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ABSTRACT. In this paper, we investigate the asymptotic behavior of local so-

lutions for the semilinear elliptic system —Au = |u|P~!'u with boundary iso-

lated singularity, where 1 < p < %’ n > 2 and u is a C? nonnegative

vector-valued function defined on the half space. This work generalizes the
correspondence results of Bidaut-Véron-Ponce-Véron on the scalar case, and

Ghergu-Kim-Shahgholian on the internal singularity case.

1. Introduction. The semilinear elliptic system

— Au = |ulf'u (1.1)

has attracted a lot of attention, where A := " | 622 is the Laplace operator with

Ox?
n > 2. u:= (uy,us, - ,Uyp) iS a nonnegative vector-valued function defined on a
domain in R™, m > 1, and p > 1. Now coupled systems of nonlinear Schréodinger
equations like (1.1) are parts of several important branches of mathematical physics.
They appear in the Hartree-Fock theory for Bose-Einstein double condensates, the
fiber-optic theory, the langmuir waves theory for plasma physics, and in studying
the behavior of deep water waves and freak waves in the ocean. A general reference
in book form on such systems and their role in physics is by Ablowitz-Prinari-
Trubatch [1]. Our interests is to obtain the asymptotic behavior of local solutions
near the boundary singularity for the semilinear elliptic systems (1.1).

The corresponding internal isolated singularity for the systems had been very
well understood. It is worth mentioning that the classification of the entire so-
lutions plays an important part in the study of the internal isolated singularity.
Using the method of moving spheres, Druet-Hebey-Vetdis [13] had proved that any
nonnegative C? solutions of the strongly coupled critical elliptic system

—Au = \u\ﬁu in R",

is of the form u = uc, where ¢ € ST := {0 = (01,602,--- ,0,,) €S™1:0, >0, i=
1,2,--- ,m}, S®! is the unit sphere in R™, and u is the positive solution of the
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scalar Yamabe equations
n+2

—Auy=wu»—2 in R".
Caju-do O-Silva Santos [9] obtained that if u € C2(R™\{0}) is the positive solution
of

—Au=|u/72u in R™\{0},

then u = uc, where ¢ € ST, and u is a positive solution of
nt2
—Au=wu»—2 in R™\{0}.

Recently, Ghergu-Kim-Shahgholian [14] obtained that u = 0 is the only nonneg-
ative C? solution of
—Au=[uff~'u in R"

for 1 <p< "—4'3 Furthermore, they also classified the solutions in the punctured

n—

space, and proved that if u € C?(R™\{0}) is the positive solutions of
~Au = [uf"tu in R™\{0},

with limsup,_,, [u(x)| = 400, then u is radially symmetric.
In the same paper [14], they derived the priori estimates that there exists a
constant C depending only on n, m such that

lu(z)| < C\x|7% near z =0,
for the local positive solutions in C?(B1\{0}) of
—Au = |uf’"'u in B;\{0},

where By i={z e R": |z| < 1}, 1 <p < :‘L—fg And they got the asymptotic radial
symmetry,

u(z) = (14 O(|z]))a(|z|) near z =0,

where T(r) is the average of u over dB,. Utilizing the classification of solutions in
the punctured space and the above asymptotic radial symmetry, they further studied
in [14] the exact asymptotic behavior of local solutions around the singularity. In
precise, either u can be continuously extended at the origin, or there exists a lower
bound around the origin.

Especially, for the internal isolated singularity of the scalar case, see [3, 8, 16,
20, 22]. See also Li [21] and Han-Li-Teixeira [19] for conformally invariant fully
nonlinear elliptic equations. The Sobolev critical exponent case p = Z—fg is of
particular interest, because the equation connects to the Yamabe problem and the
conformal invariance, which leads to a richer isolated singularity structure.

