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1 Introduction

The curve shortening flows have been studied by many authors and have many applications
(cf. [1]). Gage and Hamilton [2] discussed the mean curvature flow in one dimensional case.
The flow is given by the equation

v =k,

where v and k are, respectively, the normal velocity and inward curvature of the plane curve.
They proved that a convex closed curve stays convex and smooth and shrinks to a point in
finite time with the limiting shape of a circle. In this paper, we generalize some results on curve

shortening flow (cf. [2]) to the generalized curve shortening flow (cf. [3])
v = [k]P 'k, (1.1)

where p is the positive number. When p = é, the flow (1.1) is the affine plane curve evolution
(cf. [4, 5]). More generally, we will also study the non-homogeneous flow (cf. [3]) which is given
by

v =G(k)k, (1.2)
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where G(+) is a positive function on (0,00). In the high-dimensional case, Guo [6] derived the
evolution equation of the integral of the Gauss curvature on an evolving hypersurface. Nien
and Tsai [7] proved that the self-similar solutions under the contraction flow could happen only

s (1.1). Andrews [3] studied some nonlinear expansion of contraction flow and obtained the
limiting self-similar solutions. But the asymptotic behavior of solutions of the flow (1.1), (1.2)
is little known. The main objective of this paper is to analyze the asymptotic behavior of the
curvature under the generalized curve shortening flow.

Let S' be a unit circle in the plane, and
70 : St — R?
be a closed convex curve in the plane. We look for a family of closed curves
y(u,t) : S' x [0,T) — R,

which satisfies

ZZ(u,t) = |kP7'EN, wueS' te0,T),
v(u,0) = yo(u), weSt t=0,

where p is a positive number, k(-,t) is the inward curvature of the plane curve ¥(-,t) and N(-,t)

is the unit inward normal vector. More generally, we consider 7(-,t) satisfying

Oy _ 1
5t (u,t) = G(k)kN, weS',tel0,T), (13)
v(u,0) = yo(u), wuesS t=0,

where G is a positive, non-decreasing smooth function on (0, 00).

In the following sections we assume that A(t) is the area of a bounded domain enclosed by
the curve (-, t), L(t) is the length of (-, ), rout(t) and ri,(t) are respectively the radii of the
largest circumscribed circle and the smallest circumscribed circle of y(-, t). Define

Emax(t) = max{k(u,t) | u € S'},
Emin(t) = min{k(u,t) | u € S'}.

Firstly we introduce the existence theorem, which belongs to Andrews [3, Theorem I14.1,

Proposition I14.4].

Proposition 1.1 Let vy be a closed strictly convex curve. Then the unique classical solution
~v(-,t) of (1.3) exists only at finite time interval [0,w), and the solution (-, t) converges to a
point ¥ ast — w and A(t), kmax(t) satisfy the following properties:

Vte0,w), A() >0, knax(t)<-+oo,
tlim A(t) =0, tlim Emax(t) = +00.

As t — w, the normalized curves

77('>t) = \/Az—t)V('vt)

converge to the unit circle centered at the point .
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In this paper we always assume that the initial curve satisfies the conditions of Proposi-
tion 1.1, and that G(x) is a function on (0, co) satisfying
(H1) G(z) € C3(0,00), G'(z) > 0 and G(x) > 0 for x € (0,00),

(H2) G(z)z? is convex in (0,00) and there is a positive constant C such that
G'(z)z < CoG(x), for sufficiently large .

We now state the main theorem of this paper.

Theorem 1.2 Suppose G(z) satisfies (H1) and (H2). Let v(-,t) be the solution for Proposi-
tion 1.1. Then the following hold:
N1 rin(t) _
i) limy ., T;;m(( t() )— 1,
min () _
() = 1

iii) limg_,, wit f,:g;‘jt) G(i”ixg =1 is uniformly convergent on S'.

Remark 1.3 Let G(x) = |2[P~! with p > 1 in Proposition 1.1. Then

ii) limy_,,

k@, )[(p+ 1)(w—1)] »i1 converges uniformly to 1 as ¢ — w, (1.4)

for uniformly 6 in S*.

Remark 1.4 When p = 1, by (1.4) it shows the asymptotic formula about curvature func-
tion of the curve shortening flow (1.1) which was discovered firstly by Gage and Hamilton [2,
Corollary 5.6].

This paper is organized as follows: In the next section we transfer the flow (1.3) into an
initial PDEs problem and establish some monotone geometric inequality. In Section 3, we
obtain the global Harnack inequality of the curvature function according to the flow (1.3), see
Lemma 3.6. And then we complete the proof of Theorem 1.2 by making use of Gage—Hamilton’s
methods (cf. [2]).

2 Evolutions

Using the idea in [2], we can drive the evolution equations under the flow (1.3) for the length
and the curvature of the curves, and the area enclosed by the curves.

Let the curve be y(u) = ((u),y(u)) with parameter u (modulo 27) and s be an arc-length
parameter along the curve y(u) which is unique up to a constant. Then
o 10
ds  wvou’

oY ()

Suppose £ and N are the unit tangent vector and the unit inward normal vector of the

ds = vdu,

where

curve. Then the Frenet equations (cf. [8]) are

o ON
P vkN, ou = —vké,
o P ON
¢ =kN, = —k¢,

0s 0s
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where k(u) is the inward curvature of ~v(u).
Let 0 be the tangent angle of the curve v(u) to the z-axis. We drive the following useful

formula.

