Nonlinear Analysis 89 (2013) 219-229

Contents lists available at SciVerse ScienceDirect

Nonlinear
Analysis
Nonlinear Analysis
journal homepage: www.elsevier.com/locate/na s
The exterior Dirichlet problem for special Lagrangian @CmssMark

equations in dimensions n < 4
Jiguang Bao, Haigang Li*

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and Complex Systems, Ministry of Education,
Beijing, 100875, China

ARTICLE INFO ABSTRACT

Article history: In this paper, we establish the existence theorem for the exterior Dirichlet problem
Received 4 December 2012 for special Lagrangian equations with prescribed asymptotic behavior at infinity. This
Accepted 20 May 2013

extends the previous results on Monge-Ampére equations and Hessian equations to special

Lagrangian equations in dimensions n < 4, which is from calibrated geometry. More
- generally, we prove that the result is also true for Hessian quotient equations with 0 <

g/{j‘jg'o | < k < nindimensions n > 3. _ '

3525 © 2013 Elsevier Ltd. All rights reserved.

35D40

Communicated by Enzo Mitidieri

Keywords:

Special Lagrangian equation
Hessian quotient equation
Exterior Dirichlet problem
Viscosity solution

1. Introduction

In this paper, we consider the exterior Dirichlet problem for the following Hessian quotient equations

F(D*u) = S31(A(D*w)) =1, inR"\D,
’ (1.1)
u=g, on dD
where D is a bounded open set in R", n > 3, A(D*u) = (A1, ..., An) denotes the eigenvalues of the Hessian matrix D?u,
Se(A
Ski(A) = il ), 0<l<k<n,
Si(A)

and

S = D ki kg

1<iy<--<ig<n

is the k-th elementary symmetric function. We define Sq(1) = 1.
For abounded open set £2 inRR" (n > 2), if uis a smooth function on §2, then the graph of Vu is automatically a Lagrangian
submanifold in R" x R" with the standard complex structure. Harvey and Lawson [1] showed that the partial differential
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equation

[(n—1)/2]
Imdet(ld + v—1D’u) = Z (—=D¥Syps1(A(D*u)) =0 (1.2)
k=0
is elliptic at every solution u and (see Theorem 2.7 in [1]) if u is a solution, then the graph of Vu is an absolutely volume-
minimizing submanifold of R" x R", which are called special Lagrangian submanifolds. Forn = 2,(1.2)is Au = 0; forn = 3
and n = 4, (1.2) corresponds to

S3(M(D*w)) = S1(A(D*w)).
The special Lagrangian equation (1.2) in R also takes the form

det(D’u) = Au. (1.3)

The regularity of convex strong solutions of (1.3) in R* was studied by Bao and Chen [2]. In dimensions n > 3, the regularity
of viscosity solutions to special Lagrangian equations was established by Chen, Warren and Yuan [3] and Wang and Yuan [4].
When the domain is the entire space, the Bernstein type results for global solutions were obtained by Fu [5] for n = 2 and
Yuan [6] for higher dimensions. We mention that the Liouville property of global solutions to Hessian and Hessian quotient
equations can be referred to [7] and the references therein.

For the Monge-Ampére equations

det(D?u) = 1 (1.4)

inR", a classical theorem of Jérgens [8], Calabi [9], and Pogorelov [10] states that any classical convex solution of (1.4) must
be a quadratic polynomial. Extensive studies and outstanding results on such an equation are given by Cheng and Yau [11],
Caffarelli [12], Jost and Xin [13], Trudinger and Wang [ 14] and many others.

Caffarelli and Li [15] extended the Jérgens—Calabi-Pogorelov theorem to exterior domains, namely that if u is a locally
convex viscosity solution of (1.4) in R" \ D, where D is a bounded open set in R", n > 3, then there exist an n x n real
symmetric positive definite matrix A with det(A) = 1, a vector b € R", and a constant ¢ € R such that

lim sup |x|" 2

|X| =00

< 00. (1.5)

1
ux) — <§xTAx +b-x+ c)

We remark that the theorem of J6rgens—-Calabi-Pogorelov is an easy consequence of the above results (see [15]). Motivated
by the above mentioned asymptotic results, Caffarelli and Li [15] established the existence of solutions of the exterior
Dirichlet problem for the Monge-Ampére equation det(D?u) = 1inR" \ D, n > 3 with prescribed asymptotic behavior
(1.5). In R?, similar problems can be referred to [16-18].

