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§1.1 Ä�Vg

�!0� �©�§¥��
PÒÚÄ�Vg.

�u���¼ê, n´��g,ê. éuõ�Iα = (α1, · · · , αn) ∈ Nn, P

Dαu(x) =
∂|α|u(x)

∂xα1
1 ∂xα2

2 · · · ∂x
αn
n
,

|α| =
n∑
i=1

αi.

ék ∈ N, P

Dku(x) = {Dαu(x)||α| = k},

|Dku(x)| =

∑
|α|=k

(Dαu(x))2

 1
2

.

~X, �k = 1, 2�,

D1u(x) =

{
∂u

∂xi
(x)|i = 1, 2, · · · , n

}
=

(
∂u

∂x1
(x),

∂u

∂x2
(x), · · · , ∂u

∂xn
(x)

)
= Du(x),

D2u(x) =

{
∂2u

∂xi∂xj
|i, j = 1, 2, · · · , n

}

=


∂2u
∂x2

1
(x) ∂2u

∂x1∂x2
(x) · · · ∂2u

∂x1∂xn
(x)

∂2u
∂x2∂x1

(x) ∂2u
∂x2

2
(x) · · · ∂2u

∂x2∂xn
(x)

· · · · · · · · · · · ·
∂2u

∂xn∂x1
(x) ∂2u

∂xn∂x2
(x) · · · ∂2u

∂x2
n

(x)

 ,

|Du(x)| =

(
n∑
i=1

(
∂u

∂xi
(x)

)2
) 1

2

,

|D2u(x)| =

 n∑
i,j=1

(
∂2u

∂xi∂xj
(x)

)2
 1

2

.

¹kõ���¼ê9Ù �ê��ª¡� �©�§, Ù¥��¼ê� �ê�p

�ê¡��§��.  �©�§���/ª�

F (Dku,Dk−1u, · · · , u, x) = 0, (1.1)
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Ù¥F´Rnk × Rnk−1 × · · · × R× Ωþ�®�¼ê, Ω´Rn¥�«�, u´Ωþ���¼ê.

XJÑy3(1.1)¥ �êDαuÑ´ΩþëY¼ê, �é?¿�x ∈ Ωk

F (Dku(x), Dk−1u(x), · · · , u(x), x) = 0, (1.2)

@o¡u´(1.1)��;). e(1.2)�±L¤∑
|α|≤k

aα(x)Dαu = f(x),

Ù¥aα(|α| ≤ k), f�®�¼ê, K¡@o(1.2)���5�§, ÄK¡���5�§.

��, Ú\~^�¼ê8Ü

Ck(Ω̄) = {u|Dαu3Ω̄þëY, |α| ≤ k}.

§3�ê

‖u‖Ck(Ω̄) :=
∑
|α|≤k

sup
Ω
|Dαu|

e´��Banach�m.

§1.2 ~^Ø�ª�ð�ª

 �©�§¥��Ä��{´¤¢�”k��O”. Ùö¦^Ø�ªÚð�ª´�~

��.

½n1.2.1. (Y oungØ�ª) �p > 1, q > 1, � 1
p + 1

q = 1. ea > 0, b > 0, K

ab ≤ ap

p
+
bq

q
. (1.3)

AO/, �p = q = 2, (1.3)¤�ab ≤ a2+b2

2 .

y². d¼êex�à5, k

ab = elog a+log b = e
1
p log ap+

1
q log bq ≤ 1

pe
log ap + 1

q e
log bq = ap

p + bq

q .

Y oungØ�ª�y.

éuõ��ê��/, k

íØ1.2.2. (���Y oungØ�ª) �pi > 1, i = 1, 2, · · · ,m, �
m∑
i=1

1
pi

= 1. eai > 0,

i = 1, 2, · · · ,m, K
m∏
i=1

ai ≤
m∑
i=1

apii
pi
. (1.4)
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½n1.2.3. (HölderØ�ª) �p > 1, q > 1, � 1
p + 1

q = 1. eai > 0, bi > 0,

i = 1, 2, · · · ,m, K
m∑
i=1

aibi ≤

(
m∑
i=1

api

) 1
p
(

m∑
i=1

bqi

) 1
q

. (1.5)

�p = q = 2�, (1.5)¤�a · b ≤ |a||b|, Ù¥a = (a1, a2, · · · , an), b = (b1, b2, · · · , bn).

y². dY oungØ�ª,

m∑
i=1

aibi(
m∑
i=1

api

) 1
p
(
m∑
i=1

bqi

) 1
q

=

m∑
i=1

ai(
m∑
i=1

api

) 1
p

· bi(
m∑
i=1

bqi

) 1
q

≤
m∑
i=1

1

p

api(
m∑
i=1

api

) +
1

q

bqi(
m∑
i=1

bqi

)


=
1

p
+

1

q

= 1,

m∑
i=1

aibi ≤ (

m∑
i=1

api )
1
p (

m∑
i=1

bqi )
1
q .

HölderØ�ª�y.

½n1.2.4. (È©/ª�HölderØ�ª) �p > 1, q > 1, � 1
p + 1

q = 1. ef ∈ Lp(Ω),

g ∈ Lq(Ω), K

‖fg‖L1(Ω) ≤ ‖f‖Lp(Ω)‖g‖Lq(Ω). (1.6)

y². �(1.5)mý�"�, f, gÙ¥��A�??�", (1.5)w,¤á. �mýØ�"

�, dY oungØ�ª,

‖fg‖L1(Ω)

‖f‖Lp(Ω)‖g‖Lq(Ω)
=

∫
Ω

(
|f |p∫

Ω
|f |pdx

) 1
p
(

|g|q∫
Ω
|g|qdx

) 1
q

dx

≤
∫

Ω

(
1

p

|f |p

‖f‖pLp(Ω)

+
1

q

|g|q

‖g‖qLq(Ω)

)
dx

=
1

p
+

1

q
= 1.

È©/ª�HölderØ�ª�y.

éum�¼ê��/, k

íØ1.2.5. (���È©/ª�HölderØ�ª) �pi > 1, i = 1, 2, · · · ,m, �
m∑
i=1

1
pi

=

1. efi ∈ Lpi(Ω) > 0, i = 1, 2, · · · ,m, K∥∥∥∥∥
m∏
i=1

fi

∥∥∥∥∥
L1(Ω)

≤
m∏
i=1

‖fi‖Lpi (Ω). (1.7)
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½n1.2.6. (��Ø�ª) �p > 1, q > 1, 0 < θ < 1, � 1
r = θ

p + 1−θ
q . ef ∈

Lp(Ω) ∩ Lq(Ω), Kf ∈ Lr(Ω), �k

‖f‖Lr(Ω) ≤ ‖f‖θLp(Ω)‖f‖
1−θ
Lq(Ω). (1.8)

y². �pθ = p
θr , qθ = q

(1−θ)r , K 1
pθ

+ 1
qθ

= 1. �âHölderØ�ª,∫
Ω

|f |rdx =

∫
Ω

|f |θr|f |(1−θ)rdx

≤
(∫

Ω

|f |θr·pθdx
) 1
pθ
(∫

Ω

|f |(1−θ)r·qθdx
) 1
qθ

=

(∫
Ω

|f |pdx
) θr

p
(∫

Ω

|f |qdx
) (1−θ)r

q

,

=��Ø�ª¤á.

½n1.2.7. (�©/ª�GronwallØ�ª) �g(t)´[0, T ]þ��KýéëY¼ê, �

g′(t) ≤ a(t)g(t) + b(t), a.e.t ∈ [0, T ],

ùpa(t), b(t)´[0, T ]þ��K�ÿ¼ê, K

g(t) ≤ e
∫ t
0
a(s)ds

(
g(0) +

∫ t

0

b(s)ds

)
, t ∈ [0, T ]. (1.9)

AO/, �3[0, T ]þA�??kg′(t) ≤ a(t)g(t), �g(0) = 0�, k

g(t) ≡ 0, t ∈ [0, T ].

y². ��O�, éA�??�s ∈ [0, T ]k

d

ds

(
g(s)e−

∫ s
0
a(r)dr

)
= e−

∫ s
0
a(r)dr(g′(s)− a(s)g(s))

≤ e−
∫ s
0
a(r)drb(s).