Another motivation stems from that the scalar case of system (1.1) with a bound-
ary singularity had been considered by a series of seminal papers. The authors
proved in [10, 11, 18] respectively that the nonexistence of positive bounded solu-
tions in C2(R%) N C(R%) for

— Au=1uP in RY,
u=20 on OR",

where R’} stands for the half space and p > 1. Xiong lately removed in [25] the
condition on boundness of the solutions. Based on the classification of the solution



SEMILINEAR ELLIPTIC SYSTEM WITH BOUNDARY SINGULARITY 2191

on the half space, the asymptotic behavior of the positive singular solutions in
C*(Bf) N C(B{\{0}) for

— Au=1uP in By,
u=0 on 9'B;\{0}

has been established by many works, where Bf‘ = By NRY} and 0’ B+ = B+ N
OR". See Bidaut-Véron-Vivier [6] for 1 < p < 2£1 Bldaut Véron-Ponce-Véron
[4, 5] for % <p< Z—'_"g and Xiong [25] for p = "fg Under a blow up rate
assumption: |x|%u(m) is bounded in Bj, then Bidaut-Véron-Ponce-Véron [4, 5]
obtained refined asymptotic behaviors for the supercritical case Z%z <p< Zfé
We refer to [4] and references therein for related results on boundary singularity.
The fact that the exponent Z—ﬂ corresponds to -5 for the internal singularity was
discovered by Brézis-Turner [7].

In the present paper, our primary interest is to analyze the behavior of the
singular positive solutions in C2(B;")NC(B; \{0}) for the semilinear elliptic system
with Dirichlet boundary value conditions

—Au = |ulf'u in B,
u=0 on d'B{\{0},

(1.2)

where u := (uy,u2, -+ ,Upy), m>1and p > 1.

Via the method of moving spheres, we first classify the solutions on the half
space, which will be used in the blow up analysis and is consistent with the work
of [10, 11, 18].

Theorem 1.1. Let1 <p < 22 pn >3 and u € C*(R%)NC(RY) be a nonnegative
solution of
—Au=|ulflu in R7,
|ul + (1.3)
u=20 on ORY,

then u = 0.

The description of the boundary behavior of positive solutions of (1.2) is greatly
helped by using a specific separable solutions of the same equation. This was early
performed by Gmira-Véron [17] in 1991, and recently Porretta-Véron [24] also use
the method for quasilinear Lane-Emden equations. Motivated by these, our next
work is to look for the special positive solutions in C?(R%) N C(R%\{0}) for

—Au = |uff~tu in R,
(1.4)
u=20 on OR}\{0}
with the form
e ().
By a direct calculation, w € C3(S’T") N C(S~ 1) must satisfy
—Ayw =1, ,w+ |w|Plw in S"1,
sP ‘ | + . (15)
w =20 on OSY 7,

where A, denotes the Laplace-Beltrami operator in the unit sphere S~ 1, Sﬁfl =
S™1n R?, and
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L 2An—p(n—2)
mpT T )2
(p-1)
Indeed, we need to obtain the existence of solutions for the Dirichlet problem (1.5)
on semisphere. On the technical level, we shall transform (1.5) to a similar problem
in an Euclidean space by stereographic projection. Inspired by the result of [14],

we shall obtain a similar description Theorem 1.2 in this case, which is consistent
with the work of [4].

Theorem 1.2. (i) Let 1 <p < Z—J_r} forn >2; and let p = ”Jrl form > 4, then
(1.5) admits no positive solution.
(ii) Let Z—ﬂ <p< ZJ“;’, then (1.5) admits positive solution of the form w := wc,
where ¢ € ST, and w is the positive solution of

{ —Agw =l pw + w? in Sﬁfl,

1.6
w=20 on BSf‘[l. (16)

Remark that for the case m = 1, (1.5) admits a unique positive solution for
2l < p < 2L and no positive solutlon for 1 <p< 22 or p > 2L So far, we
have no idea whether this conclusion holds or not for m > 2, p >

