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“S7rz1,Og�5�6>�TCx�b1,O8	KFg_O;�=O0F=7
℄��d�'FO;KFS7�KFO;�bS7��b�_vrn�1Og�0��fn�1vjg-�#Y,OnlS7�+���tO�AS7r��J0O	re�	�-j�AS7�22e-�h`w�	
 ��z1,�:OFrvre�	”—— Whittaker �a “z1,OS7”O�},�LM [4]. ��jn7S7��.�V���	V,O.dL�3#CdP{g3S7F℄dO�i�
1 �4�U�lt�=.	 (-�=o	) qZ�S7 F (self-gravitating compressible rotating star)O℄d�i)d�℄dTCOJ9mk�:�Kd�P �TCnFrg�"al�O=.	#qZ����
1.1 Mn���3�� 1687.�Newton(1643–1727)Ug�RhLo	[�TsF�J9O.dL��^TCrg�=o	1�O=�3�Newton R$�TCq-rg�"al�O�j,M�a=7O��"�4O�C� NLU3_��1l�

e =
5

4
f,8, e ra9R#O���� f r3MZ�D	xC#Z4l to	O�#�5
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3MZO�D?�a�#ZO4l.	?�a .v|T7� 2012-01-10./X<*��>>MpW/X (No. 11071020, No. 11126038); N|&{RW�!nWpY6<p^/X (No.

20100003110003, No. 20100003120005); N|&-JW��<C�bi�9& (No. IRT0908).
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2 } W ℄ � 42j, ��-"al� (5"a$,|�|)O��/F#qZ����NewtonO�g�F��';#qZ�g)S7F.	4�℄dOmk�#y�P e��-=.	��/F Newtonx	 - Newton �.

1740.Du�Maclaurin(1698–1746) $Qk"al�O�4�C_q-rg�:4�S��	0�T�LS7M�a ω xa9R#��� e "BO�1l
ω2

πgρ
=

(1− e2)
1

2

e3
2(3− 2e2) arcsin e−

6

e2
(1− e2), (1)8, g $o	,|� ρ $��O"a��iZt3%O “Maclaurin �~�w” "��5S7M�a�E��C��4�Ir�KF�S7�a�Ed�p* (bifurcation) f+76��(2d�5S�S7O F�P3y�tOOdd3%O|V=�.�V=�U Laplace(1749–1827), Legendre(1752–1833),

Poisson(1781–1840), Jacobi(1804–1851), Liouville(1809–1882), Poincaré(1854–1912)� Lyapunov

(1857–1918)_#qZ�OS7F��E7�.dO�7 [18].

1.2 n���3�L 19o<' 20o<6Od"�P iaA9 Frg�,D~0O;�S��1902.�
Jeans�7Ug�\~OqZ�S7F���5F�J0���	�^z15�o:�L�� (non-relativistic fluid), �A����3#O Euler-Poissonn1A ((E [40] ,OU 562 f)



















∂ρ
∂ t

+∇ · (ρv) = 0,
∂v
∂ t

+ (v · ∇)v = g− 1
ρ
∇P,

∇× g = 0,

∇ · g = −4πρ,

(2)8, t ∈ R
+, x ∈ R

3, ∇ �muB�a� ρ �m��O"a (5k��d""ar�'O�
rdB���uB��O�|�5 ρ = ρ(t, x), v = (v1, v2, v3) �m���<O�a+� g �m��=_Oo	+�f P �m��OZ>�, e/ P (ρ) $��O9��| (equation of the

state).�;�y�dO�w F,%.��1Oh6�P eA9Ed| FO-�;WJl2drr℄f#r�� 1923 .�Milne(1896-1950)1YEV�j=AOr℄4�JlH�Ug���S7 FOh�&I� 10 ."#�pa2O�(.�V= Chandrasekhar(1910-

1995) ���-7z� m>,N 1983 .O Nobel .�VK� Chandrasekhar � 1930 .}_)[O�
F (white dwarf) BE+�OB�K�
FO+�.����U+�d� Ff+h`.	��L#�0,<F-��^Q8	z1F��
2 k}2"_7g�	{faZO+�fr℄dF�:w4�dO)[L�5n1A (2)O)�T (station-

ary solution) OBL�)[L�.�u`�$� �	T�W�0 #p%u℄[|��	T6�b� P d�	T�ZO v.V4w)#:�� (the uncertainty principle) � Pauli 24�� (Pauli’s exclusion princi-

ple), P h6� F.+O2ÆCx;g�.�Z	n1�fZ	&hzw FOg%"a�



17 ��y��;Æ�r[�T8!GPCÆMy*\M�� 3g�o,3%O�<�8OS� (E [3] ,OU 10�) �$��
FF����F��DO9��| P (ρ) p�Cx3#OG_�1l�
{