Ø�ªü>l0�t'usÈ©, �

g(t) ≤ e
∫ t
0
a(r)dr

(
g(0) +

∫ t

0

e−
∫ s
0
a(r)drb(s)ds

)
≤ e

∫ t
0
a(r)dr

(
g(0) +

∫ t

0

b(s)ds

)
.

�©/ª�GronwallØ�ª�y.

½n1.2.8. (È©/ª�GronwallØ�ª) �g(t)´[0, T ]þ��K�È¼ê, �

g(t) ≤ a(t)

∫ t

0

g(s)ds+ b(t), a.e. t ∈ [0, T ],
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ùpa(t), b(t)´[0, T ]þ�K�ÿ¼ê, K

g(t) ≤ a(t)e
∫ t
0
a(s)ds

∫ t

0

b(s)ds+ b(t), a.e. t ∈ [0, T ]. (1.10)

AO/, �b(t) ≡ 0�, g(t) ≡ 0.

y². �E¼êG(t) =
∫ t

0
g(s)ds. �â^�k

G′(t) ≤ a(t)G(t) + b(t), a.e. t ∈ [0, T ].

2d�©/ª�GronwallØ�ª, k

G(t) ≤ e
∫ t
0
a(s)ds

(
G(0) +

∫ t

0

b(s)ds

)
, a.e. t ∈ [0, T ],

= ∫ t

0

g(s)ds ≤ e
∫ t
0
a(s)ds

∫ t

0

b(s)ds.

d^��

g(t) ≤ a(t)e
∫ t
0
a(s)ds

∫ t

0

b(s)ds+ b(t).

È©/ª�GronwallØ�ª�y.

e¡0�eZ�Í¶�È©úª. �Ω�Rn¥k.«�,�∂Ω ∈ C1, ν = (ν1, · · · , νn)´∂Ωü

 	{�.

½n1.2.9. (Gauss−Greenúª) eu ∈ C1(Ω̄), K∫
Ω

∂u

∂xi
dx =

∫
∂Ω

uνidS, i = 1, 2, · · · , n. (1.11)

y². Ø��Ω = {(x′, xn) ∈ Rn|ϕ(x′) ≤ xn ≤ ψ(x′), x′ ∈ Ω′}, Ù¥Ω′´Ω3Rn−1¥

�ÝK, �P

(∂Ω)+ = {(x′, xn) ∈ Rn|xn = ψ(x′), x′ ∈ Ω′},

(∂Ω)− = {(x′, xn) ∈ Rn|xn = ϕ(x′), x′ ∈ Ω′}.

ù�(∂Ω)+Ú(∂Ω)−�ü 	{�©O´

ν =
(Dψ, 1)√
|Dψ|2 + 1

, ν =
(Dϕ,−1)√
|Dϕ|2 + 1

,
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l∫
∂Ω

uνndS =

∫
(∂Ω)+

uνndS +

∫
(∂Ω)−

uνndS

=

∫
Ω′

u(x′, ψ(x′))√
|Dψ|2 + 1

√
|Dψ|2 + 1dx′ +

∫
Ω′

−u(x′, ϕ(x′))√
|Dϕ|2 + 1

√
|Dϕ|2 + 1dx′

=

∫
Ω′

(u(x′, ψ(x))− u(x′, ϕ(x′)))dx′

=

∫
Ω′
dx′
∫ ψ(x′)

ϕ(x′)

∂u

∂xn
(x′, ξ)dξ

=

∫
Ω

∂u

∂xn
dx.

éi = n, Gauss−Greenúª�y.

éuvA^Gauss−Greenúª, k

íØ1.2.10. (©ÜÈ©úª) �u, v ∈ C1(Ω̄), K∫
Ω

∂u

∂xi
vdx =

∫
∂Ω

uvνidS −
∫

Ω

u
∂v

∂xi
dx, i = 1, 2, · · · , n. (1.12)

�â©ÜÈ©úª�±��e¡n��ª:

íØ1.2.11. (Greenúª)�u, v ∈ C2(Ω̄), K∫
Ω

∆udx =

∫
∂Ω

∂u

∂ν
dS, (1.13)

∫
Ω

Du ·Dvdx =

∫
∂Ω

v
∂u

∂ν
dS −

∫
Ω

v∆udx, (1.14)∫
Ω

(v∆u− u∆v)dx =

∫
∂Ω

(
v
∂u

∂ν
− u∂v

∂ν

)
dS. (1.15)

§1.3 Hölder�m

½Â1.3.1. �Ω´Rn¥«�, u´Ωþ¼ê, 0 < γ ≤ 1. e�3~êC, ¦�

|u(x)− u(y)| ≤ C|x− y|γ , ∀x, y ∈ Ω, (1.16)

K¡u´Ωþ�γ�HölderëY¼ê.

�γ = 1�C¤Lipschitz^�. Ïd, HölderëY´LipschitzëY��«í2.

~K1.3.2. �0 < γ < 1, y²¼êu(x) = |x|γ ∈ Cγ(B1(0)).

y². �f(t) = (t+ 1)γ − tγ − 1, t ≥ 0, Kk

f ′(t) = γ(t+ 1)γ−1 − γtγ−1 < 0.
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f(t) ≤ f(0) = 0,

=

(t+ 1)γ ≤ tγ + 1, ∀t ≥ 0.

�y 6= 0�, �t = |x−y|
|y| , k (

|x− y|
|y|

+ 1

)γ
≤
(
|x− y|
|y|

)γ
+ 1,

(|x− y|+ |y|)γ ≤ |x− y|γ + |y|γ .

2dn�Ø�ª

|x|γ ≤ (|x− y|+ |y|)γ ≤ |x− y|γ + |y|γ ,

|x|γ − |y|γ ≤ |x− y|γ .

�y = 0�, þãØ�ªw,¤á. ��xÚy� �, ��

|y|γ − |x|γ ≤ |y − x|γ .

¤±, d½Âk|x|γ ∈ Cγ(B1(0)).

eu3Ωþγ�HölderëY, ½Â��ê

[u]C0,γ(Ω̄) := sup
x,y∈Ω
x6=y

{
|u(x)− u(y)|
|x− y|γ

}
.

¡8Ü

Ck,γ(Ω̄) = {u ∈ Ck(Ω̄)|[Dku]C0,γ(Ω̄) <∞}

3�ê

‖u‖Ck,γ(Ω̄) =
∑
|α|≤k

‖Dαu‖C(Ω̄) +
∑
|α|=k

[Dαu]C0,γ(Ω̄)

e��5D��m�Hölder�m. §´Banach�m.

§1.4 Gagliardo-Nirenberg-SobolevØ�ªÚMorryØ�ª

�!Ì�?Ø¼êu�FÝDu�Lp�êU��u���=
�ê�¯K.

Äké1 ≤ p < nïáØ�ª

‖u‖Lq(Rn) ≤ C‖Du‖Lp(Rn), ∀u ∈ C1
0 (Rn), (1.17)

Ù¥q ≥ 1, C´�uÃ'�~ê.

�½u ∈ C1
0 (Rn). éλ > 0½Âuλ(x) = u(λx),2-y = λx, Kk∫

Rn
|uλ(x)|qdx =

∫
Rn
|u(λx)|qdx = λ−n

∫
Rn
|u(y)|qdy,
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∫
Rn
|Duλ(x)|pdx = λp

∫
Rn

|Du(λx)|pdx = λp−n
∫
Rn
|Du(y)|pdy.

òuλ�\(1.17)ªk

λ−
n
q ‖u‖Lq(Rn) ≤ Cλ1−np ‖Du‖Lp(Rn),

=

‖u‖Lq(Rn) ≤ Cλ1−np+n
q ‖Du‖Lp(Rn).

b�1 − n
p + n

q >½< 0. ©O-λ → 0½λ → ∞, Kk‖u‖Lq(Rn) = 0. duu�

�C1
0 (Rn)¥�?¿��, ¤±1− n

p + n
q = 0. Pq = np

n−p , p∗, ¡�p�Sobolevéóê.

e¡�ÑGagliardo-Nirenberg-SobolevØ�ª.

