bam_a
\
L]
. "’21,./ \21,. .'
LY
2= /ﬁgm 1/
30
O‘zm 2\[27" 2\
am\ﬁ ’,
LV L]
L]
o A
B2
-/
L] o
80 1
“’en+1 1

0
"\
[ ) [ ]
A
20
[ ] [ ]
1
. 20
N [ ] [ )
B;/ \
[ ] [ ]
A
\ 5 \
. ay /
[ ) [ ) [ ] * * L[]
0 1 D e JYU e 2m — 2 om — 1

Fig.2 (part of ;I'y where » denotes the modules in C, and 0 and 2m — 1 are identified)
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are marked by a?, e ,agm_z, ¥ from the bottom to the top (see Fig. 2). Note that the
irreducible morphisms corresponding to 0‘1(') are monomorphisms for 1 < i < m — 2 or
2m — 1 < i < 3m — 2 and are epimorphisms for m — 1 < i < 2m — 2, and that the
irreducible morphism corresponding to 1 is an epimorphism. We just give one example to
show that agm_l corresponds to an irreducible monomorphism. Since there exists an almost
splitsequence 0 - U(2m—1,1) - U(2m—1,2) - U(2m, 1) - 0,I,(U(2m—1, 1)) <
I4(U(@2m — 1, 2)). Inductively, since there exists almost split sequences 0 — U(2m — 1 —
i,14i) - UCm—-1—-i,24+i)UQ2m —i,i) > U2m —i,1 4+1i) — O for each
1 <i <2m—2,wehave that [4(U(1,2m — 1)) < I4(U(1, 2m)). Therefore agm_l is a
monomorphism. For example, in the case m = 4, the section D/, is marked by the broken
arrows (with an indication of the injectivity or the surjectivity) in (I"4 as follows (Fig. 3).

Foreach 1 <i < 3m — 2, suppose oz? to be the arrow from x to y, define /3? to be the
arrow from y to 7 lxin 4. Leta] = t’a?, B = T’ﬁ?, y":(1—=r,3m—=2) — (1—r, 3m),
8" :(1—r,3m)—> 2—r,3m—2).

For each arrow ozio (1 <i < 3m — 2) on the section ng, choose a(oz?) to be a mor-
phism of kI"4/J such that g(o (a?)) = q’)(’)(q(a?)), choose a(yo) to be a morphism of
kI's/J such that (o (y°)) = ¢)(q(¥°)), and choose a morphism o (B{) of kI's/J such
that g (o (,311)) = ¢(’)(q(,311)). Next, choose temporarily morphisms o’(ﬂ%), a/(all) of k['y/J
such that ¢ (o' (B))) = ¢(q(B))), a (' (@})) = ¢} (g(a})) (such morphisms o’ (—) may not
be compatible with the modified mesh relations but we will adjust them to get our promised
morphisms). By Lemma 3.6, U(a((xz)) U’ (,82)) U(o(,Bl)) U(o’ ((x )) are irreducible
in ind A. On the other hand, we have

qU (@)’ (B +o (o' (@) =Vq(o@)o' (B)+a(Bho’ @)= Vdyg@dps+plal)=0

in ind A, since ag ,821 + ,81011 lies in the modified mesh ideal J. By Lemma 3.2(1), there
exist morphisms f, g in modA such that ¢U (¢’ (,32)) = g(f) and qU (o’ (“1)) = q(g)

A AYAVAYAVAYAYA
ST NINININ
SNENSNININN N
VAV A YAVAVAVAVAY,
/\/WV\/\/\/\/\/
NAYAYAVAVAVAVAY,
FAVAYAN A VAVAVAY,
VAYAVAYAVAVAVAY]
/\/\/\/\/“7\/\/

/\/\/\/\/\/ ”“/\/

0 1 2 3 4 5 6 7

Fig.3 (where » denotes the modules in C, and 0 and 7 are identified)
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in modA and U(o (@) f + U(o(B)))g = 0 in modA. Define o(B)) := U'(f) and
o(all) = U’l(g) (note that U is an isomorphism). Now we have q(a(a{)) = ¢)6(q(oz{))
and ¢(o (1)) = ¢((q(B)) ink I'4/1, and o (@d)o (1) + o (Bo (@) = 0in kI'4/J.
Similarly one can define o (), o'(8}) forall 1 <i <3m —2and o(y"), o(8') such that
go = ¢q for all these arrows, and that o (m,) = 0in kI"/J for the vertices x in ;[ I'y \ C
once the values of o on all arrows that belong to m, have been defined.

By induction, one can define the values of o on o, l.’, y', 8 foralll <i <3m—2,
0<r<2m-2,1<t < 2m— 2 such that go = ¢6q on all these arrows, and that
o(my) = 0in kI'y/J for all vertices x in ;"4 and not in C once the values of o on all
arrows which belong to m, have been defined.

Step 1.2:  To define the values of o on arrows ﬂlo (1 <i<3m—2)and & in Fig. 2
such that o (my) = 0in kI'x/J for all vertices x in (I"s except for the vertex
(1, 3m — 2) and the vertices in C.

We start from the middle ones (,8,91 and /321—1) to define the values of o on arrows ,8?
(1 <i <3m —2). By Lemma 3.2(2), one can choose morphisms a(ﬁ,%) and cr(ﬂgl_]) such
that ¢(o (BY)) = ¢y(q(B)) fori =m — 1,mand o (B%_ o (@ )+ o (B))o(@l) = 0.
Note that since the irreducible morphisms corresponding to oz? are monomorphisms for
1 <i<m-—2o0r2m—1<i <3m — 3, and the irreducible morphisms corresponding to
aizm72 = r_lot? are epimorphisms form+1 < i < 2m —2, using Lemma 3.3, the values of
o 0N arrows /32172, cee ,B? and arrows ,32[ IRTRER ﬂgm% can be defined inductively such
that go = ¢6q on all these arrows, and that o (m,) = 0 in kI"4/J for all vertices x once
the values of ¢ on all arrows which belong to m, have been defined. Finally, using Lemma
3.2(1), the value of o on ;32,”72, 89 can be defined, which satisfy go = qb(’)q on arrows
ﬂgm_z, 8%, and o (m,) = 0 in kI'y/J forx = (1,3m — 1) or (1, 3m). Therefore the values
of o on all arrows of (I'4 have been defined, which satisfy go = ¢(q on all arrows of (I
and o (my) = 01in kI'4/J for all vertices x in (I"4 except the vertex (1, 3m — 2) and the
vertices which correspond to the radical of some indecomposable projective module.