Lemma 2.1 The geometric quantities v, L, £, N, 0 and k of the flow (1.3) evolve according

to 5
. v _ 2
) = G(kL)k v,
. AL 9
i) = /0 G(k)k2ds,
., 00 00 5 0
) o) s = g gs TR o
oe Ok ON Ok
90 Ok 09 - _
v) ot = (G(k)k) 95’ 9s = k, where & = (cos6,sin0),
L dA L
vi) it —/0 G(k)kds,

vil) g’: _ 858 <(G(k)k)’g]: > + GRS,

Proof Let (-,-) be the inner product in R2.
i) By (1.3) and the Frenet equations, we have

@)= (o7
(1. 2
= 2<v§, ;u(G(k)kN)>
= 2<v§, au(G(k)k)N + G(k)kaN>

= 2<U§, aau(G(k)k)N — G(k)k2v§>
= —2G(k)k*v?.
This implies that the identity (i) holds.
ii) Since L = fo% vdu, then from (i), there holds
oL  [*" ov
o Jo ot
ili) By (i), we get

2 L
du = —/ G (k)k*vdu = —/ G(k)k*ds.
0 0

0 0 o0/190 7718v3+138
w2 0tdu  votdu

otds Ot \vdu
1 ,. 0 00
T2 (=G(R)k"v) ou * Os Ot
= G(k)k? 0 + 00

Os Osot
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iv) It follows from (1.3) and (iii) that

o8 99 00 20
ot ~oras) T asa TOEIR 57 = 5,
Then by Frenet equations, we have
o 0 ON 9
o = aS(G(k)k)N-ﬁ-G(k)k oy + G(k)k*¢
= (G(k)k)’gkN — G(k)K*¢ + G(k)k*¢
S
ok
_ !
= (G(k)k) 65N.

In terms of (£, N) = 0, we obtain

9 o ON

0= <(G(k)k)’g]:N,N> + <§, 88];]> = (G(k)k)’glz +

Thus

From 0 = <8BJX , ), it follows that there exists A such that

ON
at - )\57
and then combining with the above equality, we have
ok
= —(G(k)k)’
A= —(GRRY ",
and ON ok
_ ’
=Gy e
v) Since € = (cosf,sinf), then N = (—sin#, cos§), we obtain
¢ . 06 06
o = (—sin @, cos ) o = atN.
Comparing it with (iv), we conclude that
00 ok
= (G(k)k)" .
g = (GRIE) o
In other cases,
9¢ : 00 90
9s = (—sin @, cos ) 9s = 6sN
It follows from gg = kN that
a0 i
ds

(e

0 G(k)kN) + G(k)K%¢.

ON
ot/

2111

(2.1)

vi) Consider the closed curve v = {(x(u), y(u))|u € St} in R?. Then it is well known that

the area of the domain by the curve v can be expressed by the formula

1 2 8y 8;13 1 2T
A= 2/0 (wau—yau)du——Q/o (y(u),vN)du.

Then

dA 1 (2™ /Oy 1 [/ v 1
= N Vdu — N Vdu —
dt 2/0 <at’” >“ 2/0 <7’6t >“ 2

It

ON
7 ot v

)i
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By (1.3) and (i), (iv), we obtain

dA 1 27 1 27 1 27 a
5= —2/0 (G(k)EN,vN)du + 2/0 (v, G(k)k*vN)du + 2/0 <’y, aS(G(k)k)v§>du
1 27 1 27 ) 1 27 B
==, G(k)kvdu + 2/0 (v, G(k)E*N)vdu + 2/0 <7, au(G(k)k)g>du
_ ! QWGkkd L G(k)k*N)vd
==y | Gkt [ G
1 2m b 1 2m ag
+2/O <’y, 8U(G(k:)k:§)>du— )| <’y, G(k)k 8u>du.
¢ _

Thus from ;> = vkN, we arrive at

dA 1 27 1 21 ,
dt — 2 0 G(k)kivdu—i— 2/0 <’Y, G(k)k N>Udu
1 2 afy 1 2m )
_ 2/0 <8U,G(k)k§>du— 2/0 (v, G(k)k2NYodu
1 2m 1 2
= _ G(k)kvdu — / (€, G(k)kE)vdu
2Jo 2 Jo
1 2m 1 2
= [ et [T G
2 Jo 2 Jo
27
=- G(k)kvdu
0
L
= —/ G(k)kds.
0
vii) By (iii) and (v), we drive the following equation
Ok 000 000 200 0 , 0k .
or " atas ~asor T 9= g <(G(k)k) 83) + G(k)k
Thus, the proof of Lemma 2.1 is completed. 0

Similarly to [2], we can use the angle 6 of the tangent line as the parameter of the curve and
then write the curvature k = k(6) in terms of this parameter which is 27 periodic curvature
function of convex curve. The following results give the necessary and sufficient condition for

some one-parameter function as the curvature function of a simple closed curve (cf. Lemma 4.1.1
in [2]).

