TRANSFER MAPS IN HOCHSCHILD (CO)HOMOLOGY AND
APPLICATIONS TO STABLE AND DERIVED INVARIANTS AND TO THE
AUSLANDER-REITEN CONJECTURE
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ABSTRACT. Derived equivalences and stable equivalences of Morita type, and new (candidate)
invariants thereof, between symmetric algebras will be investigated, using transfer maps as a
tool. Close relationships will be established between the new invariants and the validity of the
Auslander—Reiten conjecture, which states the invariance of the number of non-projective simple
modules under stable equivalence. More precisely, the validity of this conjecture for a given pair
of algebras, which are stably equivalent of Morita type, will be characterized in terms of data
refining Hochschild homology (via Kiilshammer ideals) being invariant and also in terms of cyclic
homology being invariant. Thus, validity of the Auslander—Reiten conjecture implies a whole set
of ring theoretic and cohomological data to be invariant under stable equivalence of Morita type,
and hence also under derived equivalence. We shall also prove that the Batalin-Vilkovisky algebra
structure of Hochschild cohomology for symmetric algebras is preserved by derived equivalence.
The main tools to be developed and used are transfer maps and their properties, in particular
a crucial compatibility condition between transfer maps in Hochschild homology and Hochschild
cohomology via the duality between them.

1. INTRODUCTION

Derived equivalences have been studied and used in representation theory of groups and of
algebras since the pioneering work of Happel ([12, 13]), of Rickard ([28, 29, 30]) and of Keller
([15]). In particular, Broué’s conjecture ([6]) has been the starting point of a major development
in modular representation theory of finite groups, centreing around derived equivalences and their
consequences. More generally, Broué ([7]) has introduced stable equivalences of Morita type,
which are implied by derived equivalences between symmetric algebras. There are two key sets
of problems about derived or stable equivalences. One is concerned with constructing derived
or stable equivalences. The other one is about identifying and describing invariants, both of an
abstract and of an explicit nature. It is this second complex of problems that we will address in
this article.

While derived equivalences have been shown to preserve various cohomological invariants such
as Hochschild (co)homology ([30]), K-theory([33, 8]) and cyclic homology([16]), much less is known
for stable equivalences of Morita type. On the other hand, stable equivalences of Morita type are
both more frequent and more explicit than derived equivalences. We propose to use transfer
maps as a tool to set up and to investigate invariants under derived equivalences and under stable
equivalences of Morita type. In the first part of this paper we will define the appropriate transfer
maps and develop their basic properties, in particular a crucial compatibility condition (Theorem
2.10 and Corollary 2.12). In the second part we shall present some applications of the theory
developed in the first part. We then will demonstrate the usefulness of the transfer maps in a
general and abstract setup; we will work with symmetric algebras in full generality and with stable
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equivalences of Morita type in general, thus getting consequences for derived equivalences between
group algebras, or blocks of group algebras, as well.

The consequences we will derive from properties of transfer maps are threefold. Firstly, we
will discuss countable series of potential invariants, which all can be seen as refining Hochschild
homology, but which are of a ring theoretical nature. While Hochschild homology in positive degree
is known to be invariant under stable equivalences of Morita type ([23]), Hochschild homology
in degree zero is an invariant if and only if the two algebras in question have the same number
of non-projective simple modules, that is, when the so-called Auslander—Reiten conjecture ([2])
is valid in this situation ([24]). The series of candidate invariants that we are considering have
been defined by Kiilshammer ([18, 19]) in terms of ideals of the centre of an algebra, and thus
are closely related to degree zero Hochschild homology. We will show that any of these data is an
invariant under stable equivalence of Morita type if and only if all others are so if and only if the
Auslander—Reiten conjecture is valid in this case (Corollary 4.6 and Proposition 5.8). The main
tool to relate these data for different algebras are, of course, transfer maps.

Secondly, we will look at another potential invariant, cyclic homology. Here, the transfer maps
come in via Connes’ operator. Cyclic homology is a derived invariant by a result of Keller ([16]).
Surprisingly, it turns out that in odd degrees it is also invariant under stable equivalence of Morita
type, while in even degrees it is so if and only if the Auslander—Reiten conjecture is valid for the
given equivalence (Theorem 9.6).

Thus, our results provide various new interpretations of and a new approach to Auslander—
Reiten conjecture (which at present appears to be far beyond reach), to be based on the equivalent
versions of the conjecture contained in our results. To demonstrate feasibility of this approach, we
give a sufficient criterion for the Auslander—Reiten conjecture to hold true. For two not necessarily
symmetric algebras A and B over a field of positive characteristic, the conjecture follows from
the existence of two stable equivalences of Morita type, one relating A and B and the other one
relating their trivial extension algebras T(A) and T(B) (Corollary 8.2).

Thirdly, our results imply extensions and new proofs of various known results, especially on
derived categories. We reprove some results of Alexander Zimmermann ([35, 36, 37]) concerning
Kiilshammer ideals using transfer maps. We also prove that the Batalin-Vilkovisky algebra struc-
ture ([34][26]), in particular, the Gerstenhaber algebra structure, over Hochschild cohomology of
symmetric algebras is preserved by a derived equivalence (Theorems 10.7 and 10.8).

Now we are going to describe the contents of this article in more detail. In Section 2, we
recall transfer maps in Hochschild homology defined by Bouc and we introduce transfer maps
in Hochschild cohomology for symmetric algebras. We prove the compatibility theorem between
transfer maps in Hochschild homology and in Hochschild cohomology in this section. Section 3
studies when transfer maps preserve the product structure over Hochschild cohomology. P-power
maps over zero-degree Hochschild homology groups are investigated in Section 4. Section 5 con-
tains the stable version of Kiilshammer’s (,,. P-power maps over the centre Z(A), Kiilshammer’s
maps Kk, and their stable version are considered in the sixth section. Higher dimensional analogues
are presented in the seventh section. Section 8 contains the trivial extension construction. Cyclic
homology is studied in the ninth section and stable cyclic homology is introduced. We consider
Batalin-Vilkovisky algebra structure in the last section.

2. TRANSFER MAPS

Let k be a field of arbitrary characteristic and let A be a finite dimensional k-algebra. In the
sequel, ® will denote ®j. The bar resolution Bare(A) is defined as follows: Bar,(A) = A®("+2)
and for n > 1, the differential is d’ = Y. (—1)'d, : Bar,(A) = A®("*2) — Bar,,_;(A4) = A®+1)
where for 0 < i <n, d, sends ap ® - -+ ® a1 for ag, -+ ,an4+1 € A to

ap Q- ®a;i—1 ® ;041 Q042+ & Ap1-
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Then (Bare(A),d’) is a projective resolution of A as A° = A ®; A°P-modules. Let (Co(A),d) =
(A ®4e Bar(A), Idsy ® d') be the Hochschild complex. Namely, for n > 0, Cy,(A) = A%+ and
for n > 1 the differential d : C),(A) — Cp,—1(A) sends ap ® - - - ® a,, with ag, - ,a, € A to

n—1

Y (1@ ® a1 ® - @ an + (—1)"anag ® a1 @ -+ @ a1

=0

Next we recall the construction of transfer maps in Hochschild homology due to Bouc ([4]).
Transfer maps in Hochschild homology and in cyclic homology also have been studied by Keller
([16]) and by Loday ([25]). Recall that for an algebra A, the Hochschild homology of degree zero
is HHy(A) = A/K(A) where K(A) is the subspace spanned by commutators.

Let A and B be two finite dimensional k-algebras and let M be an A-B-bimodule such that M is
finitely generated and projective as a right B-module. There exist z; € M and ¢; € Homp(M, B)
with 1 < ¢ < s such that for any z € M, x = >, zjp;(x). Then one can define a transfer map
ty : HHy(A) — HH,(B) for any n > 0. The construction on the level of Hochschild complexes
is as follows: tyr : Cp(A) — Cn(B) sends ap ® a1 ® - -+ ® ay, to

S eiglaori) @ @i (a1zs,) @ - ® @i, (aniy).
1<ig, in<s
Bouc proved that this is a chain map and thus induces a morphism between Hochschild homology
groups, written also by tp; : HH,(A) — HH,(B). In particular, the construction in degree zero

ta : HHo(A) = A/K(A) — HHo(B) = B/K(B)

is given by a + K(A) — Y7, ¢i(ax;) + K(B).
We summarize basic properties of this transfer map in the following

Proposition 2.1. (4, Section 3]) Let A, B and C be finite dimensional k-algebras.

(1) If M is an A-B-bimodule and N is a B-C-bimodule such that Mp and N¢ are finitely
generated and projective, then ty oty = tyegyn : HHL(A) — HH,(C), for each n > 0.

(2) Let

0—-L—-M-—N-—0

be a short exact sequence of A-B-bimodules which are finitely generated and projective as right
B-modules. Then ty =ty +tny : HH,(A) — HHy,(B), for each n > 0.

(3) For a finitely generated projective A-B-bimodule P, the transfer map tp : HH,(A) —
HH,(B) is zero for each n > 0.

(4) Consider A as an A-A-bimodule by left and right multiplications, then ty : HH,(A) —
HH,(A) is the identity map for any n > 0.

Remark 2.2. Given a bounded (cochain) complex X*® of A-B-bimodules whose terms are finitely
generated and projective as right B-modules, one can also define a transfer map txe : HHy,(A) —
HH,(B) by txe :=Y_,(—1)'tx:. Note that if Y* is another bounded complez of A-B-bimodules
whose terms are finitely generated and projective as right B-modules such that X® and Y* are
quasi-isomorphic, then txe = tye (|4, Section 4]).

We will define transfer maps in Hochschild cohomology for symmetric algebras. Our definition
will turn out to coincide with the construction due to Linckelmann ([20]). We recall some basic
facts about symmetric algebras and for details we refer to [20, Section 6]. A symmetric algebra is
a finite dimensional k-algebra such that there is a symmetric non-degenerate associative bilinear
form (, J)a : Ax A — Ek, or equivalently, A = D(A) = A* = Homy(A, k) as bimodules. The
image of the unit element of A under this isomorphism is called a symmetrizing form on A and is
denoted by s. Note that the bilinear form can be given by (a,a’) 4 = s(aa’) for arbitrary a,d’ € A.

Now let B be another finite dimensional k-algebra and 4 Mp be an A-B-bimodule. Then M* =
Homy, (M, k) is isomorphic to Hom 4 (M, A) as B-A-bimodules. The isomorphism Hom (M, A) =
M* sends f € Homy4 (M, A) to the composition so f. The inverse map can be described as follows.
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Let {u;} be a basis of A and let {v;} be the dual basis with respect to the bilinear form ( , )4
or s € A*, that is, (u;,vj) = 6;;. Then the image of § € M* under the inverse map is the map
sending x € M to ), O(vix)u;.

Now suppose that 4 M is finitely generated and projective. Then we have isomorphisms of
functors

Hom (M, —) 2 Homg(M,A) @4 — = M* @4 —.

By adjointness, there is an adjoint pair (M ®p —, M* ®4 —). One can compute the associate
counit morphism ey : M ®@p M* — A. Let x € M and § € M*. Then ep(z ®46) =, 0(viz)u;.

Suppose now that B is also symmetric with ¢ € B* giving the symmetrizing form. If further-
more, Mp is finitely generated and projective, then M* is finitely generated projective as left
B-module and we have isomorphisms of functors

HOmB(M*, —) = HOmB(M*,B) p—=M"*"@Rp—-—=MQp —.

Hence there is another adjoint pair (M*®4 —, M ®p —). Its unit morphism ny+ : A — M ®@p M*
can be computed. Since M is finitely generated and projective as a right B-module, there exist
z; € M and ¢; € Homp(M, B) with 1 < i < s such that for any x € M, = = ), z;pi(z). It
follows that ny+ sends a € A to ), ax; ®p t o ;.

Remark 2.3. We can give another realization of the above unit morphism np~ by considering
adjoint pairs between the categories of right modules. Namely, since M is finitely generated and
projective as a Tight B-module, there are isomorphisms of functors

Homp(M,—) = — ®@p Homp(M,B) = —@p M™.

Hence there is an adjoint pair (—®4 M,—®p M*). A computation shows that the unit morphism
A — M ®p M* of this adjoint pair coincides with the above nyr+.