Step 1.3:  To adjust the values of o on arrows ‘Xg)mfz and y° in Fig. 2 such that o (m,) = 0
inkI"y/J for all vertices x in ;I"4 and not in C.

Since there exists an exact sequence
0—-Uul,)—-U1,2)->U@2, 1) — 0,
I4(U(,2)) >14(U(2,1)). Since there exists exact sequences
0—-Ul,i))» Ui+ HeUR,i—1)—>UR,i)—>0

for2 <i < 3m —3, by induction I, (U (1,3m —2)) > [4,(U(2,3m — 3)). Since there exists
an exact sequence

0—-U(1,3m-2)—-U,3m—1)eU{,3m)®dUR,3m—-3) - U2,3m —2) — 0,
IAU,3m — 1)) +14U{A,3m)) > [4(U(2,3m — 2)). By Lemma 3.3(1), the values of

o on Olgm,z and yO can be changed such that it satisfies q(o(agmfz)) = ¢6(q(a2m72)),

a0 (r") = ¢p(a(y")) and o (B3, o (@3, ,) +0 @0 () +o(azn o (B, 3) =0.
As aresult, we get o (m,) = 0 for the vertex x = (1, 3m—2). Note that the above adjustment
changes the value of o on ¥° and we still need to show that o(m,) = O for the vertex
x = (0, 3m).
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Indeed, we will show that there is no nonzero morphism from U (0, 3m) to U(1, 3m)
which factors though a projective module, which implies U (o (y%))U (o (81)) = 0.

Note that U(1, 3m — 2) =radP;/socP = 1 2
\ \
2 3
m—1 m
\ |
m 1
Let X = 5 ,Y = 1 .Thereis anonsplit exact sequence 0 — X — radP;/socP; —
\ \
3 2
T m—1
\
1 m

Y — 0. Since A is symmetric, DTr = 22 and 22(Y) = 2(Z) = X, where Z =

1
|
2

m—1
m |
\ yd
1
Since each nonzero endomorphism of Y is an isomorphism, each nonisomorphism#/ : ¥ —
Y is zero, hence & factors through rad Py /socP; — Y. By [3, Chapter V, Proposition 2.2],
0 - X — radP;/socP; — Y — 0 is an almost split sequence. Then U (0, 3m) = X
and U(1,3m) = Y. If a morphism f : X — Y factors through the projective cover P;
of Y,let f = vwu,u : X — P,v: P - Y, wehave u = A, v = pum, where
A, € k,t : X — Pp be the inclusion and m : Py — Y be the projection. Since
mt = 0, f = 0. It implies that each morphism form X to Y which factors through a pro-
jective module is equal to zero. Since (o (8)) = ¢}(g(8")) and q(a (¥*)) = ¢y(q(¥")),
gle(¥"Ng@ ) =0, U (y*)U (")) : X — Y factors through a projective module.
Hence U (o (y*)U (o (8")) = 0 and o (y%)o (8') = 0.
Step 1.4:  To define the values of o on the remaining arrows i (corresponding to rad P; —
Pj) and kj (corresponding to P; — Pj/socPj) for 1 < j < m such that

o(my) = 0in kI'x/J for all vertices x in ;I"4. This step is corresponding to
[2, page 435, line 2].

Since ¢ (0@, 23,2 + P)) = $,(q(03,,_»B3,,_» + p)) = 0, we have
qU(0 (@3, 2B 2+ P)) = V(0 (@3, B3, 2+ ) =0

and U(o (agm725§m72 + p)) : radP; — Pj/socP; factors through a projective module.
Since Pj is the projective cover of Py /socPy, U(o (“gmfzﬁ;mfz"'p)) :radP; — Pp/socP;
factors through P;. Let U(a(w2m725§m72 + p)) + vu = 0, where u : radP; — P,
v : Py — Pi/socP;. Define o (1), o (k1) to be morphisms in k"4 /J by o (¢1) := U= (),
o (k1) == U~ (v). Then U (o (mo3m—1y + p)) = 0 and 6 (m(3m—1) + p) = 0. Similarly
one can define o (¢;), o («;) for all 2 < i < m such that o (m,) = 0in kI"4/J for each
vertex x which corresponds to the radical of some P; for2 <i < m.
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As a summary, since go = ¢(q on all arrows of I’y and o (m,) = 0 in kI'y/J for
all vertex x in (I"4, we have lifted the functor ¢(’) : k'a/1T — k I's/I to a functor
Vi i kI'a/J — kI'4/J such that v (x) = x for each vertex x in kI' and ¥} (a) = o (a)
for each arrow « of I'4, which again induces a functor ¥’ : indA — ind A making all the
faces of the diagram commutative (Fig. 4).

Step 2:  To show that ' : indA — ind A is an isomorphism.

Let ¥ : modA — modA be a functor induced by v : indA — indA. To show that ¥’
is an isomorphism, it suffices to show that v is an equivalence. Since ¥ (X) = X for all
A-module X, i satisfies condition (3) and the former half of the condition (2) of Lemma
3.4. By Lemma 3.4, it suffices to show that {r(rad,) < rads and ¢ preserves irreducible
morphisms between indecomposable A-modules. Since the radical of kI"4/J is generated
by arrows of I'4 and 1//6()6) = x for each vertex x of 'y, 1//(’) sends the morphisms in the
radical of kI"4/J to the morphisms in the radical of k14 /J. Hence ¥ (rad4) C rad 4.

