
. 4 * �
ADVANCES IN MATHEMATICS(CHINA)

doi: 10.11845/sxjz.2014005a�$'�B[bV_�2�/
�~ ∗
, Gma ∗∗

(1. �-
�_3-3D33x, �-, 100875; 2. -3l$~�_�r10s���, �-, 100875)=5: �����Uo|#, �Y��℄[TSyb\U��, ��W�U℄[�	j�U℄[kv�hi� U℄[V. �Z, R�LQU|�h℄[J&�uf_�U����. n�P, HÆs�yx$YOXo|U℄[: �$�w��U	j℄[, lM^℄N'd	j^℄N'�)eUYOXo|; z�$�w��v�ge℄[, lp}^℄Ndi� agent U|��reUYOX��o|. �{q%s�y"�o|℄[������#U��, I�!�yt�KU`(.l{W: YOX��|�; }^℄N; �����; i� agent U|�
MR(2010) C�h�: 92C42; 92B05 / ��h�p: O29 )N��: A
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�a����unm{JNFPw�~dpTk63. bU	NÆk�^�~2�a�W-℄8Wk%�Pb!�~�^tV*�M63, �H�;5�~�^k10B� ;Pw�1-1�j0W�	��B�k�_F`U>aH�k2C, ��&C2kH0V=zn, G��~�,2U�^C2mk�92C [2, 27].^nk�~�^�{JkU�pk, �w-℄kÆ��J�U63J�.  t: ��1d�)�d�)�_F`wM�a�[(h�Æ�J� ("/�); 	���a�unm''k�	%a(h�Æ�J� (�Æ/V); �J�J�~, Xd�)J\ (-�) h���3 (q�) �hB�^� (Q�) .$nT (�) DÆNXqCh℄Ck3zq� [7]. j, ''[N�?�Y/f oB;�J�k�~�^. tp4f o;5�~�^k#}*t, P(�M{h2+), �f,2''U(*}='5$Ct�"EkNF.WU�J�,2''��^�~2�'+�>;-EU`k�{.�~+k�J�''kPr�MF'5k".�H0�_℄�k�8Wk�^, ��bH8Wk''F}	ok,	[�J�''R7k�H8Wk%�E bH''F3R7k%�4�4f . �~�^k�J�''k�H8WH�-E�$ho!*, W	� “� (explicit)”�J�'',�k~b+k “X� (implicit)”�J�'' [60] dF`(.  t,B�H0>m�+kmSgNF�H~b+k/te, |�EPJ9�!�^kmh2n�z�, �fj0'k�q��F, zU#"W�UM�W�wmSg�,W}=>m�~kx��.. [N'�kmSg�F, qCJ�~k2r�<km{{NF�X�o|O�>m�℄CJ�k���+. ��0e<+, |�}-'5�0�<km{{, 6EPlj�<k)�+�., FPX�k�J�''ymSg�F6A<R7{SF-k!k%�. �, ��~2+, $&�d_7h~b2+mh2z�k�, W	|�}EN_7k#`H0L'�FWa�08W��A�k��. �~�^�dk#}+4��p�H{Sk/�, uW��~�^k10B��>f9J	k*tP+ppUH�FtH0�~pTk�T*t^�3Z.Hj, tp.ho!*#}k�J��~�^*FNWbks7, H0Rk,2''[,nf o�^℄��^k4EW9, ℄ÆG[,noaÆt, �j,2''34Ro�6n�b!�&k{UHC�". �t�
,P ·	W2K (Albert Einstein)k%<: “Make everything

as simple as possible, but not simpler.” X�0TU~1, ,2�'-'�H-{), G�H�`,2m<�C2(*RtM�k!~U�ÆkQ).

1 �#&�}
ZQ8�1fd/�,2���~�^k�'+jhpG�k�`, �Shz'k���p'k�w`yUnhH�k�m. �|�)*-℄�wM��~�^�'+k[`.