Lemma 2.2 A positive 21 periodic function represents the curvature function of a closed and

strictly convex C? curves in the plane if and only if

2m 27 -
cos 0 sin 6
do = / df = 0.
/0 k(6) o K(O)
According to the flow (1.3), we take 7 = ¢ as the time parameter and use 6 as other

coordinate and hence change variables from (u,t) to (6, 7).
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Lemma 2.3

gf_ =K ( 6892 (G(k)k) + G(k:)k:)

0%k
992

ok

= kK*(G(k)k) 50

2
+k2(G(k)k)”( > + G(k)k3.

Proof By the chain rule and Lemma 2.1 (iii), (v), we get

ok 0k N ok 00
ot  Or 000t

ok ok ok
= ar 1 gp (CRIR) 5,
ok ok Ok 00

or T a0 R 50 o4

- gﬁ + (G(k)k)’k(?lg) }

On the other hand, from Lemma 2.1 (vii), we obtain

‘2]; = (,;98 ((G(k)k)’glz) + G(k)K?

x Ok 90 ,
= 95 00 <(G(’“)k) 00 as) +Glk)k

= kaae <(G(k)k)’g];k) + G(k)k3

= k(g@ (k(%(G(k)k)) +G(h)K®

82
1.2
=k 062

ok

ae) + G(k)k3.

(Gk)k) + <G<k>k>'k(

By comparing the above two equalities, we have the desired results. O
Throughout this paper, we will deal with this equation and replace 7 by t.

Lemma 2.4 Suppose (H1) hold. Then the general curve shortening problem (1.3) for convex

curves is equivalent to the Cauchy problem

Ok _ )2 o (G(k)k) + G(k)k 0eS telo,T)
at - 802 ) ) ) )

k(0,0) = ko(6), gesS, t=0,

(2.2)

where 0 < a < 1, k € C?T1+5 (S x (0,T)), ko(0) is the curvature function of the initial curve
Yo(6)-
Proof If ~4(-,t) is the classical solution of problem (1.3), then by Lemma 2.3 the curvature
function, expressed in @ coordinates, satisfies (2.2).

If ko (0) is the curvature function for the curve vo(#) and k(6,t) satisfies (2.2), then for each

t > 0, we can define the curves by the formula

9 cosu % sinu
x(@,t):/o k(u,t)du’ y(@,t):/o k(u,t)du' (2.3)
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Let v(0,t) = ((0,t),y(0,t)). Then ¢ = (cosf,sinf) and N = (—sinf, cosf) are respectively

the tangent vector and the inward normal vector of the curve ¥(+, t). Combining (2.2) with (2.3),

we have
Oz /0 cosu Ok
=— du
ot o k% Ot
0 82
_ 7/ cosu (W (G(k)k) +G(k)k) du
0
0 52 0
= —/0 COSU 5 (G(k)k)du —/0 cos uG (k)kdu,
so that
0 0
g‘f :7/0 sinuai(G(k)k)du/O cosuG(k)kdu—cos@(;)e(G(k)k) + ;(G(k)k) 920
0 0 b o
:/ cos uG(k)kdu—G (k)k Sine—/ cosuG(k)kdu—cosf _ (G(k)k)+ ., (G(k)k)
0 0 00 00 0=0
= —G(k)ksinf — cosd 0 (G(k)k) + 0 (G(k)k)
- 00 00 0—0
For the same reason the following equality holds:
0 ., 0
az = G(k)kcos§ —sind  (G(k)K) — G(k)klo—o.
By setting 8 = 27 to the above two equalities, we obtain %”t” =0, gﬁ{ = 0. On the other

hand, z(27,0) = 0, y(27,0) = 0. Because 7 is the closed curve in the plane, then applying
Lemma 2.2, we obtain x(2m,0) = 0, y(27,0) = 0, and

™ cosf ™ Sin@
do = do = 0.
/o k(0. 1) /o k(0. 1)

By applying Lemma 2.2 again, the curve v(6,t) which is defined by (2.3) is closed and then we

have
v 0
ot 0,t) = G(k)kN — Py (G(k)k)E — (a(0,),b(0,1)), (2.4)
where
0
(a(0,1),b(0,t)) = (— 90 (G(k)k) H_O,G(k)/ﬂe—o).
Set

0=0(u,T1), t=r,

A(u, ) = v(0(u, 7),T) + </OT a(0,t)dt, /OT b((),t)dt), (2.5)

where 6 = 0(u, 7) is the unique solution of the following ordinary equation

ar 90

{ Y _ 12 k), e,
0(u,0) = u.

Combining (2.4) with(2.5), we know that (u, 7) satisfies

oy

o) = G(k)kN
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and hence we obtain the general curve shortening flow (1.3). O

Using the standard results on parabolic equations (cf. [9]), we obtain the existence results
of the problem (2.2).

Lemma 2.5 Suppose ko(6) € C(S') and (H1) holds. Then there exists
T>0, kecC>»(S'%x(0,T)NnC(S' x[0,T)),

satisfying (2.2).