½n1.4.1. (Gagliardo-Nirenberg-SobolevØ�ª)e1 ≤ p < n,K�3=�6unÚp�

~êC(= p(n−1)
n−p ), ¦�é?¿�u ∈ C1

0 (Rn), k

‖u‖Lp∗(Rn) ≤ C‖Du‖Lp(Rn). (1.18)

�uÃ;|8�, (1.18)�UØ¤á, ~Xu ≡ 1�þã½nÒØ¤á.

y². (1) k�p = 1. éx ∈ Rn, i = 1, 2, · · · , n, k

|u(x)| =
∣∣∣∣∫ xi

−∞

∂u

∂xi
(x)dxi

∣∣∣∣ ≤ ∫ +∞

−∞
|Du(x)|dxi,

ü>mn− 1g�, ¿éil1�n¦¦È, �

|u(x)|
n
n−1 ≤

n∏
i=1

(∫ +∞

−∞
|Du(x)|dxi

) 1
n−1

.

ü>éx1È©, ¿A^HölderØ�ª, k

∫ +∞

−∞
|u(x)|

n
n−1 dx1

≤
(∫ +∞

−∞
|Du(x)|dx1

) 1
n−1

∫ +∞

−∞

n∏
i=2

(∫ +∞

−∞
|Du(x)|dxi

) 1
n−1

dx1

≤
(∫ +∞

−∞
|Du(x)|dx1

) 1
n−1 n∏

i=2

(∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dxidx1

) 1
n−1

.
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þªü>2éx2È©, ¿^HölderØ�ª, qk∫ +∞

−∞

∫ +∞

−∞
|u(x)|

n
n−1 dx1dx2

≤
(∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dx1dx2

) 1
n−1

·
∫ +∞

−∞

(∫ +∞

−∞
|Du(x)|dx1

) 1
n−1 n∏

i=3

(∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dxidx1

) 1
n−1

dx2

≤
(∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dx1dx2

) 1
n−1

(∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dx1dx2

) 1
n−1

·
n∏
i=3

(∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dx1dx2dxi

) 1
n−1

=

(∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dx1dx2

) 2
n−1 n∏

i=3

(∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
|Du(x)|dx1dx2dxi

) 1
n−1

.

|^Ø��8B, ©Oéx3, . . . , xn−1?1È©, ��∫
Rn−1

|u(x)|
n
n−1 dx1dx2 · · · dxn−1 ≤

(∫
Rn−1

|Du(x)|dx1dx2 · · · dxn−1

)(∫
Rn
|Du(x)|dx

) 1
n−1

.

��ü>éxnÈ©∫
Rn
|u(x)|

n
n−1 dx ≤

(∫
Rn
|Du(x)|dx

)(∫
Rn
|Du(x)|dx

) 1
n−1

≤
(∫

Rn
|Du(x)|dx

) n
n−1

,

=

‖u‖Lp∗(Rn) ≤ ‖Du‖L1(Rn). (1.19)

ùÒ´p = 1���Oª(1.18).

2. e¡5�Ä1 < p < n��/. év := |u|γA^�O(1.18), �(∫
Rn
|u|

γn
n−1 dx

)n−1
n

≤
∫
Rn
|D|u|γ |dx = γ

∫
Rn
|u|γ−1|Du|dx,

Ù¥γ > 1. A^HölderØ�ª, �(∫
Rn
|u|

γn
n−1 dx

)n−1
n

≤ γ
(∫

Rn
|u|

(γ−1)p
p−1 dx

) p−1
p
(∫

Rn
|Du|pdx

) 1
p

.

À�γ÷v γn
n−1 = (γ−1)p

p−1 , =-

γ =
p(n− 1)

n− p
> 1.
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ù�
γn

n− 1
=
p(n− 1)

n− p
· n

n− 1
=

np

n− p
= p∗,

¤� (∫
Rn
|u|p

∗
dx

)n−1
n

≤ γ
(∫

Rn
|u|p

∗
dx

) p−1
p
(∫

Rn
|Du|pdx

) 1
p

,

= (∫
Rn
|u|p

∗
dx

)n−1
n −

p−1
p

≤ γ
(∫

Rn
|Du|pdx

) 1
p

.

Ø�ª(1.18)�y.

�!�1�Ü©3p > n��/ïáØ�ª

‖u‖C0,γ(Rn) ≤ C(‖u‖Lp(Rn) + ‖Du‖Lp(Rn)), ∀u ∈ C1(Rn), (1.20)

Ù¥0 < γ ≤ 1, C´�uÃ'�~ê.

�½u ∈ C1(Rn). éλ > 0, �uλ(x) = u(λx), K

sup
x∈Rn

|uλ(x)| = sup
x∈Rn

|u(λx)| = sup
x∈Rn

|u(x)|,

[uλ]C0,γ(Rn) = sup
x,y∈Rn
x6=y

|uλ(x)− uλ(y)|
|x− y|

= sup
x,y∈Rn
x6=y

|u(λx)− u(λy)|
|x− y|γ

= λγ [u]C0,γ(Rn).

¿�

‖uλ‖Lp(Rn) = λ−
n
p ‖u‖Lp(Rn),

‖Duλ‖Lp(Rn) = λ1−np ‖Du‖Lp(Rn).

�\(1.20)�

sup
x∈Rn

|u(x)|+ λγ [u]C0,γ(Rn) ≤ C(λ−
n
p ‖u‖Lp(Rn) + λ1−np ‖Du‖Lp(Rn)).

b�γ > 1− n
p , -λ→ +∞, �[u]C0,γ(Rn) = 0. ùé���u´Ø�U�, �γ ≤ 1− n

p .

e¡�ÑMorreyØ�ª.

½n1.4.2. (MorreyØ�ª) ep > n, K�3=�6unÚp�~êC, ¦�é?¿

�u ∈ C1(Rn), k

‖u‖C0,γ(Rn) ≤ C(‖u‖Lp(Rn) + ‖Du‖Lp(Rn)), (1.21)

Ù¥γ := 1− n
p .

y². 1�Ú. Äky²��ý�5Ø�ª. é?��¥Br(x) ⊂ Rn, k∫
Br(x)

|u(x)− u(y)|dy ≤ rn

n

∫
Br(x)

|Du(y)|
|y − x|n−1

dy. (1.22)
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�½x ∈ Rn, ω ∈ ∂B1(0), s ∈ (0, r),

|u(x+ sω)− u(x)| =

∣∣∣∣∫ s

0

d

dt
u(x+ tω)dt

∣∣∣∣
=

∣∣∣∣∫ s

0

Du(x+ tω) · ωdt
∣∣∣∣

≤
∫ s

0

|Du(x+ tω)|dt.

ü>'uω3∂Bs(0)þÈ©∫
∂Bs(0)

|u(x+ sω)− u(x)|dS1 ≤
∫
∂Bs(0)

∫ s

0

|Du(x+ tω)|dtdSs.

-y = x+ tω, k∫
∂Bs(0)

|u(x+ sω)− u(x)|dSs ≤
∫ s

0

∫
∂Bt(0)

|Du(x+ tω)|s
n−1

tn−1
dStdt

= sn−1

∫
Bs(x)

|Du(y)|
|y − x|n−1

dy,

l ∫
Br(x)

|u(x)− u(y)|dy =

∫ r

0

∫
∂Bs(0)

|u(x+ sω)− u(x)|dSsds

≤
∫ r

0

sn−1

∫
Br(x)

|Du(y)|
|y − x|n−1

dyds

=
rn

n

∫
Br(x)

|Du(y)|
|y − x|n−1

dy.

1�Ú. Ùgy²

sup
x∈Rn

|u(x)| ≤ C(‖u‖Lp(Rn) + ‖Du‖Lp(Rn)).