Next we show that ¢ preserves irreducible morphisms between indecomposable A-
modules. Since the diagram

mod A L> modA

modA ——— modA

commutes up to natural isomorphisms and ¢ is an equivalence, ¥ maps irreducible mor-
phism between indecomposable nonprojective modules to irreducible morphism between
indecomposable nonprojective modules (cf. Lemma 3.1). Then it suffices to show that
Y preserves irreducible morphisms radP — P and P — P/socP, where P is an
indecomposable projective module. Let P be an indecomposable projective module and
0 — radP M) P @ radP /socP M) P/socP — 0

be an almost split sequence. Since i preserves irreducible morphisms between inde-
composable nonprojective modules, ¥ (f2), ¥(gz) are irreducible. Then ¥ (f2) is an
epimorphism and ¥ (g2) is a monomorphism. Since rad P /soc P is the unique maximal sub-
module of P/socP, im(y¥(g2)) < radP/socP. Since [4(im(y(g2))) = [4(radP /socP),
im(y¥(g2)) = radP /socP. Since ¥ (f>) is an epimorphism, im (¥ (g2 f2)) = radP /socP.

kTp/J il kTp/J
q indA indA
Y
q v
k Dp ST oot / >k Ta/T q
Iy VSN
indA ; indA

Fig.4 The diagram at the ending of Step 1
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Since ¥ (g1 f1) = —¥(g2/2), we have im(¥ (g1)¥(f1)) = radP/socP. By Lemma 3.5,
¥ (f1), ¥(g1) are irreducible morphisms. Therefore  preserves irreducible morphisms
between indecomposable A-modules. By Lemma 3.4, i is an equivalence. O

Remark 3.8 Notice that since the modified mesh relation m, for x = (0,3m — 1) starts
at a point which belongs to the configuration C, it allows us to adjust the modified mesh
relation using the projective module (see Step 1.4 above), which is the same as we do for
the usual mesh relations. Therefore, the method in Proposition 3.7 applies for the standard
RFS algebra which has the isomorphic AR-quiver as A. A similar method applies for each
type of standard RFS algebras, see Appendix A for a detailed explanation.

4 Proof of the Main Result

Combining Proposition 3.7 and some ideas from [2, 6, 8] we prove our main result Theorem
1.4 in this section.

Definition 4.1 ([2, Definition 1]) Let A be an algebra. The stable Picard group StPic(A)
of A is the group formed by natural isomorphism classes of stable auto-equivalences
of A. Let Pic/(A) be the image of canonical homomorphism Pic(A) — StPic(A),
where Pic(A) denotes the Picard group formed by natural isomorphism classes of Morita
auto-equivalences of A.

The following result was proved in [6] using the mutation theory of simple-minded
systems. For the completeness we give its proof in Appendix B.

Proposition 4.2 ([6, Lemma 4.10]) Let k be an algebraically closed field of characteristic
2, A be the representative algebra of nonstandard RFS algebras of type (D3, 1/3,1),
where m > 2. Then there exists a standard derived auto-equivalence of A which induces a
stable auto-equivalence H of A such that H induces the automorphism of ,I's defined by
the swap of the two high vertices.

Remark 4.3 Using the fact that indA is equivalent to k ("4 /1, one can give a concrete
construction of the stable auto-equivalence H up to a Morita equivalence in viewing of
Proposition 3.7. For each 2 < i < 3m — 2, let g;—; be the path (0,i) — (1,i — 1) —
1,)) > 2,i—1) —> 2,i) > ---—> 2m—1,i — 1) > 2m — 1,i). For each 0 <
i < 2m — 2, let]; be the path (i,3m — 2) — (i,3m) — (i + 1,3m — 2), h; be the
path (i,3m —2) — (i,3m — 1) — (i + 1,3m — 2), p; be the path (i,3m — 2) —
(i+1,3m—3) — (i+1,3m —2). Define a functor H' : k [’y — k ;4 by H'(x) = n(x)
for each vertex x of ("4, where 7 is the automorphism on ("4 by the swap of the two high
vertices (see Fig. 5), and the definition of H' on arrows are given as follows: H'(a) :=
Y +lbm—thoyn—...3haliy, H'(y) := o + hoym—1loam—2 ... habhia, H'(&;) := & + 8iq;,
where 1 <i <3m —3, H'(¢) := n(¢) for other arrows ¢ in ;4. Then it is straightforward
to verify that H' preserves all the modified mesh relations and therefore induces a functor
H : k,Ia/l — k I'x/I. Moreover, H preserves the radical rad( , ) and irreducible
morphisms, it follows that H is an equivalence (cf. Lemma 3.4).
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53@—1 53\771{4 93%,—4
L] °
S 7
; 63m—§ 15h—5
[ ]

AN
[ ] [ ]
/f; \(5& /77?
[ ) [ )
ISR I i
[ ] [ ]
. 0 1 2

Fig.5 The diagram for Remark 4.3

The following result should be compared with [2, Theorem 3.1] (or Corollary A.2) for
standard RFS algebras.

Proposition 4.4 Let k be an algebraically closed field of characteristic 2, A be the rep-
resentative algebra of nonstandard RFS algebras of type (D3p, 1/3, 1), where m > 2.
For any stable auto-equivalence ¢ of A, we denote by (@] its natural isomorphism class.
Then StPic(A) = (Pic/(A) - ([24])) U (Pic/(A) - {([241)[H], where §2 4 is the loop func-
tor, and H is a stable auto-equivalence of A as defined in Proposition 4.2, which satisfies
[H)? € Pic/(A), and ([£24]) denotes the cyclic subgroup of StPic(A) generated by [S24].