P (ρ) = c1ρ
5

3 − c2ρ
7

3 +O(ρ3), ρ → 0,

P (ρ) = d1ρ
4

3 − d2ρ
2

3 + · · · , ρ → ∞,8, c1, c2, d1, d2 l$�,|�f8	O F��UH�<F (monatomic gas), ��<F (di-

atomic gas), .+�F (supermassive star) O9��|p�$
P (ρ) = K1ρ

5

3 , P (ρ) = K2ρ
7

5 , P (ρ) = K2ρ
4

3 ,8, K1,K2,K3 �m#�O,|�xHHO`�qj(o [3–4, 33, 39–40].wqZ�S7Fy�� Luo � Smoller[30] �n1A (2) O0/)�Te/FS7FT
(rotating star solution). KF��tS7d�)�TOBL�)[LraZO�>dO FOOKKfrg�C [23]. IrK FO;g�
[O0 (�U� z 0) =7d�F�I#��2=/�m>�℄dGtS7O FO)�T�#�r��.�V)r|VZ�_�?tkl�e�?ht��L�3#I;.W\g3S7FTBL�)[L��n#O2d℄d\��
2.1 �3�iTR(�6tO�w Euler-Poissonn1A (2) OS�2d3,S7FTOBLj4S7FT!3ÆOG_�8�$P{n����'r0H�1 (r, θ, z),5wQkO x = (x1, x2, x3) ∈ R

3,

r(x) =
√

x2
1 + x2

2, z(x) = x3.w�[+�$ M O F�oVU36��|
mρ(r) =

1

M

∫

r(y)<r

ρ(y)dy,

L(m) = j2(m), (3)

J(r) =

∫ r

0

sω2(s)ds. (4)qZ�OS�S7F&Iqjp$�}� (a) �[H&+�M℄� j(m) OS7F� (b) �[M�a ω(r) OS7F�w�[M℄�OS7F�8?-�$
E1(ρ) =

∫

R3

A(ρ(x))dx −
1

2

∫

R3

∫

R3

ρ(x)ρ(y)

|x− y|
dxdy +

1

2

∫

R3

ρ(x)

r2(x)
L(mρ(r(x)))dx; (5)fw�[M�aOS7F���O?-�$

E2(ρ) =

∫

R3

A(ρ(x))dx −
1

2

∫

R3

∫

R3

ρ(x)ρ(y)

|x− y|
dxdy −

∫

R3

J(r(x))ρ(x)dx; (6)



4 } W ℄ � 42j
E1, E2 ,OY�0ph?p��m FO,-�.	q-�=7℄-�8, A(ρ) s9��|
P (ρ) �7��t�1l

A(ρ) = ρ

∫ ρ

0

P (t)t−2dt.�^�| P ��3Æ�F�
P ∈ C1([0,+∞)), P (ρ) ≥ 0, P ′(ρ) > 0, lim

ρ→0

P (ρ)

ρ
4

3

= 0, lim
ρ→∞

P (ρ)

ρ
4

3

= ∞. (7)3#If�[M�aS7F��[M℄�S7FO_6℄dS�p�FjW\�:
Γ =

{

ρ ∈ L1(R3)

∣

∣

∣

∣

ρ(x) = ρ(r, z) = ρ(r,−z) ≥ 0,

∫

R3

ρ(x)dx = M

}

.

2.1.1 ^WgYvT�3�W�[H&+�M℄� j(mρ(r)), ��a+
v(x) =

(

−
x2j(mρ(r))

r2(x)
,
x1j(mρ(r))

r2(x)
, 0

)

.=#O Euler-Poisson n1A (2) f�0
∇P (ρ) = ρ

{

∇Bρ+ r−3j2(mρ(r))er
}

, (8)8,.	+ g = ∇Bρ,

Bρ(x) =

∫

R3

ρ(y)

|x− y|
dy, er =

(x1

r
,
x2

r
, 0
)

.