3|u(x)| ≤ |u(x)−u(y)|+ |u(y)|ü>'uy3B1(x)þÈ©,|^Ø�ª(1.22)±9HölderØ

�ª, 5¿|B1(x)| = ωn´Rn¥ü ¥�NÈ

|u(x)| ≤ 1

|B1(x)|

∫
B1(x)

|u(x)− u(y)|dy +
1

|B1(x)|

∫
B1(x)

|u(y)|dy

≤ 1

nωn

∫
B1(x)

|Du(y)|
|y − x|n−1

dy +
1

|B1(x)|

∫
B1(x)

|u(y)|dy

≤ 1

nωn
‖Du‖Lp(B1(x))

∥∥∥∥ 1

|y − x|n−1

∥∥∥∥
L

p
p−1 (B1(x))

+
1

|B1(x)|
‖1‖

L
p
p−1 (B1(x))

‖u‖Lp(B1(x))

=
1

n

(
p− 1

p− n

) p−1
p

ω
− 1
p

n ‖Du‖Lp(B1(x)) + |ωn|−
1
p ‖u‖Lp(B1(x))

≤ C(‖u‖Lp(Rn) + ‖Du‖Lp(Rn)).

1nÚ. ��y²

[u]C0,γ(Rn) ≤ C‖Du‖Lp(Rn).

11



é?¿�x, y ∈ Rn, Pr = |x− y|, W = Br(x)
⋂
Br(y), K

|u(x)− u(y)| ≤ 1

|W |

∫
W

|u(x)− u(z)|dz +
1

|W |

∫
W

|u(y)− u(z)|dz.

A^(1.22), k

1

|W |

∫
W

|u(x)− u(z)|dz ≤ C

rn

∫
Br(x)

|u(x)− u(z)|dz

≤ C

n

∫
Br(x)

|Du(z)|
|z − x|n−1

dz

≤ C

n
‖Du‖Lp(Br(x))

∥∥∥∥ 1

|z − x|n−1

∥∥∥∥
L

p
p−1 (Br(x))

.

��O�1��Ïf, �

∥∥∥∥ 1

|z − x|n−1

∥∥∥∥
L

p
p−1 (Br(x))

=

(∫ r

0

∫
∂Bt(x)

(
1

|z − x|n−1

) p
p−1

dStdt

) p−1
p

=

(∫ r

0

(tn−1)−
p
p−1nωnt

n−1dt

) p−1
p

=

(
n(p− 1)

p− n
ωn

) p−1
p

r1−np .

�\þªk
1

|W |

∫
W

|u(x)− u(z)|dz ≤ Cr1−np ‖Du‖Lp(Br(x)).

Ón,
1

|W |

∫
W

|u(y)− u(z)|dz ≤ Cr1−np ‖Du‖Lp(Br(y)).

Ï�γ = 1− n
p , ¤±

|u(x)− u(y)| ≤ Crγ‖Du‖Lp(Rn),

=

[u]C0,γ(Rn) ≤ C‖Du‖Lp(Rn).

(Ü1�ÚnÚ, ½n�y.

�!����Äp = n��/. �â(1.18), �p < n�

‖u‖Lp∗ (Rn) ≤
p(n− 1)

n− p
‖Du‖Lp(Rn),

w,, ��

lim
p→n

p∗ =∞, lim
p→n

p(n− 1)

n− p
=∞.

ÏLe¡��~�±��Ø�3=�nk'�~êC, ¦�

‖u‖L∞(Rn) ≤ C(n)‖Du‖Ln(Rn), ∀u ∈ C1
0 (Rn). (1.23)
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�E¼êuε ∈ C1
0 (Rn), suppuε ⊂ B2(0), �

0 ≤ uε ≤ ln ln
(

1 +
e

ε

)
,

uε(x) = ln ln

(
1 +

e√
|x|2 + ε2

)
, x ∈ B1(0).

��O�, 3B1(0)þk

|Duε| =

∣∣∣∣∣∣∣∣
1

ln

(
1 + e√

|x|2+ε2

) · 1

1 + e√
|x|2+ε2

· (−1

2
) · e · 2x

(|x|2 + ε2)
3
2

∣∣∣∣∣∣∣∣
≤ 1

ln

(
1 + e√

|x|2+ε2

) · 1

1 + e√
|x|2+ε2

· e
|x|2+ε2

,

¤±

∫
B1(0)

|Duε|ndx ≤
∫ 1

0

∫
∂Bt(0)

 1

ln
(

1 + e√
t2+ε2

) · 1

1 + e√
t2+ε2

· e

t2 + ε2

n

dStdt

=

∫ 1

0

 1

ln
(

1 + e√
t2+ε2

) · 1

1 + e√
t2+ε2

· e

t2 + ε2

n

· nωntn−1dt

= nωn

∫ 1+ e
ε

1+ e√
1+ε2

(
1

ln s
· 1

s

)n(
s− 1

e

)n−1

ds

≤ nωn
en−1

∫ ∞
2

ds

s lnn s

=
ωn ln1−n 2

(n− 1)en−1
.

�´

lim
ε→0
‖uε‖L∞(Rn) = lim

ε→0
ln ln

(
1 +

e

ε

)
=∞.

dd��Ø�ª(1.23)Ø¤á.

§1.5 Sobolev �m

�Ω�Rn¥���«�, u ∈ C1(Ω). é?¿�ϕ ∈ C∞0 (Ω), d©ÜÈ©úªk∫
Ω

uϕxidx = −
∫

Ω

uxiϕdx, i = 1, 2, · · · , n.

���/, eu ∈ Ck(Ω), α ∈ Nn, |α| = k, Ké?¿�ϕ ∈ C∞0 (Ω), ¦^kg©ÜÈ©úª,∫
Ω

uDαϕdx = (−1)|α|
∫

Ω

Dαuϕdx. (1.24)
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�±wÑ, þª�>�u´ÛÜ�È�´k¿Â�, �m>�DαuØÛÜ�È�´vk¿

Â�. e¡�Ñf�ê�½Â.

½Â1.5.1. �u, v ∈ L1
loc(Ω), α ∈ Nn. e∫

Ω

uDαϕdx = (−1)|α|
∫

Ω

vϕdx, ∀ϕ ∈ C∞0 (Ω) (1.25)

¤á, K¡v´u�α�f�ê, P�Dαu = v.

d(1.24), �;�ê�½´f�ê.

Ún1.5.2. (f�ê���5) eu�α�f�ê�3, KØ��"ÿÝ8	§´��

�.

y². b�ṽ, v ∈ L1
loc(Ω)Ñ´u�α�f�ê, @o∫

Ω

uDαϕdx = (−1)|α|
∫

Ω

vϕdx = (−1)|α|
∫

Ω

ṽϕdx, ∀ϕ ∈ C∞0 (Ω),

= ∫
Ω

(v − ṽ)ϕdx = 0, ∀ϕ ∈ C∞0 (Ω).

lk

v ≡ ṽ. a.e.x ∈ Ω.

Ún�y.

~K1.5.3. �n = 1, Ω = (−π, 1), K

u(x) =

 cosx, −π < x ≤ 0,

1− x, 0 < x < 1.

�f�ê´

v(x) =

 −sinx, −π < x ≤ 0,

−1, 0 < x < 1.

y². éϕ ∈ C∞0 (−π, 1)k∫ 1

−π
uϕ′dx =

∫ 0

−π
ϕ′ cosxdx+

∫ 1

0

(1− x)ϕ′dx

= ϕcosx|0−π +

∫ 0

−π
ϕ sinxdx+ (1− x)ϕ|10 +

∫ 1

0

ϕdx

=

∫ 0

−π
ϕ sinxdx+

∫ 1

0

ϕdx

= −
∫ 1

−π
vϕdx.
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~K1.5.4. �n = 1, Ω = (0, 2),

u(x) =

 x, 0 < x ≤ 1 ,

2, 1 < x < 2 .