There have been some partial results on the existence of solutions to the following exterior Dirichlet problem for Hessian
quotient equations:

Sei((D*u)) =1 (1.6)
in R" \ D. For the cases | = 0, (1.6) is Hessian equation

Sc(A(D*u)) = 1.
Dai and Bao [19] established its existence theorem, under the asymptotic assumption

C*
lim sup %" 2 |u(x) — <—|x|2 + c) < 00, (1.7)
|x| =00 2
where ¢* = (Ck)~Vk ck = (nfk!)!k!. A more general case for Hessian equations was considered in [20]. Dai [21] extended

the result in [19] to Hessian quotient cases with k — [ > 3 and proved the existence of the exterior Dirichlet problem of (1.6)
with the following asymptotic behavior at infinity:

o,
u(x) — <E|x| + c)
1
with ¢* = (CL/CK) .

Ifn = 3or4, (1.6) with k = 3and [ = 1 corresponds to the special Lagrangian equation (1.2). However, the constraint
that k — [ > 3in[21] precludes these special cases which are useful in geometry. Therefore, in this paper we will prove the
existence theorems for the exterior Dirichlet problem for the special Lagrangian equation (1.2) in dimensions n = 3 and 4,
with prescribed asymptotic behavior at infinity (1.7).

First by solving the radial symmetric solution of the corresponding ordinary differential equation of

S3,1(M(D*u)) = 1 (1.9)

to be a subsolution of (1.1), and then using Perron’s method, we obtain the first main theorem.

lim sup <|x|"—’_2

|x|— 00

) < oo, (18)
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Theorem 1.1. Let D be a smooth, bounded, strictly convex open subset of R",n > 3, ¢ € C2?(3dD). Then there exists some

constant c,, depending only on n, D, and ¢, such that for every ¢ > c, there exists a unique function u € C°(R" \ D) that
satisfies (1.1) in the viscosity sense and the asymptotic assumption (1.7) with ¢* = (C,}/Cg) 12

More generally, for Hessian quotient equations (1.6) with 0 < [ < k < n, although we cannot obtain an explicit formula
for its radial solution, we still can detect some properties from an observation on the corresponding ordinary differential
equation, which guarantee the following theorem still true for the exterior Dirichlet problem of

{nﬁm:smuwhnzn 0<l<k<n, inR"\D,

u=g, on 4D. (1.10)

Theorem 1.2. Let D be a smooth, bounded, strictly convex open subset of R",n > 3, ¢ € C?(dD). Then there exists some
constant c,, depending only on n, D, and ¢, such that for every ¢ > c, there exists a unique function u € C°(R" \ D) that

1
satisfies (1.10) in the viscosity sense and the asymptotic assumption (1.7) with ¢* = (Cl/Ck)*1.

The plan of this paper is as follows. In the next section we give some elementary results on viscosity solutions and Perron’s
method. In Section 3, we study the properties of the radial solutions of Hessian quotient equations. In Section 4 we give the
Proof of Theorems 1.1 and 1.2.

2. Preliminaries

For the reader’s convenience, we recall the definition of viscosity solutions for fully nonlinear elliptic equations (1.6) (see,
e.g., [22]).

Definition 2.1. A function u € C>(R" \ D) is called admissible (or k-convex) if at every x € R" \ D, A(D?u(x)) € I'y, where
Ii={(eR"|SH) >0 j=12... k.

Definitign 2.2. A function u € USC(R™ \ D) (u € LSC(R" \ D)) is said to be a viscosity subsolution (supersolution) of (1.6)
inR™ \ D, (or say that u satisfies F(D?u) > 1(< 1) in the viscosity sense), if for any open set N in R" \ D, any admissible
function ¥ € C2(R" \ D) and local maximum (minimum) X € N of u — 1 we have

FD*y(®) = 1(< 1. (2.1)
A function u € C°(R™ \ D) is said to be a viscosity solution of (1.6), if it is both a viscosity subsolution and supersolution of
(1.6).