Proof Note that each stable auto-equivalence ¢ of A induces an automorphism f of (1’4
as a translation quiver (cf. [3, Chapter X, Corollary 1.9]). According to [12] (see also [2,
Proposition 2.1]), Aut(ZD3,,) = (t) x (n’), where 1’ is the automorphism of Z D3,,, which
is induced from the automorphism of the quiver D3, defined by the swap of the two high
vertices. Then Aut (;I"4) = (t) X (n), where 7 is the automorphism of (I" induced from n’.

Let f=1"n € Aut(,I"4) (wherei = 0 or 1) be induced from a stable auto-equivalence
¢ of A. Then the automorphism of (I"y induced by the stable auto-equivalence 7" ¢ H -
acts as the identity map of the set of vertices, where H ™ is a quasi-inverse of H. By Propo-
sition 3.7, ;"¢ H ' lifts to a Morita equivalence. Then [t,"¢H '] € Pic/(A). Since
[ta] = [22], [ta] € ([241). Therefore [] = [t41 [t ¢ H ' 1[HT' € (Pic'(A)-([241)U
(Pic’(A) - ([241))[H]. The fact that [H]?> € Pic/(A) also follows from Proposition 3.7. [J

Remark 4.5 Sometimes the two cosets Pic’(A) - ([£24]) and (Pic'(A) - ([241))[H] of the

subgroup Pic’(A) - ([£24]) of the stable Picard group StPic(A) are the same. For example,
in the case m = 3, [£24] € Pic/(A) - [t4?[H] and therefore [H] € Pic’(A) - {([£24]).
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Proposition 4.6 Let k be an algebraically closed field of characteristic 2, A be the repre-
sentative algebra of nonstandard RFS algebras of type (D3p, 1/3, 1), where m > 2. Then
each stable auto-equivalence of A lifts to a standard derived equivalence.

Proof 1t follows from Proposition 4.2 and Proposition 4.4. O

Proof of Theorem 1.4 By Theorem 1.2, both A and B are derived equivalent to the same
nonstandard RFS representative algebra A. Then there exists stable equivalences &

modA — modA and 1 : modB — modA such that &, 5 lift to standard derived equiva-
lences. By Proposition 4.6, n¢é& ~1': modA — modA lifts to a standard derived equivalence.
Then ¢ = 5~ (ngp& ~1)& lifts to a standard derived equivalence. O

Appendix A

Throughout this appendix we fix the enumeration on the vertices of A,, D,, E, as follow:

A, 1 2 n—1 n
D, : n
1 2 n—2 n—1
E, : n
1 2 n—3 n—2—-—sn-—1

The main purpose of this appendix is to prove the following result, which is a corrected
form of [2, Proposition 3.3]. We are grateful to the referee who suggests to add this content.

Proposition A.1 Let k be an algebraically closed field, and let A be some properly selected
representative algebra of standard RFS algebras. Let ¢ : modA — modA be a stable
equivalence such that ¢ (X) = X for any X € modA. Then ¢ lifts to a Morita equivalence.

Using Proposition A.1, we can reprove [2, Theorem 3.1], whose original proof uses [2,
Proposition 3.3], by filling the gap in [2, page 435, line 1]. Note that the main result [2, Main
Theorem] follows from [2, Theorem 3.1]. By the same reason as in Remark 1.3(1), here we
also need to assume that the considered algebra has Loewy length greater than 2.

Corollary A.2 ([2, Theorem 3.1]) Let A be the representative algebra of representation-
finite standard RFS algebras in Proposition A.1 with Loewy length greater than 2. If A is
not of type (D3, s/3, 1) withm > 2 and 3 1 s > 1, then

StPic(A) = Pic'(A) - ([224]).
If Ais of type (D3, s/3, 1) withm > 2 and 3 1 s > 1, then
StPic(A) = (Pic’(A) - ([£241)) U (Pic/(A) - ([241)[H],
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where H is a stable auto-equivalence of A induced from the automorphism of ;I's defined
by the swap of the two high vertices, which satisfies [H]* € Pic'(A).

Proof Note that the representative algebra A has Loewy length 2 if and only if A has type
typ(A) = (Aq, s, 1) with s > 1, so we exclude this type in the following proof. For a given
A, let C be the set of vertices in the stable AR-quiver (4 which correspond to radicals of
indecomposable projective A-modules. According to the proof of Proposition A.1, we list
the positions of C in (I'4 for each representative algebra A as follows.

If typ(A) = (A, s/n, 1) withs,n > 1,then C = {(i,n) |0 <i <s — 1}.
If typ(A) = (A2p41,8,2) withs, p = 1, thenC = {(2p + Di +j, 1), (Qp + Di +
p,p+1),
(@Cp+Di+j+p+1,2p+D|0<i<s—-1,0<j<p-—1}L

e If typ(A) = (Dy,s,1) or typ(A) = (Dy,s,2) withn > 4ands > 1, then C =
{(Cn—=3)i,n—1),((2n—3)i,n), (2n—3)i+n—1,n—-2), (2n—-3)i+j,1),|0 <
i<s—1,1<j<n-3}.

o Iftyp(A) = (D4, s,3) withs > 1, then C = {(5i, 3), (5i,4), (5i +3,2), (5i + 1, 1) |
0<i<s-—1}L

o Iftyp(A) = (D3pm,s/3,1) withm > 2and3 ¢ s > 1, then C = {(2m — 1)i,3m —
D,(Cm—1Di+j,1)]|0<i<s—1,m=<j<2m-—2}.

o If typ(A) = (E,,s,1) or typ(A) = (Eg,s,2) with 6 < n < 8 and s > 1, then
C={my-i+j,1),(my-i—1,n),(my-i=2,n=1),(my-i —1,n=1), (my-i +(m, —
1)/2,n—=3)10<i<s—1,0<j<n-—5},where mg =11, m7 = 17, mg = 29.