By the maximum principle it shows that if the initial curves are strictly convex, then the
curves remain so under the flow (1.3).
Lemma 2.6 Suppose (H1) holds and k(60,t) is the classical solution of (2.2). If ko(0) is
positive on S, then kmin(t) = inf{k(6,t) | 0 € S'} is a nondecreasing function.
Proof By contradiction, there exist 0 <t} < t; < T such that kpni,(t) is nondecreasing in
[0,t]] and Emin(t]) > Emin(t1) > 0. We suppose tj = 0 without loss of generality. Set

to = inf{t € [0, t1]|kmin(t) < Emin(t1)}-

By the regularity of k(6,t), we know that there is 6y € S! such that kpyi,(to) = k(6o,to). It is
easy to see that kpin(tp) > 0 and then we have

0%k ok
0o, t0) > 0o, tg) = k(0o,t .
892(0’ 0) =0, 89(0’ 0) =0, k(bo,t0) >0
Hence from (2.2) and (H1) this yields
ok
ot (0o, 1)|t=t, >0,
and it contradicts the hypothesis of tg. So we obtain the desired results. O

Some further consequences of Lemmas 2.4-2.6 are part of Proposition 1.1.
Corollary 2.7 Suppose (H1) holds. Then there exist T > 0 and the unique v(u,t) € C*1(St x
(0, T))NC (St x [0,T)) satisfying the generalized curve shortening flow (1.3).

According to the flow (1.3), we consider the support function (cf. [10, 11]) of ~(u,t) by

defining
RO, 1) = (4(u(0, ), 1), (sin0, — cos0)), 0 € [0, 2],
where 0 is the tangent angle of (-, ¢) and the unit normal vector N = —(sin 6, — cos9).
Applying the equation (1.3), we see

oh Oy  Oudvy B Ju
ot <6t oo au’N> = <G("3)"3N+ ot

Using the methods in [11], we can compute the inward curvature of (-, ) by the formula

9%h -t
o= (%)

Then h(6,t) satisfies the following equation

oh [ 8h o (%R !
() e (%) )= 20

o0
ou

3 N> = —G(k)k.
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By making use of the maximum principle, we can obtain the containment principle of the
flow (1.3) (cf. [12]).
Lemma 2.8 Lety; and 72 : St x [0,T) be two classical solutions of the flow (1.3). If y2(,0)
is in the domain enclosed by v1(-,0), then y2(-,t) is contained in the domain enclosed by v1(-,t)
for allt €10,T).
Proof Set hq(6,t) and ha(8,t) to be the support functions of v, (-, t) and v3(-,¢). Then hq(0,t)
and ha(0,t) satisfy the equation (2.6). Because 72(+,0) is in the domain enclosed by 71 (-, 0) we
can select h1(0,0) and ha(6,0) such that hi(6,0) > ha(6,0) for § € S'. Thus by applying the
maximum principle of parabolic equations, we deduce that hi(6,t) > ho(6,t) for all ¢ € [0,T)
and then we obtain the desired results. O
In order to prove some isometric inequalities, we need the following lemma which belongs
to Andrews [3, Lemma 13.3].
Lemma 2.9 Let M be a compact manifold with a volume form du, and let £ be a continuous
function on M. Then for any non-decreasmg function F, there holds
S €F (¢ > Jar €du
Ju E( Jordn
The next two lemmas roughly characterize the behavior of the geometric quantity when

~(+,t) is contracting to a point under the flow (1.3).
Lemma 2.10 Suppose (H1) hold. Then under the flow (1.3), we have

d (L?
<0.
dt\ A )~
Proof By Lemma 2.1 (11) and (vi)

/ G(k)k*ds = —/ G (k)kds,
‘Zl = 7/0 G(k)kds = —/027r G(k)d,

we obtain

d [ L? 2L [ 7 L [
=— k)kdo — k)do | . 2.
w(5) =" ([ cwman- [ cw) (2.7
From the isometric inequality in [15], the following inequality holds for convex curves,
xL L 2m
< / k2ds = / kdo, (2.8)
A 0 0

Substituting (2.8) into (2.7), we have

d L2 2L 27 1 27 27
< — —
dt(A> <=7 < Gk -, | G(k)da/o kd0>

T G(k)kdo [} kdf
— _Qj G (k) ( 0% *) -0 ) (2.9)
0 o G(k)do o 1do
Setting M = S', ¥ = k,du = df in Lemma 2.9, one can show that
G(k)kdf _ 2T kdf
fo () v (2.10)

2T G(k)d f02”d9’
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so the proof is completed by means of (2.9) and (2.10).
Lemma 2.11 Suppose (H1) holds. Under the flow (1.3), if
tlim A(t) =0,

L
L
hminfL(/ k2ds — ) <0.
t—w 0 A
Proof From (2.7), we see

i(fj) _ 72;13 </027r G(k)kdd — 21;1 /027r G(k)d¢9>

Jo" Gk)do . (277 JoT Glk)kdo ﬁL) |

27
TA o G(k)do A

we have

Applying

dA 2
= — k)do
Y / G(k)

to (2.12), we conclude that

d <L2) 1 d(lnA)'L<27rf02”G(k)kd9 - wL)'

- 27
dt\ A dt 0T G(k)do A

d ([ L? 1d 2 7L
< - — )
dt(A)‘wdt(lnA) L<O kb A)

Using (2.10), we have

2117

(2.11)

(2.12)

(2.13)