Then the relation between viscosity and classical solutions is that if u is an admissible classical solution of (1.6), then u
is a viscosity solution; conversely, if u is a viscosity solution of (1.6) and u is of class C?, then u is an admissible classical
solution.

Definition 2.3. Let ¢ € C°(dD). A function u € C°(R" \ D) is a viscosity subsolution (resp. supersolution, solution) of the
Dirichlet problem (1.10), if u is a viscosity subsolution (resp. supersolution, solution) of (1.6) and u < (resp. >, =) ¢(x) on
aD.

With the above definition of the viscosity solution, the well-known theory on the viscosity solution developed in [23] can
be adapted to the present case with slight modifications. Under the assumptions u, v € C°(£2), the comparison principle was
proved in [22], based on Jensen approximations (see [24]). The proof remains valid under the weaker regularity assumptions
on u and v.

Lemma 2.1. Let 2 C R" be a bounded open set, u € LSC(£2) and v € USC(£2) are respectively viscosity supersolutions and
subsolutions of (1.6) in 2 satisfying u > von 082. Thenu > v in £2.

The following ingredients for the viscosity adaptation of Perron’s method (see [25]) are available.

Lemma 2.2. Let 2 C R" be an open set, and let 8 be a non-empty family of viscosity subsolutions of (1.6) in £2. Set
u(x) =sup{v(x) | v € 4§},
and

u*(x) = lim sup u(y)
r—0 Br(x)
be the upper semicontinuous envelope of u. Then, if u* < oo in §2, u* is a viscosity subsolution of (1.6) in £2.

Lemma 2.2 can be proved by standard arguments; see e.g. [23]. Let

u,(x) = lim inf u(y)
r—0 B (x)

be the lower semicontinuous envelope of u. We also need the following construction to apply Perron’s method.
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Lemma 2.3 ([23]). Let £2 be open and u be subsolution of F(D*u) = 1in L. If u, fails to be a supersolution at some point &,
then for any small k > 0 there is a subsolution U, of F(D*u) = 1in 2 satisfying

Uc(x) > u(x) and sup(U, —u) >0,
2

. (2.2)
Ucx) =ux) forxe 2, |x—X| >«.
3. Radial symmetric solutions
Forr > 0, let B, := {x € R"||x| < r}. In order to find a subsolution of (1.9), we first consider the radial symmetric
solutions of (1.9). We have the following proposition.
Proposition 3.1. For n > 3, let u, = u,(r) be a smooth radial symmetric solution of
S31(AM(D’u)) =1, inR"\ By, (3.1)

then ug is locally convex in R" \ By and

C*
Ua(r) = Erz + po(@) +0(r*™), asr — +oo,
where uo(a) is a strictly increasing function of a.
Proof. Let u = u(r) be a smooth radial function, then
u'(r u'(r
A(D*u) = (u”(r), Q, e Q) .
T r
Thus if u = u(r) is a real solution of (3.1), then

’ 2 ’
() - L (u (r)) ey (u (r)
r r

That is,
C]

W) = )

3

Integrating it, we have
(u/(r) )3 Clu'(r) 2a
r

where a is an arbitrary positive constant. (Actually, we need a to be a sufficiently large positive constant, determined by c,
later.)
Solving the cubic equation

22 +pz+q=0,
using the Cardano formula, we have

zj=Ad +Bw*, j=1,2,3,

where
1/3 1/3
q ANAN q ANAN —1+v-3
O] e[0T 22
2 2 3 2 2 3 2
Letting p = —% =—(c*)? q= —f—,‘}, recalling u is a real-valued function, we have

Ga

1/3 1/3

i R CREA I S CREI

Q

=
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We first show that u is a locally convex function on R" \ By (cf. [2]). From (3.2) it follows that
6
( * ) - — 2/3 - — 2/3
y 3 a a c a a c
u(r) = ————— — + (*)- — - == (*)— —
rt rh V3 " " V3

1/n
forr # ((C—Jff‘a) ,and

3\ /n 30\ 3
B V3 4 (3
u — ] a = - — ] a .
c* 3 c*
3 1/n Nel 1/n
Itis clear that if r < ((6—3)3a) ,u'(r)and u”(r) are real. For r > ((6—3)3a> , letting

3 = cosH,

C*
(%)
s

then 0 < 6 < 7.Thus, (3.2) and (3.3) can be rewritten as follows:

c*r 173 1/3 2c'r 0
u(r) = — <[cos@ + /=1 sin@] + [cos@ —v-1 sin@] ) = —— (oS —,
V3 J3 3
and
N . 92/3 . 12/3
"o ¢*\ [cos® ++/—1sin0]"" — [cos® — v/—1sin6]
u =
J3 isiné
_ 9 c* '\ sin(20/3)
- "\V/3/) sing
By a direct calculation, we have
lim v = lim v”(r) = ¢,
r—-oco 1 r—00
and

u'(r) > 0, u'(r) >0 on|[1, +00).