1.1 �geShz+�^??`q��FW'5, ���~�'+d^nk�eUG�k[`. H0n�ke<��<{h2'5 [7, 24], y399� (Newton) p�{{z�W'5u<m�<k{{,

mi

dvi
dt

= Fi, (1)� mi ��^+�<k)n, vi �M:�, Fi �F`��0�<~k�jh. WU, #Ehz
Fi 6EP'5�<k{{. ?j�-�G�o[`h/��~{S+, �bhM}=~k



B�X, ��F: ���_,l�K�-3(( 3R/, q"J��jk�^6O/Y/'5 [29].�~�f (biological oscillation) ??���w^hq"k�0Æ�J�~ (t 1 "z(k$�X{U 24 �ÆDek��1K). �h���~�^, �u<0D~'5�<{h2�-E3k, [?4`?q��FB (ODEs) W'5���^k℄C+). H0t'ke<�39)nF`z� (the law of mass action)[39] �f?q��FW!*�~a2�[ (tnWvL�d�)�d�)�_F`�#A`!�[m).  t, �hH0bkE6�[: d�) A U B ��kt<aUdt<a�[
A

α
⇋

β
B,w x '� A k:�, y '� B k:�, � B k=��� αx, �!�� βy, FP B k:� y k�%a��

dy

dt
= αx − βy. (2)39)nF`z�dg?q��FBk�/?`h%SSg (signaling transduction) k�'+, P'5%S[� (signaling pathway) k{J%a [1].tM�<�J�+Ty, �EP4`H_�q��F (PDEs, y�[Ty�F) WG`�<:�kÆJ+), �EPb)n#[z�dgNW. et, �~*e<+, tMd�) B �<�J�+Ty, bhTy��<=�kH-�p{{, 39�F (Fick) pHz�, bwÆ�1d�):� y k%anEb	�!*:

J = −D∇y, (3)UR D �Ty:�.�0�<'�d�) B\�hX,:��n:�k��M{. {H� ,bd�)kt<aUdt<a�[�Ckd�) B :�k%a�t R = αx − βy. b)n#[z� (m�Fp�z�), jhd�) B k:� y k�%a�t
∂y

∂t
= −div(J) +R, (4)UR div ty�=<, div(J) '��n> J k[n�1rRk “��” (div(J) > 0 '��rt�n> J k “v”; div(J) < 0 '��rt�n> J k “i”). tMTy:� D t1�℄+k,�jhG`d�):�kÆJ%akt	�[Ty�F

∂y

∂t
= D∆y + αx − βy. (5) jHRk�, �~�^+k�ak)C (pattern formation)[14, 18] �H0�?dkÆ�,ZK,2��� · ��| · ay (Alan Mathison Turing) �"
�U(*p;5, 	�[Ty�F�;5�HÆ�kdh	�k,25:.

1.2 �ye?jhz+k�, t?q��FU�q��FmH���~�'+k4E�, j	, bhd�)kq^DÆNmh2Æ�k+), WU�p+���UB�63+�f;/EF`, �p+�G�eV�~�^�'kmr�H.�
E�k (Markov chain) EP`W'��~a2�[kNF. [`�
E�k8M)�8�k)�TU, a4
 · e�2 · tV2> (Daniel Thomas Gillespie) RNktV2>=
(Gillespie algorithm)[19−20] �'5�~a2�[kH-5%k�p'5=.
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a24�F�{H-'��pa2�[�^k� [36, 43]. et, �h�9d N + 1 0�<k�[, �[od 0, 1, · · · , N 0d�) B �<U N,N − 1, · · · , 0 0d�) A �<. �� t ÆGd n0 B�<k)�� P (n, t),��0)�k%a�b�[9Jk6-8M;C,X	d N +10?q��F:

dP (n, t)