Now we prove (2.11) by contradiction. If not, there exists 6 > 0 such that if lim;_,, A(t) =0

then

L
L
hminfL(/ K2ds — ) > 96.
t—w 0 A

Hence there exists § = 3(4) € (0,w) such that if ¢ € (8,w), then the following inequality holds

L
9 L
— > 0.
L(/Ok:ds A)_é

From (2.13) and (2.14), we obtain
2
d <L ) < 0.d (InA), te(B,w).

dt\ A )~ mdt
Integrating from 3 to t, we have
L? L? )

_ < _
0= (0 < maw) ~ma)),
o< maw -mag)

4 < _(n n .
Using limy;_,, A(t) = 0, one easily verifies that
12(8) 4
— + InA(fG) = —o0,
AB) T (8)

and this contradicts Proposition 1.1 and then the proof of Lemma 2.11 is completed.

(2.14)
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3 Asymptotic Behavior

In this section we will study the asymptotic behavior of the curvature under the flow (1.3) and
prove the main theorem of this paper.

We recall the following two auxiliary results, which belong to Gage [15, 16] and Osser-
man [17].
Lemma 3.1 (Gage) (a) There is a non-negative functional F(v) which is defined for all C?

convex curves and satisfies
L

(1 - F(v)) /OL k2ds — ”A > 0. (3.1)
(b) Given a sequence of convex curves {7;} such that lim;_,o F'(y;) = 0. If these normalized
curves n; = \/jf"yi lie in a fixed bounded region of the plane, then the domain H;, enclosed by
1;, converges to the disk in the Hausdorff metric.
(c) F(y) =0 if and only if v is a circle.
Lemma 3.2 (Bonneson inequality) Let v be a C' closed convex curve. Then

2 72
i 47 > 4 (rout — rin)2. (3.2)
Definition 3.3 Let A, B be two closed convez sets and A.= {x € R? | dist(x, A) < €}. Then

the Hausdorff distance between the sets A and B is given by

du(A,B) = inf{e | AC B.,B C A.}.

Proof of Theorem 1.2 (1)  We use the idea in [16]. Consider the geometric quantities L(t) and
A(t) according to the flow (-, t) satisfying (1.3). By (3.1), we have

L(t) ) TL(t) L(t) )
/0 .- ! zF(y(t))/O k2(0, £)ds. (3.3)

Using Schwarz inequality, we see that

(2m)? = (/Ow) k(a,t)ds)2 < /OW) k2(€),t)ds/0L(t) lds = L(t) /Ow) k*(0,t)ds. (3.4)

Substituting (3.4) into (3.3), we obtain
o 2 mL(t) o 2 2
L(t)(/O k*(0,t)ds — Alt) ) > F(”y)L(t)/0 k*(0,t)ds > 4 F(v(t)). (3.5)
In the following steps we will show that if V¢; € [0,w) it satisfies lim;_, 4o t; = w, then the
limitations in Theorem 1.2 (i), (ii) hold.
By substituting v; = y(-, ¢;), A(t;), L(t;) into (3.5) and using (2.11), we have

lim F(y;) =0.

i—-+00
Next we show that the normalized curve 7; = \/ 1 7i lies in a bound region. From Lemma 2.10,
we observe that L: decreases under the flow (1.3). One easily verifies that

L2(t;) _ L(t)

At:)  An(ts)’
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and
L2(t;) _ L3(t) U 2
A(ti) — 4 = An(tz) —4m > An(tz) (Tn,out(ti) - rn,in(ti))
= 7T(Tn,out (tz) — Tn,in (ti))27 (36)

and 7y, in(t;) < 1, by using the Bonneson inequality, where A, (t;) is the area about the bounded
domain enclosed by the normalized curve n;, and L, (t;) is the perimeter of the curve 1;, ry, out ()
and 7, (t;) are respectively the radii of the largest and smallest circumscribed circles of the
curve 7;. By (3.6) it shows that the outer radii of the normalized curve n; are bounded for
all t; € [0,w). From Proposition 1.1 we know that 7; shrinks to a point under the flow (1.3).
Hence if we use ¥ as the origin in the homothetic expansion of R2, then all of the normalized
curves 7; lie in a ball of radius 2C around this point.
Applying Lemma 3.1 (b), we see that the sequence of normalized domain H(¢;) according
to n; converges to the unit disk in the Haudorff metric,
. hin H(ti) = H(), (37)
where Hj is the unit disk in the plane.
Since L and A are continuous functionals of convex domain then there holds
L*(t;) L7 (t:) L*(H(t;)) _ L*(Ho)
li = i " =1 = =4m. 3.8
oo A(t) ioiee An(t) ieiee A(H(t)) | A(H) T (38)

From (3.2), we have

L3 (t:) 2 (2 w22, (t) (1 ralt) )
47(2 (out(ti) m(tl)) Z <]- )> .

A(ti) A(ti) At;) Tout (ti
It is easy to see that w72, (t;) > A(t;), and then
L(t:)

Tin (& 2
oy~ = (1= 00)
such that combining this with (3.8), we have
i ) g (3.9)
i—+00 Tout (t;)
To prove Theorem 2.1 (ii), (iii), we need the following gradient estimates of the curvature.
A similar proof can be found in [12].
Lemma 3.4 Set ®(k) = G(k)k and let k = k(0,t) be the curvature function of the flow (1.3),
where 0 is the tangent angle of the curve v(-,t). Suppose (H1), (H2) hold and w € (0,w). Then
the following inequality holds:
2

max
0<t<w,fes!