• 1971 .� Auchmuty � Beals[1−2] �7Ug�\~O|V���w4 $n1 (8) O0/TOBLx-�m� E1 1?~OBLrQAO�L#$!"-�m� E1(ρ) IuB R
3 ZZLOJb�	 4o� E1 �|}

ΓR = {ρ ∈ Γ | ρ = 0, a.e.  BR �, � ρ ≤ R, a.e.}O-�1?�8, BR = {x ∈ R
3 | |x| < R}. 	  $U3[��Wr 1 W�| P �� (7), �| L ��

L(0) = 0, L(m) ≥ 0, L ∈ C1([0,∞)), (9)�B�| ρR ∈ ΓR jN E1(ρ) DL-�1?�L# ρR \K4`�8� $K R 5pEd� ρR OBLx R OE?-��s>NLU3[��Wr 2 W�| P �� (7), L �� (9), � E1(ρ) B-�1? ρ1 ∈ Γ, f� ρ1 r Hölder
RO� htZ!3����U�I (7) ,B#O18l*0
lim inf
ρ→∞

P (ρ)

ρ
4

3

= K > 0,



17 ��y��;Æ�r[�T8!GPCÆMy*\M�� 5+�[� 2 w M < M0 SL0��8, M0 $(��,|�
x=#�LO�
F��,O
Chandrasekhar �U+�r:qO�

• 1980 .� Caffarelli � Friedman[6] ℄d3� {ρ1 > 0} O�U� $3� {ρ1 > 0}st8d�( (ring)A0���d�$g�+�� [8],	 )o�#qZ�S7FO�A(p!O�U z = 0 u_O��L�Ir�wqZ�OS7FO=s�U+�Kd)�tQ�S��
• 1980 .� Friedman � Turkington[15−17] o�9��|$dnZ	 – "a�1l

P = Kργ (10)OqZ����8, γ = 1 + 1
β
, 0 < β < 3, >d

A(ρ) = βKργ .w4[l ρ∗ � a∗ ��
ρ

1

β
− 1

3

∗ = CM
2

3 ,
4

3
πρ∗a

3
∗ = M,8, C r[hz β � K O,|�L#oV��� q(m) � Q yt%��S7O�a�

q(m) =
j2(m)

ma∗M
(0 < m ≤ 1); Q =

∫ 1

0

q(m)dm.�^B�,| c0, jN c0Q ≤ q(m) ≤ c−1
0 Q, �K Q ?w(g��| Q1 d�/��r “��S7O”; fK Q Ew(g��| Q2 d�/��r “v�S7O”. w ρ ∈ Γ, � a1 �mj�X$CD�����3� {ρ > 0} OB?COÆ� Friedman � Turkington F�ÆH�U3�8�w��S7O���
C1 ≤

a1

a∗
≤ C2;wv�S7O���

C1Q

log(1 +Q)
≤

a1

a∗
≤ C2Q log(1 +Q),8, C1, C2 x M � j(m) -��

• 1984 .� Lions 	O�w3,Z��O�33%O�(,OUg3 [27] ,�F$3,ZL��Og��<�.B $-�m� E1(ρ)  Γ ,O-�1?qjDL�
• w��dnZ	 – "a�1l (10) OqZ���� 2009 .� Luo � Smoller[30] D[	O�|�w4# z = 0 /O8*���O�|}

ΓM =

{

ρ ∈ L1(R3)

∣

∣

∣

∣

∫

R3

ρ(x) dx = M, ρ(x) = ρ(r, z) ≥ 0, a.e.

},� $ E1 -�1?OBL���8dD L �� (9) "��)dD
L(am) ≥ a

4

3L(m), 0 < a ≤ 1, 0 ≤ m ≤ 1,



6 } W ℄ � 42j�
L′(m) ≥ 0, 0 ≤ m ≤ 1.	 3� ΓM ZEN℄�H�S7FTOo9L)[L�	 �v)[L��qrLS7O�
F�z"aO.+�F [29].

2.1.2 ^Wg�ZT�3�U��[M�a ω(r)(≥ 0), +��a+
v(x) = (−x2ω(r), x1ω(r), 0), � |v(x)| = ω(r)r.=#O Euler-Poisson n1A (2) f�0

∇P (ρ) = ρ
{

∇Bρ+ ω2(r)rer
}

. (11)

• 1971 .� Auchmuty � Beals[1]  $n1 (11) 0/TOBLx-�m� E2 1?OBLrQAO�L# $Wr 3 W P �� (7), J ��
J(0) ≥ 0, J(∞) < ∞, J ∈ C1([0,∞)), J ′(r) ≥ 0, lim

r→∞
r(J(∞) − J(r)) = 0, (12)� E2(ρ) B-�1? ρ2 ∈ Γ, f� ρ2 er Hölder 
RO� htZ!3�

• 1980.� Caffarelli � Friedman  [6] ,℄d3� {ρ2 > 0} O�U� $U� J(r)rT/O�+�3� {ρ2 > 0} est8d�(A0�
• Auchmuty � Beals [1] ,$7�M�aO�^�F (12)  #�xM�ar,|OBJ� 1991 .� Li[22] ℄dM�ar,|OqZ�g)S7F� $w(��O?O�|