dt
= α(N − n+ 1)P (n− 1, t) + β(n+ 1)P (n+ 1, t)− βnP (n, t)− α(N − n)P (n, t), (6)� n = 0, 1, · · · , N . XM��. P (n, 0) (n = 0, 1, · · · , N) N�^!~*?q��FB6EPjh�[k)��. P (n, t).e�<,*�e^Æ, a24�FEP+7tY�m (Langevin)�F,��H-�pq��F. Y�m�FCM`W!*qgk.Z (Brown) {{, MH�)�t

dX = f(X, t)dt+ g(X, t)dW, (7)UR X t'�qg,*k�p%n,�Fe�pH�tCM (drift)�,p��tTy (diffusion)�. W tu- (Wiener) NF (mB&:.Z{{).�p�^k)��.GEPbH_�p�q��Fy!F�IZF (Fokker-Planck) �F
[28] W!*, �[h~*�F (7) k!F�IZF�Ft

∂P (x, t)

∂t
=

∂2

∂x2
g2(x, t)P (x, t) −

∂

∂x
[f(x, t) + g′(x, t)g(x, t)]P (x, t). (8)��hY�m�F,!F�IZF�F34�$o��)��.kÆ��	U}=)��.kzJ. j	e�^#}Æmu�FIW��Æ, !F�IZF�Fk!�gNU^!�%jR/,�Æ�4`�P�
 (Monte Carlo) �W'5�^k)��..

1.3 �Æwx9n<Ye�j0+k��	, ?jq��Fmj0'�3��o!*�~�^1)����,n~k{J%a, �bh�~�^k#}+, j0+���d�NFm+)-��`, FP}`j0P,��!*��+), m�bh�F+��k5,}X�?+7njN, WU�Y��~�^k�'+".�`H�`y'k�'�, t.
 (Boolean) oÆ'' [26]�<��F''�t�={p (cellular automata) '' [10] mnh agent k'' [6] m.

2 ��aU^�1
.P~$�k1-_'k�4E`W!*�~�^k)H� m)H8W. tVF*, bH8Wk''m�-APG`#}k�J��~�^. �hU,�y$�m-�J��'k�.H-�j0'k�p�, y?q��FBU�pq��FB�IWk�J��', �[''B�t “�J��pq��F''”; {H-�j0�`y� Wk�, y��q��FUnh
agent k''� Wk�J��^�', �[''B�t “IWp�q��Fknh agent k�J�''”.

2.1 `T℄�y�geS	-^nk�~�^�{JkU�pk, tV��^k{h2+B��pW9�H0 j;5k{S. �h�<8WU��8W;Ck�~�^, �J��pq��F''EP`W'5�_�



B�X, ��F: ���_,l�K�-3(( 5p�^k{h2+), t%S[�k{J%aw��iTk{h2. �_''`?q��F!*%S[�+d�)kt<aUdt<a�[, 4`�pq��F!*��,*k{J%a, X	B�p%S[����''vLk�p+℄�Pw��ik70Tym�^k�pW9.

2.1.1 gDPX: ,o��UVyF*khz+�HC, pj`?q��F''W!*%S[�+B� (td�))k:��Æ�%akNF.�bhFB�k%S[�k:T�~a2�[k��E3*-lf℄O, m�bh�?,9-<�X	-AP=}''+k5,, FP-℄h~y+b)nF`z�dgNk)t (2)k?q��F'',EP39��z� (Michaelis-Menten Law)4`��P, [11, 30] W'5%S[�. et, tMd�) A EPskd�) B, ,�EP`	 k�FW!*�0NF:
dy

dt
=

V x

K + x
− dy, (9)~�+ x tkakd�) A k:�, y tkakd�) B k:�, V t A � B kkakC^:�, K t��?,, d tka^kd�) B k�!:�.