9% |2
< 2 o2 202 ) 4. 3.10
00| — max{ Ogtrgn;i,)(gesl 7t:%1,(§?81 (’ 00 + ) } (8.10)

Proof By Lemma 2.6, we know that kpin(t) > 0 for ¢ € [0,w). It follows from Lemma 2.3 that
¢ = ®(k) satisfies the following equation
oo 0?®
— k2¢/
ot 06?

+ k29D, (3.11)
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Set

00\ * )
W‘(ao) + 202,

where ) is a constant to be determined. Suppose (6o, ty) € S' x (0, ] such that

0D\ ”
U (6o, to) = Slril[%Xw] ((89) + >\<I>2).

Then at (6o, to), ¥ satisfies the following properties

oV 0?v ov
= < > .
o0 =0 a2 =0 !

Next we will prove that if we select some constant A so large, then at (6, ty) we have

0P
o0 0

ou 0 (%0
O= o0 =700 (302 +M’)

Suppose not, then using

we see

From (3.11) and (3.12), we have

O<18\Il

— 20t

9% 2 9%
= 90 a6t T ot

0, 000, ,090% 0
=20 %%) 59 992 T 2F 99 003 T 00

2 2
+ k29 (k) (g‘;) + DD k> ?%f + A\E2 D P2

0

/1.2
G L

By %20%' < 0, we see that

>
0= 99 \ ags +2 a0

Substituting (3.14), (3.16) into (3.15), we obtain

B Bl o0\? 9 Bl
< _ 1.2 _ 2p! /1.2
0 =X (@R )\k@(aa) + g (@R

oD (83<I> a<1>>

0P
o0

7 0
00 00

By the definition of ® and (H1), (H2), we have

2
+ k%’( ) — NE2D2P + \K2 D' P2
O

== 9

(O'EH® . +(1— /\)<I>’k2<

® >0, o' >0,
(®'k?) = G (k)k® + 4k2G' (k) + 2G(k)k = k(G(k)k*)" > 0,

0 0P ok

2
89(@%)@ 00 = (@/k%’((%) PP >0,

2
) + (A= A2 2

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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0
00
By selecting A = 2 and hence substituting it into (3.17) and using (3.18), we obtain the contra-
diction. So (3.13) holds.

By (3.13), we arrive at

2
<I>’k2<I>< > >0, E*®®?>0. (3.18)

2 2
e | =g ((5) +20°)
= U (0o, to)
= 20%|g_g, 1=,
<o {2, s 0% e (|00] 420}
Thus the proof is completed. O

Lemma 3.5 Let q(t) be continuous function on [0,w). Suppose for each w € [0,w), one has

sup ¢(t) < +oo, lim ¢(t) = +o0.
0<t<w t—w

Then there exists {t;} C [0,w) satisfying
Vi€{1,2,...},ti <ti+1,'1im ti =w, (319)
i—+00

q(t;) = sup q(t).
0<t<t;

Proof Consider the sequence {t.} = {T — ifl }. Firstly select ¢, € [0, ¢}] satisfying

q(t1) = sup q(t).
0<t<t!

Then

q(t1) = sup q(1).
0<t<t,

It follows from lim;., q(t) = +oo that we can choose ¢}, € {t;} satisfying q(t}) > q(t1) + 2, so
that we can take t5 € [0, ] satisfying

q(ta) = sup q(t).
0<t<ty,

Thus

q(tz) = sup q(t).
0<t<ts

In general we can select ¢/ € {t} satisfying (¢ ) > q(t,)+n+1 and then choose t,,11 € [0,/ ]
satisfying

q(tns1) = sup q(t).
o<t<t)

Then there holds

q(tny1) = sup  q(1).
0<t <ty

The desired result follows by taking trace. O
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Set q(t) = kmax(t). Then by Proposition 1.1 it is easy to verify that kmax(t) satisfies the

conditions of Lemma 3.5.

Lemma 3.6 Suppose (H1) and (H2) hold. If we take the sequence {t;} satisfying (3.19) such
that the following holds

Vie{l,2,...}, kmax(ti) = sup kmax(t)

0<t<t,

and for each i € {1,2,...} there exists 0;9 € S' such that kmax(t;) = k(00,t;), then there exist
constants C,Cy > 0 depending only on o such that

(1 - 2|9 - 9i0|)q)(kmax(ti)) < q)(k(evtl)) + Ca Vo e Sla (320)

O (kmax (i) < C1®(k(0,1;)), VO €S (3.21)
where ®(z) = G(x)x.
Proof Step 1 Set ®() = ®(k(0,t;)). For each § € S' by the medium theorem and (3.10),
we have
09
00
This yields the inequality (3.20).