Suppose that typ(A) ¢ {(An,s/n, 1), (D3, r/3,1) | n,r,s > 1,m > 2,3 ¢ r}.
Combining a result in [12] (see also [2, Proposition 2.1]), we can directly prove that each
automorphism of (4 (as a translation quiver) is of the form t¢p, where p is an auto-
morphism of (I'4 such that C is stable under p. Let ¢ : modA — modA be a stable
equivalence which induces an automorphism f of (I'4 (as a translation quiver). Assume
f = ©%p with C stable under p, then p extends to an automorphism of I'y, which induces
an auto-equivalence of k(I"4). Thus, there exists a Morita equivalence ¥ : modA — modA
which induces a stable equivalence ¥ : modA — modA, such that the automorphism
of ;I'4 induced by ¥ is p. Since ¢(1’X¢)_] induces identity automorphism of  I'4, by
Proposition A.1, it lifts to a Morita equivalence. Since [¢] = [q{)(tjtp)’l][m]“[lp] with
[¢(t5¥) "1, [¥] € Pic/(A) and [t4] € Pic/(A) - ([24]), [#] € Pic/(A) - ([2a]).

Suppose that typ(A) = (A, s/n, 1) withn > 1,5 > 1. Then each automorphism of
sI'a (as a translation quiver) is of the form t“ or t%p, where p is given by (p,q) —
(p+qg—1,n+1—g). It can be shown that the automorphism of ;"4 induced by 24
is 78p for some b. Let ¢ : modA — modA be a stable equivalence which induces an
automorphism f of (I"4 (as a translation quiver). If f = ¢ for some a, by Proposition
A.1, ¢t lifts to a Morita equivalence. Then [¢] = [¢7,“][ta]* € Pic'(A) - ([24]). If

f = t%p for some a, by Proposition A.1, ¢.ler27“ lifts to a Morita equivalence. Then

[¢1 = [¢2; ' T4~ “1Tal*P[24] € Pic'(A) - {[24]).

Suppose that typ(A) = (D3, s/3,1) withm > 2 and 3 t s > 1. Then each auto-
morphism of (I'4 (as a translation quiver) is of the form ¢ or t“n, where n is the
automorphism of (I'4 defined by the swap of the two high vertices. By the same method,
it can be shown that for each stable auto-equivalence ¢ of A, [¢] € Pic/(A) - ([£24]) or
[¢] € (Pic'(A) - ([241)[H]. The fact that [H]* € Pic’(A) also follows from Proposition
A.l. O
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Proof of Proposition A.1 We now turn to the proof of Proposition A.l. For each type
(Q, f, 1) of standard RFS algebras, Asashiba gave a representative algebra A(Q, f, t) inside
its derived equivalence class, all the representative algebras are listed in [2, Appendix 2].
Unless otherwise stated, we will choose the representative algebra A in Proposition A.1 as
AQ, f,1).

Since A is standard, there is a well-behaved isomorphism U : k(I'y) — indA, that is, it
maps each vertex of I'4 to the corresponding indecomposable module and maps the residue
class of each arrow of I'4 to an irreducible morphism; moreover, U induces a well-behaved
isomorphism V : k(;I"4) ~ indA. Therefore, we can adopt the method in Proof of Propo-
sition 3.7 to give a proof of Proposition A.1. By analysing the proof of Proposition 3.7, we
know that if we can construct a functor @ : k(I'y) — k(I4) from a given isomorphism
functor ¢’ : k(,I'a) — k(,I4) with ¢(x) = x for all x € T4, then & becomes auto-
matically an isomorphism functor under our assumption. Thus we can reduce the proof of
Proposition A.1 to the construction of a functor @ : k(I'y) — k(I'y) lifting ¢'.

We shall give the construction in each type using the similar idea as Step 1 in the proof of
Proposition 3.7. Recall that Step 1 in the proof of Proposition 3.7 divides into four substeps
(from Step 1.1 to Step 1.4), however, we do not need Step 1.3 in most cases except for the
type (D3m, s/3,1) withm > 2and31s > 1.

In the following, C is always assumed to be the set of vertices in ;4 which correspond
to radicals of indecomposable projective A-modules and * denotes the positions of C.

1. Type (A,,s/n, 1) withs,n > 1.

Let A = A(A,, s/n, 1) be the self-injective Nakayama algebra given by the quiver below
with relations &4, - - - i1 = 0foralli € {1,2,---,5} =7Z/(s).

* * * ................... * * *
1\ 7\
N T S o 52wl pot
/ N\ N/ / \ \
. . A . . .
. . R . . .
7 \
of o of 6%\ /O‘QZ a3~ ﬂé*i\ c}zfl ﬂi’; /agﬂ
° ° o i ° ° °
\ | A
of o N /wi/ PR S /aa/
. . AR . . .
0 1 2 e s—2 s—1 s
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By the position of C in (I4, one can show that in (I4 the upward arrows corre-
spond to irreducible monomorphisms and the downward arrows correspond to irreducible
epimorphisms. Choose a section A}, in ;I'4 as follow:

Let ¢’ : k(,I4) — k(,I'4) be an isomorphism which maps each object in k(,I's)
to itself. To lift ¢’ : k(;I'a) — k(,T4) to a functor @ : k(I'x) — k(I'x), one can
first choose morphisms @(a?), e, q§(a271) which lift ¢’ (a?), @ (oc27 1) respectively.
Using Lemma 3.2(2) (and similar result as Lemma 3.6 for A), one can lift arrows in (I'4
from the section A/, to the right. Now assume that the values of @ on all arrows of I
except ,3‘1“1, cee, ,32:} have been defined, which satisfy @ (m,) = O for each vertex x such
that x is not in C and such that the values of @ on all arrows in m, have been defined (which
corresponds to Step 1.1 in Proof of Proposition 3.7). Since af_l, e ,af;]l correspond
to irreducible monomorphisms, by Lemma 3.3(2), one can define <D(/3f _1), cee ¢(ﬂ;:})
from the bottom to the top such that @ (m,) = 0 for each vertex x which is not in C (which
corresponds to Step 1.2 in Proof of Proposition 3.7). Finally, we define the values of @ on
the arrows of I'4 which link to projective vertices (which corresponds to Step 1.4 in Proof
of Proposition 3.7).