2.1.2 (LPX: (L��Y\�Mt�4`HB�pq��F (SDEs)[44] W'5��iT,*k{J%a.  t, ?/;NF+sC?�� (pre-osteoblast, OBp) UC'kC?�� (active osteoblast, OBa) ,*k%aEP`t	�FW!*:

dXOBp = D̃MSCnMSCdt+ (POBp − D̃OBp − dOBp)dt+XOBpσ1dW1, (10)

dXOBa = D̃OBpXOBpdt+ (POBa − dOBa)XOBadt+XOBaσ2dW2. (11)UR XOBp U XOBa �(�'�sC?����UC?����k�pNF, D̃MSC U D̃OBp�('�?A�L *�� (mesenchymal stem cell, MSC) UsC?��k�a:�, POBp U
POBa �sC?��UC?��k=|Æ�:�, dOBp U dOBa ��[k��un:�. Wi (i =

1, 2) �u-NF (mB&:.Z{{), `WG`��iTk70TMPw%S[����k{vLk�p℄�. σi (i = 1, 2) '�Ty�,. ~*�pq��FEP`<U�k} (Euler-

Maruyama) � [22] , ^!.��%S[�+d�)k WU`!�[:� ��''k%aU��iT,*k%aOj� [33, 46], y%S[�:d�Æ�J� (�/�Æ), 	��k{:d�Æ�J� (V), WUEPdgN%S[��Fk5zJ!, (	�Mj�h��8W~ (t D̃MSC U D̃OBp) Pv�-℄_'��,*k%a. [N�Ck��EP�m0-℄Æ�J�k�~8W(*IW. j1$k�, �_''*�d “�” o'�%S[�+k�pW9, 	�����pW9|O�p!*��8Wk�pq��F+, �C��np''k#}��Æ�pv�5,k,*U'5}=n, g-��h��k{%%S[�vL+�pW9kB�.

2.2 Fs��geSYx9 agent Y`T℄	-?jj0'�3<'5%S[�U��iT,*k{J%a, ��-�/P!*�������w���qb2��k�_F`.tp4.ho!*)�#}�~�^kÆJ>a+),�$�H-�j0''N (`�q��F!*qb2) k`y'N (`nh agentk'''
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5��k{)  W�HOkj0�`yjW'', yIWp�q��Fknh agent k�J�''.

Agent �n5(3+kH0)8. nh agent k�' (agent-based modeling, ABM) �#�p agent3�kH-nhH�k�'b8,�/�#}�~�^U�hoÆk�'+dG�k[`. �����^+, �0��EP�tH0 “(3a” k “agent”, EPXj"b2+�%Vs*FN�Q. nhUP+,�0 agent�"jH�1j WkH�(*>a,��H�pp:d�p+. X	b^nkb0��*t;C��iTkvT*t, *DÆN)� “_Æ (emergency)”+).nh agentk''+kH�[?zU�H0�umxukH�o.~.�0o.`'pFB;kB�kH0ZBmH0�. o.�/�&t)�/E��k�3^�, �0���9po.+kH0.r.

2.2.1 gDPX: ,o��t~yF*, �0��1k%S[�`HB?q��FW!*. �-��*.

2.2.2 (LPX: (Lv\��k{ (�SM{��a���Uunm) [NHB�zkH�W'5. ��H�JXh%S[�+k)�A�d�)m%S[�	k)�8�W<.  t, Ft%S[�	k8�W< Runx2 U Osx 3Y(?A�L)*���aCsC?�� [21, 32], X	, ?A�L)*���aCsC?��k)� (P diff
MSC→OBp) JXhkak Runx2 U Osx k'℄0D,

P diff
MSC→OBp =

(

VD1,Runx2[Runx2]

KD1,Runx2 + [Runx2]
+

VD1,Osx[Osx]

KD1,Osx + [Osx]

)

pdiffMSC→OBp, (12)� pdiffMSC→OBp �?A�L)*���aCsC?��kD?:�, VD1,Runx2 U VD1,Osx �(t Runx2 U Osx k�
v�W<, KD1,Runx2 U KD1,Osx �(t Runx2 U Osx k�
v��, [57].