Step 2  Take i such that ®(6;0) is large sufficiently. Being likely with (3.22), V61,0 € S*, we

obtain

®(0i0) — 2(0) (6)(8i0 — 0) < (28(0io) + C)[fi0 — 0] < 2®(6i0) 60 — 6] + C.  (3.22)

P(61) — B(0) < 3P(0:0)[61 — 6. (3.23)

It is clear that (I)(H) = <I>(k:(9,tz)) > (I)(kmin(O)) > 0. Let 61 = 0,0. If ‘9 — 910| < é, then
from (3.23), we have

(0i0) — @(0) < ;@(91'0)-

So )
2<I>(9i0) < 9(0).

Assume a to be the maximal constant such that if |0 — 00| < a, then
CP(0,0) < ©(9), (3.24)

for a suitable positive constant C' under control. We will prove that a > m. If not, we take
0, = 0;0 +a or 61 = ;0 — a. Tt follows from (3.23) and (3.24) that V6 € S, we have

B(01) — B(0) < g¢>(91)|91 — o).

If |0 — 1] < €, then
1

2
Combining with (3.24), if [0 — 0,0 < a+ §, then

B(6,) < B(O).

C(0) < 5(0).

It is a contradiction to the assumption of the constant a. By ®(0 + 27) = ®(6), we obtain the

desired results. O
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Set

ko (ts) = sup { inf k(0,13)|a, ] © (~00, +00),b—a = o}

We introduce a lemma of Gage and Hamilton [2, Lemma 5.1], which is crucial for studying the

asymptotic behavior of the curvature under the general curve shortening flow.

Lemma 3.7 )
ko (t)rin(t;) < ,
= ) Aoy -1
where -
Alo) = 2cos 9 .
1—cos g
Remark 3.8 The proof of Lemma 5.1 in [2] follows only from the convexity of the closed
curve y(-, t;).
Corollary 3.9 Suppose (H1) and (H2) hold. Consider the sequence {t;} satisfying the condi-
tions of Lemma 3.6. Then for the positive € being small sufficiently, we have

2 1

Fanax (to)rin(ti) < | — - L A(e)(rrﬂ:“(itj)) ) (3.25)
Proof Tt follows from (3.20) that
(1 =2[0 = 0i0]) G (Fmax (i) Fmax (t:) < G(E(0,:))k(0,t;) + C
< Glkmax(t:)k(0,t:) +C, VO €S,
so that
(1 =210 — Oi0) kmax (t:) < k(0,t;,) +C, V6O eS. (3.26)

By Proposition 1.1, we have
lim kmax(ti) = +00.

1——+o00

Hence from (3.21) and (H1), one can easily verify that

lim k(6,t;) = +oo, VOecS.

1——+00

Combining this with (3.26), we obtain

(1= 210 — Oio) ) kmmax (t:) < 2k(6, ;)

€

for i being large enough, and V6 € S!. Given any € > 0 , if |0 — 60| < 5, then
2k(0,t;) > kmax(t:)(1 — €).

Take o = €. It follows from the definition of ko (;) that we have

ko () > Femax(t:) (1 — €).
Then using Lemma 3.7, we obtain
2

L= A () 1)

Tin(t,j)
This yields the desired results. O

Femax (t)7in () (1 — €) < 2ko (t)rin(t;) <
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Corollary 3.10 Suppose (H1) and (H2) hold. Consider the sequence {t;} satisfying the con-
ditions of Lemma 3.6. Then for the positive € being small sufficiently, there exists i(e) € N,
such that if i > i(e), we have

2
kmax ti)rin(t:) < .
(t:)rin(t:) (1= ep2
Proof By Theorem 1.2 (ii),
in (i
lim rin(ti) =1.
i—+00 Tout (tz)
For i being so large, we have
out (T4
Lo A (T ) s (3.27)
Tin(t:)
Then substituting (3.27) into (3.25), we obtain the desired results. O

Theorem 3.11  Suppose (H1) and (H2) hold. Consider the sequence {t;} satisfying the con-

ditions of Lemma 3.6. Then we have

lim k(0,t)ra(t;) =1, V6O ecS (3.28)

i—+400
Proof Set f;(0) = k(6,t;)rin(t;) and ®(z) = G(z)x.
Step 1 We will prove that f;(#) is equi-continuous and bounded uniformly.

Because G(x) is non-decreasing function for x € (0, 4+00), then by Lemma 3.4, for § € S,

we arrive at

Ok 0
GIE®.1) (019 < | 99 (6.1
g L
- ogtrgnt?,)5651 00
<2 max [®|4+C
0<t<t;,0eSt

= 2@ (kmax(t:)) + C,

so that
ok ok
D(k(0,t;)) 99 0,t)| = |G(k(6,t;))k(0, )&9 (0,t)] < 2®(kmax(t:)) kmax (t:) + Chmax(t:),
ok (b(kmax(ti)) kmax(ti) ( max( )) kmax(ti)
O < ; < ; .
o0 @10] <2 gy st 0 g < 2% S ) +.€ (0
It follows from (3.21) that
ok 1
20 (0,t:)] < (2C + C)kmax(t;), VOES".
By Corollary 3.10, we obtain

‘ak (20 + C)kmax( )rin(ti) <C

00 (9 t; )rm( 1)

for i being so large. This yields
‘dfz

da()’<0.
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On the other hand, by Corollary 3.10,
|fi(0)] < C.

The proof of Step 1 is completed.