Ku(x)�f�êØ�3.

y². ·��y²Ø�3v ∈ L1
loc(0, 2)÷v∫ 2

0

uϕ′dx = −
∫ 2

0

vϕdx, ∀ϕ ∈ C∞0 (0, 2). (1.26)

ÄK, �3��v ∈ L1
loc(0, 2), ¦�(1.26)¤á. @o

−
∫ 2

0

vϕdx =

∫ 2

0

uϕ′dx

=

∫ 1

0

xϕ′dx+ 2

∫ 2

1

ϕ′dx

= −
∫ 1

0

ϕdx− ϕ(1).

À���1w¼êS�{ϕm}∞m=1, ÷vsuppϕ ⊂⊂ ( 1
2 ,

3
2 ), 0 ≤ ϕm ≤ 1, ϕm(1) = 1, �é¤

k�x 6= 1, ϕm(x)→ 0. O�(1.26)¥�ϕ�ϕm, ¿- m→∞. �â��Âñ½n, k

1 = lim
m→∞

ϕm(1) = lim
m→∞

(∫ 2

0

vϕmdx−
∫ 1

0

ϕmdx

)
= 0.

��gñ.

·K1.5.5. (f�ê�5�)

(1) eu, vkα�f�ê, Ké?¿�a, b ∈ R, au+ bv�kα�f�ê, �

Dα(au+ bv) = aDαu+ bDαv.

(2) eukα�α+ β�f�ê, KDαukβ�f�ê, �Dβ(Dαu) = Dα+βu.

(3) euk��α��f�ê, Kéζ ∈ C∞0 (Ω), ζu�kα�f�ê, �

Dα(ζu) =
∑
β≤α

(
α

β

)
DβζDα−βu (Leibnizúª). (1.27)

ùp

(
α

β

)
=

α!

β!(α− β)!
.

y². (1) duu, vkα�f�ê, éϕ ∈ C∞0 (Ω), ��∫
Ω

uDαϕdx = (−1)|α|
∫

Ω

Dαuϕdx,∫
Ω

vDαϕdx = (−1)|α|
∫

Ω

Dαvϕdx,

15



l ∫
Ω

(au+ bv)Dαϕdx = (−1)|α|
∫

Ω

(aDαu+ bDαv)ϕdx,

df�ê�½Â, k

Dα(au+ bv) = aDαu+ bDαv.

(2) duukα�α+ β�f�ê, éϕ, ψ ∈ C∞0 (Ω), ��∫
Ω

uDαϕdx = (−1)|α|
∫

Ω

Dαuϕdx, (1.28)

∫
Ω

uDα+βψdx = (−1)|α|+|β|
∫

Ω

Dα+βuψdx. (1.29)

�ϕ = Dβψ, �\(1.28), ∫
Ω

uDα+βψdx = (−1)|α|
∫

Ω

DαuDβψdx.

d(1.29)k ∫
Ω

DαuDβψdx = (−1)|β|
∫

Ω

Dα+βuψdx,

=

Dβ(Dαu) = Dα+βu.

(3¤�âf�ê�½Â, �Iéϕ ∈ C∞0 (Ω)y²∫
Ω

ζuDαϕdx = (−1)|α|
∫

Ω

∑
β≤α

(
α

β

)
DβζDα−βuϕdx.

duf�ê�½ÂÚ�;�ê�Leibnizúª, k

(−1)|α|
∫

Ω

∑
β≤α

(
α

β

)
DβζDα−βuϕdx

= (−1)|α|
∫

Ω

∑
β≤α

(
α

β

)
(−1)|α|−|β|uDα−β(ϕDβζ)dx

= (−1)|β|
∫

Ω

u
∑
β≤α

(
α

β

) ∑
γ≤α−β

(
α− β
γ

)
DγϕDα−βζdx

=

∫
Ω

u
∑
γ≤α

∑
β≤α−γ

(−1)|β|

(
α

γ

)(
α− γ
β

)
DγϕDα−γζdx

=

∫
Ω

u
∑
γ≤α

(1− 1)α−γ

(
α

γ

)
DγϕDα−γζdx

=

∫
Ω

uζDαϕdx.

nþ, ·K�y.
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½Â1.5.6. (Sobolev�m) �Ω´Rn¥�k.«�, 1 ≤ p ≤ ∞, k ∈ N, ¡8Ü

{u ∈ Lp(Ω)|Dαu ∈ Lp(Ω), |α| ≤ k}

3�ê

‖u‖ :=


∑
|α|≤k ess sup

Ω
|Dαu|, p =∞.(∑

|α|≤k
∫

Ω
|Dαu|pdx

)1/p

, 1 ≤ p <∞;

e��5D��m�Sobolev�m, P�W k,p(Ω).

eé?¿�Ω0 ⊂⊂ Ω, Ñku ∈W k,p(Ω0), K¡u ∈W k,p
loc (Ω), =

W k,p
loc (Ω) = {u ∈ Lploc(Ω)|Dαu ∈ Lploc(Ω), |α| ≤ k}.

½Â1.5.7. PW k,p
0 (Ω)´C∞0 (Ω)3W k,p(Ω)¥�4�.

�p = 2�, Ï~P

Hk(Ω) = W k,2(Ω), Hk
0 (Ω) = W k,2

0 (Ω), Hk
loc(Ω) = W k,2

loc (Ω).

ò5¬w�Hk(Ω)´��Hilbert�m, H0(Ω) = L2(Ω).

~K1.5.8. �Ω = B1(0), u(x) = |x|−α, α > 0. �n, p÷v�o^��, u ∈W 1,p(Ω)?

). Äk�x 6= 0�, k

uxi(x) =
−αxi
|x|α+2

,

l

|Du(x)| = α

|x|α+1
.

éϕ ∈ C∞0 (Ω), ε ∈ (0, 1), k∫
Ω Bε(0)

uϕxidx = −
∫

Ω Bε(0)

uxiϕdx+

∫
∂Bε(0)

uϕνidS,

ν = (ν1, . . . , νn)L« ∂Bε(0)þ�ü S{�. eα+ 1 < n, K|Du(x)| ∈ L1(Ω), �∣∣∣∣∣
∫
∂Bε(0)

uϕνidS

∣∣∣∣∣ ≤ ‖ϕ‖L∞(Ω)

∫
∂Bε(0)

ε−αdS = nωn‖ϕ‖L∞(Ω)ε
n−1−α → 0, ε→ 0.

lk ∫
Ω

uϕxidx = −
∫

Ω

uxiϕdx, ∀ϕ ∈ C∞0 (Ω), 0 ≤ α < n− 1,

=u'uxi�f�ê´uxi . �?�Úk

|u(x)| = 1

|x|α
∈ Lp(Ω)⇔ αp < n,

|Du(x)| = α

|x|α+1
∈ Lp(Ω)⇔ (α+ 1)p < n.

Ïdu ∈W 1,p(Ω)�¿�^�´α < n−p
p . AO/, �p ≥ n�, u /∈W 1,p(Ω).

ù�~f`², Ã.¼ê�±´Sobolev�m¥�¼ê.
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½n1.5.9. (Sobolevi\½n) �Ω´Rn¥k.«�, u ∈W 1,p
0 (Ω), 1 ≤ p ≤ +∞, K

(1) �p < n�, W 1,p
0 (Ω) ⊂ Lp∗(Ω), �

‖u‖Lp∗ (Ω) ≤ C(n, p)‖Du‖Lp(Ω). (1.30)

(2) �p = n�, W 1,n
0 (Ω) ⊂ Lq(Ω), 2 ≤ q < +∞, �

‖u‖Lq(Ω) ≤ C(n, q, |Ω|)‖Du‖Ln(Ω). (1.31)

(3) �p > n�, W 1,p
0 (Ω) ⊂ C0,γ(Ω), γ = 1− n

p , �

‖u‖C0,γ(Ω̄) ≤ C(n, p)‖u‖W 1,p(Ω). (1.32)

y². dW 1,p
0 (Ω)½Â, �3{um} ⊂ C∞0 (Ω), ¦�3W 1,p(Ω)¥um → u.