2.2.3 �u~PX: (L��u~1-qb2W< (tHNM�AQ���W<U��W<m) ���jqb2+Ty, EP`HB�[Ty�FW!*��qb2W<k���Ty��`U� mNF.  t, .|����N5D1>��W< (vascular endothelial growth factor, VEGF) EPfg#k5D��,

VEGF �qb2+Ty, GEP�5D1>��� [4]. �0NFEP`P	k�[Ty�FWG`:
∂V

∂t
= DV ∆V + χtum(t, x)Sv − χves(t, x)qV V − δV V, (13)UR V � VEGF :�, DV � VEGF kTy�, SV �.|��� VEGF k���, qV �5D1>��� VEGF k� �, δV � VEGF k=j�!�. χtum(t, x) �JXhÆ�k�+P,,�.|`nmh 1, �MGo�mh 0. ℄Co, tM x Rd5D, � χves(t, x) t 1, ��t 0.�'5k�H/+ χtum U χves 39.|Uq5Dk�	)JW4#.P~�[Ty�Fk^!-E"jM W�U#"W�. w��FB�`nk#"~�d[n, �EP4`NWk;K� (Neumann) #"W�. M W�b!*M�:�J��.kP,W2N. EP4`d�<�� [40] , ^!P~�F.



B�X, ��F: ���_,l�K�-3(( 7

2.2.4 E?PX: E?�Rq3m+�B�8Wpp��j�;j"b2U10��, j"Vs[NB�Sqh��, 63+��Y(m℄�;B���. t�?/;+, C?��UF?���(Y(?k�CU� , �m0NF��kDZL';?/;k(F, ℄Æj"b2 (th2Vsm) ℄�;?)nk�.. WUB���JXh1_��k��;Cwj"b2kVs.�B�8W+, 5D#��H0�?/EkNF, Gpp�B�8W�'+FA7k4E���H. ��wh��5D9x�k1>��L';�05DkM{, ℄Æ����� VEGFk_a+U��uj�d�k_Q+�℄�MM{k4EW9 [54].zUx�5D1>��kTMk)�t	 (a 1),

Pk ∝

(

αkV
kV + V

∇V + λ∇F

)

lk, k = 1, 2, 3, 4, (14)� V � VEGF :�, F ��uj�d�:�, lk �=;p k 0��kbw�n. αkV

kV +V
∇V G`x�1>��� VEGF Q�k_a+ [4], α �_a�,, kV �L' VEGF :��_a#+++ke/. λ∇F G`1>����uj�d�k_Q+, M+ λ �_Q+�,.x�1>���I1"k)� P5 EPzUt P1, P2, P3 U P4 kD?. JHa�^, ��)�2Npx�1>���~�	�e�Dw�I�eVw&kE3+.

b 1 6Ey�2?��lUNI�'55D#�k=t	:

1. }=1>��kTM)�:

1.1. , ^!��jqb2+Ah VEGF U�uj�d�k�[Ty�F (t�F (13)),b (14) �}= P1–P4 wH�kD? P5;

1.2. �~*, H�a: P̃i =
Pi∑

5

j=1
Pj
, i = 1, 2, · · · , 5; zU`�

I1 = (0, P1], Ii =

(

i−1
∑

j=1

P̃j ,

i
∑

j=1

P̃j

]

, i = 2, 3, 4, 5.

2. ��05D9
��, �:5Dk7x��^h 18 �Æw1svn��dA<kJ�.
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2.1. 5D9�9: tMP~W��A, �Cm0$h 0 U 1 ��k�p, r1 U r2. tM

r1 ∈ I2, r2 ∈ I3, �m01>���(�	U�eM{. w�p,��MG`��E_7Rb;

2.2. 5D9M{: tM~*W�-�A, �C{H0$h 0U 1��k�p, r. tM r ∈ I3,�x�1>���eM{. ℄~, w�p,��MG`��E_7Rb.

3. 5D9�W: tM~*m05D9�o, ,�W*tHW5D�0��.