2. Type (Ayp41,5,2) withs, p > 1.

Let A = A(Azp+1, s, 2) be the canonical M&bius algebra given by the quiver below with
relations
4)) a;..-qg = ,3;’,---',35 foralli € {0, ,5 — 1};
@ pitlad, =o' Bl =0foralli € {0, -, 5 — 2} and afol ! = BIBST! = 0;
(3) Paths of length p + 2 are equal to 0.

1 ° 1 T 1 ° 1
Qg ajg oy g /%/
1 1

By Bp
o ——> - —
1 1
Bl p—1
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Let n be the automorphism of ZA5, | givenby (m,n) — (m+n—1—p,2p+2—n).
Then part of I’y = ZA217+1/<T(2P+1)37]> is of the form:

\/ NVAAVAN NN
SN NN NN
0 1 p—2 p—1 D p+1 2p 2p+1

where the set C is stable under 727!, Choose a section A} 1 in (T4 as follow:

2p+

By the position of C in (I'4, one can show that each arrow in A/, ot corresponds to an
irreducible monomorphism. Let ¢’ : k(;I'4) — k(;,I'4) be an isomorphism which maps
each object in k(;I'4) to itself. To lift ¢’ : k(;I'a) — k(,I'a) to a functor @ : k(I'4) —
k(I'4), one can first choose morphisms @ (1), - - - , @ (er2p) which lift ¢’ (1), - - - , ¢/ (er2p)
respectively. Using Lemma 3.2(1), one can lift arrows in ; I’y from the section A’zp 41 tothe
left. Now assume that the values of @ on all arrows of (I'4 except i, - -, B2 have been
defined, which satisfy @ (m,) = 0 for each vertex x such that x is not in C and such that
the values of @ on all arrows in m, have been defined. Since a1, - - - , a2, correspond to
irreducible monomorphisms, by Lemma 3.3(2), one can define ®(B1), --- , @(B2p) from
both sides to the middle such that @ (m,) = 0 for each vertex x which is not in C. Finally,
we define the values of @ on the arrows of 'y which link to projective vertices.

3. Type (Dy,s, 1) withn >4, s> 1.

The algebra B = A(D,, s, 1) is given by the quiver below with relations

6] a{ag---a;_zzﬁgﬁézy{y(; foralli € {01 11}- o .
(2) Foralli € {0,- — 1} = Z/(s), By el = y(;+ ol = o ThBl = Bl =
z+1 i+1 z
o 2]/1 'B

(3) Foralli e {O . s—l} = Z/(s)and forall j € {1,--- ,n —2} = Z/{n — 2),
a;+11+2 Ol —0 ﬂl+lﬂlﬁo 'Bt+1l31+lﬂl =0, z+1y1 VO _V]l+ly6+1y] —0.
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o <— -
s—1
Qg
s—1 s—1
ay 1
0 s—1
[ ) 71
[ ] [ ]
0
0 \l/ Bo 0
Xp_3 Yo
: [ ° : : .
0 0 2 2
0¢2J/ Kx " 0 /2 Tana
By 0
[ ] o [ ] I [} I [ ] 2 [
oy K /'y/ o
1 1
1 Bo By 1
Ap_2 ° aq
e —— -+ —> @
1 1
Xp_3 @

When s =1, wetake A = B. Then [y = ZDn/(t2"_3) and we may set
C={0,n—1),0,n),n—-1,n-2),1,1,2,1),--,(n—3,D},

where part of 'y = ZD,/(t?"3) is of the form:

° °
A N\ 7
C}n—Q ’Yn—\2 [jn72
*xOn>t @ Tn—=>+ @ B, @
7N
-3 —
Qn—3 /}n Bn g
° o
Qn—q /;:H;
° °
. / 52
. Y2
° °
/ ﬂl
aq "
° °
T — 1 e om — 4 m—3
By the position of C in (I'4, one can show that the arrows 81, 2, - - - , B3 correspond

to irreducible epimorphisms. Choose a section D, in (I'4 as follow:

[
an—lT
aq Qa2 An—4 Qn—3 Qnp—2
@ < @ < @ rcrcreecesseiennn ® ) * °

Let ¢ : k(,I'a) — k(,I'4) be an isomorphism which maps each object in k(,I'4)
to itself. To lift ¢’ : k(;I'a) — k(,T4) to a functor @ : k(I'x) — k(I'4), one can
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first choose morphisms @ (1), - - - , @ (o, —1) which lift ¢’ (o), - - - , ¢ (1) TESpectively.
Using Lemma 3.2(1), one can lift arrows in ; I'4 from the section D)}, to the left. Now assume
that the values of @ on all arrows of (I'4 except y1, --- , ¥»—1 have been defined, which
satisfy @ (m,) = 0 for each vertex x such that x is not in C and such that the values of @ on
all arrows in m, have been defined. Since B, - - - , B,—3 correspond to irreducible epimor-
phisms, by Lemma 3.3(1), one can define @ (y), - -+ , @(y,—1) from the bottom to the top
such that @ (m,) = 0 for each vertex x which is not in C. Finally, we define the values of @
on the arrows of I'4 which link to projective vertices.