This shows that u = u(r) is a locally convex function in R3 \ B;.
From (3.2), we have

13 1/3
- c*2+fr a. <a)2 c\° L@ <a)2 c\° o R
u(r) = —r s — —) - —= —— (=) - —= —c s
2 1 st s" V3 s s V3
c* " [ c*s 1 a
= —r°+ 2cos | - arccos | ——— —V3lds+c.
2 1 \/§ 3 (i) st
/3
Let
1 a
f(s) = cos garccos — ,
(5)"

then as s — +o0, by Taylor’s expansion, we have

V3.1 a 1
f(5)=7+67+o<5n>.

(5)'s

223

(3.3)
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So that

(r) / m <C*S> 2cos | . a V3 |d
gr) = = CosS — arccos —_— — S
r \/§ 3 c* 3

is convergent, and

1(n—2a 1 (
N )

g()—f -
<%)2 rn—2

Therefore, by (3.4), we have

n2> asr — +o00.
rn—

c* 1
u(r) = —r*+ po(a) + 0 ( ) asr — +o00, (3.5)
2 rn—2

where
1/3 1/3

o= [e{ @ - (B) | [ E ()| ejere

By a simple computation similar as above, we have

1/3 1/3
3#0(0) +00 >2 ( c* )6 a ((J )2 ( c* )6 g
- — — —) —|— s
i L s ﬁ s s ﬁ
” f
The proof is completed. O
For Hessian quotient equations
Sei(A(D’w) =1, inR"\By, (36)
assume that u = u(r) is a smooth convex radial symmetric solution of (3.6). By the direct calculation, we know that
wr) =4 (r) satisfies
k Lk ool b
F(w, b) = w"(r) — (C,/Cx) w'(r) — — =0, w(r) >0, (37)
rn

for an arbitrary constant b > 0. Although there is no explicit formula for the solution of (3.7), similarly as (3.2), by a
straightforward analysis on (3.7) itself, we can obtain the desired properties.
Rewrite it as

w'(r) (W) = () = =,

where c* (C /C")k If b > 0, then there is a unique real solution w(r, b) such that w(r, b) > c* forr > 1. Letting
r — 400, we have

lim w(r, b) =c*.

r—>+00
Furthermore,
. w(r,b) —c* . 1
lim ———— = lim
r—+00 br—n r—>+o0 w!(r)(wk-1=1(r) + - - - + (c*)k-1-1)

1
(k _ l)(C*)"‘l :

This implies

w(r,b) —c*=00"", asr — +4oo. (3.8)
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Proposition 3.2. For n > 3, let u, = u,(r) be a smooth radial symmetric solution of (3.6) then uy, is locally convex in R" \ By

and
C*
up(r) = 5r2 + pob) +0(r*™"), asr — +oo,

where 11o(b) is a strictly increasing function of b.

uy (r)
5

Proof. Recalling w(r, b) =
r

) = [ s+ i
1

C* r C*
:—rz—f—/ s(w(s,b)—c*)ds—*-f—ﬂo.
2 1 2

By (3.8), we know for a fixed b > 0, the integral

+00
/ s (w(s, b) — c*)ds
1

is convergent. Therefore, we have

r——+00 2

C* C* +00
lim (ub(r) — —r2> =By — > + / s (w(s, b) — ¢*) ds := o (b),
1

and in view of (3.8),
c* 400
up(r) — Erz—,uo(b) = —/ s(w(s, b) — c*)ds
r
=0(r*™"), asr— +oo.

By (3.7), we have, for w > c*,

Jw oF [ oF r=" 0
—_——= —_— = > U.
ab ab/ dw  lw=T(wk T — ()% + (k — hwk?