2.2.5 T℄Fs��'5k�H/+j�-℄8Wk= (a 2) � t	:

(1) �qb28W, ^!�q��FBjh��jqb2+a2~) (t��W<�HNM�AQU VEGF m) k:�kÆJ�.;

(2) ��<8W, `}=Fjk��W<mk:�Ft�[rRk��1%S[� (?q��FB) <�^k&v;

(3)���8W,39FzUkH� (JXh%S[�k9JU��1skb2)W=z��k{: TM��a���wun, b.|��)J4# χtum(t, x);

(4) �B�8W, 395D#�kH�L'x�1>��kTMU5D9k�9, 39/;k5DoÆ4# χves(t, x).�g/2 (1), �4#k χtum(t, x) U χves(t, x) `v�q��F(H/}=qb2+a2~):�kJ��..

b 2 JXqAr��G (PDEs) loi agent l�K�((l~>~G
3 O�jztVX�?,9+=}NP~''+kA�5,�H0/Ek{S.  t, �%S[�k''+, �CXd�)Yr (western blotting) �?,9m��d�)"B (RPPA) ,9+d�N%S[�+d�)�_F`koÆPw=}N!*M{J%ak?q��F''+k5,, �



B�X, ��F: ���_,l�K�-3(( 9�J��'+kA�/2UnP. Wt#d�fp�<8Wk{JoÆ''*[X�?,9+=}NM+k5,, 33��<p'knP~'5��kk{UB�k�C.d�)Yr�?,9�^k��)��?W�	d�)h-℄W�	m-℄Æ�r~kt<akF�, y%S[��sk^�Ad�)kk+, WU�%S[�{J%ak “ M”, 	q��F''w5,=}�EX�� MFR7k%�+L^�0{J%ak “NF”.FP, GU~1, %S[�k�'w5,=}��~�E^!H0 “�{S”. 	�{Sk^!�H0$&-3<lf!=k/S, G�d^Hk^!�, ??-E:T{S:T��. ���{S+, pp-E,E3�og<!k
?%�, *39{Sk�0UE^��H�y+W�, PD�!k8EJ�, �j4sSlj�W{S��TUk!.EP[N��+C��Eaa��''jNk'5 k�?,9�5WW=}''+kv�5,,

θ̂ = argmin
θ∈Θ

m
∑

i=1

n
∑

l=1

(ysimi (tl, θ)− yexpi (tl, θ))
2, (15)� ysimi (tl, θ) U yexpi (tl, θ) �('�e5, θ = (θ1, θ2, · · · , θn) Æp i 0d�)k:��p

l 0W�	 (m�p l 0Æ�r tl ~) k'5 U�? . 5,J� Θ ⊂ R
N , M+�05,k8E`�39�?C;U��{h2 (Michaelis-Menten kinetics)k�~a2TU�z�Hzk�s1. LS= (genetic algorithm)[25] `WC�a�F (15) +k*&P,.�Eo$�d`LS=(*5,=}k�.nh
?%��f5,vk8EJ� (Θ), �p1�HBM�5,v.7b:

1) �h�05,v, �` 4 ��.�MI (Runge-Kutta) �, ^!?q��FB;

2) 4` (15) �+k*&P,E��05,vk�[� (*&P, z��[�j�z,);

3) J�[�j�1��a,k0T (�,,k1+k)�G�^);

4) (%'5,v (�9U%V),�hY"7bkW��A (iT*&P, -�%a).

4 ��0i%r
."|0y#+��`WB;H0�^�h5,k��k%{��#+. %n yi (i = 1, 2, · · · ,m) �Æ� t ∈ (0, T ] ��h5, θj (j = 1, 2, · · · , N) k��y#+�, [41] [N	�W}=:

Sij(t) =
∂yi/∂θj
yi/θj

. (16)�h��k ∆θj ,

Sij(t) ≈
∆yi/yi
∆θj/θj

=
(yi(t, θj +∆θj)− yi(t, θj))/yi(t, θj)

∆θj/θj
. (17)Æ�D?ky#+�,[N	�W}=:

Sij =
1

T

∫ T

0

|Sij(t)|dt ≈
1

K

K
∑

k=1

|Sij(tk)|. (18)
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� {tk, k = 1, 2, · · · ,K} � [0, T ] kH0m;G�. ��05, ��H0�kl{ ( t
∆θj
θj