ε0, K ‖J‖∞ = sup0≤r<∞ |J(r)| < ε0 d� (11) B4�T�KM�a�OEd��#B4�T�
• 1994.�Chanillo� Li[7]  $j,M�a ω S�S7O�
F�K ω Ew(�o,?O�,| ω0 d��
F�I�g�Æt8OC,�8Æ σ hzw ω0, f�3� {ρ > 0}O
�p!O�|(d$ k �� k = k(ω0). ��dD ω t�3UO8*r��O�m$w#qZ�S7Fy�� MacLaurin QÆ (1) �$�K ω → 0 d�F�+�N��4�
• �U=#�_� Li  [22] , $�K J �Ed�#B0/O4�T� 2006 .�

McCann[31]  $�K J �OEd�4�TIj�FOJl76��F"BOi�:w8Æf_�O��5L��OT#�r0/O�Ir	 SL�w4# z = 0 /�1�,�FO+��qj��x�+XO Kepler 1��Op4yK[�sw�NLOTrg%-�1?�m>�O�F1�r)[O�
• 2011 .� Li � Bao[20−21] �^ P (ρ) ��� (7) �gO�F�

P (0) = 0, P ′(ρ) > 0, K ρ > 0 d,

P (ρ) ≤ c0ρ
1+ 1

α , K ρ < ρ0 d,

ρ1+
1

β ≤ c0P (ρ), K ρ > ρ0 d,

(13)8, c0, c
0, ρ0 < ρ0 _r�,|�� 0 < α, β ≤ 3. 	 �r3,Z���	O�|} ΓM Z $S7FTOBL�  $1?'QÆOZL��It�wP \g$℄dTO)[L�
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• 2011 .� Chanillo � Weiss[8] �[M�aOg)S7�
FO4�S�O=s�U\Kp}��A4�S�r8q-�m�O�t�UX�I#g[_r-�1?X����tUE{ZetgA.dOS��
2.1.3 $j�'�T�`hy

• 2002.�Deng, Liu, Yang� Yao[11]  R
3 ,OtUE{Z�o�oS7O (5 v = 0)qZ����>dO Euler-Poissonn1A$

{

∇P (ρ) = −ρ∇Φ,

∆Φ = 4πρ.
(14)w9��|$

P (ρ) = ργeS (15)OqZ��� (S = S(x) r�[O�|), 	  $�K 6
5 < γ < 2 d� (14)–(15) Bo4kT�fK 1 < γ ≤ 6

5 d� (14)–(15)FJE{Z#B�T�KL��)NdgA�| S O8*�;BE [11]. ��� [11] ,)o��AoS7)�TO#gL�)[L�
• 2004 .� Luo � Smoller[28]  R

3 ,OtUE{Z�Æ�9��|$ (15) OoQI��=TOBL�KM�a$,| �E{$Cd�H�TOBL�oBL��x γOG#t�����wgOtUE{��[O�M�a�NL S $,|OQI��OBLS��fw S = S(x) OoQI���K S ��g[O�Fd�n1A#Bo4kT�
• 2008 .� Deng, Gao � Xiang[10] I [11] OS���L R

n(n $9|) ,OtUE{�NL (14)–(15) =/TOBL�oBL����x γ OG#t��
2.2 Mn�� Navier-Stokes [PiT�W�Tkn1A (2)OS7FTOBL"#�P �?0!TS7FTO)[L�3#�W\g}x (2) "?:�O#qZ� Navier-Stokesn1=s�U+�TO)[L���IuB R

n(n = 2, 3) Z�#qZ� Navier-Stokes n1$










vt + (v · ∇)v − µ∇2v +∇P = f , R
n × (0,+∞),

∇ · v = 0, R
n × (0,+∞),

v(x, t) = v0(x), R
n.