Now transfer maps in Hochschild cohomology can be defined. Recall that the Hochschild
cohomology is the cohomology of the Hochschild complex C*(A) = Homye(Bare(A), A). Then
C"(A) = Hom e (Bar, (A), A) = Hom(A®", A). Our goal is to define a chain map t : C*(B) —
C*(A) for an A-B-bimodule 4Mp which is finitely generated and projective as a left A-module
and a right B-module for two symmetric algebras A and B. To this end, we need a chain map

O, : Bars(A) — M ®@p Bare(B) ®p M*
which lifts the unit morphism np« : A — M @p M*.

Proposition 2.4. Let A and B be two finite dimensional k-algebras with B symmetric by a
symmetrizing form t € B*. Let 4Mp be an A-B-bimodule such that Mp is finitely generated and
projective.

Then for n > 0, the map

0, : Bar,(4) = A% _ M @p Bar,(B) @3 M* = M ® B®" @ M*

sending ag @ + -+ ® anpa1 for ag, - ,ant1 € A to

D aomi @ i (@12i) ® -+ ® 9i, (AnTiy) ® £ 0 Pigani
0, 5in
commutes with the differential, where x; € M and p; € Homp(M, B) with 1 <1i < s such that for
anyx € M, x =), x;p;(x). Moreover, O, lifts the unit morphism nyr« : A — M @p M*.

Proof We first prove that O, lifts the unit morphism 7+ : A — M ®p M*, that is, nay+pus =
(Idp @ up @ Idpy+)O0 where g : ARk A — A and pup : B, B — B are the multiplication maps.
For ag, a1 € A, we have (Idy @ pup ® Idp+)Oo(ao®ar) = (Idy @ up @ Idyr+) (D, apr; @top;ar) =
> a0x; @Bt o p;ar, and on the other hand, nas+pa(ag ® ar) = nu=(apar) = >, aox; @p t o paq
since 7+ is an A-A-bimodule homomorphism.

Next, we prove that ©, is a chain map. To do this, we need to prove that ©,_1d, = (Idy ®
d; ® Idp+)0,, for each 0 < i < n. We shall only give the proof for i = 0 and for i = n, the other
cases being similar.
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Case i = 0. For ag, - ,an+1 € A, we have
On_1dy(ap ® -+ ® any1)
= Op-1(apa1 ® -+ ® any1)
= Z a0a1Ti, ® Piy(a2Tis) @ -+ @ ¥, (AnTiy) @t 0 Yigani1
12, Jin,i0
and on the other hand, we have
(Idy ® dy @ Idpg=)On(ag ® -+ ® any1)
= (Idy@dy@Idy)( Y. aoriy @i (a125,) @ ® @i, (aniy) ® £ 0 Pigani1)
10,01,82,° ,in
= Y awnen (@) ® on(asty) - ® @i, (antig) 10 Piganta
10,01,82,° ,in
= Y O awnvi(a1i,)) ® i (astsy) - ® @i, (antig) © 10 Piganta
10,82, in U1
= Z apa1%i, @ @iy (a2Tiy) @ -+ @ @;, (anTiy) @t 0 YigAnt1
12, ,in,0
where we use the equality
> wipi (a1mi,) = a1,
11

Case i =n. For ag, -+ ,any1 € A, we have
On-1dy, (a0 @ -+ @ an41)
= Op_1(a® - ® anany1)
= > a0z, ® i (a124,) © - @ @i, (an-124) @ L0 PigUnan 1
10,01, yin—1
and on the other hand, we have
(IdM & d;L & IdM*)@n(ao K- ® an+1)
= (IdM X d;b &® IdM*)< Z apTi; ® Qi (alx@) Q- ®p;, (anxio) RXRto (Pioan—i—l)
10, in
= ) aomi; ® i (0175,) @ - © @i, (an-123,) @ 94, (anTig )t © Pigani
10,7 yin
= Z aoTi; ® iy (a124,) @ - @ Vi, (An—1Tiy) @ Pig(anTi, )t 0 Pi, ant1
i’!’b)ily"' 7in—17i0
= Y 0wy © - @i, (an1Tig) @ (D wio(ani, )t 0 @i, ant1).
i07i17"' 7Z‘n71 in
To finish the proof, we need to show that
Lo Yiyantny1 = Z Pio (@n®i, )t o @i, any1.
in

For x € M, we have t o ; anan+1(x) = t(i,(anan+12)) and on the other hand, we have

> Gig(anti, )t o i anii(x) =Y to i (anp12pig(ani,)) = O @i, (ani12) @i (anes,))

=) pig(ani, )i, (ans12)) = tpig(an Y i, @i, (an412))) = tpig(anani17)).

in in
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Now we can define transfer maps in Hochschild cohomology for symmetric algebras. Let A and
B be two symmetric algebras and let 4Mp be a bimodule such that 4M and Mpg are finitely
generated and projective. Then for f € C"(B) = Hompe(Bar,(B), B) with n > 0, we define
tr™(f) to be the composition

Bar,(A) 2 M @5 Bar,(B) @5 M* '™ XE N v op Bog M* Y A
Proposition 2.5. (1) For f € C"(B) = Hompe(Bar,(B), B) = Homy(B®", B) with n > 0,
the map tr™M (f) € Homy(A®", A) sends a1 ® - - @ a,, to

> (Bio(viwi), i (ari,) @ -+ @ ¢4, (anaiy))) Bt
10, yin,J
where z; € M and ¢; € Homp(M, B) with 1 < i < s such that for any © € M, © =
> Tipi(x), where (1, )p is the bilinear form over B and where {u;},{v;} are dual bases
in A, that is, (u;,vj)a = 6;j.

(2) The map tr™M : C*(B) — C™(A) is a chain map and thus induces a transfer map t* :
HH"(B) — HH™(A) forn > 0. In particular, in degree zero, t" : Z(B) — Z(A) is given
by

b— Z(gpi(vjxi), b) pu;.
]

Moreover, if we identify Z(A) with Endge(A, A) (Z(B) with Endpge(B, B), respectively),
then tM . Z(B) — Z(A) coincides with the composition

IdpyQfRId
-

A™ M o Bog M* M®gBog M* M A.

Proof The proof of the first assertion is easy using the explicit construction of ©,, and €5;. The
second assertion is also direct since ©, is a chain map by Proposition 2.4.

g

Remark 2.6. (1) Linckelmann introduced in [20] transfer maps for symmetric algebras as follows.
Let A and B be two symmetric k-algebras . Let 4Mp be an A-B-bimodule such that M and Mp
are finitely generated and projective. Let P (resp. Pp) be a projective resolution of A (resp.
of B) as bimodules. Suppose we are given ¢ € HH"(B) = Homg ge)(Pp, Pp[n|) where K(B¢)
is the homotopy category of complexes of B¢-modules. Then we define t"(() € HH"(A) =
Hom g 4¢)(Pa, Pa[n]) to be the class in the homotopy category K(A®) of the composition

Pas— M R P QB M* IdM®C—®>IdM* M ®p PB[n] KB M* — PA[’R]

Here the first map in the composition lifts the unit morphism ny : A — M ®p M* and the
third map lifts a translation of the counit morphism ey : M ®p M* — A. It is obvious that our
construction is a special case of Linckelmann’s construction. We choose Pa (resp. Pg) to be the
Bar resolution Bare(A) (resp. Bare(B)) and we explicitly construct the first lift. Linckelmann’s
construction also works for a bounded complex X*® of A-B-bimodules whose terms are finitely
generated and projective as left and right modules. But here we first define the case of modules,
and point out some basic properties of transfer maps. Afterwards we will deal with the case of
complexes in Remark 2.8.

(2) As Linckelmann has pointed out in [20, Remark 2.10], the definition of the transfer map in
Hochschild cohomology depends on the choice of the symmetrizing forms s on A and t on B in
the following way: if s € A* and t' € B* are some other symmetrizing forms, there are unique
invertible elements u € Z(A) and v € Z(B) such that s = us and t' = vt. It follows that the
corresponding transfer map tM' associated with s' and t' satisfies tM/([f]) = u "M (v[f]) for any
[f] € HI™(B).

As in Hochschild homology, the transfer maps in Hochschild cohomology satisfy the following
properties proved in [20]. Here we shall give a different proof for them by using our explicit
construction and some ideas from [4].
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Proposition 2.7. (20, Section 2]|) Let A, B and C be (finite dimensional) symmetric k-algebras.

(1) If M is an A-B-bimodule and N is a B-C-bimodule such that oM, Mp, pN and N¢ are
finitely generated and projective as left and right modules, then t" otV = tM®sN . gH™(C) —
HH"(A), for each n > 0.

(2) Let

0-LaME N0

be a short exact sequence of A-B-bimodules which are finitely generated and projective as left
A-modules and as right B-modules. Then tM =¥ +N : HH"(B) — HH"(A), for each n > 0.

(3) For a finitely generated projective A-B-bimodule P, the transfer map t* : HH"(B) —
HH"™(A) is zero for each n > 0.

(4) Consider A as an A-A-bimodule by left and right multiplications. Then t* : HH™(A) —
HH"™(A) is the identity map for any n > 0.

Proof (1) Since M is finitely generated and projective as a right B-module, there exist x; € M and
¢; € Homp(M, B) with 1 <1 < s such that for any x € M, x = ", z;p;(x). Similarly, since N is
finitely generated and projective as a right C-module, there exist y; € N and v¢; € Homc(N, C)
with 1 < j < t such that for any y € N, y = Zj y;©i(y). Moreover, we choose the elements
z;®y; € M®pN and define 0; j; € Homc(M®pN, C) by 0; j(x®y) = ¥j(¢i(z)y), where 1 <i <s
and 1 < j <t. Then for any 2@y € M®p N, >, (2;®y;)0;j(x@y) =3, s i @y;0;(pi(z)y) =
YT Q@ei(z)y = zipi(x) ®y =z ®y. Since A, B and C are symmetric k-algebras, we can
choose bilinear forms (, )4, (, )p, and (, )¢, respectively. We choose dual bases {u;},{v;} in A,
that is, (uj, vj)a = 0;;. Similarly, we choose dual bases {p;},{q;} in B. To prove the statement,
it suffices to prove that, for any f € Homy(C®",C), tr™ o trV(f) = trM®sN(f).
For f € Homy(C®",C), we have tr(f) € Homy(B®", B) sends by @ - - - ® by, to

> Wiolgjys) F(W5, (01y5) ® -+~ @, (bayjo)))epj-
JOy+ 5Jnsd
Let g = trV(f). Then we have trM(g) = trMtrN (f) € Homy(A®", A) sends a1 ® - -+ ® ay, to

> (pio(vizi,), g0 (ar12i,) @ - ® @4, (aniy))) BUs

= Y (piolvim), Y Wiolaiys) F(W5 (0i (a12i)y5) © -+ @ 05, (91 (anig)yjo)) ) eps) B
0, sinsi Jos dned

= > > (@ioWimi), (Wi (q95,)s S (W5, (03 (@124, y5) @+ - - @15, (91, (aniy o)) ) 0P; ) B
0y singoy- dnsd J

= > > Wio (@950 )s (W5 (i (@13, y5) ©- - - @1y, (91, (anig o)) 0 (10 (Vitiy ), ;) B
iOy"'7in7j0=”'1jn7i ]

= S Ol io(aiyi)(pio wimiy),pi) By £ (W4, (01 (a1, )y, )@+ @y, (93 (anTio)Yso))) i
iO)"' 7in:j07"' 1jn7i ]
On the other hand, we have tr™®BN(f) sends a; ® - - ® ay, to
> (Bio.jo (Viziy @ Yj1), f(0iy 5y (1Tiy @ Yj) @ -+ - ® b5, i, (anTiy @ Yjo)))cti

10, 5in,J057 " s Jn st

= S Wiolpio vz )ys), £ (W, (i (a123,)y,) @ -+ @ by, (@i, (ani ) jp)))
iOV" ’in’jof" 7.]‘7171'
It remains to prove that