= 1%), 63lj�^1�0%n k�Æ�D?k%a e, y~�FzUkÆ�D?ky#+�,.nh~*k5,y#+�� M, �4^k�s1(%A�5,k WB;''kz�+
(m��+).  t�M+�H05,,�((%M tuWk 0.1��2.0��5.0��10.0��50.0�U 100.0 �. �W#(%H05,k 	MG5,�I-%, �:�^�~*5,%ak�[. tM�^�h)05,k�^�sb %apj$�I��k+{, ,�1$''��05,�z�k.

5 aU^}
;k:�rK�#1AZ78B�5F+k?���H0#}k�~I2IS, �w�	���w%Sfg�5DawH���k�_F` [42]. /�T1UTjk�?;5ptVY(?�CU5D#�k6� [37, 42].�bh�	1?��k#}+, ���_��k�~NF/?�>fob}B;, 	Y��f �^o;5.+7W, n��fp/�Ah?��k,2'' [55]. .2 (Geris) UMWF� [15−17] RNpH_j0''', `HB�q��FW!*����U��W<:�kÆJ%a, ��_''�d�Ojv+��W<k��. z2��℄U (Sanz-Herrera) m [50−52] �`d�t��fpH0?��kqC�℄C, '', �WB�8W (y℄C8W) U�	K8W (yqC8W). Z� (Checa) m [8−9, 49] �`o.��fpH0h2��~''W'5��k{, *B;p���vUh2%T�5DaU?B��Ck℄� [49]. �~*''�dB�jv+��W<X�	~��kNFw�������W<k�[. tpF ��g�, C+k;5 [57] RNpH0j0�`yjW''' (IWp�q��Fknh agentk�J�''),���W<k��NFU���Mk�[�Wh5Da?���^�+.U;5nh�<p''5pC?NF���W<��k�[, *[�Wp5D#�U\B{&kNF. ;5�Æ,��hb0k��W<, ℄m|nk BMP2, Wnt U VEGF kBW34RoY(5D#�U?�C.?/;�?��^K%?�CU?� �_DZk�K�bNF. �0#}k�~NF�Op��1%S�*��a{k��J��qw1-��''��k�_F`. +7W, /�!*?/;k,2''O/��f. C�h (Komarova) m [31] �fpH0,2''W}=?/;+��iT,*U?)k%a, �0''�boB�pC?��UF?����k=��U=��k�_F`. \�
 (Lemaire) m [35] RNp{H0��iT{J'', [N�f
RANK-RANKL-OPG ���%S[�, !�C?��UF?����k�_F`. �^>i�
(Pivonka)m [46] TLp�W%S[�,P(o;5p RANK/OPG'℄)J�?)63k℄�.+7W, >i�m [46−47] B;pb RANK-RANKL-OPG vLk�Z [47] �Ck?)C�kE3k*o�. j	, bh��''g���1%S[�, W	}'���1�<p'. Uj,��''�dB;��W< (P(���W<BW) �h?/;m?pWk*o�M. +Kk;5 [58] �fpH0nh��1%S[�k�^'', W;5X�	~��NWk��W< (�S
Wnt, BMP2 U TGFβ wMBW) �L'?�CU?� kDZ+k�M. "
`HB?q��FW!*vL?�ak��1%S[�, j^���1%S[�U℄�F?�ak���%S[� WOW, *�Wh!*��iT,*{J%akHB�pq��F+, d`K (Loewe) U.d2 (Bliss) !&znoE���W<BWk ℄F`.  M'$)���W<t BMP2 U
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Wnt kBWwM|nkaad6h?/;k�M.P~�J��'�GEP[`���~2+. ���H-�?#}k%5x). ?j�~2����<8W���8W�qb28WUB�8W~�(ljpY��?,9, �d;5����,9�Wh�J�''+;5.|��wM�D~*ok�[.t�={p��G�o`W'5.|k�� [23, 45]. ?jt�={p��'5��U����Pw��Uqb2��k�_F`� Yda�,�-`y'k�}!*.|qb2+a2~)k�TyNF. {j, j0'''4`HB�q��FW'5.|k�� [38, 65].j	�-�/P!*��U����k�_F`,  t��U�����\Bk4�. [?W1, bh��k#}+, `y'�Uj0'�|}b}o.h'5.|kÆJ�	. �i| (Anderson) m [3, 48] RNpH_`y�j0jW''' (hybrid discrete-continuum (HDC)