When s > 1, since there exists a covering ZD,, /(t?"=3%) — ZD,,/(t?"~3) of stable
translation quivers and

C={0,n—-1),0,n),n—1,n-=2),(1,1D,2,1),---,(n—3, 1)}
is a configuration of ZDn/(rz”_3), by [13, Proposition 2.3],

C'={((2n=3)p,n—1),(2n—=3)p,n),(2n—=3)p+n—1,n-2),(2n=3)p+1,1),

@n=3p+2,1),- . (@n—=3)p+n—3,1)]0<p=<s—1}

is a configuration of ZD,,/(t®*=3%). According to [5, Proposition 1.3], there exists a stan-
dard RFS algebra A such that I'y = (ZD,/{t®~%))¢r. Using a similar method, it can be
shown that each isomorphism ¢’ : k(,I'a) — k(;,I'4) which maps each object in k(,I'4) to
itself lifts to a functor @ : k(I'4a) — k(4).

4. Type (Dy,s,2) withn > 4,5 > 1.

The stable AR-quiver is of the form ZD,,/ (1@ =35y where 7 is the automorphism of
Z.D,, defined by the swap of the two high vertices. We may proceed in a similar way as the
type (Dy, s, 1) withn > 4,5 > 1.

5. Type (Ds,s,3) withs > 1.

The stable AR-quiver is of the form Z D4/ (1), where 7 is the automorphism of ZDy
induced from an automorphism of D4 of order 3. We may proceed in a similar way as the
type (D4, s, 1) with s > 1.

6. Type (D3, s/3,1) withm >2and3+s > 1.

The case s = 1 has dealt with in Proposition 3.7 (see also Remark 3.8). For s > 2, we can
use a similar method as the type (D, s, 1) with s > 2. Note that in the case s = 1 we use the
fact that each morphism (0, 3m) — (1, 3m) in k((ZD3m/(r2m_1))c) which factors through
a projective vertex is zero. Since there is a covering functor k((ZD3, /(@ D$))er) —
k((ZD3y,/ (t?"=1Y)¢) which is faithful and sends projective vertices to projective vertices,
the similar fact is also true in k((Z D3 /{t @~ D)) ).

7. Type (E,,s, 1) withn € {6,7,8}and s > 1.
The algebra B = A(E,, s, 1) is given by the quiver below with relations

(1) oqes oy 3 = B3Py = yiy; foralli € 0 s =1 o

(2) Foralli € {0,---,s — 1} =7Z/{s), ,33“0{’1 = y2’+1a’1 = ot,’:éﬂiﬂ = yé“ﬂi“ =
@, vl =By =0;

(3) «a-paths of length n — 2 are equal to 0, B-paths of length 4 are equal to 0, y-paths of
length 3 are equal to 0.
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s—1
Qg
@ < eeeinn.
ozi71 ........
0 /S—l
Ap—3 Bl
° ° e
0 s—
0 B3 "
a”“‘i /
0
° Y
0
B3 °
0 0 2 :
L4 51 71 72
0 2
a2i \ ! 1 % T%%
Y2 71 B3
° 5 ° ° T ° 3 °
o /61 ap _3
B3
1 : 1
o o ———> 0 «
n—3 ,81 1
2
) ﬁ. ................... Hl Y
QAp_g Q3

Note that ([I'p = ZE, /(t"*), where mg = 11, m7 = 17, mg = 29. Similar to the type
(Dy, s, 1) withn > 4, s > 1, it suffices to consider s = 1. Whenn = 6 and s = 1, we take
A= B.ThenC ={(0, 1), (1, 1), (-1, 6), (=2, 5), (-1, 5), (5, 3)} and part of ;I' is of the

form:
* * [ ]
\ as/ \B5 /
/ N
° °
N\ / \
/ N
@ 3>k —[f3>0—>0 —>@
\ 2/ \ /
NS
° °
N\, 1/ \
/ NS
* * [ ]
0 1 2
Choose a section Eé in (I'4 as follow:
(ila 6)

|

(—1,3) 5 (=1,4) -5 (-1, 5)

aq a2

(1,1) (0,2)
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By the position of C in (I'4, oy and a5 correspond to irreducible monomorphisms. Let
¢' 1 k(;,Ta) — k(,T4) be an isomorphism which maps each object in k(;I’4) to itself.
To lift ¢’ : k(;I'a) — k(;I'4) to a functor @ : k(I'y) — k(I'4), one can first choose
morphisms @ (ay), -+ -, @ (as) which lift ¢'(ay), - - - , ¢'(as) respectively. Using Lemma
3.2(1), one can lift arrows in ( I’y from the section Eé to the left. Now assume that the values
of @ on all arrows of (I'4 except f1, - - - , Bs have been defined, which satisfy @ (m,) =0
for each vertex x such that x is not in C and such that the values of @ on all arrows in m,
have been defined. Using Lemma 3.2(2), the values @ (8,), @ (83), ®(B4) can be defined
such that @ (m(_1,3y) = 0. Since oy and a5 correspond to irreducible monomorphisms, by
Lemma 3.3(2), one can define @ (81), @ (Bs) such that @ (m,2)) = 0and @ (m_1,4)) =0.
Finally, we define the values of @ on the arrows of I'4 which link to projective vertices.
When n = 7 or 8, the proofs are similar to the case n = 6.

8. Type (Eq, s,2) withs > 1.

The stable AR-quiver is of the form ZEg/{z''%n), where 5 is the automorphism of ZEg
induced from an automorphism of E¢ of order 2. We may proceed in a similar way as the
type (Es, s, 1) with s > 1. 0

Remark A.3 Proposition A.1 is true for any RFS algebra, the reason is as follows. If A is
a RFS algebra of Loewy length > 3, then every stable auto-equivalence of A is of Morita
type, according to Linckelmann’s theorem ([10, Theorem 2.1(iii)]), Proposition A.1 holds in
this case. If A is a RFS algebra of Loewy length < 2, then every stable auto-equivalence of
A which maps each object to itself is the identity functor, which clearly lifts to the identity
functor on modA.