D (4785 (Pio (4 ): i) 8 = Vi (Pia (00 )10 )-

J
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But this follows from the equality

o (Vitiy) = Y (io(vittiy ), j) BY;-
J
(2) By assumption, both o and 3 are split as right B-module homomorphisms. So there exist
right B-homomorphisms o/ : M — L and 3 : N — M such that o/a = 17,83 = 1y and
ad’ + '8 = 1. We choose x; € L and ¢; € Homp(L, B) with 1 < i < s such that for any = € L,
x =), xypi(x). Similarly, we choose y; € N and 9; € Homp(N, B) with 1 < j <t such that for
any y € N,y = Zj yj¥;(y). We define z; € M and m, € Homp(M, B) as follows

a(xy) 1<I<s e 1<1<s
Zl:{ Blys) s+1<1<s+t, 7”:{ VB s+1<I<s+t,
Then for any z € M, 3, zim(2) = 3_; a(wi)(pia')(2) + 325 8'(y;) (¥i6)(2) = a(X; ziwi(a'(2)) +
B'(>2;y59i(B(2) = a(a’(2)) +8'(8(2)) = 2. As before, we choose bilinear forms (, )4 and (, )z,
respectively, and let {u;},{v;} be dual bases in A. To prove the statement, it suffices to prove
that, for any f € Homy(B®", B), trX(f) + trV (f) = trM (f).
For f € Homy(B®", B), the map tr*(f) € Homy(A®", A) sends a1 ® - - - ® ay, to

(2) D (io(viziy), f(pi (a1zi,) ® - @ 93, (ansy))) Bud
10, yin,t
and the map tr™ (f) € Homy(A®", A) sends a; @ - - - ® a, to
(i) > (Wi (wiys), Fs (ary),) @ -+ @ 15, (ano))) BUs.
jo’... 7jn7i
On the other hand, tr™(f) € Homy(A®", A) sends a1 ® - - - ® ay, to
(i) > (mp(vizy), f(my (ar2,) @ -+ @, (anz,))) Bt
loy slnsi

Observe that if 1 < j,k < s, then mj(vizp) = ¢j(/(via(zy))) = ¢;(d (a(vizg))) = pj(vizy).
Similarly, if s +1 < j,k < s+, then m;j(vizg) = ¥j—s(B(viB (Yk—s))) = Vj—s(ViB(B (yk—s))) =
Vj—s(viyp—s). However, if 1 <k < sand s+ 1 < j < s+, then 7j(vizi) = ¥j—s(B(via(vizy))) =
Yj—s(viB(a(zy))) = 0. It follows that each term in (iii) occurs exactly once in (i) or (ii), and
conversely, each term in (i) or (i7) is a term in (ii7). Therefore, (iii) = (i) + (7).

(3) Without loss of generality we can assume that P is an indecomposable projective A-B-
bimodule. Therefore P = Ae ®; fB for some idempotents e € A and f € B. It follows that
tF = t4¢ o t/B . HH™(B) — HH"(A) factors through HH"(k). However, HH"(k) = 0 for each
n > 0.

(4) For the regular A-A-bimodule A, we choose x = 1,¢p = 14 so that zp(a) = a for any
a € A. We fix a bilinear form ( , )4, and let {w;},{v;} be dual bases in A. Then for any
f € Homy(A%", A), we have that tr4(f) € Homy(A®", A) sends a1 ® - - - ® ay, to

> (i, flar @ @ an) auj = fla1 @ -+ @ ap).
J

O
Remark 2.8. Given a bounded (cochain) complex X*® of A-B-bimodules whose terms are finitely
generated and projective as left and right modules, one can also define a transfer map X
HH"™(B) — HH"(A) by tX° = Y ,(—=1)tX". Note that if Y* is another bounded complex of
A-B-bimodules whose terms are finitely generated and projective as left and right modules such
that X* and Y'* are quasi-isomorphic, then tX° =" (by the same argument as in [4, Section 4]).

Let A be a symmetric algebra. Then there is a non-degenerate bilinear pairing between H H™(A)
and HH,(A) for any n > 0 induced by the following isomorphism of complexes:

Homy,(Ca(A), k) = Homy,(A® 4 Bare(A), k) = Hom e (Bare(A), A*) 2 Hom e (Bare (A), A) = C*(A),
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where the third isomorphism is induced by the isomorphism of bimodules A* = A.

Lemma 2.9. Let f € C"(A) = Homy(A®", A). Then its image in Homy (A2 k) under the
inverse of the above isomorphism, denoted by ®(f),

sends ag @ -+ @ ayn for ag, -+ ,an, € A to (ag, f(a1 @R ap))A.

Proof For f € C"(A) = Homy (A®", A), its image in Hom 4c (Bare(A), A) sends ag®@- - -Qa, @an 11
to apf(a1 ®- - ®ap)an+1. Its image in Hom ge (Bare(A), A*) sends ag® - - - @ ap, ® apn41 to agf(ar ®
- ® ap)anyt1S, where s is the symmetrizing form over A. Its image in Homy (A ® 4 Bare(A), k)
sends a®ag®- - -Qay Dany1 to (agf(a1®- - ®ay)any15)(a). Finally, its image in Homy, (A2 | k)
sends ap ® + -+ ® a, to (aof(a1 ® -+ ® ay)s)(1) = s(apf(a1 @ -+ ® ay)) = (ag, f(a1 @ -+ ® ay))a.
O
Let A and B be two symmetric algebras and let 4Mp be a bimodule such that 4M and Mp
are finitely generated and projective. Given such a bimodule M, transfer maps are defined in
Hochschild homology and also in Hochschild cohomology. It will be crucial to know whether they
are compatible via the above duality. This question is answered by the following theorem.

Theorem 2.10. Let A and B be two symmetric algebras and let 4Mp be a bimodule such that
AM and Mp are finitely generated and projective.
Then there is a commutative diagram

C*(B) —= Homy(C4(B), k)

\L trM \L —otrys

C*(A) —= Homy(C4(A), k)

where the horizontal isomorphisms are the above duality and the rightmost map is induced by
composing trys on the right-hand side.

Proof We compare the action of the two compositions on arbitrary elements.
Let ag, -+ ,a, € A and let f € C"(B) = Homg(B®", B). Then

O(f)tra(ap® -+ @ ap)
= 2N Y vilaory) @ i, (antiy))

10,7 4in

= Z (io (aozi, ), f (@i (a1745,) ® -+ @ @i, (anTiy))) B
and on the other hand, .
D(trM () ao® - ®ap)
= (a0, tr™(f)(a1® - ® an))a

= (a0, Y (pio(vjzn)s flon (@) @ - © gi, (antig)) Bus) a

0, yin.j
= > (a0, uy) alpio(vmiy), (i (a12i,) ® -+ @ @i, (aniy)) B
0, yin.j
= Y (@i(O (a0, uj) a)vjws), fpir (ar2s,) @ -+ ® @i, (aniy)) B
0, in i
= > (pi(aozy), f(pi (mzs,) @ - © @i, (aniy)) B,

where {u;},{v;} are dual bases in A.
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Remark 2.11. An analogous result holds true when replacing the above M by a bounded complex
X*® of A-B-bimodules whose terms are finitely generated and projective as left and right modules.

Corollary 2.12. Let A and B be two symmetric algebras and let AMp be a bimodule such that
AM and Mp are finitely generated and projective.

Then the transfer maps t" : Z(B) — Z(A) and tyr : AJK(A) — B/K(B) satisfy the following
compatibility property:

(ty(@),b)p = (a,t™ (b)) 4, whereac A/K(A),be Z(B).
Proof In degree zero case, both Cy(B) and C°(B) identify with B and the duality ® : C°(B) =

B — Homy(B, k) = Homy(Co(B), k) (cf. Lemma 2.9) maps any b € B to (—,b)p € Homy(B, k).
Now the conclusion follows easily from the degree zero case of Theorem 2.10.

O

Let ZP"(A) be the projective centre of A, that is, the set of A-A-bimodule homomorphisms
from A to itself which factor through projective bimodules. The projective centre is an ideal of
the centre Z(A) and we denote the stable centre by Z5'(A) = Z(A)/ZP"(A).

Lemma 2.13. Let A and B be two symmetric algebras and let 4Mp be a bimodule such that 4 M
and Mg are finitely generated and projective. Then t (ZP"(B)) C ZP"(A) and hence there is an
induced map t : Z5(B) — Z(A).

Proof Note that t" : Z(B) — Z(A) coincides with the composition

A™ M op Beg MMM Moy Bop M* M 4
Therefore our conclusion follows from the fact that M ® g P ® g M* is a projective A-A-bimodule
for any projective B-B-bimodule P.

g

Next we recall the definition of stable Hochschild homology of degree zero and its basic prop-
erties (cf. [24]).

Definition 2.14. Let A be a finite dimensional k-algebra over a field k with the decomposition
AA = @;_, Ae;, where Ae; (1 < i < 1) are indecomposable projective A-modules. The stable
Hochschild homology group HHE'(A) of degree zero is defined to be a subgroup of the 0-degree
Hochschild homology group HHy(A) = A/K(A), namely

HH (A) = {a € A| the trace of the map Ae; — Ae;(b+— ab) vanishes for any 1 <i <r}/K(A).

The main property of this group is its invariance under derived equivalences and stable equiv-
alences of Morita type.

Theorem 2.15. (1) [24, Corollary 4.5] Let A and B be two derived equivalent finite dimen-

sional algebras over an algebraically closed field. Then dimHHS'(A) = dimH HS'(B).

(2) [24, Theorem 4.7] Let A and B be two finite dimensional algebras over an algebraically
closed field which are stably equivalent of Morita type. Then dimH H'(A) = dimH H§'(B).

(3) [24, Proposition 4.13] If A is symmetric, then HHS'(A) = ZP"(A)+ /K (A).

(4) [24, Proof of Theorem 4.7] Let M be an A-B-bimodule such that M induces a stable
equivalence of Morita type between A and B. Then ty(HHE'(A)) € HHEY(B) and we
denote its restriction on HHS'(A) by 5, : HH§'(A) — HHE'(B).

Now let A and B be two symmetric algebras which are stably equivalent of Morita type (defined
by the bimodule 4Mp). We have defined two stable transfer maps ¢t : Z*/(B) — Z*!(A) and
3l - HH§'Y(A) — HH§Y(B). By Theorem 2.15 (3), the symmetrizing form s € A* induces a non-
degenerate bilinear pairing (, )4 : Z5(A) x HH§'(A) — k, and the symmetrizing form ¢ € B*
induces a non-degenerate bilinear pairing (, )p : Z%(B) x HH§'(B) — k. As in Corollary 2.12,
tM and t3f, are compatible via (, )4 and (, )p.
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Proposition 2.16. Let M be an A-B-bimodule such that M induces a stable equivalence of Morita
type between two symmetric algebras A and B. Then

(t37(@). [b]) B = (@3¢ ([b]))
where @ = a+ K(A) € HH§'(A) and [b] = b+ ZP"(B) € Z5Y(B) for a € A and b € Z(B).

Proof This is an easy consequence of Corollary 2.12 and the previous discussion.

3. TRANSFER MAPS AND PRODUCT STRUCTURE OF HOCHSCHILD COHOMOLOGY

In this section, we investigate the problem when transfer maps in Hochschild cohomology pre-
serve the product structure of the Hochschild cohomology algebras. We concentrate on the case
where the bimodule (bounded complex of bimodules, respectively) is given by a stable equivalence
of Morita type (a derived equivalence, respectively).

Recall first the definition of a stable equivalence of Morita type.

Definition 3.1. ([7]) Let A and B be two finite dimensional k-algebras. We say that A and B are
stably equivalent of Morita type, if there are two bimodules aMp and gNa which are projective
as left modules and as right modules and such that we have bimodule isomorphisms:

AM ®p Nao =2 AAA® aPs, BN ®4 Mp = pBp ® QB

where AP4 and pQp are projective bimodules.

From now on, when talking about a stable equivalence of Morita type between algebras A and
B, we shall always assume that A and B have no semisimple direct summands (as algebras). By [9,
Corollary 3.1] and [22], we may and will assume that both (N®4—, M®p—) and (M @p—, N®4—)
are pairs of adjoint functors. In particular, we can identify N with Hom 4 (M, A) as B-A-bimodules.
The bimodule isomorphism s M ®p Ng = 4 Aa @ 4 P4, defines a projection p: M @ g N — A and
an injection i : A — M ®p N. Then we have poi = 14. Note that ¢ can be chosen as the unit
morphism 7y of the adjoint pair (N ®4 —, M ®p —) (see [9]), but in general, for a fixed choice of
i, one cannot choose p as the counit morphism ;s of the adjoint pair (M ®@p —, N ®4 —).