Hence

+o00 _ ¥k
dpo(b) :/ Sa(w(s, by —c )ds 0.
1

ob ab

This shows that 14q(b) is strictly increasing in b, if b > 0. Proposition 3.2 is proved.

Remark 3.1. For any fixed ry > 1, we define

+00
Mry(b) = / s(w(s, b) — c*)ds.

o

Then

ro+1
[iry (b) > f s(w(s, b) — c*)ds := h(b).

o
By (3.7), we have, for b > 0 and w > c*,
dw dF [ OF —nbr—-1

ow __9F JoF _ 0.
or ~ or/ aw (- — (@) + (k— Duk1

So
dh(b) /TOH dw(s, b)
— = S ds
ab " ab
ro+1 S]—n
— / ds
o w!=1(s, b)[wkl(s, b) — (c*)*1] 4+ (k — hwk=1(s, b)
(ro+ D'

~ W T, b)[wkT(ro, b) — €)1+ (k — Dk (rg, b)
> 0.

then for any By € R, the solution of (3.6) can be written as

O
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This shows that h(b) is strictly increasing in b and limy_, , o h(b) = +00, s0 is u, (b). In the next section we will use

lim g (b) = +o00.
b—+00

4. Proof of main results

Without loss of generality, we also assume that B,(0) C D. This will be assumed below. The following lemma and its
proof can be found in [15].

Lemma 4.1. Let ¢ € C?(3D). There exists some constant C, depending only on n, the convexity of D, ||¢ |l c2(ap) and the C? norm
of 9D, such that, for every & € D, there exists x(§) € R" satisfying

X&) <C and we <¢ onD)\ {§},

where
1 5 2 5 2 n
we (x) :=¢(§)+5(IX—X($)I — & —x®)I*), xeR" (4.1)

Proof of Theorem 1.1. Fix rq > 0, such that D C B,,.Fora > 0and 8 € R, let

1/3 1/3
x| a3 a3 2 c* 6 a3 a3 2 c* 6
aw=p+ [ st 5o (—)—(—) i L (7)_(4) ds.
- s3 s3 V3 s3 s3 J3

Then we claim that w, is a locally convex smooth subsolution of (1.1) with some large a > rg and some small 8. From
Proposition 3.1, we have

C*
@a(0) = S Ix* + (@ + 0(x*™),  as x| — Fo0, (4.2)
where
1/3 1/3
@=p-Sr+ [ (E) (%) | S E) (%) | et
mar = 2% s3 s3 V3 s3 s3 V3
c* T/ c*s 1 a
=ﬂ——r2—|—/ ( ) 2cos | —arccos | ——— | | = /3| ds.
2° o V3 3 o ’ st
3
Moreover, w1 (a) is strictly increasing in (0, +00), and
lim p(a) = oo. (4.3)
a— o0
On the other hand,
we < B, inBy \D, Ya>rg. (4.4)

Let
B := min {w;(x) | £ € dD, x € By, \ D},

where wg (x) is given by Lemma 4.1. This shows that w, is a locally convex smooth subsolution of (1.1).
We will fix the value of c, in the proof. First we require that c, satisfies ¢, > . It follows that

*

c
w(0) < g — 5r02 < B <c,.
Thus, in view of (4.3), for every ¢ > c,, there exists a unique a(c) € [ro, +00) such that

u(a(co)) =c. (4.5)

S0 wyq(c) satisfies

C*
W) (X) = ?|x|2 +c+0(xP™"), asx — oo. (4.6)
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Set
w(x) = max {wg(x) | § € aD}.

Itis clear by Lemma 4.1 that w is a locally Lipschitz function in R" \ D, and w = ¢ on dD. Since w; is a smooth locally convex

solution of (1.9), w is a viscosity subsolution of (1.9) in R" \ D. We fix a number r; > ro, and then choose another number
a; > 0 such that

minw,, > Maxw.
Br, By,

We require that c, also satisfies ¢, > @ (a;). We now fix the value of c,.
For ¢ > c,, we have a(c) = = '(c) > u~!(c,) > ay, and therefore

Wa(c) = Way > W, 0NoB,. (4.7)