(16)K (2) ,��O"a ρ ≡ 1 d� (2) ,Ug�n1I�$ ∇ · v = 0, 5��r#qZ�O� (2),OUg�n1qw Navier-Stokes n1 (16) ,OUg�n1�L1| µ = 0 ��	 f = 0OBJ��j�=#℄dO Euler-Poissonn1A (2) rg�o�LOqZ�=.	��1��B_�e��|V= Solonnikov 1�T℄d�K�	 f = 0 d�#qZ� Navier-Stokesn1O=s�U+��e/F=.	S7��O=s�#+��5� $BtUE{ Ωt ⊂ R
3,=�#�| v(x, t) = (v1, v2, v3) �f#�| P (x, t) ��











vt + (v · ∇)v − µ∇2v +∇P = 0, ∇ · v = 0, Ωt,

v(x, t) = v0(x), Ω0,

T (v, p)n = gU(x, t)n, Vn = v · n, Γt,

(17)



8 } W ℄ � 42j8, g ro	,|� Γt �m Ωt OuB�U� n(x) r=sF# Γt O�j=� U =
∫

Ωt

dy
|x−y|r Newton &q� T (v, p) rJ	���wO z 0S7O#qZ����8�yZ	 P qj�m$

P (x) =
ω2

2
(x2

1 + x2
2) + P0,8, P0 $,|�>d��O�U�FqjsU3n1�m�

σH + P + κU = 0, (18)8, H �m�UO4lF�O�����n1 (18)yK[��O�U�\fN7��OJ9�'�fn1 (18) r3Æ-�m�
G = σ|∂Ω| −

ω2

2

∫

Ω

(x2
1 + x2

2)dx −
κ

2

∫

Ω

∫

Ω

dxdy

|x− y|
− P0|Ω|�

R = σ|∂Ω| −
β

2
∫

Ω(x
2
1 + x2

2)dx
−

κ

2

∫

Ω

∫

Ω

dxdy

|x− y|
− P0|Ω|O Euler n1�

• 2004.� Solonnikov[34]  $ Navier-Stokesn1 (17) ob�=s�#+�OqTL�
• 2005 .� Solonnikov[35]  $K-�m�O 2 Q�p\~Ew 0 d��L#qZ���O0/4�S�r)[O�K-�m�O 2 Q�pqjGt#d�g)S7�L#qZ���Oo0/4�S�r#)[O [36].

• 2006.�Solonnikov[37]  $K-�m�O 2Q�p?w 0 d�g)S7�L#qZ���O0/4�S�r#)[O�#o�F#�	OBw3� Solonnikov[38]  $K-�m�O 2 Q�pqjGt#d�g)S7�L#qZ���O0/4�S�er#)[O����wGt=sF#�UO#qZ��qZ���O℄deqj(o [9, 25–26]. fw�	 f 6= 0 O��lO Newton ��O℄dq(o [12–14].

2.3 Navier-Stokes [PiT.*��(OB#�, CHW\g3 Navier-Stokes n1TO��L+��wn1A (17) f_��.�ZL�, 0!K |x| → ∞d�v #d�N�E�m>�Nd�	 f �6# v0 ��g[O8*�F�fp/,g��.�O+�fr�g[8*�F3� $Y% Navier-Stokesn1 (16) rqBht.�klO$T���r��s| (Clay) |V℄d� 2000 .U[O 7 � “<J.EK+�” ,O Navier-Stokes n1+��v+�w µ = 0 qO Euler n1�r�mO�ero,.dO�g% Navier-Stokesn1TOBL�$L�iNLTk�Ir�Y%IuBZNavier-

Stokesn1O℄d �tQ��4��wY%IuB Navier-Stokesn1XT��LOBaZS�rs Scheffer[32], Caffarelli-Kohn-Nirenberg[5], Lin[24] �6�)a�OMa7hNLO�	  $TO9X3#-�� {(x, t) ∈ R
3 × R | x = φ(t)} JlOduF9� He[19] I Caffarelli-

Kohn-NirenbergOS���L�gOXT�L)=$%��w Navier-StokesTO��L+�itE�O0�x(7�, >-jggÆ7�$�$n1A (2) x Navier-Stokesn1"BO�1��([Æ7xqZ�S7F"?:�Og?%p(7�
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3 ,�sjZW\qjn7�qZ�S7FOBL�#qZ� Navier-Stokesn1TO)[L_i.�H��P3y�o�GF#�	OqZ���O)[L+�-O+S7FT)[L+�OTk-t��4����=#W\OS7FT_ro�L Euler n1OT�f.�Z��Lrg-p5�O6>��jo�G�LOS7F1�O)�TOBLx)[L�I+�?tkl�e�?Tht��L�NmÆ�
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Abstract: Rotation is an universal phenomenon. Since the time of Newton, many distin-
guished mathematicians and physical scientists such as Maclaurin, Clairaut, Liouville, Lyapunov
and Poincaré have made great contributions on the theory of rotating stars. A classical problem
is to investigate the existence and stability of self-gravitating rotating fluids in a relative equi-
librium. In this note we survey some historical and recent results on rotating stars, and mention
some unsolved problems on this subject.
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