Remark 3.2. Note that in general the composition epymy s an invertible element in the centre
Z(A). Indeed, epmn is an element in the centre Z(A) since both ey and ny are A-A-bimodule
homomorphisms. It is also invertible by the following argument. Without loss of generality, we may
assume that A is an indecomposable (non-simple) algebra and therefore the centre Z(A) is a local
algebra. Both ep; and ny induce invertible elements in the stable centre Z51(A) = Z(A)/ZP"(A)
and ZP"(A) C radZ(A) in this case. It follows that epmy is also invertible in Z(A).

Now suppose that A and B are symmetric k-algebras. One can identify N with M* =
Homy (M, k). Under a suitable choice of symmetrizing forms over A and B, i can be chosen
as the unit morphism 7y« : A — M ®p M* of the adjoint pair (M* ®4 —, M ®p —), and p can
be chosen as the counit morphism ey, : M @ g M* — A of the adjoint pair (M ®@p —, M* ®4 —).
Explicit computations for 7y« and )7 have been given in Section 2. Note that 1y« depends on
the choice of the symmetrizing form ¢ on B and that ), depends on the choice of the symmetrizing
form s on A. Since the composition €/« is an invertible element, say wu, in the centre Z(A),
we can choose another symmetrizing form s’ € A* such that s’ = us. With respect to s’ and t,
the composition epsnpr+ is the identity element 1 € A.

For a stable equivalence of Morita type, by a result of the second author (][22, Corollary 2.4]),
if B is symmetric, then so is A. More precisely, one can deduce from the bilinear form on B given
by t € B* a bilinear form on A which makes it a symmetric algebra. We shall show that, with
respect to this pair of bilinear forms, the composition epsnyr+ is the identity element 1 € A.
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Lemma 3.3. Let A and B be two symmetric algebras which are stably equivalent of Morita type
given by AMp and pN 4. Suppose that t € B* gives the bilinear form on B.
Then the induced bilinear form on A can be described as follows:

s:A—k, a— Zt(g@i(axi))
where x; € M and ¢; € Homp(M, B) with 1 <i < s such that for any x € M, x =, x;pi(x).

Proof The proof follows exactly that of [22, Corollary 2.4]. Since Mp is projective, we have by
[1, Proposition 20.11], M ®p D(B) = D(Hompg(M, B)) as A-B-bimodules. As gpN is projective,
by [32, Lemma 3.59], we have A-A-bimodule isomorphisms

M ®p B N M ®p D(B)®p N

D(Hompg(M, B)) @ N
D(Homp(N,Homp(M, B)))
D(Homp(N, B) ®p Homp(M, B)))
D(M ®p N).

We have thus M ®@p N =2 D(M ®p N). If we compose it with the injection j: A — M ®p N and
the surjection: D(M ®p N) — D(A), f — f o j, one obtains an A-A-bimodule homomorphism

c:A—>M@pN=DM®epN)— D(A).
We claim that o is an isomorphism so that ¢ defines a symmetrizing bilinear form for the algebra
A. In fact, from the isomorphisms M g N 2 A® P and M @ N = D(M ®p N), we get an

Zl Z2 > :A@ P = D(A) & D(P) with h; = 0. Suppose that the inverse of
3 Ny

h is given by g = ( gl 32 > : D(A)® D(P) 2 A® P. Then we have that gihy + gohs = 14 €
3 g4
End4e(A). Since A has no projective A°-summand and gohs factors through a projective A°-

module, gohs € radEnd se(A) and therefore g1h; = 14 — gahg is an isomorphism. It follows that
o = h;p is an isomorphism.

Now the element s € D(A) is just the image of 1 € A under o and can be computed explicitly.

O

111112 1R 1R

~—

isomorphism A = (

Proposition 3.4. Let A and B be two symmetric algebras which are stably equivalent of Morita
type given by AMp and pNy = M*. Suppose that t € B* gives the bilinear form over B and that
the bilinear form on A is induced from that of B as in Lemma 3.3.

Then epnpr = 1a.

Proof By the explicit computations of np7+ and €37 in Section 2 and by Lemma 3.3, we have

en(mu-(1) =ep () mi®@tow) = topi(vmiu; = > s(vj)u; = 1.
t ] J
The conclusion follows from the fact that both ny/+ and ;7 are A-A-bimodule homomorphisms.
O

Now we can state the result that transfer maps preserve product structure once the above choice
of bilinear form over A has been made.

Theorem 3.5. Let A and B be two symmetric algebras which are related by a stable equivalence
of Morita type that is given by aMp and pNao = M*. Suppose that the bilinear form on A is
induced from that of B as in Lemma 3.3.
Then the transfer map t™ : HH}(B) = HH*(B)/Z""(B) — HHZ(A) is an isomorphism of
algebras.

This result is indicated without proof in [20, Remark 2.13]. We give a proof here based on

a result of Pogorzaly ([27]). He proved that a stable equivalence of Morita type between self-
injective algebras induces an isomorphism of stable Hochschild cohomology algebras HHY (A) =
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HH*(A)/ZP"(A). He identified HH,(A) = Hom 4(Q"%.(A), A) and the isomorphism he con-
structed sends f : Q%.(B) — B to the composition in the stable category A°-mod

" (A) 2 Mo QL (B)@g N ™S pop Beog N = A4,

where the first isomorphism in the above composition is induced from the injection ¢ : A —
M ®p N, and the last isomorphism is induced from the projection p : M ®g N — A. Note
that if the algebras are symmetric and gIN4 = M™*, then we can choose ¢ as the unit morphism
N+ 2 A — M ®p M* and p as the counit morphism e : M @ g M* — A. To prove Theorem 3.5,
it suffices to prove that the above map can be deduced by our transfer map.

Proof If g : Bar,(B) — B (n > 0) is a map of B®-modules such that the composition with the
differential d' : Bar,+1(B) — Bar,(B) is zero, then we get a map of B¢-modules f : Q%.(B) — B;
and if ¢ is equal to a composition of a map Bar,,_1(B) — B with the differential d’ : Bar,,(B) —
Bar,_1(B), then the corresponding f factors through a projective B®-module. When B is a
self-injective algebra, this gives an isomorphism HH[(B) = Hompg. (2% (B), B) (n > 0). Since
O : Bars(A) — M ®p Bare(B) ®p N is a chain map, we have a commutative diagram:

Mf®ld

0 (A) —Y> M @p 0% (B) 9o N5 @p Bop N 2> 4

| |

.
Bar, (A) O v ®p Bar,(B) ®p MO

W ep Bop N >4

where the first two vertical morphisms are natural injections, where V¥ is induced from ©,, and
thus induced from ny~. It is easy to see that ¥ is an isomorphism in the stable category of
Af-modules. Since )y is an isomorphism in the stable category, the composition of all morphisms
in the upper sequence is exactly the image of f under Pogorzaly’s isomorphism. We are done.

g

Now we look at derived equivalences between symmetric algebras. Let A and B be two finite
dimensional symmetric algebras which are derived equivalent given by a two-sided tilting (cochain)
complex 4 X%. Note that 4 X3 can be chosen as a bounded complex whose terms are finitely
generated bimodules and projective as left and right modules. In the following, we always assume
that a two-sided tilting complex has this form. It is well known that if B is symmetric, so is A.
Similarly, we have the following result.

Proposition 3.6. Let A and B be two symmetric algebras, related by a derived equivalence given
by a two-sided tilting complex X*® whose terms are bimodules that are projective as left A-modules
and right B-modules.

Then there is a choice of symmetrizing forms s for A and t for B such that the transfer map
tX* . HH*(B) — HH*(A) is an isomorphism between Hochschild cohomology algebras.

This result has been indicated without proof in [20, Remark 2.13]. We give a proof here
based on the next lemma. Before we state this lemma, we recall the following result proved by
Rickard (cf. [17, Theorem 9.2.8]): If A and B are two symmetric algebras, related by a derived
equivalence given by X*® a two-sided tilting complex whose terms are bimodules that are projective
as left A-modules and right B-modules, then X®* ®pg X** = A in the chain homotopy category
K% A ® A°) and X** ®4 X*® = B in the chain homotopy category K°(B ®; B°). Therefore
the functors X°® ®p — and X** ® 4 — are quasi-inverse equivalences between the chain homotopy
categories K?(A) and K*(B) (where X** is the dual complex of X® over k). As before, we denote
by exe : X®* ®p X** — A the counit morphism of the adjoint pair (X°® ®p —, X** ®4 —) and by
Nxer : A — X®* ®p X** the unit morphism of the adjoint pair (X** ®4 —, X* ®p —).

Lemma 3.7. Let A and B be two symmetric algebras. Fix a symmetrizing form s for A and a
symmetrizing form t for B. Suppose that A and B are related by a derived equivalence given by a
two-sided tilting complex X°®, whose terms are bimodules that are projective as left A-modules and
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right B-modules.

Then, in degree zero the counit morphism exe : X*®* ®p X** — A is given by exe = Y ;(—1)iex:,
and in degree zero the unit morphism nxe= : A — X®* ®@p X** is given by nxe~ = Y, nxi+ (where
exi 18 the counit morphism of the adjoint pair (X' ®p —, X"y —) and nx+ is the unit morphism
of the adjoint pair (X' ®4 —, X' ®p —)). Moreover, we can choose the symmetrizing form s for
A such that the composition €xenxe~ is the identity element in the centre Z(A).

dm,
Proof Given two (cochain) complexes U® = (--- — U™ & U™l — ...) and V® = (- —
dam,
ym X ymtl . ...) in A-mod, we set the complex
Hom%(U®*,V*) = (--- — Hom}(U*,V*) &> Hom 3 (U*,V*) — ---)
where o
Hom7(U®,V*) = [[ Homa(U',V’) and
Jj—it=m
d™ : Homa(U',V7) — Homs (U™, VI) x Homa(U?, VIt
a e (adint, (<1)'d).).
In particular, the dual complex of X*® over k is given by X**, and d™ : (X~™)* — (X" 1)* (a s
ady ™). Assume now that W* := (--- — W™ % W™+l — ... is a (cochain) complex in A%-
mod. Define the complex
we R4 Uo — ( AN (W. ®4 U.)m Cﬁ: (W. ®4 Uo)erl .. )
where ' '
(We@AU)" = @ W eal’/ and
i+j=m
d™ Wi U - (Wit @U@ (Wi, Ut
w @ u = (diye(w) @ u, (—1)'w @ die(u)).
Now let X*® be a two-sided tilting complex whose terms are bimodules that are projective as left
A-modules and right B-modules. Then the adjunction isomorphism ¢ : Hom%(X°® ®p Y*, Z°) =
Hom$%(Y*, X*" ®4 Z*) can be realized as follows. For any 4, j, k € Z, there is a natural adjunction

isomorphism N , , S
(blvjvk : HOmA(XZ ®B YJ, Zk) — HO’I”I”LA(Y],XZ* ®A Zk)

6= P17
i,k
From this, the counit morphism exe and the unit morphism 7ye+ can be computed easily. Since
the functors X°® ®pg — and X** ® 4 — are quasi-inverse equivalences, the last statement is clear.