By (4.4), we have

Wa(c) = B <w, in Bro \5 (4.8)
Now we define, for ¢ > c,,

max {wa(c) ), !(X)} » X€By\D,
Wa(c) (x), X e R" \ Br1 .

u(x) = {
We know from (4.8) that

H = &v in Bro \57 (49)
and in particular

u=w=¢, ondD. (4.10)

We know from (4.7) that u = wq() in a neighborhood of dB,,. Therefore u is locally Lipschitz in R" \ D. Since both @, and

w are viscosity subsolutions of (1.9) in R" \ D, so is u.
Forc > c,,

ux) = C—*|x|2 +c
2
is a smooth convex solution of (1.9). By (4.8),
Wae) < B < ¢ <u, onaD.
We also know by (4.6) that
lim (wqe) (%) — U(x)) = 0.

x| =00
Thus, in view of Lemma 2.1, we have

Waey <U, onR"\D. (4.11)
By (4.7) and the above, we have, for ¢ > c,,

wg <u, ond(B, \D), V& € oD.
By the comparison principle for smooth convex solutions of (1.9), we have

wg <, inB, \D, V& € aD.
Thus

w<1u, inB.,\D.
This, combining with (4.11), implies that

u<u, inR"\D.

Forany c > c,, let 4. denote the set of v € C°(R" \ D) which are viscosity subsolutions of (1.9) in R" \ D satisfying

v=¢, ondaD, (4.12)

and

u<v<u IinR"\D. (4.13)
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We know thatu € 4. Let

uc(x) :=sup{vx) |ve s}, xeR'\D.
By (4.6), and the definitions of u and u,

C*

Ue(x) = U(X) = @a0(X) = —* + ¢+ 0>, aslx| > +oo (4.14)

and
_ c* 5
uc(x) <ux) = 5IXI +c.

The estimate (1.7) follows.
Next, we prove that u, satisfies the boundary condition. It is obvious from (4.10) that

lim isnfuc(x) > ling u(x) =), V& eaD.
X— X—
So we only need to prove that

limsupuc(x) < @), V& e aD.
x—§&

Let w} € C*(By, \ D) be defined by

Awf =0, in By, \ D,

+_

o' =¢,  on oD,

o = maxu, ondBy,.
2By,

By Lemma 2.2, we have u? is a viscosity subsolution of (1.9). Hence, by the definition of viscosity solution,

Au* >0, inBy,\D,

ul <g on aD,
ul <maxu ondBy.
3Br,

By the comparison principle, it follows that
U < ut = a):— inBro \5’

and then

limsupuc(x) < ling_ a):r(x) = @), V& eoD.

x—&
Finally, we prove that u. € CO(R" \ D) is a viscosity solution of (1.9). We observe that
u, <WU)s <u Sul <U =1
In particular,
(Uc)s =uc =ul =¢ onaD,

and (uc)«, Uc, ur all satisfy the asymptotic assumption (1.7). By Lemma 2.2 u} is a subsolution of (1.9) and hence, by
comparison, u} < u. It then follows from the definition of u. that u, = u, so u, is a subsolution.

If (uc), fails to be a supersolution at some point X € R" \ D, let U, be provided by Lemma 2.3. Clearly u, < U, and U,
satisfies the boundary conditions for sufficiently small . By comparison, U, < u and since u is the maximal subsolution
between u and u, we arrive at the contradiction U, < u..Hence (u.), is a supersolution of (1.9) and then, by comparison for
(1.9), u} = uc < (uc)« showing that u. is continuous and is a solution.

Theorem 1.1 is established. O

Proof of Theorem 1.2. Fixan 7 > 2, such thatD C B;. Forb > c*and B € R, let
wp(X) = B+ up(|X]) —up(r), for x| > 2,
where uy(|x|) is defined in Proposition 3.2. Then we claim that wp(x) is an admissible smooth subsolution of (1.10) with

some small 8. It is easy to see that

C*
wp(X) = 5|x|2 + u(b) + 0 (Ix*™"), as|x| - +oo,
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where

*

c*_
w(b) = pp (b) + B — —7°.
By Remark 3.1, we have that (b) is strictly increasing in (c¢*, +00), and

lim w(b) = 4o0.
b—+o00
Similar arguments as in the Proof of Theorem 1.1 can complete the rest of the proof. O
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