(1) dG−N − SØ�ª, �3=�n, pk'�~êC, ¦�é?¿�m, l ∈ N, k

‖um − ul‖Lp∗ (Ω) ≤ C‖Dum −Dul‖Lp(Ω),

‖um‖Lp∗ (Ω) ≤ C‖Dum‖Lp(Ω).

dLp
∗
���5, 3Lp

∗
(Ω)¥, um → u¥, �

‖u‖Lp∗ (Ω) ≤ C‖Du‖Lp(Ω).

(2) éq ≥ 2, �p = nq
n+q ∈ [1, n), ¦�

q = p∗ =
np

n− p
,

K

W 1,n
0 (Ω) ⊂W 1,p

0 (Ω) ⊂ Lp
∗
(Ω) = Lq(Ω).

dHölderØ�ª

‖Du‖Lp(Ω) ≤ |Ω|
n−p
np ‖Du‖Ln(Ω).

�â(1), ku ∈ Lq(Ω) = Lp
∗
(Ω), �

‖u‖Lq(Ω) = ‖u‖Lp∗ (Ω) ≤ C‖Du‖Lp(Ω) ≤ C‖Du‖Ln(Ω).

(3) �âMorreyØ�ª, �3=�n, pk'�~êC, ¦�é?¿�m, l ∈ N, k

‖um − ul‖C0,γ(Ω̄) ≤ C‖um − ul‖W 1,p(Ω),

‖um‖C0,γ(Ω̄) ≤ C‖um‖W 1,p(Ω).

dC0,γ(Ω̄)���5, 3C0,γ(Ω̄)¥um → u, �

‖u‖C0,γ(Ω̄) ≤ C‖u‖W 1,p(Ω).

nþ, Sobolevi\½n�y.
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§1.6 �1¼ê9ÙA^

½Â1.6.1. �

η(x) =

 C exp
(

1
|x|2−1

)
, |x| < 1,

0, |x| ≥ 1.

ùpC�À�¦�
∫
Rn
η(x)dx = 1. éε > 0, ¡

ηε(x) =
1

εn
η(
x

ε
)

��1f.

�±wÑη, ηε ∈ C∞0 (Rn), �÷v∫
Rn
ηεdx = 1, suppηε ⊂ Bε(0).

½Â1.6.2. �Ω´Rn¥�«�, f ∈ L1
loc(Ω). éε > 0, ½ÂÙ3Ωε = {x ∈ Ω |

dist(x, ∂Ω) > ε}þ��1¼ê�

fε := ηε ∗ f,

=éx ∈ Ωε,

fε(x) =

∫
Ω

ηε(x− y)f(y)dy =

∫
Bε(0)

ηε(y)f(x− y)dy.

·K1.6.3. (�1¼ê�5�)

(1) fε ∈ C∞(Ωε), ∀ε > 0.

(2) �ε→ 0�, fε → f, a.e.x ∈ Ω.

(3) ef ∈ C0(Ω),K�ε→ 0�, 3C0(Ω)¥fε → f .

(4) ef ∈ Lploc(Ω), 1 ≤ p <∞, K�ε→ 0�3Lploc(Ω)¥, fε → f .

(5) ef ∈W k,p
loc (Ω), k ∈ N, 1 ≤ p <∞, K�ε→ 0�3W k,p

loc (Ω)¥, fε → f .

y². (1) é?¿�½�x ∈ Ωε, i ∈ {1, · · · , n}, �hv
�¦�x+ hei ∈ Ωε, K

fε(x+ hei)− fε(x)

h
=

1

εn

∫
Ω

1

h

[
η

(
x+ hei − y

ε

)
− η

(
x− y
ε

)]
f(y)dy

=
1

εn

∫
V

1

h

[
η

(
x+ hei − y

ε

)
− η

(
x− y
ε

)]
f(y)dy,

Ù¥V ⊂⊂ Ω. Ï

1

h

[
η

(
x+ hei − y

ε

)
− η

(
x− y
ε

)]
→ 1

ε

∂η

∂xi

(
x− y
ε

)
, h→ 0
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3Vþ��¤á. l
∂fε

∂xi
(x)�3��u

∫
Ω

∂ηε
∂xi

(x− y)f(y)dy.

^Ó���{�±y²Dαfε(x)�3, α ∈ Nn, �

Dαfε(x) =

∫
Ω

Dαηε(x− y)f(y)dy, x ∈ Ωε.

(2) �½��Lebesgue:x, ¿A^Lebesgue�©½n, �

|fε(x)− f(x)| =

∣∣∣∣∣
∫
Bε(x)

ηε(x− y)(f(y)− f(x))dy

∣∣∣∣∣
≤ 1

εn

∫
Bε(x)

η

(
x− y
ε

)
|f(y)− f(x)|dy

≤ ωn supRn η

|Bε(x)|

∫
Bε(x)

|f(y)− f(x)|dy → 0, ε→ 0.

dufé5`, Lebesgue:´A�??�. ¤±fε → f, a.e.x ∈ Ω.

(3)éV ⊂⊂ Ω,�y²∀ε′ > 0, ∃δ′ > 0, ∀ε < δ′, x ∈ V , |fε(x)−f(x)| < ε′. À�V ⊂⊂
W ⊂⊂ Ω, duf ∈ C0(Ω), f3Wþ��ëY, =∀ε′ > 0, ∃δ > 0, ∀x, y ∈ W , |x − y| < δ,

|f(x) − f(y)| < ε′. �δ′ = min{δ, dist(V, ∂W )}, �ε < δ′, x ∈ V�, Bε(x) ⊂⊂ W
⋂
Bδ(x),

�

|fε(x)− f(x)| =

∣∣∣∣∣
∫
Bε(x)

ηε(x− y)(f(y)− f(x))dy

∣∣∣∣∣
≤ 1

εn

∫
Bε(x)

η

(
x− y
ε

)
|f(y)− f(x)|dy

≤ ωn sup
Rn

ηCε′.

¤±{fε}3ΩþÛÜ��Âñ�f .

(4) �m8V ⊂⊂ Ω. �1 < p <∞, x ∈ V�k

|fε(x)| =

∣∣∣∣∣
∫
Bε(x)

ηε(x− y)f(y)dy

∣∣∣∣∣
≤
∫
Bε(x)

η
1− 1

p
ε (x− y) · η

1
p
ε (x− y)|f(y)|dy

≤

(∫
Bε(x)

ηε(x− y)dy

)1− 1
p
(∫

Bε(x)

ηε(x− y)|f(y)|pdy

) 1
p

=

(∫
Bε(x)

ηε(x− y)|f(y)|pdy

) 1
p

.
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À�W÷vV ⊂⊂W ⊂⊂ Ω, ��È©gS, �∫
V

|fε(x)|pdx ≤
∫
V

(∫
Bε(x)

ηε(x− y)|f(y)|pdy

)
dx

≤
∫
Bε(V )

|f(y)|p
(∫

Bε(x)

ηε(x− y)dx

)
dy

≤
∫
W

|f(y)|pdy,

Ù¥ε < dist(V, ∂W ), Bε(V ) = {y | dist(y, V ) < ε} ⊂W . ¤±fε ∈ Lp(V ), �

‖fε‖Lp(V ) ≤ ‖f‖Lp(W ).

éδ > 0, À�g ∈ C0(W ), ¦�

‖f − g‖Lp(W ) < δ.

@o

‖fε − f‖Lp(V ) ≤ ‖fε − gε‖Lp(V ) + ‖gε − g‖Lp(V ) + ‖g − f‖Lp(V )

≤ 2‖f − g‖Lp(W ) + ‖gε − g‖Lp(V )

≤ 2δ + ‖gε − g‖Lp(V ).

Ï�gε → g3Vþ��¤á, ¤±k

lim sup
ε→0
‖fε − f‖Lp(V ) ≤ 2δ.

duδ�?¿5, (Ø�y.