Step 2 Because f;(0) is equi-continuous and bounded uniformly, then by Ascoli-Arzela the-
orem, there exists f(0) € C(S!) such that

lim f;(0) = £(0), VoeS. (3.29)
Step 3 We will prove that f(f) <1,V6 €S

Suppose the assertion is false. Then there exists 6y € S', 3 > 0, such that f(6y) > 1+ 34.
Hence there exists also § > 0, such that if 8 € [0y — J, 0y — d], we have

f(0) >1+2p.
By (3.29) for i being so large, we have
fi(@)>1408, VOe€l[b—400—0]
ie.
kO, t)rin(t;) > 1+ 8, YO€fy—0d,60p— 9]

Take o = 26. Then according to the definition of k, (t;), we obtain
1

1—A20)(Toml) — 1)

Tin(ti)

1+ 8 < kas(t:)rin(t;) <

Then using
in (i
i rin(ti) =1.
i—+00 Tout (t:)
we have

1+6<1,
and it is impossible. So f(f) <1,V € S'.
Step 4 We will prove that f(0) = 1.
By Fatou lemma, we have
o db < lim inf o de = lim inf a d0 .
o f(0) " imtoee Joo fi(0)  imtoe Joo K(O,t)rin(ti)
By the convexity of v(-,t;), it is easy to verify that

27 do
L(t;) = /o k(0,1

and substitute it into (3.30), we obtain

27
do L(t; L(t; t;
< liminf () = lim inf ()~ Tou( l).
o [f(0) 7 imteo rin(ti)  imtoo Tow(ti)  Tin(ti)
By the geometric property of roy; one can easily verify that 27r.,; > L. Then combining this

with (3.31), we have

(3.30)

(3.31)

T dp L(t;)

. . . . Tout(ti)
< lim inf < 27 - liminf .
0 f(@) - i—+o00 'I"in(ti) - 1——+00 rin(ti)
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By making use of Theorem 1.2 (i) again, we have

2m de <
< 2.
o [f(0)
On the other hand, by f(#) < 1 in Step 3, we obtain
2m
de
> 2m.
o [f(0)
This yields
2 do )
= 2.
o f(0)

Using f(0) <1 again, we have f(0) = 1.
Combining (3.29) with Step 4 we complete the proof of the theorem.

Remark 3.12 It follows from Cauchy criterion that the following limitation holds:

tlgrle k@, t)rim(t) =1, VoS
Proof of Theorem 1.2 (ii), (iii) Step 1 According to (3.31) we conclude that
tll_I)I:} Emax (t)rin(t) = 1, th_r}{lu Ein (£)7in (t) = 1.
Combining this with Theorem 1.2 (ii) it shows that

. kmax(t)
1 =
tl_r’r‘}" kmin (t)

(3.32)

(3.33)

Step 2 Given t € (0,w), consider kpax(t). By the property of continuous function, there
exists = 0(t) € S* such that kyax(t) = k(0(¢),t). Then at (6(t),t) by the regularity of k(6,t),

we have
ok 0%k dk  0kdo 0Ok Ok
= O7 S s = —+ = .
00 062 dt  09dt ot Ot
By Lemma 2.3,
ok o, (02
5 = k (892 (G(k)k) + G(k)k) .
Combining (3.34) with (3.35), we see
) < G ()0,

By the differential inequality and using kpax(w) = 400, we get

1 /+°° dx
< 1.
W=t S G(z)x3 —

From (3.21) it is easy to see that kmyin(w) = 4+00. Similarly, we have

1 /+oo dx
> 1.
W=t i G(z)a3 —

Since
J"kmax(t) dz kmax (t) —Fmin (t)
kmin(t) G(2)2® G(kmin (8)) k3, (1)
+oo de  — 1 1 ptoo G'(2) e
Kmin(t) G(z)z? 2G (Fumin (8))k2,;, (1)~ 2 Jkmin(t) G2(z)z2

.y (kmax(t) B > 1
Kmin (1) 1= Glkmin (k250 (8) [ 1) caorad

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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we now claim that for the positive z being so large, there holds

+oo G/(l‘) )
_ 2
1-G(2)z / R (3.39)

“+o0 G’(:v) —+o0 dCL’
< .
/z G2 (x)e2 ™ = C‘J/Z G)e?

+oo / +oo / +oo
/ G'(x) de < Co / G'(z) dx + 2Cy / dx ,
. G%(x)x? Co+2 /), G(x)a? Co+2 ), G(z)a3
+oo ! _ +o0o /
/ G'(x) de < Co / 1 dp — Co 1 7
. G?(x)x? Co+2/, G(x)x? Co+2 G(2)22
and this yields (3.39).
By (3.33), (3.38), (3.39) and applying kmin(w) = +00, we have

Indeed, by (H2), we obtain

Then

kmax(t) dx
fkm;n (t) G(z)z3

.
kmin(t) G(z)z3
Then we obtain
Sty G520 Joety 65as = Jomtdy) 6(85as
. max (t x)xs . min (t x)T min (t x)rs
e [ e -t (3:40)
kmin(t) G(I)IS kmin(t) G(I)IS

Combining (3.36), (3.37) with (3.40) we arrive at

1 o dg
I —1, vees. 0
S w—t /k(G,t) G(x)x?
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