O

We just put

Proof of Proposition 3.6 We choose the symmetrizing forms s for A and ¢ for B such that
the composition € xenxe= is the identity element in the centre Z(A). It is well known that derived
equivalences preserve the Hochschild cohomology algebras (see, for example, [17, Corollary 6.3.7]).
We shall prove that our transfer map coincides with the isomorphism given in [17, Corollary
6.3.7]. First we recall the isomorphism between HH*(B) and HH*(A). Given a representative
f : Bar,(B) — B of an element in HH"(B), it corresponds to a morphism f : Bare(B) —
Bln] in K°(B). Tensoring from the left by X*® and from the right by X**, we get a morphism
Idxe ® f @ Idxes : X®* @p Bare(B) ®p X** — X* ®p X**[n] in K?(A). Then the composition
morphism in K°(A)

(exe[n])(Idxe @ f ® Idxex)A : Barg(A) — X*® ®p Bare(B) @p X** — X* ®@p X**[n] — A[n]
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represents the image of f in HH*(A), where A : Bare(A) — X°® ®p Bare(B) ®@p X ** lifts the unit
morphism 7xe+ : A — X*®p X**. Note that A is unique up to homotopy. Since nxe+ = >, nxi*,
we know that A can be taken as ), ©,; in degree —n, where for each i,

O, : Bar,(4) — X' ®p Bar,(B) 5 X"
is the morphism which lifts the unit morphism 7y : A — X' ®@p X * as given in Proposition 2.4.
On the other hand, the image of f under our transfer map is given by tX° (f) = S (DX (),

where tX'(f) is the following composition (which is the transfer map defined by the A-B-bimodule
X%
Onyi g o Id i @FQId L i% . x Evi
Bar,(4) %' X' @ Bar, (B) @p X1 XN xig, Beg x4

It follows that the image of f given in [17, Corollary 6.3.7] coincides with tX" (f) = Zi(—l)"tXi (f)-
O

4. P-POWER MAPS OVER THE (STABLE) HoCHSCHILD HOMOLOGY OF DEGREE ZERO

Throughout this section, k£ denotes a field of characteristic p > 0. Let A be a finite dimensional
k-algebra. There exist p-power maps over HHy(A) = A/K(A) defined as follows: for any n > 0,

p : HHo(A) — HHy(A), a+ K(A)— o + K(A).
These maps are semi-linear. Moreover, Ker(,uﬁn) =T,(A)/K(A), where
To(A) :={a € Ala?" € K(A)}
and Im(,uin) = P,(A)/K(A), where
Py(A) :={a?" :a € A} + K(A).
Note that if n = 0, Ty(A) = K(A) and Py(A) = A. We thank the referee for pointing out the fact
that the abelian group P, (A) is not a vector space unless the ground field k is perfect.

Lemma 4.1. ([24, Lemma 7.1]) Let A and B be two finite dimensional k-algebras. Given an A-B
bimodule A Mp which is finitely generated and projective as right B-module, there is a commutative
diagram:

HHy(A) "~ HHy(B)

n n
uﬁl u%l

HHo(A) 2 HHy(B).

Corollary 4.2. Suppose that two finite dimensional k-algebras A and B are related by a derived
equivalence that is given by a bounded two-sided tilting complex s Xp whose terms are finitely
generated and projective on either side. Then there is a commutative diagram for each n > 0,

HHy(A) -2~ HHy(B)

AT
HHo(A) X~ HHy(B).

Hence, for each n >0,

(1) dimT,(A)/K (A) = dinT,(B)/K (B);

(2) If k is a perfect field, then we have dimP,(A)/K(A) = dimP,(B)/K(B).
Proof By Proposition 2.1 and Remark 2.2, the transfer map txe : HHy(A) — HHy(B) is an
isomorphism. The commutativity of the diagram follows from the previous lemma, as txe =

S (=)t xi.
]
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Remark 4.3. The assertion (1) was first proved by C. Bessenrodt, T. Holm and A. Zimmermann
(13, Corollary 1.2]), under the stronger assumption that the ground field k is perfect.

Proposition 4.4. Let k be an algebraically closed field of characteristic p > 0 and let A be a
finite dimensional k-algebra.

1) For n > 0, there is an inclusion Mpn HHSY(A)) C HHSY(A) and thus an induced map
A 0 0
st = My L (a) HHG'(A) — HHG'(A).

(2) Forn >0, Ker(iy ,,) = Tn(A)/K(A).

(3) Forn >0, we define Ps'(A)/K(A) := Im(uﬁ;st) C HH§'Y(A).

(4) dimP,(A)/K(A) = dimPs'(A)/K(A) + rank,Ca, where Cy is the Cartan matriz of A.
Proof The first assertion is [24, Corollary 7.2]. The second follows from [24, Lemma 7.3] which
says that T,,(A)/K(A) C HH'(A) for each n > 0. For the last statement,

dimP,(A)/K(A) — dimP:*(A)/K (A) = dimH Hy(A) — dimH H§' (A) = rank,Ca,
where the last equality is [24, Theorem 4.4].
O

Proposition 4.5. (|24, Proposition 7.4]) Let k be an algebraically closed field of characteristic
p >0 and let A and B be two finite dimensional k-algebras. Let 4Mp be an A-B bimodule, which
1s finitely generated and projective as right B-module.

Then we have a commutative diagram

tst
HHg(4) 2 113 (B)

n n
P P
'U'A,sti MB,st\L
tst

HHH(A) —> HH'(B).

Corollary 4.6. Let k be an algebraically closed field of characteristic p > 0 and let A and B
be two finite dimensional algebras related by a stable equivalence of Morita type that is given by
(AMp, pNa).

Then the following diagram is commutative:

st

t
HHG'(A) —~ HH'(B)

n n
D D
#A,stl lp’B,st
st

t
HH;! (A) —> HH!(B).

Therefore,
(1) for any n >0, dimPsY(A)/K(A) = dimPsY(B)/K(B);
(2) for any n >0, dimT,(A)/K(A) = dimT,(B)/K(B);
(3) under the condition that A and B have no semisimple summands, the Auslander—Reiten
conjecture holds for this stable equivalence of Morita type if and only if dimP,(A)/K(A) =
dimP, (B)/K(B) for some n > 0.

Proof The commutativity of the above diagram was proved in the previous proposition and the
assertions (1) and (2) thus follow. The last assertion is implied by (4) of Proposition 4.4 and [24,
Proposition 5.1].

O

Remark 4.7. The maps ,uinst are invariant under derived equivalences by Proposition 4.5 applied
to a two-sided tilting complex.
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5. KULSHAMMER’S MAPS (,, AND THEIR STABLE VERSIONS

Throughout this section, k denotes a perfect field of characteristic p > 0. Let A be a symmetric
k-algebra. Then there is a non-degenerate associative symmetric bilinear form (, )4 : Ax A — k.
Since Z(A) = K(A)* ([19, (35)]), we have an induced bilinear form, denoted also by ( , ) :
Z(A) x A/K(A) — k. Using the p-power maps over A/K(A), for n > 0, Kiilshammer introduced
amap (, : Z(A) — Z(A) by the defining equation

(a,a"" + K(A))a = (Gala), ' + K(A)y
, (4

for any a € Z(A) and o’ € A. It is easy to see ([19, (46) and (47)]) that Ker({,) = P;-(A) and
Im(¢,) = T (A). One can prove ([19, (36)]) that TL(A) form a decreasing sequence of ideals in
Z(A) and their intersection is R(A) := Z(A) N Soc(A4) ([19, (37)]), the so-called Reynolds ideal.
The ideals T+ (A) are called generalised Reynolds ideals or Kiilshammer ideals. Note that by [5,
Lemma 4.1 (iii)], ZP"(A) C R(A) C T;-(A) for any n > 0. (The statement of this result in [5,
Lemma 4.1 (iii)] is assuming that k is algebraically closed, but it is easy to verify that the proof
doesn’t use this assumption.)

Proposition 5.1. Let A and B be two symmetric k-algebras and let AMp be a bimodule which
1s finitely generated and projective on either side.
Then the following diagram is commutative:

Z(B) —= Z(4)
d?l m l
Z(B) — Z(A).

Proof For any a € Aand b€ Z(B), writea=a+ K(A) € A/K(A ) Then
GO, ah = (GO, t@)h

(40)

(b, tar(@)”")
= (btu(@"))p

(™ (b),a”"

(e

( 7ap )A
W (1 (), a)y
where the first and the forth equality use Corollary 2.12 and the third one uses Lemma 4.1. Since
a is arbitrary, this implies t™ (¢B (b)) = ¢A(tM(b)).

0

Now we can give a new proof of the following theorem of Zimmermann.

Theorem 5.2. [35, Theorem 1] Let A and B be symmetric k-algebras. Let A and B be derived
equivalent given by a bounded two sided tilting complex X® whose terms are finitely generated and
projective on either side.
Then symmetrizing forms s for A and t for B can be chosen in such a way that the following
diagram is commutative:

£X°

Z(B) £~ 7(A)

~

¢B l lcz‘
tX*

Z(B) —= Z(A).
Thus
(1) forn >0, tX* (T (B)) = T-(A), that is, T;-(B) and T;-(A) are isomorphic as ideals via
the algebra isomorphism tX° : Z(B) — Z(A);
(2) forn >0, tX° (P (B)) = Py (A).
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Proof The isomorphism is a consequence of Proposition 3.6. Since tX° =Y~ (=1)#X ', the com-
mutativity of the diagram follows from the preceding proposition.
O

Now we consider the stable version of (/.

Lemma 5.3. (1) Let A be a finite dimensional algebra. Fizxn > 0. If a+ K(A) € HH§'(A)N
(Po(A)/K(A)), then there exists b+ K(A) € HH'(A) such that a — " € K(A).
(2) Let A be a symmetric algebra. Then the inverse image of ZP"(A) under (' : Z(A) — Z(A)
is Pi(A) + ZP"(A).

Proof (1) Let {ej, - - ,e,} be a complete list of representatives of primitive orthogonal idem-
potents. Let t4., : HHo(A) — HHy(k) = k be the transfer maps in Hochschild homology.
If a + K(A) € HH'(A) N P,(A)/K(A), then there exists b + K(A) € HHy(A) such that
a—bP" € K(A) and t ., (0" + K (A)) = 0 for all i. By [24, Lemma 7.1], t 4., (b+ K (A))P" = 0 for all
i, and therefore t 4., (b+ K(A)) = 0 for all i since k is perfect. This implies b+ K (A) € HH'(A).
(2) Let a € Z(A). Then (,(a) € ZP"(A) if and only if a is orthogonal to the subspace generated
by {b"" + K(A) € HHy(A) : b+ K(A) € HH§'(A) = ZP"(A)L/K(A)}. By (1), this subspace is

just (ZPT(A)t N P,(A))/K(A) and thus a € P (A) + ZP"(A).
O

Proposition 5.4. Suppose that A is a symmetric k-algebra.
(1) For n > 0, we have (X(ZP"(A)) € ZPr(A) and thus an induced map: Ci°*' : Z5H(A) —
Zst(A)
(2) Forn >0, Im(¢2>*) = TH(A)/ZP (A).
(3) Forn >0, Ker(¢i"*") ~ P(A).
Proof Let '+ K(A) € HH§!(A). Then " +K(A) € HHgt( ) = ZP"(A)+/K(A) by Proposition
4.4 (1). For a € ZP"(A), (¢u(a),d + K(A)) = (a, (a P" 4+ K(A)P™" =0 and (1) follows.
The assertion (2) is obvious, since ZP"(A) C T (A) for any n > 0.
By (2), we have
dimKer (¢4 = dimZ* (A) — dimIm(¢*) = dimZ(A) /T (A) = dimP-(A).
On the other hand, by Lemma 5.3 (2), we have
Ker((;"*") = (P (A) + 27 (A)) /27 (A) = P,f(A)/ (P (4) N ZP7(A)).
So ZPT(A) N P;-(A) = {0} and (3) follows.
O

Remark 5.5. The above proof shows that for a symmetric algebra A defined over a perfect field
of characteristic p > 0, ZP"(A) N P-(A) = {0} for n > 0.

Remark 5.6. Let A be a symmetric algebra. Since HHS'(A) = ZP"(A)L/K(A), we have an

induced non-degenerate bilinear pairing Z5'(A) x HHE'(A) — k. The map ¢ibst

(G ([a]), @")P" = ([a], iy (@)
where [a) = a + ZP"(A) € Z5(A) and o/ = a' + K(A) € HH§'(A) for a € Z(A) and o’ € A. This

equation can also be used to define Q’? st,

satisfies

Corollary 5.7. Let A and B be two symmetric k-algebras and let 4Mp be a bimodule which is
finitely generated and projective on either side.
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Then there is a commutative diagram

M

tst
Zst(B) S Zst(A)

oo |
M

tst
Z54(B) —> Z5t(A).

Proof This follows from Proposition 5.1 and Proposition 5.4 (1).
O

Proposition 5.8. Let A and B be two finite dimensional symmetric algebras which are are related
by a stable equivalence of Morita type given by (AMp, pNa). Suppose that the bilinear form of A
1s induced from that of B.