We next establish a universal upper estimate near the smgularlty for (1.2) using
doubling property (see [23, Lemma 5.1]). It is consistent with the work of [4] for

the equation.

n+3

Theorem 1.3. Let 1 <p < ”*g and u be a positive solution of (1.2), then there

ezists a positive constant C independent of the solution such that
[u(z)] < C’|x|_% near = = 0. (1.7)

In the upcoming sections of this paper, we focus on the exact asymptotic behavior
of the local solutions of (1.2) for the subcritical case 1 < p < 2£2 which generalizes
the work of [4] for the equation and [14] for internal isolated blngularlty of the same
systems. In [14], the upper bound and the classification of solutions in R™\{0} play
a key role in the asymptotic analysis. Next, we devote to studying the lower critical
exponent case p = ”"‘1 Due to the multlphclty of components |u[P~1u, the lower

critical exponent case p = 5 is very different from the situation n— <p< Z"'%
for the internal isolated singularity. To overcome this problem, the authors in [14]
first give a more precise upper estimates and then obtain a asymptotic near the
singularity. The similar problem also happens for the scalar case of system (1.1)
with a boundary singularity. Motivated by the precise work, we also use a similar

method to obtain the following theorem.

n

Theorem 1.4. Let p = Z—i and u be a positive solution of (1.2), then either u
can be continuously extended at 0, or

n—1
e k
hm || <log ) u(x) — gl = 0, (1.8)
2= || |z
where € := (1,1,--- ,1) € R™ and k is a positive constant depending only on n.

As for the case 1 < p < Zﬂ, we study a more general case involving boundary
measures in a subsequent work by a very different method. o
We note that u € C*(R7) N C(RY) if u; € C?*(RY) N C(RY) for any i €

{1,2,---,m}, m > 1, and u is nonnegative if u; is nonnegative for any i €
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{1,2,--- ,m}. In a word, we say a vector u has some properties means that every
component of u has the same properties. Moreover, if for a fixed i € {1,2,--- ,m},
u; vanishes somewhere, then since u; is super-harmonic and nonnegative, we know
that u; vanishes everywhere on R. As a result, if u #Z 0, then there is k €
{1,2,---,m} such that after suitable rearrangement in the components of u, u; > 0
if and only if ¢ = 1,2,--- , k. Without loss of generality, in our paper, u is nonneg-
ative either u; is positive for any 7 € {1,2,--+ ,m} or u = 0.

Our paper is organized as follows. Section 2 includes one proposition to prove
Theorem 1.1. Section 3 is devoted to obtain the existence of solutions for (1.5).
The upper bound for solutions of (1.2) will be provided in Section 4. In Section 5,
we shall show the removability under some blow up assumption. Finally, we obtain
the asymptotic symmetry in Section 6, including Theorem 1.4.

2. Nonexistence of entire solutions. We now give the following proposition,
which is about the monotonicity of positive solutions, that is, the positive solutions
is monotone increasing in x,, direction.

Proposition 2.1. Let u be a positive solution of (1.3), then 597“ > 0.

Then we can start to prove Theorem 1.1, and we shall give a proof for Proposition
2.1 later.

Proof of Theorem 1.1. Proposition 2.1 implies that the monotonicity of u with re-
spect to the variable x,. If we also have proved that u is bounded in R, then

Uy (2') 1= N 1;1300 u(z’,x,) > u(a’,0) = 0.

Moreover, the positive vector-valued function u,, € C?(R"~!) satisfies
—Aly = [ug[Pluy in R™TL

Together with 1 < p < 242 < 241 and the Liouville Theorem [14], we derive that

Uy = 0. It is a contradiction. Then we complete the proof of Theorem 1.1.
Now, we shall prove that u is bounded in R”. If not, then there exist 7 € R”},
k=1,2, -, such that

|u(Zg)| = +o00 as k — +oo.
By Proposition 2.1 the monotonicity of u in the z,, direction, we may assume that
(Tk)n — 0 as k — 4oo.