Appendix B

For the benefit of the reader we give a detailed proof of Proposition 4.2 ([6, Lemma 4.10]).
First we recall the notion of simple-minded system and the mutation theory of simple-
minded systems.

Let A be a self-injective algebra. For X, Y, Z € modA, Y is called an extension of X and
Z if there exists an exact sequence 0 - X — Y & P — Z — 0in modA, where P is a
projective module.

Definition B.1 (see [9] or [8]) Let A be a self-injective k-algebra, S be a set of objects

in modA such that for all S,7 € &, Hom,(S,T) = {2 g f ;; Let F(S) be the
smallest subcategory of modA which contains S and closed under extensions. S is called a

simple-minded system (sms for short) in modA if F(S) = modA.

By definition, the set of nonprojective simple A-modules is an sms in modA.
Definition B.2 ([8, Definition 4.1 and Remark]) Let A be a self-injective algebra and S be
an sms which is stable under the Nakayama functor .#” = DHomy(—, A) up to isomor-

phisms. Let X’ be a subset of S which is stable under .#". The left mutation of the sms S
with respect to X is the set {u} (X) | X € S}, where
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(M) k(X)) =2, (X),if X € X
(2) Otherwise, i, (X) is given by the push-out diagram

0—— Qa(X) P X 0
0 Y N;(X)HXHO

It is shown in [8] that the left mutation of an sms is again an sms.

Proposition B.3 ([6, Lemma 4.10]) Let k be an algebraically closed field of characteristic
2, A be the representative algebra of nonstandard RFS algebras of type (D3p, 1/3, 1),
where m > 2. Then there exists a standard derived auto-equivalence of A which induces a
stable auto-equivalence H of A such that H induces the automorphism on (I by the swap
of the two high vertices.

Proof Let S, be the set of simple A-modules, X = {2} € Sj4. Since A is symmetric, A~ ~
id and X is stable under .#". Since the simple module 2 has only a trivial self-extension,
F(X) = add(2). The projection radP; — 2 is a minimal left F(X’)-approximation of
rad P;. There exists a commutative diagram

0 ——=radP; P 1 0
0 2 M 1 0,

For 3 < i < m, Homy(radP;,2) = 0. Then radP; — 0 is a minimal left F(X)-
approximation of rad P; and Mj( (i) = i. Moreover,

k@ =07 =2.

3

m

1

1
In the following proof, we fix the simple A-modules 1, 2, - -- , m to the positions (0, 3m),
(2m —2,1), ---, (m, 1) in the stable AR-quiver (I'4, respectively (cf. Section 2). Then

u}(l) corresponds to (2m — 2,3m — 1), and /L}(Z) corresponds to (m — 1, 1).

By [8, Okuyama’s lemma] and noting that the definition of mutation we used here is a
variation of Dugas’ original one by shifting the objects by 24!, there exist an algebra IT
and a derived equivalence F : DP(modIT) — D?(modA) which induces a stable equiv-
alence ¢ : mod/I — modA sending the set of simple /7-modules to £2 4 (u} (S4)). By
[11, Corollary 3.5], we can assume that F is a standard derived equivalence. We may assume
that I7 is basic. Since both §£2,4 and t4 lift to derived equivalences, there exists a stable
equivalence H = r;l.Q 4 ¢ : modIT — modA which lifts to a derived equivalence and
sends the set of simple /7-modules to er /L} (Sa)- Since A is symmetric and IT and A are
derived equivalent, by [11, Corollary 5.3], IT is a symmetric algebra of finite representation
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type. Hence by Theorem 1.2, IT is nonstandard and typ(I7) = typ(A).

Dugas’ mutation é wr
Sa Q (13 (Sa)) .

—1 . -1
Tr 2
A A /

Tk (Sa) = {(0,3m — 1), (m, 1), (m + 1,1), -+, (2m — 2,1)}

Sa ={(0,3m),(m,1),(m+1,1),--- ,(2m —2,1)}

WA

Ca

Let Cj7 and Sy be the set of radicals of indecomposable projective IT-modules and the
set of simple IT-modules respectively. £2;7 induces an automorphism wp of (I'7 which
sends Spy to Cry. Let h @ (I'm — I'4 be the isomorphism between stable AR-quivers
induced by H, w4 be the automorphism of (I"4 induced by 2 4. Since er,u} (S,) corre-
sponds to the position {(0, 3m — 1), (m, 1), (m + 1, 1),---, 2m — 2, 1)}, nh sends Sy to
Sx and wanhog ™! : I'm — T4 is an isomorphism which maps Cr7 to C4, where 7 is
the automorphism of (I'4 which is induced from the automorphism of the quiver D3, by
the swap of the two high vertices and C4 is the set of radicals of indecomposable projec-
tive A-modules. Then the AR-quivers of the two nonstandard RFS algebras /T and A are
isomorphic. According to Riedtmann’s configuration theory (see the paragraph after Defi-
nition 1.1 in Section 1), IT and A are isomorphic as algebras. Then H can be identified as a
stable auto-equivalence of A which induces an automorphism 4 of ;I"4 such that 4 maps the
set of vertices {(0, 3m), 2m —2,1),--- , (m, 1)} t0 {(0,3m —1), Cm—2,1),---, (m, 1)}.
Since Aut(;I'a) = (t) x (1), h = n and H induces the automorphism on (/"4 by the swap
of the two high vertices. O

Remark B.4 The same proof works for all standard RFS algebras of type (D3, s/3, 1) with
3tsandm > 2, see [6, Remark 4.11] for an explanation. Combing Corollary A.2, we have
proved that every stable auto-equivalence also lifts to a standard derived equivalence in this
case.
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