model), �H0t�={p'NUj0''NIW�HO. j	�_''�dB�nW�d�)%SoÆ. nh agent k''�OpnW�d�)%S[� (t EGFR %S[�)[62−63], �j�0��EPnh%S[�k9JW1�H�k''+9 [61−62, 64]. ��Vknh agent k''�d'5.|fgk#�5D. +W [59] �fpH0IWp�q��Fknh agent k�J�''W'5d5D#�k.|��, *`W;50��[
<s�R'| [13] k�[. �0''`HB�q��FW!*.|qb2+ VEGF U\B~)kTy, X	�.|��U5D#��m0�_F`kNF��	OpHHYl.�KPWn�6�Æ$b8hU��d;S4m�ki�,  t$b8hE3hY(��k��U�	. j	, n��$b8hU����kWMA�H�b!j-<℄O, Y^F�~�bh�8htV℄���k�	UAD+kpbkb!d�. +7W, n�O/�fpH���unvLk,2''.y� [53]RNpH0unvLk.
''Wzno��unvLk1�kUj�k%S[�. {H-���nh{h2z�kj0''', tnh)nF`z�U��{h2k''. y� [34] �`q��FRNpH0L'unk%S[�k'', �p� Caspase

3 U Caspase 9 kR'g%pH0W�k��Q, *g%p/z+. y� [5] RNpH0Ahunk Src L'k�gT[�k,2''*k�?,9(*p5W, `W�b	~�}Ca*o6�. j	, ��''�dB;$b8h�unUAD+��k�_F`. C+�fk'' [56] d`�=*k?q��FW!*���Aun%S[�U��iT,*k�J�{J%a, Xb	~?�p#+�?+�ÆkdA8�W< Mcl-1 ����Aun�<p'+d/EF`k 	.℄ÆU''(H/��p��e�k$b8h℄�;A�D~ ℄F`'�8d.

6 >��?��U��~2+kC6[`, 1$pP~m_�J��'�:dG�k�`+UEdG+, �[''kP	Eyko[`h/��J��~�^k�'+. P~�J�,2''d/�Ef	ko�-EE(H/k5F,  t, ~y+k%S[�n�~m^0��nhO��?��k��, j	tV39nWq�s,9Ud�),9Wd�%SoÆU%S[�, �H0/E	n�k{S. {H� , P~''+k�~J�4E�S�<8W���8W�qb28WUB�8W, j	�huTU}*)2+A7kiT8W*v�w. tV “Y�” �<p'U�~iT��k “\:” �H0/Ek�'{S. �yF���;5H-Æ�<p'rvh�~iT{h2+k�J��p'', 54`�pq��FU�P�
'5Ws7�� (tu��) e�iTk[kÆ�k)��..
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Multiscale Mathematical Models for Biological Systems
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Abstract: Many mathematical methods, including deterministic methods, stochastic meth-
ods as well as discrete or rule-based methods, have been widely used for modeling biological
systems. However, such models at single scale are not sufficient to simulate complex biological
systems. Therefore, in this paper we give a survey of two multiscale modeling approaches for
biological systems. One approach is a continuous stochastic method that couples ordinary differ-
ential equations and stochastic differential equations; Another approach is a hybrid continuous-
discrete method that couples agent-based model with partial differential equations. We then
introduce the applications of these multiscale modeling approaches in systems biology and look
ahead to the future research.
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