Consider .
vg(z) = (1 = | —T|) P~ |u(z)] in By (Tk),

Let |z% — 71| < 1 satisfy

ky _
() = e, o),
and denote )
Ly = 5(1 — |zF =z ).
Then

0<2up <1 and 1—|z—2 > p, in B, (z). (2.1)
By the definition of vy, we have

(2) 7T [u(a®)| = vg(@¥) > ve(@) > ()77 [u(a)] in By, (aF).
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Thus, we have
257 [u(ah)| > [u(z)| in By, (a"). (2:2)
We also have
(2/%)”%1|u($k)\ = v (z®) > v (Tr) = |u(Z)| = 400 as k — +oo.

Now, consider

1 k ) .
wi(y) = ——=ul|lz2"+ ———— in Bg,,
W)= Ta@r ( |u(xk>|zl> k

where Ry, := uk|u(xk)|% — 400 as k — +oo. It follows from (2.2) that

(wi(0)| =1, |wi| <277 in Bg,. (2.3)
Using the equations satisfied by u, a direct calculation gives that
— Awy, = |Wk-‘p71Wk in Bp,. (24)

By (2.3), (2.4) and standard elliptic estimates, after extracting a subsequence, we
have
Wi — Wo in CP(R™),
and conclude that w, is a classical solution of
AW, = |WOQ\”*1WDO in R™

and |Wo.(0)| = 1. By the Liouville Theorem [14], we have wo, = 0 for 1 < p < 2£2,
and for the critical case p = Z—fg, we obtain that
n—2

Weo = (n(n —2))"% (’") T e

r2+ |z — 2|2

for some z € R™, » > 0, and a unit nonnegative vector e € R”. But we know from
the monotonicity of wj that w,, must be non-decreasing in x,, direction. This is a
contradiction and the claim is proved. O

For any R >0, A > 0, and 2 := (0,0,--- ,0, —R), define
A n—2 )\2 . .
U-xR,A(?J) = () u <$R + (yR)> n B/\(ZUR)a

ly — x| ly — zr|?
the Kelvin transformation of u with respect to the ball By (zg), where By(zr) :=

{zx € R™: |x — xr| < A}. Next we shall prove the monotonicity, that is Proposition
2.1.

Proof of Proposition 2.1. Suppose that for any A > R, we have
u<u,,, in Bf(zgr), (2.5)
where BY (zg) := Bx(zr) NR%. Then for any y € R", and every a > 0, it follows
that
u(y) S uxR,R+yn+a/2(y)'
Let R — 400, we obtain by the above inequality that
u(y) < RETEOO umR,R+yn+a/2(y) =u(y, Y2, s Yn—1,Yn +a),

which implies that

ow
57"20 m R+.
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It is a straightforward computation to show that
ou _3 Ou _1 0u | n
*A <81‘n> = (p—1)|u|p u- %u+ |u|p 671‘,” m R_._.

Applying the Strong Maximum principle, we conclude that 887“ is always zero or

strictly positive in R?. If 037“ = 0, together with the boundary condition, we
conclude that u = 0. It is a contradiction with the positive of the solution. Then
we finish the proof. O

In order to prove Proposition 2.1, it suffices to obtain (2.5). For the purpose, we
introduce

AR) ==sup{p>R|u<u,,n in Bf(zr), VAe (R, pu)}.

First, we need the following lemma to guarantee that the set over which we are
taking the supremum is non-empty such that A(R) is well defined.

Lemma 2.2. For R > 0 there exists A\o(R) € (R,2R) such that for any \ €
(Ra )‘O(R))7
u<u,,, in BY(zg). (2.6)

Next we shall prove
Lemma 2.3. \(R) = +oc for all R > 0.

Equivalent to (2.5), the following job gives the proof of Lemma 2.2 and Lemma
2.3.