(5) È©Òe¦�, �

Dαfε(x) =
1

εn

∫
Ω

Dα
xη

(
x− y
ε

)
f(y)dy

=
(−1)|α|

εn

∫
Ω

Dα
y η

(
x− y
ε

)
f(y)dy

=
1

εn

∫
Ω

η

(
x− y
ε

)
Dαf(y)dy

= (Dαf)ε(x).

d(4)ÚDαf ∈ Lploc(Ω), 3Lploc(Ω)¥k(Dαf)ε → Dαf , =3W k,p
loc (Ω)¥fε → f .

½n1.6.4. (È�5½n) �Ω´k.«�, k ∈ N, 1 ≤ p < ∞, KC∞(Ω) ∩W k,p(Ω)

3W k,p(Ω)¥È�.

�Ω´k.�C1«��, C∞(Ω̄) ∩W k,p(Ω)3W k,p(Ω)¥È�.

y². �{Ωj}´��«�, ÷vΩ1 ⊂⊂ Ω2 ⊂⊂ · · · ⊂⊂ Ωj ⊂⊂ · · · ⊂⊂ Ω, �∪∞j=1Ωj =

Ω. q�{ψj}∞j=0´láu{Ωj+1\Ωj−1}�ü ©), =

suppψj ⊂⊂ Ωj+1\Ωj−1, j = 0, 1, 2, · · · ,
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�é?¿�x ∈ Ω,

∞∑
j=0

ψj(x) = 1, Ù¥Ω0 = Ω−1 = ∅.

éu ∈W k,p(Ω)Úε > 0, �3εj > 0, ¦�

εj < dist(Ωj , ∂Ωj+1),

‖(ψju)εj − ψju‖Wk,p(Ω) ≤
ε

2j
, j = 0, 1, 2, · · · .

Pvj = (ψju)εj , Kéu�½�Ω′ ⊂⊂ Ω, �kk��vj3Ω′þØ�". lv =

∞∑
j=0

vj ∈

C∞(Ω), �

‖u− v‖Wk,p(Ω) = ‖
∞∑
j=0

(ψju− vj)‖Wk,p(Ω)

≤
∞∑
j=0

‖ψju− vj‖Wk,p(Ω)

≤
∞∑
j=0

ε

2j
= 2ε.

È�5½n�y.

½n1.6.5. (òÿ½n) �Ω´k.�Ck«�, V´k.m8, �Ω ⊂⊂ V , 1 ≤ p <∞,

K�3k.�5�f

E : W k,p(Ω) −→W k,p
0 (V ),

¦�é?¿�u ∈W k,p(Ω), Ñk

(1) Eu = u, a.e. x ∈ Ω.

(2) suppEu ⊂ V .

(3) ‖Eu‖Wk,p(V ) ≤ C‖u‖Wk,p(Ω). Ù¥C´=�n, k, pÚΩk'�~ê.

y². =ék = 1�Ñy².

1�Ú. P

x = (x′, xn) ∈ Rn−1 × R1,

B+
r (0) = {x ∈ Br(0)|xn > 0},

B−r (0) = {x ∈ Br(0)|xn < 0},

B0
r (0) = {x ∈ Br(0)|xn = 0}.

éu ∈ C1(B+
r (0) ∪B0

r (0)), ½Â

ũ(x) =

 u(x), x ∈ B+
r (0) ∪B0

r (0),

−3u(x′,−xn) + 4u(x′,−xn2 ), x ∈ B−r (0).

eyũ ∈ C1(Br(0)).
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w,ũ ∈ C0(Br(0)) ∩ C1(Br(0)\B0
r (0)). �i < n�,

∂ũ

∂xi
(x) =


∂u

∂xi
(x), x ∈ B+

r (0),

−3
∂u

∂xi
(x′,−xn) + 4

∂u

∂xi
(x′,−xn

2
), x ∈ B−r (0),

∂ũ

∂xn
(x) =


∂u

∂xn
(x), x ∈ B+

r (0),

3
∂u

∂xn
(x′,−xn)− 2

∂u

∂xn
(x′,−xn

2
), x ∈ B−r (0).

¤±

lim
xn→0

∂ũ

∂xn
(x) =

∂u

∂xn
(x′, 0), i = 1, 2, · · · , n,

=ũ ∈ C1(Br(0)).

dn�Ø�ª, �

‖ũ‖W 1,p(Br(0)) = ‖u‖W 1,p(B+
r (0)) +

∥∥∥−3u(x′,−xn) + 4u(x′,−xn
2

)
∥∥∥
Lp(B−r (0))

+

n−1∑
i=1

∥∥∥∥−3
∂u

∂xi
(x′,−xn) + 4

∂u

∂xi
(x′,−xn

2
)

∥∥∥∥
Lp(B−r (0))

+

∥∥∥∥3
∂u

∂xn
(x′,−xn)− 2

∂u

∂xn
(x′,−xn

2
)

∥∥∥∥
Lp(B−r (0))

≤ 8‖u‖W 1,p(B+
r (0)).

1�Ú. �u ∈ C1(Ω̄), x0 ∈ ∂Ω, d∂Ω ∈ C1, �3x0���UÚUþC1���N�Φ,

¦�Φ(Ω∩U) = B+
r (0), r > 0. Py = Φ(x), v(y) = u(Φ−1(y)), Kv ∈ C1((B+

r (0))∪B0
r (0)).

2d(1), v3Br(0)þ�òÿṽ ∈ C1(Br(0)), �

‖ṽ‖W 1,p(Br(0)) ≤ 8‖v‖W 1,p(B+
r (0)) ≤ C‖u‖W 1,p(Ω∩U),

Ù¥^�

∂v

∂yi
=

n∑
j=1

∂u

∂xj

∂xj
∂yi

, i = 1, 2, · · · , n.

�u(x) = ṽ(Φ(x)), x ∈ V0 = Φ−1(Br(0)), KΩ ∩ V0 = Ω ∩ U , �k

‖u‖W 1,p(V0) ≤ C‖ṽ‖W 1,p(Br(0))

≤ C‖u‖W 1,p(Ω
⋂
V0).

1nÚ. du∂Ω´;�, �3k��x0
i ∈ ∂ΩÚx0

i���Vi, ±9Viþ�C
1��N

�Φi, ¦�∂Ω ⊂
⋃N
i=1 Vi ⊂ V , Φi(Vi) = Bri(0), ri > 0, �

‖ui‖W 1,p(Vi) ≤ C‖ui‖W 1,p(Ω∩Vi).

i = 1, 2, · · · , N . �V0 ⊂⊂ Ω, u0 = u, ¦Ω̄ ⊂
N⋃
i=0

Vi. -{ζi}Ni=0´láu{Vi}Ni=0�ü ©),

Eu =

N∑
i=0

ζiui,
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‖Eu‖W 1,p(V ) ≤
N∑
i=0

‖ζiui‖W 1,p(Vi)

≤ C
N∑
i=0

‖u‖W 1,p(Ω∩Vi)

≤ C‖ui‖W 1,p(Ω).

1oÚ. �u ∈W 1,p(Ω)�, �{um} ⊂ C1(Ω̄), ¦�3W 1,p(Ω)¥um → u, l

‖Eum − Euk‖W 1,p(V ) ≤ C‖um − uk‖W 1,p(V ) → 0, m, k →∞,

={Eum}´W 1,p(Ω)¥�Cauchy�, l3W 1,p(Ω)¥Âñ�ū , Eu ∈W 1,p(V ), ¿�

‖Eu‖W 1,p(V ) ≤ C‖u‖W 1,p(V ),

Ù¥C=�n, pÚΩk'.

��,·�Øy²/�Ñp�SobolevØ�ªÚp�(;)i\½n. §�´½n1.5.10�

í2.

½n1.6.6. (p�SobolevØ�ª) �Ω´k.�Ck«�, u ∈ W k,p(Ω), k ∈ N, 1 ≤ p <

∞,

(1) ek < n
p , Ku ∈ L

q(Ω), Ù¥ 1
q = 1

p −
k
n , ��3=�n, k, pÚΩk'�~êC, ¦�

‖u‖Lq(Ω) ≤ C‖u‖Wk,p(Ω).