Then there is a commutative diagram

M

Z9(B) —2> 75%(A)

B,st A, st
o o
M

Z5(B) > 74(A).
Thus

(1) forn >0, dimP;-(A) = dimP;(B);

(2) for n > 0, T:H(B)/ZP"(B) and T;-(A)/ZP"(A) are isomorphic as ideals via the algebra
isomorphism tM . Z5(B) — Z(A).

(3) under the condition that A and B have no semisimple summands, the Auslander—Reiten
conjecture holds for this stable equivalence of Morita type if and only if dimT(A) =
dimT-(B) for some n > 0.

Proof By [22], B is also symmetric. The proof easily follows from Theorem 3.5 and Corollary 5.7.
O

Remark 5.9. (1) The above claim (2) generalises [24, Proposition 7.10] which proved an
equality of dimensions
dimT-(B)/ZP"(B) = dimT/-(A)/ZP"(A).
(2) For n = 0, T3-(A) = Z(A). Thus claim (3) generalises [24, Corollary 1.2] in case of
positive characteristic.
(3) The stable version (S is invariant also under derived equivalences, by Corollary 5.7.

6. P-POWER MAPS OVER THE (STABLE) CENTRE AND KULSHAMMER’S MAPS K,

Throughout this section, k denotes a perfect field of characteristic p > 0. Let A be a symmetric
k-algebra. In [18], using the p-power maps over Z(A), for n > 0, Kiilshammer introduced a map
k2 HHy(A) — HHy(A) by the defining equation

(apnva) = (av Kﬁ(?))p”
for any a € Z(A) and o’ € A. This construction is in some sense dual to that of the maps ¢, and
we can also define a stable version of k2. In contrast to the case of ¢,, however, we cannot give a
satisfactory description of their kernels and cokernels.

Let A be a finite dimensional k-algebra. Since the centre Z(A) is a commutative algebra,
the p-power maps preserve the multiplication in Z(A) and they are denoted by uﬁn : Z(A) —
Z(A), a — aP" for n > 0. Note that Ker,upAn = Tw(Z(A)) = {a € Z(A) : a*" = 0} and
Im,uf,‘n = P(Z(A)) := {a”" : a € Z(A)}. Since derived equivalences preserve the centres as
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algebras, these maps are invariant under derived equivalences. Since ZP"(A) is an ideal of Z(A),
1o (ZP7(A)) C ZP"(A). So there is an induced map uﬁ St Z5t(A) — ZH(A). Note that if n = 0,
then Tp(Z(A)) = 0 and Py(Z(A)) = Z(A). Proposition 3.5 gives the following commutative
diagram:

Zst(B) # Zst(

B,st A, st
Hpn \L J/,U'

Zst (B) —s Zst

Lemma 6.1. Let A be a Frobenius algebra. Then ZP"(A) C Soc(A). As a consequence, if A has
no semi-simple summands, then ZP"(A)? =0 and ZP"(A) C T,,(Z(A)) for n > 1.

Proof The proof imitates that of [24, Proposition 4.11]. Let {a;} be a basis of A and let {b;}
be a dual basis with respect to the bilinear form over A, that is, (a;,b;) = d;;. Then by [24,
Proposition 1.3 (1)], ZP"(A) is the image of the map 7: A — A,z — Y b;xa;. We shall prove that
Im(7) C Soc(A).

We carefully choose a basis {a;} and its dual basis {b;} in A, as follows. Suppose that

AJJ(A) =~ My, (k) x -+ M,, (k).
Write Efj the matrix in M,, (k) whose entry at the position (4,75) is 1 and is zero elsewhere. Then
take a1 = ej,a2 = e, ,a;m = €, € A such that their images in A/J(A) correspond to the
matrices Efl for 1 < i <wugand 1 <t < r and take apmq1,- - ,an such that their images in
A/J(A) correspond to Ej; for 1 <4 # j < wyand 1 <t < 7. Then {a;---,a,} are linearly
independent in A and their images in A/J(A) form a basis of the vector space A/J(A). Note that
for m+1 < u < n, a, € e;Aej for some 1 < i # j < m. Moreover let an41,- - ,as € J(A) such that
their images in J(A)/J?(A) is a basis of the vector space J(A)/J*(A), let asi1, - ,ar € J*(A)
such that their images in J2(A)/J3(A) is a basis of the vector space J?(A)/J3(A), and so on.
Let by, b, --- be the dual basis. Then {by,--- ,b,} is a basis of J(A)L = Soc(A), {b1, -~ ,bs} is
a basis of J2(A)Y, {by,---,b} is a basis of J3(A)*, etc. Now we can prove the first assertion.
Since for any x € A,
J(A)zr =0 <=z € Soc(A) <= zJ(A) =0,

we need to prove that J(A) - Im(7) = 0. It is easy to see that J(A) - J*(A)* - J""1(A) = 0 for
n>1 Lety € J(A) and z € A. For 1 < i < n, we get ybza; € J(A) - Soc(A)-A-A = 0;
for n +1 < i < s, we get ybiza; € J(A) - J2(A)F-A-JA) =0; for s +1 < i < t, we get
ya;xb; € J(A) - J3(A)L - A-J?(A) =0, etc. This proves that Im(7) C Soc(A).

Now if A has no semi-simple direct summand, then ZP"(A)? C (Soc(A))? C Soc(A)J(A) = 0
and thus for n > 1, ZP"(A) C T,,(Z(A)).

O

As a consequence, we have

Corollary 6.2. Let A be a finite dimensional algebra without semi-simple direct summands. Then
forn >1,

(1) Tw(Z(A))/27 (4) C Kerpl™ C Ty 1 (2(4))/27(A);
(2) Pu(Z(A) = T — Po1(Z(A)).
The inclusions in (1) can be strict, as illustrated by the following
Example 6.3. Let A = k[X]/(XP"*) with m > 1. Then ZP"(A) = (XP")/(X"*!) and
ZHA) = Z(A))ZP"(A) 2 k[X]/(XP"). Hence, for 1 <n <m, T,(Z(A))/ZP"(A) =< Xi,pm™" <
i<p™—1> and Keru;‘ft =< XipmTn << ph—1>.

Now we consider the stable version of k,. Recall that Ker(x?}) = P(Z(A))/K(A) and
Im(rkp) = Ty (Z(A)/K(A) (19, (52)(53)]).
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Proposition 6.4. ([36, Proposition 2.3]) Let A and B be symmetric k-algebras. Suppose that A
and B are derived equivalent, and the equivalence is given by a bounded two sided tilting complex
X*® whose terms are finitely generated and projective on either side.

Then there exists an isomorphism txe : HHo(A) = HHo(B) such that

HHy(A) > HHy(B)

| |
HHo(4) —~ HHy(B).
Proof For any b € Z(B) and a € A, write a = a + K(A) € HHy(A). We have

(b, kB txe (@)l =

n

(7" tx+(@)5
(0", @)a
(" ()" @) a
e G ONTHONA
= (btxeri (@)},

where the second and the fifth equality use Corollary 2.12 and the third one uses Proposition 3.6.
We have thus k2t xe(@) = txeri (@), as b € Z(B) is arbitrary.

O
Now we consider the stable version of /.

Lemma 6.5. Suppose that A is a symmetric algebra. For n > 0, we have r,(HH§'(A)) C
HHE'(A) and thus an induced map Kt HH§'(A) — HHS'(A).

Proof For o/ = d’ + K(A) € HH'(A) = ZP"(A)L/K(A) and a € ZP"(A), since a?" € ZP"(A), we
have

(a> Kﬁ(a/))in = (ap"’?)A =0.
Thus x4 (a’) € HHZH(A).
O

Remark 6.6. Let A be a symmetric algebra. Since we have an induced non-degenerate bilinear
pairing Z5'(A) x HH§'(A) — k, the map kit satisfies

([a], st (@) = ([a]?", o)
where [a] = a + ZP"(A) € Z°Y(A) and o = a’' + K(A) € HH§'(A) for a € Z(A) and o’ € A. This

equation can also be used to define h;f st,

Although we don’t have a good description of the kernel and the cokernel of /ié )5t

the following

, we record

Proposition 6.7. Let A and B be two finite dimensional symmetric algebras which are stably
equivalent of Morita type, where the equivalence is given by (4Mp, pNa). Suppose that the bilinear
form of A is induced from that of B. Then the following diagram is commutative:

st

t
HH;!(A) —~ HH!(B)

A,st \L l B,st
Kn Kn
tst

HH'(A) —> HH;!(B).

Proof This is obvious.
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Remark 6.8. The new maps k5' are invariant under derived equivalences between symmetric

algebras, by an analogue of Proposition 6.7.

7. HIGHER DIMENSIONAL ANALOGUE

Zimmermann introduced higher dimensional analogues of the map k,, in [36]. Let us recall his
construction.

Let A be a symmetric algebra defined over a perfect field of characteristic p > 0. We have a
non-degenerate bilinear paring (cf. Lemma 2.9) for each m > 0

(, )m:HH™(A)x HH,(A) — k
which generalizes the form in degree zero (, ) : Z(A) x A/K(A) — k. Since there exists a

cup product on the Hochschild cohomology, one defines H&m)’A : HHpny(A) — HHp,(A) by the
equation

")y = (fo R0 (@)
K

(17
for f € HH™(A) and @ € HHynp(A). Obviously i) = kA

pn
m

Theorem 7.1. Let A and B be two symmetric k-algebras

(1) (136, Theorem 1]) Suppose that A and B are related by a derived equivalence that is given by
a bounded two sided tilting complex A X3 whose terms are finitely generated and projective
on either side.

Then for each m > 1, there is a commutative diagram

txe

HHp”m(A) < HHp"m(B)

K'Sr,m)’A\L lﬁ%’m),B

HH(A) —X"~ HH,,(B).

~

(2) Suppose that A and B are related by a stable equivalence of Morita type that is given by

(AMp, pNa).
Then for each m > 1, there is a commutative diagram

HHypn(A) 22> HHyoo(B)

HSLW)’Al lﬂslm)’B

HHy(A) —2 > HH,y(B).

Proof The proof can be obtained by imitating the proofs of Proposition 6.4 and of Proposition 6.7
using Proposition 3.6 or Theorem 3.5.

g

Remark 7.2. One can also obtain a proof of (2) in the above result by imitating the original proof
of Zimmermann.

8. TRIVIAL EXTENSIONS

Let A be a finite-dimensional algebra defined over a perfect field k of characteristic p > 0. We
denote by A* the k-linear dual Homy (A, k) which becomes an A-A-bimodule by setting (afa’)(b) =
f(d’ba) for all a,a’,b € A and f € A*.

The trivial extension T(A) := A® A* is the k-algebra defined by the multiplication (a, f)(b, g) :=
(ab,ag + fb) for all a,b € A and f,g € A*. The trivial extension T(A) is a symmetric algebra,
with respect to the bilinear form ((a, f), (b,g9)) = f(b) + g(a).
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Let [A, A*] denotes the commutator subspace of A*, that is, the subspace generated by af — fa
for arbitrary a € A and f € A*. If V is a subspace of A, then Ann«(V) :={f € A*|f(V) =0}.
The following long proposition is collecting properties of the trivial extension algebra.

Proposition 8.1. (1) Z(T(A)) = Z(A) @ Anna-(K(A));

(3) T(A)/K(T(A))
(4) forn > 1, T,(T(A)) = T, (A) ® A*;
(5) forn > 1, Py(T(A)) = P,(A) @ [A, A*];
(6) forn > 1, T,(T(A))/K(T(A)) = Tn(A)/K(A) ® A*/[A, A*];
(7) forn =1, Po(T(A))/K(T(A)) = Pr(A)/K(A) & 0;
(8) forn > 1, TH(T(A)) = 0@ Anna-(T,(A));
(9) forn >1, PH(T(A)) = Z(A) ® Annax(P,(A));
(10) forn > 1, To(Z(T(A))) = Tu(Z(A)) © Anna-(K(A));
(11) forn > 1, P,(Z(T(A))) = P.(Z(A)) @ 0;
(12) forn > 1, TH(Z(T(A))) = K(A) @ Anna-(T,,(Z(A)));
(13) forn > 1, PH(Z(T(A))) = A® Anna(P,(Z(A)));
(14) forn > 1, T,/(Z(T(A)))/K(T(A)) = 0 ® Anna-(T,(Z(A)))/[A, A*];
(15) forn > 1, Pr(Z(T(A)))/K(T(A)) = A/K(A) © Anna-(Pa(Z(A)))/[A, A%].