Proof of Lemma 2.2. A direct calculation gives that

A n+2 N2(y — 2
Atlonx = <|y—wR|) Au (“TIH y(y— sz;)) ’

|uER,)\|p71umR,)\)

A >n+2p(n2)

—Aug, ) = (|y m—

|u1'R,)\|p71uva)"

) A n+2—p(n—2)
—A(u—u, =ufru—- [ ———

We will make use of the narrow domain technique to conclude (2.6). Denote
Wy = Uz, n — U, W, = max{0, —wy}.

Multiplying both sides of the equation by w, and integrating by parts in Bj\' (zR),
it follows that

[Vwy [?
/Bi'(wR) A

A n+2—p(n—2)
= lufP~tu — <> [ug, 2P 1, AWy
/B;(IR) ly — xg| o o A

- _ _ (2.7)
S/ (lulP~ " = (g AP g 2) - wy
B (zr)

/ [P w2+ / (P~ = g AP s - Wy
B (zr) BY (zRr)

A

2[1 +IQ
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For any A € (R,2R) and y € By (zR), we have

N(y —xR)
ly — zr|?
With the help of Holder inequality and Sobolev inequality, we obtain that

L - / Pt wy |2
B (zr)

<sup [ulP LB (zg)| (
B+

2

A
TR + < |zl + 5 <5R

5R

<S(msupaP B @)l [ Twil
B} (zr)

+
BSR

where S(n) is a constant depending only on n. By the Mean Value Theorem, there
exists a 6 € (0,1) such that
[P = Ju, a [P =0~ DEPTPE (0 wgg,0)
<(p = Duf~?|wy],

where U := fu+ (1 — 0)u,, ». Using the Holder inequality and Sobolev inequality
again,

L<(p-1) / [P~y |2
B (zr)

<(p—1)S(n) sup\u\P*HBj(xR)ﬁ/ vwi |
Bl (zr)

+
B5R

From the above argument, it follows that (2.7) implies

/ Vw2 < S(n)psup [ulP | B ()| * / w2
Bf (zr) B (zr)

+
BSR

Choose Ag(R) > R but very close to R, then |BY (zr) * is small such that

S(n)psup [ulP~}|BY (zg)|* <
Bl

DN =

It follows that
|[Vwy|=0 in Bf(zg).
Together with
wy =0 on 9B (xr),
we conclude that
wy =0 in B (zp).

Hence, we complete the proof. O

Proof of Lemma 2.3. We establish Lemma 2.3 by contradiction. If A(R) < +oo
for some R, we shall prove that there exists a positive constant ¢ such that for all

A€ (A(R), \(R) +e),
u<u,,» in Bj\'(:cR), (2.8)
which contradicts with the definition of A(R).
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It is clearly to see by the definition of A(R) that
uguxR,;(R) in B;\_(R)(l‘R)

Combining with

u<u,, 3 on 3B;\F(R)(x3)ﬂaRi,

we have, by the Strong Maximum principle,

u<u,, yp n B;\'(R)(:vR).

In order to obtain (2.8), we divided the region By (zr) into two parts,

K;:= {x € B;\'(R)(xR)‘dist(x, 8B;\'<R)(xR)) > 6};
K2 L= B;\F(LL'R)\Kl,

where § is a small positive constant will be fixed later.
Since K7 is compact,

bi = Illl(illl(ui7$R75\(R) — Ui) > 0.

From the fact that the uniform continuity of u on compact sets, we can choose ¢ < §

sufficient small such that for any A € (A(R), A(R) + ¢),
Uz — Uy X(R) 2 —3 in Ki,

where b := (by, bo R bm)' Consequently, in view of the above argument, we obtain
that for any A € (A(R), A(R) + ¢),

b .
UIR,A*UZ§ in Kj.

Now let us focus on the region Ks. Using the narrow domain technique as that in

Lemma 2.2, we can fix the value of § small such that for any A € (A(R), A\(R) + ¢),
Uz, >u in K.