(2) ek > n
p , Ku ∈ C

k−[np ]−1,γ(Ω̄), Ù¥

γ =


[
n
p

]
+ 1− n

p , �n
p /∈ N�,

?¿�u1��ê, �n
p ∈ N�,

��3=�n, k, p, γÚΩk'�~êC, ¦�

‖u‖
C
k−[np ]−1,γ

(Ω̄)
≤ C‖u‖Wk,p(Ω).

�k = 1�, þ¡�(J¤�: �Ω´k.�C1«�, u ∈W 1,p(Ω), 1 ≤ p <∞,

(1) ep < n, Ku ∈ Lq(Ω), Ù¥ 1
q = 1

p −
1
n ,�

‖u‖Lq(Ω) ≤ C‖u‖W 1,p(Ω).

(2) ep > n, Ku ∈ C0,γ(Ω), Ù¥γ = 1− n
p , �

‖u‖C0,γ(Ω̄) ≤ C‖u‖W 1,p(Ω).

ù�u ∈W 1,p
0 (Ω)�(J��aq, �3@«�/¥, CØ�6uΩ.
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½n1.6.7. (p�i\½n) �Ω´k.�Ck«�, k ∈ N, 1 ≤ p <∞, K

W k,p(Ω) ⊂


Lq(Ω), 1 ≤ q ≤ np

n−kp , kp < n,

Lq(Ω), 1 ≤ q <∞, kp = n,

C0,γ(Ω̄), 0 < γ ≤ 1− n
kp , kp > n.

½n1.6.8. (p�;i\½n) �Ω´k.�Ck«�, k ∈ N, 1 ≤ p <∞, K

W k,p(Ω) ⊂⊂


Lq(Ω), 1 ≤ q < np

n−kp , kp < n,

Lq(Ω), 1 ≤ q <∞, kp = n,

C0,γ(Ω̄), 0 < γ < 1− n
kp , kp > n.

�k = 1�,

W 1,p(Ω) ⊂


Lq(Ω), 1 ≤ q ≤ np

n−p , p < n,

Lq(Ω), 1 ≤ q <∞, p = n,

C0,γ(Ω̄), 0 ≤ γ ≤ 1− n
p , p > n.

W k,p(Ω) ⊂⊂


Lq(Ω), 1 ≤ q < np

n−kp , p < n,

Lq(Ω), 1 ≤ q <∞, p = n,

C0,γ(Ω̄), 0 < γ < 1− n
kp , p > n.

éW k,p
0 (Ω)kaq�(J, �ù�Ø�¦Ω´Ck�.

§1.7 ,½n

��5`, W 1,p(Ω)¥�¼êu3Ω̄þØëY,=´A�??k½Â,lu3∂Ωþvk

(½�¿Â. @o, §3∂Ωþ��XÛ(½Q?

½n1.7.1. (,½n) �Ω´k.�C1«�, 1 ≤ p <∞, K�3k.�5�f

T : W 1,p(Ω) −→ Lp(∂Ω),

¦�

(1) �u ∈W 1,p(Ω) ∩ C0(Ω̄)�, Tu = u, x ∈ ∂Ω.

(2) �3=�n, p,Ωk'�~ê, ¦�

‖Tu‖Lp(∂Ω) ≤ C‖u‖W 1,p(Ω).

y². �½n1.6.5�y²��, ·��IéΩ = B+
r (0), ∂Ω = B0

r (0)y²=�.
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k�u ∈ C1(B+
r (0) ∪B0

r (0)). �ζ ∈ C∞0 (Br(0)), 0 ≤ ζ ≤ 1, �3B r
2
(0)þζ ≡ 1,∫

B0
r
2

(0)

|u|pdx′ ≤
∫
B0
r(0)

ζ|u|pdx′

= −
∫
B+
r (0)

Dn(ζ|u|p)dx

= −
∫
B+
r (0)

(
|u|pDnζ + p|u|p−2(sgnu) · uDnu · ζ

)
dx

≤ C
∫
B+
r (0)

(|u|p + |Du|p)dx,

Ù¥���Ú$^
HölderØ�ª.

y�u ∈W 1,p(B+
r (0)),�{um} ⊂ C∞(B+

r (0)∪B0
r (0)),¦�3W 1,p(B+

r (0))¥kum →
u, l

‖um − ul‖Lp(B0
r/2

(0)) ≤ C‖um − ul‖W 1,p(B+
r (0)).

dd��{um}´Lp(B0
r/2(0))¥�Cauchy�,l3Lp(B0

r/2(0))¥Âñ. ½ÂTu = lim
m→∞

um,

K

‖Tu‖Lp(B0
r/2

(0)) ≤ C‖u‖W 1,p(B+
r (0)).

�u ∈ W 1,p(B+
r (0)) ∩ C0(B+

r (0) ∪ B0
r (0))�, þã{um}�±3B+

r
2

(0)¥��Âñ, �,

3B0
r
2
(0)þ���Âñ,�

Tu = u, x ∈ B0
r
2
(0).

,½n�y.

·�¡Tu�u3∂Ωþ�,. ~X�u ∈W 1,p
0 (Ω) ∩ C0(Ω̄)�, u = 0, x ∈ ∂Ω.

§1.8 �û

�u ∈ L1
loc(Ω), V ⊂⊂ Ω. éx ∈ V , h ∈ R, 0 < |h| < dist(V, ∂Ω), ½ÂÚ��h�1i�

�û�

Dh
i u(x) =

u(x+ hei)− u(x)

h
, i = 1, 2, · · · , n.

�û�f�êkXe'X.

½n1.8.1. �u ∈W 1,p(Ω), 1 ≤ p <∞, V ⊂⊂ Ω,Ké?¿�h, 0 < |h| < dist(V, ∂Ω),

k

‖Dh
i u‖Lp(V ) ≤ ‖Diu‖Lp(Ω), i = 1, 2, · · · , n.

y². éu ∈ C∞(Ω), x ∈ V , i = 1, 2, · · · , n,

|u(x+ hei)− u(x)| ≤
∫ 1

0

|Diu(x+ thei) · hei|dt

≤ |h|
∫ 1

0

|Diu(x+ thei)|dt.
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$^HölderØ�ª, ¿��È©gS, k

‖Dh
i u‖Lp(V ) ≤

(∫
V

(∫ 1

0

|Diu(x+ thei)|dt
)p

dx

) 1
p

≤
(∫

V

∫ 1

0

|Diu(x+ thei)|pdtdx
) 1
p

=

(∫ 1

0

∫
V

|Diu(x+ thei)|pdxdt
) 1
p

≤
(∫ 1

0

‖Diu‖pLp(Ω)dt

) 1
p

= ‖Diu‖Lp(Ω).

½n�y.

½n1.8.2. �u ∈ Lp(Ω), 1 < p < ∞, 1 ≤ i ≤ n. e�3~êC0, ¦�é?¿

�0 < |h| < dist(V, ∂Ω)ÚV ⊂⊂ Ω, Ñk

‖Dh
i u‖Lp(V ) ≤ C0,

Kf�êDiu�3, �‖Diu‖Lp(Ω) ≤ C0.

y². é?¿�ϕ ∈ C∞0 (Ω), �0 < |h| < dist(suppϕ, ∂Ω)�,∫
Ω

uDh
i ϕdx =

∫
Ω

u(x) · ϕ(x+ hei)− ϕ(x)

−h
dx

= −
∫

Ω

−u(x) + u(x− hei)
h

ϕ(x)dx

= −
∫

Ω

D−hi u · ϕdx.

dLp(Ω)�f;5, �3{hk}, vi ∈ Lp(Ω), �hk → 0�, D−hki u3Lp(Ω)¥fÂñuvi, ¤±∫
Ω

uDiϕdx = −
∫

Ω

viϕdx,

=vi = Diu�3, �

‖vi‖Lp(Ω) ≤ lim inf
k→0

‖D−hki u‖Lp(Ω) ≤ C0.

�p = 1�, (ØØ¤á, Ï�L1(Ω)Øf;.
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