Proof Most assertions have been proved in [3] and the rest are easy to verify.
O

Corollary 8.2. Let A and B be two indecomposable finite dimensional algebras defined over an
algebraically closed field of characteristic p > 0. Suppose that A and B are stably equivalent of
Morita type and that A is symmetric.

Then the condition that T(A) and T(B) are also stably equivalent of Morita type implies that
Auslander—Reiten conjecture holds for A and B, that is, they have the same number of isoclasses
of non-projective simple modules.

Proof Since A is symmetric, for any n > 0,
dimAnn - (P,(A)) = dimA/P,(A) = dimT,(A)/K(A).

By Corollary 4.6 (2), for any n > 0, dim7},(A)/K(A) = dimT,(B)/K(B). On the other hand,
Corollary 5.8 (1) implies that for any n > 0, dimP;-(T(A)) = dimP;-(T(B)). By Proposition 8.1
(9), we obtain that dimZ(A) = dimZ(B) and this implies the Auslander-Reiten conjecture by
Theorem 1.1 of [24].

O
This motivates the following

Question 8.3. Let A and B be two indecomposable, non-simple finite dimensional algebras which
are stably equivalent of Morita type. Are their trivial extensions algebras T(A) and T(B) also
stably equivalent of Morita type?

Although we feel that the answer should be negative, we do not know of a counter-example.

9. STABLE CYCLIC HOMOLOGY

In this section we study the invariance of cyclic homology under stable equivalences of Morita
type. The case of derived equivalences was considered by Keller in [16] using transfer maps. We
shall adopt the same approach, but we work in the setup of ordinary algebras. For basic notions
about cyclic homology, we refer the reader to [25] or a very readable brief introduction [14].

Let k be a commutative ring with unit. We shall write ® instead of ®. In order to agree with
the usual notations in cyclic homology, we shall modify our notations. We shall use R, T,--- to
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denote k-algebras. Given a k-algebra R, the cyclic homology group HC,(R) is defined to be the
homology of the total complex of the following double complex CCee(R):

b

C3(R) <— C5(R) <~— C3(R) <— C3(R) <— - -

b

Co(R) <= Co(R) <~— Ca(R) < Co(R) <— - -

b

C1(R) <<= C1(R) <~— C1(R) <<= C1(R) <— - --

b

id—t

id—t

id—t

id—t

—y

—y

—y

-

b
N

b
N

b
N

b

id—t

id—t

id—t

id—t

—y

—y

—y

—y

N

N

N

Co(R) <= Co(R) <2 Cy(R) <= Cy(R) &— -

We recall the construction of the above double complex. Let (C,(R),b') be the Bar complex.
Namely, for n > 0, C,(R) = R®"*+2) and for n > 0 the differential & : C’,(R) — C’_,(R) sends
ToR X1 ® -+ ® Tpy1 With xg, -+ ,xp41 € R t0

n

Z(—l)ixo Q- QT @ - @ Ty

i=0
Note that here we use b’ to denote the differential. Let (Ce(R),b) be the Hochschild complex.
Namely, for n > 0, C,(R) = C’,_,(R) = R®™+1) and for n > 1 the differential b : C,(R) —

n—1
Cp-1(R) sends zp @ 1 ® - - - ® x,, with xg,--- , 2, € R to
n—1 '
DD m® @i @ @an + (—1) T @ 11 @+ @ Tp_1.
i=0

Note that here we use b to denote the differential. For n > 0, consider the endomorphism ¢ of
Cp(R) = R®(+1) defined for xg,--- ,2, € R by

o @ @xp) =(—1) "0, @20 Q-+ @ Tp_1.
In the diagram, we denote by N the associated norm map
N=id+t+---+t": Cp(R) — Cp(R).

One can verify that b(id — t) = (id — t)b' and Nb = b'N. Thus CCee(R) is a double complex. We
define, for n > 0, another map s : C,,(R) — Cpy1(R) by

S(20®  ®1p) =1Q T @+ @ T
Now the Connes’ operator B : Cy,(R) — Cj,41(R) is defined to be

B = (id —t)sN : Cp,(R) — Cp11(R).
Since it can be shown that B? = Bb+ bB = 0, B induces a map HH,(R) — HH,1(R), still
denoted by B.

The cyclic homology is defined to be HC,,(R) := H,,(Tot(CCee(R))) for n > 0. It is easy to see

that the bicomplex formed by the leftmost two columns, denoted by CC’;{.2 }, has a total complex

which is quasi-isomorphic to the Hochschild complex (Ce(R),b). One has a short exact sequence

of bicomplexes,

0— COEZHR) L CCw(R) 2 CCu(R)[2,0] — 0
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where for the bicomplex CCee(R), (CCee(R)[2,0])ps = CCp—24(R). We have thus a long exact
sequence, which is called Connes’ long exact sequence,

% HH,(R) 5 HC,(R) S HC,_o(R) % HH,_1(R) 5 HC,,_1(R) >

The degree —2 map S is called the periodicity map and we use 9 to denote the connecting
morphism instead of the usual B to avoid possible confusion. As a consequence of this exact
sequence, one has HHy(R) = HCy(R) and

k if n is even,
HCn(k) = { 0 if nis odd.

Now let R and T be two k-algebras. Let M be an R-T-bimodule, which is finitely generated and
projective as right T-module. Then one can also define a transfer map ty; : HC,(R) — HC,(T)
for n > 0 as in the case of Hochschild homology. The construction was given in [16], and also
indicated in [4, Section 4.4]. The construction goes as follows. We begin with the transfer maps
for the Hochschild complex tps : Co(R) — Co(T") and prove that it commutes with the operators
b', b and ¢ (see Section 2). This provides a morphism from the bicomplex C'Cee(R) to C'Cee(T)
which induces the desired map ¢y : HCp(R) — HCy(T).

We include the proof of the following

Lemma 9.1. With the assumptions above, for n > 0, there are commutative diagrams

b t

Cn(R) — Cy—1(R) Cn(R) —= Cy(R) C'(R)—2~ ¢! _|(R)
N T R
Cn(T) — Cn—1(T), Cn(T) — Cu(T), (1) —2- (7).

As a consequence, there is a morphism of bicomplexes tpr : CCee(R) — CCee(T') and thus ty :
HC,(R) — HC,(T).

Proof We prove the commutativity of the first diagram, the proofs of the second and the third be-
ing similar. Since My is finitely generated and projective, there are x; € M and ; € Homp (M, T)

such that for each x € M, we have x = ), z;¢;(x). For ag,--- ,a, € R, we have
+(—D)"tm(ana ® a1 ® -+ @ ap—1)
n—1

= Zi:[) (_1>i Zso,--- 181,8i42,7" ySn Pso (a’oxsl) D Qs (ai—lxsi)
®808i (aiai+1$si+2) ® Psita (a’i+2$si+3) - s, (anxso)
+(=1)" Zsmsl,m Sn_1 Psn (anaozs,) ® -+ ® s, (an-17s,)

and

th(ao @R an) = Zto (tho (a’oxtl) DDy, (anmto))
= Eto, “tn Zz 0 ( 1) Pto (aoxtl) Q- %Fl(ai*lxti)
@, (al$tz+1)¢tz+1 (ai-i-lxturz) ® Ptivo (ai+2$ti+3) X &y, (anxto)
+ Zto, o (T1)" @1, (@00 )pro (a00,) @ - - @ 1,y (an-124,)
= Z:L_O (—1)° Zto, tistiva, e tn Pto (aozt,) ® -+ ® Pti 1 (aiflmti)
®(Zti+1 Pt; (azxtz+1)(pt1+1 (az+1xtz+2)) ® - @ @, (anTty)
+(_1)n Z;l,--- ,tn(ZtO Ptn (anwto)@to (aoxtl)) Q- @Y,y (an—lwtn)
= Z?gol(_l)z Zto,m tistiza, e tn Pto (aozt,) ® -+ ® Pti1 (a’i_lxti)
Q1 (A1 T4, 5) @ Pty o (QigaTe, 5) ® -+ @ @, (AnTy,)
+(_1)n Ztl,--- tn Pln (anaomtl)) ® oty (alxt2) Q- @ Pty (an—lxtn)

where the last equality uses two other equalities, which are true by definition,

Z Soti(aixti-o-l)(pti-q-l (ai+1xti+2) = P (Z ALt 0 Pia (ai+1mti+2)) = ¥, (aiai+1xti+2)

tit1 tit1
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and
> 0t (anti) i (a0zty) = 1, (Y antopry(a0wty)) = Pr, (anaosy ).
to to
We have thus
tab(ag ® -+ @ ay) = bty (ag @ -+ - @ ay).
O

Corollary 9.2. With the assumptions above, there is a commutative diagram of exact sequences
of bicomplexes

0— 0O (R) — = CCw(R) —% CCw(R)[2,0] — 0

ty J/ ty l ty l

0 — CCZHT) —1> CCae(T) —% CCu(T)[2,0] —0

and hence there is the following exact commutative diagram

2 HC, \(R) % HH,(R) > HC,(R) £ HC,_»(R) % HH, 1(R) > HC,_|(R) % -

tm i/ tm i/ tyv \L tm i/ tyv \L tm \L
L HC,_(T) % HH,(T) > HC(T) =2 HCp_o(T) % HH,_1(T) > HC,_1(T) 2 - --

Corollary 9.3. With the assumptions above, there is a commutative diagram for any n > 0,

HH,(R) —2~ HH, 1(R)

tl\/]i t]\/fl

B
HH,(T) —— HHp+1(T).
Now we list some properties of the new transfer maps on cyclic homology.

Proposition 9.4. Let R, T and U be k-algebras.

(1) If M is an R-T-bimodule and N is a T-U-bimodule such that Mr and Ny are finitely
generated and projective, then there is an equality ty oty = tygyn : HCp(R) — HCL(U), for
each n > 0.

(2) Let

0—-L—-M-—>N-—0
be a short exact sequence of R-T-bimodules which are finitely generated and projective as right
T-modules. Then tyy =tp, +tn: HC,(R) — HC,(T), for each n > 0.

(3) Let k be an algebraically closed field and let R and T be finite dimensional k-algebras. For
a finitely generated projective R-T-bimodule P, the transfer map tp : HC,(R) — HC,(T) is zero
for n odd.

(4) Consider R as an R-R-bimodule by left and right multiplications, then tg : HC,(R) —
HC,(R) is the identity map for any n > 0.

Proof The assertions (1), (2) and (4) follow from the corresponding statements for transfer maps
between Hochschild homology groups. Let us prove the assertion (3). Recall that HC, (k) = k
if n is even and HC, (k) = 0 if n is odd. Since k is an algebraically closed field, one can assume
that (without loss of generality) P = Re ® fT for certain idempotents e € R and f € T. By (1),
tp =treotyr: HC,(R) — HCy(k) — HCy(T). The assertion (3) thus follows.

U

Remark 9.5. As in the case of Hochschild homology, for a bounded (cochain) complex X*® of R-
T-bimodules whose terms are finitely generated and projective as right T-modules, one can define a
transfer map txs : HC,(R) — HCy(T) by txe :==>_.(—1)"xi. Note that if Y'* is another bounded
complex of R-T-bimodules whose terms are finitely generated and projective as right T-modules
such that X® and Y* are quasi-isomorphic, then txe = tye.
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Theorem 9.6. Let k be an algebraically closed field of arbitrary characteristic and let R and T
be two finite dimensional k-algebras which are stably equivalent of Morita type.
(1) Forn >0 odd, dimHC,(R) = dimHC,(T);
(2) Suppose that R and T have no semi-simple direct summands. Then for any n > 0 even,
the following statements are equivalent

(i) Auslander—Reiten conjecture holds for this stable equivalence of Morita type;
(ii) dimHCy(R) = dimHC),(T).

Proof Suppose that two bimodules M and N define a stable equivalence of Morita type between
Rand Tby M®@r N~ R® P, NOgpM ~T & Q. Since tg = lyc,(g) and tr = lyc, (1), the
transfer maps ¢y : HCp(R) — HCy(T') and ty : HCy(T') — HC,(R) are mutually inverse group
isomorphisms for all n > 0 by Proposition 9.4. This proves the first statement.

For the second statement, one uses the long exact sequence connecting Hochschild homology
and cyclic homology. By Corollary 9.2, for n > 2 even, we have a commutative diagram

co > HCp_1(R) = HH,(R) = HCy(R) — HCy_3(R) — HH,_1(R) — HCp_1(R) —> - --

R R | R I

-+—>HC,_1(T) - HH,(T) - HC,(T) - HC,—2(T) - HH,,_1(T) = HC,,_1(T) — - -

where the second and the third isomorphisms deduces from [24, Remark 3.3] and where the
second (and hence the forth) follows from (1). We have thus by 5-lemma that HC,(R) = HC,(T)
if and only if HCy,—2(R) = HC,_2(T), but HCy(R) = HHy(R) and by Theorem 1.1 of [24],
HHy(R) = HHy(T) is equivalent to the Auslander—Reiten conjecture. We are done.
O
By the previous theorem, one can define a stable version of cyclic homology for a finite dimen-
sional algebra over a field.

Definition 9.7. Let R be a finite dimensional algebra over a field k. The stable cyclic homology
of R, in degree n, is defined to be

HC3H(R) = (\Ker(tp : HCo(R) — HCy(K))
P

where P runs through the set of isomorphism classes of finite dimensional left projective R-modules
(which here are considered as R-k-bimodules).

Obviously HC$(R) differs from HC,,(R) only when n is even. In Connes’ long exact sequence
one can replace HC,,(R) by HCS'(R) and HHy(R) by HH§'(R). This is the content of the
following

Proposition 9.8. There is a long exact sequence

LHaNR) L HOsH(R) S HOS J(R) L HHS (R) L HCOS (R) S -+

If M is an R-T-bimodule such that My is finitely generated and projective, then the following
diagram commutes

2 HC (R) % HH(R) > HCSH(R) £ HCS 5(R) % HH \(R) >~ HCO ((R) -

ty ¢ tm \L tar i/ tar i/ ty J/ tv \L
2 e (1) % HHN(T) > HONT) £ HCS (T) % HH (T) 5> HO (1) 2 -
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Proof We have the following commutative diagram with exact columns and whose lower two rows
are also exact,

0 0 0 0 0

| | ¢ | b

2 qH(R) L HOSH(R) —2> HC3! o(R) —2> HHS! (R) —= HC3t [(R) > ..

| v | f ' ’
-+ %~ HH,(R) —> HCW(R) —>> HC,_2(R) —%> HH,_{(R) —~ HCy_1(R) >~ - -
ZtPJ/ thw ZtP\L ZHN thl, S

e ®pHH,(k) . ©pHC, (k) £ ®pHC, o(k) 2 ®pHH, 1(k) . ©SpHCh 1(k) =~

where P runs through the set of isoclasses of finite dimensional left projective R-modules. We
need to show that the first row is exact as well. This can be done by diagram chasing, using the
k if n is even, |k ifn=0,
facts that HC), (k) = { 0 if mis odd. and that HH, (k) = { 0 otherwise.
O

Theorem 9.9. The stable cyclic homology is invariant under derived equivalences and stable
equivalences of Morita type.

Proof The invariance of the stable cyclic homology under stable equivalences of Morita type is
easy by Definition 9.7 and Proposition 9.4 (refer to [24, Theorem 4.7]). The case of derived
equivalence is a consequence of the commutative diagram in Proposition 9.8 (we only need to
replace tj; by txe, where X*® is a two-sided tilting complex; note that txe gives isomorphisms
between stable Hochschild homology groups) and the fact that HC§' = HH§'.

O

Remark 9.10. As in the case of ordinary cyclic homology, transfer maps can also be defined over
negative cyclic homology and periodic cyclic homology. We leave the details to the reader.

To conclude this Section, we add some comments on transfer maps in cyclic cohomology and
its variants.

Let k be a commutative ring with unit and let R be a k-algebra. The cyclic cohomology is
defined to be the cohomology of the total complex of CC**(R) := Homy(CCee(R), k). If we have
another k-algebra T and an R-T-bimodule M such that My is finitely generated and projective,
then we have the transfer map defined as above ¢y : CCee(R) — C'Cee(T") which in turn induces a
map tM : CC**(T) — CC**(R). This new chain map induces a map in cyclic cohomology, denoted
also by tM : HC™(T) — HH™(R) and called transfer map in cyclic cohomology. Obviously, these
new maps have some properties like those of Proposition 9.4. FEvidently, we can also define
transfer maps over negative cyclic cohomology and periodic cyclic cohomology. Now let R be a
finite dimensional algebra over a field. For n > 0, the stable cyclic cohomology HC?,(R) is defined
to be the quotient of HC™(R) by the sum of the images of t* : HC™(k) — HC"(R) where P
runs through the set of isoclasses of (finitely generated) projective R-modules. We can also define
stable versions of negative cyclic cohomology and periodic cyclic cohomology. We have also similar
results as Proposition 9.8 and Theorem 9.9.

10. BATALIN—VILKOVISKY VS GERSTENHABER

Recall the definition of Gerstenhaber algebras and Batalin—Vilkovisky algebras. Let k be a
commutative ring with unit.

Definition 10.1. A Gerstenhaber algebra is a graded k-module A = ®;cz A" equipped with two
linear maps: a cup product

U:A'@ A - A z@y—aUy
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and a Lie bracket of degree —1
[ ]: A @A - A ey e [a,y]

such that
(a) the cup product U makes A into a graded commutative algebra;
(b) the Lie bracket [—,—| gives A a structure of graded Lie algebra of degree —1. This means

that for homogeneous elements a,b,c € A
a,8] = (=)D D )
and
(—1)Uel=D0el=Dr1g 8], ¢] 4 (=1)PI=Dal=D17p (] a] + (—1)Ud=DWI=D11e 0], 8] = 0

where |a| denotes the degree of a;

(¢c) the cup product and the Lie bracket satisfy the Poisson rule. This means that for any
c € Al the adjunction map [—,c] : A* — A1 a s [a,d] is a (|¢| — 1)-derivation, i.e.
for homogeneous a,b € A,

[aUb,d = [a,c] Ub+ (—=1)lalld=Dg U b, .

Definition 10.2. A Batalin—Vilkovisky (BV) algebra is a Gerstenhaber algebra A together with
a degree —1 operator A : A* — A*~! satisfying Ao A =0 and

[a,b] = —(=1)1=D(A(aUb) — (Aa) Ub— (1)l U (Ab))
fora,be A.

The first examples of Gerstenhaber algebras are Hochschild cohomology algebra of rings first
discovered by Gerstenhaber in [11]. We recall his construction. Let R be a k-algebra. Let
f € C"(R) = Homy(R®", R) and g € C™(R) with n,m > 0. If n,m > 1, then for 1 < i < n,
define

(foig)la1 ® - ®@apgm—1)=fa1 @ - ®a;—1 ®g(a; @+ @ Gitm—1) @ Gitm @ -+ @ Aptm—1);
if n>1and m =0, then g € A and for 1 < ¢ < n, define
(foig)la1 ® -+ ®ap—1)=fla1 @ Ra;-1 QIR ® @ an_1);

for any other case, define f o; g to be zero. Now denote

n

fog=3 (-1 VD oy

i=1

and
[f,9) = fog— (=) VmDgo .

The above [, | is just the Gerstenhaber Lie bracket over the Hochschild cohomology algebra.
This Lie bracket with the usual cup product makes the Hochschild cohomology algebra into a
Gerstenhaber algebra.

Tradler noticed that the Hochschild cohomology algebra of a symmetric algebra is a BV algebra
in [34]. This fact has been reproved by many authors (|26, 10] etc). For a symmetric algebra R, he
showed that the operator A over Hochschild cohomology corresponds to the Connes’ B operator
on Hochschild homology via the duality between Hochschild cohomology and homology. Our
main result in this section is that a derived equivalence between symmetric algebras preserves the
structure of BV algebras of the Hochschild cohomology algebras.

Theorem 10.3. Let k be a field. Let R and T be two symmetric algebras which are derived
equivalent, by an equivalence given by a two-sided tilting complex R X} whose terms are bimodules
that are projective as left R-modules and right T-modules. Then the transfer map t~° : HH*(T) —
HH*(R) is an isomorphism of BV-algebras.
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Proof We need to show that transfer maps in Hochschild cohomology commute with the operator
A. By the compatibility theorem 2.10, we only need to show that transfer maps in Hochschild
homology commute with Connes’ B operator, but this is Corollary 9.3.

g

As a consequence, we obtain a special case of a theorem of Keller ([16]) which says that a de-
rived equivalence preserves the structure of Gerstenhaber algebra structure over the Hochschild
cohomology algebras.

Corollary 10.4. With the above assumptions, the transfer map t~° : HH*(T) — HH*(R) is an
isomorphism of Gerstenhaber algebras.

Menichi ([26, corollary 1.7]) also proved that the negative cyclic cohomology of a symmetric
algebra is a graded Lie algebra of degree —2. His construction is as follows. Let R be a k-algebra.
Then we have the long exact sequence

S ety (R) L HEY(R) L HO™(R) S HO™(R) 2 ... |
Let a € HC"(R) and b € HC™(R). Then the Lie bracket on HC* (R) is defined as follows
[a,b] = (—=1)l%1(da U Ob).

Theorem 10.5. Let R and T be two symmetric algebras which are related by a derived equivalence
that is given by rX7 a two-sided tilting complex whose terms are bimodules that are projective
as left R-modules and right T-modules. Then the transfer map tX° : HC*(T) — HC*(R) is an
isomorphism of graded Lie algebras.

Proof This follows from Proposition 3.6 and the analogue of Corollary 9.2 for negative cyclic
cohomology.

O

Now we consider the invariance of the above structures under a stable equivalence of Morita
type. Let k be a field and let R be a symmetric k-algebra. Then by Corollary 9.3, transfer
maps commute with the operator A : HH"(R) — HH"(R). Hence there is an induced map
Ay : HHYY(R) — HHZ(R) for n > 0. This means that the stable Hochschild cohomology
algebra of a symmetric algebra is still a BV algebra. This also proves that the projective centre
of a symmetric algebra is a Lie ideal for the Gerstenhaber Lie bracket. We have thus proved the
following

Lemma 10.6. Let k be a field and let R be a symmetric k-algebra. Then HH}, is a BV algebra
with the A-operator induced from that of HH* and as a consequence, the projective centre is a
Lie ideal for the Gerstenhaber Lie algebra structure over the Hochschild cohomology algebra.

Now for stable negative cyclic cohomology, we have a long exact sequence

2 HCN(R) S HHL(R) & HC™ (R) S HCM2(R) 2 -

Let a € HC” 4(R) and b € HC™ (R). Then by [26, Lemma 7.2], we define a Lie bracket on
HC* ,(R) as follows

—,st
[a,b] = (=) 1(da U Ob).
Combining Theorem 10.3, Theorem 10.5 and Lemma 10.6, we easily obtain the following

Theorem 10.7. Let k be an algebraically closed field. Let R and T be two symmetric algebras
which are related by a stable equivalence of Morita type that is given by M7 and 7 Ng, which are
projective as R-modules and as T-modules. Suppose that the bilinear form on R is induced from
that of T. Then the transfer map t™ : HH},(T) — HH},(R) is an isomorphism of BV-algebras
and tM : HC* (T) — HC* (R) is an isomorphism of graded Lie algebras.

Since stable Hochschild cohomology is invariant under a derived equivalence, similarly as in the
preceding result, we have the following
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Theorem 10.8. Let k be an algebraically closed field. Let R and T be two symmetric algebras
which are derived equivalent, where the equivalence is given by r X7 a tilting complex whose terms
are bimodules that are projective as left R-modules and right T-modules. Then the transfer map
tX*  HH}/(T) — HH}/(R) is an isomorphism of BV-algebras and t*° : HC* ,(T) — HC* ,(R)
1 an tsomorphism of graded Lie algebras.
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