Together with the above argument, we can see that the moving spheres procedure
may continue beyond A(R) where we reach a contradiction. And we complete the
proof of Lemma 2.3. O

3. Existence of solutions of the PDES in Si_l. First, by applying stereo-
graphic projection, the upper semisphere Sﬁ71 is mapped into the unit ball of
R"~!. Then as for (1.5), the Laplace-Beltrami operator in Si_l can be reduced to
the Euclidean Laplace operator, which is convenient to study. Then, we shall show
that
W = wc,

where w is a positive solution of (1.6), ¢ € ST. Then we can complete the proof.

For the purpose, let us summarize some well-known properties of this transfor-
mation: For any point ¢ € S*~1\{S}, S is the south pole. Let ge be the straight
line through the points £ and S, and let g N{X € R"|X,, = 0} := (x,0), z € R"~1.
The mapping £ — x is conformal and satisfies:

‘- 20 1—|z)?
SO\ 1422 )
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Proof of Theorem 1.2. By applying stereographic projection £ — =z, Si_l is trans-
formed into B; € R* !, and A, is transformed into

_1 22 [ 2\3 2 _
Lv.—4(1+r)Av+8(n 3)(1+r)°V 5,2 Vo,

where A now is the Euclidean Laplace operator in R"~!. Suppose w is the solution
of (1.5) and set

w(¢)
@)= ey

it follows that

(n—1)(n—3)+ 4l"’pW 4W|P—iw
(1 +T2)2 + (1 +T2)(n+1—p(n—3))/2

Then we can obtain that W(z) = W(|z|), and W,.(z) < 0 using the method of
moving plane as [15], which turned out to be a very powerful technique in proving
symmetry results for positive solutions of semilinear elliptic problems in symmetric
domains. Then the symmetry proofs in this work depend on a number of technical
steps. In order to guarantee the method of moving plane is effective, we need that
the right-hand side of (3.1) is non-increasing in r. It is sufficient that

8(n —p(n —2))
(p—1)*

— AW = in B;. (3.1)

n—1)(n-3)+4l,,=n—-1)(n-3)+ >0,

n+1—pn-—3)>0.
Thatis,1<p§Z—ﬁfornZ?;andp:Z—féfornzél.

Define
n—3
t:=—Inlz|=—Inr and U®):=|z| 7 W(x),

it follows that
T (n - 3)2 - (n — 1)(” —3)+ Al p 4|U|p_1U .

Ut—U= e sy S ) B
In particular, for any ¢ € {1,2,--- ,m}, we have

., (n—3)2 (=) =3)+ 4y, 4|ur-ty; )

Ui T (r—147)2 Uit (r—1 t r)nti-p—3)/z " Ry

Hence, we obtain that for any 4, j € {1,2,--- ,m},
Uj'U; = U]’»'Ui7
which implies that
(UZ/UJ — UJ/UL)/ =0= UZIU] — UJ/UfL =c,

where c is a constant. The following we shall show that ¢ = 0. Suppose that ¢ # 0.
Without loss of generality, we can assume that ¢ > 0. A direct calculation gives

that
U; /_ UZ/UJ —UJ/UZ _c
\ui ) U2 U

Since there exist a positive constant M such that |U| < M, integrating from 0 to

t, we have
[(@)= )
_ L) > —.
o \Ui o M
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It follows that

Uit) et U(0)

i(t) — M> Ui(0)
if ¢ sufficiently large. It is a contradiction. Hence, from the above argument, we

have
U\’
=0.
(Ui>

Therefore, we conclude that there exist constants c;; such that

>0

S

Fixed any ¢ € {1,2,--- ,;m}, define ¢; := (c14,¢2:," -+ , Cmi), we have
C1; Co94 Cmi
U = (c1i, 25, s emi) Ui = |4 (|Cl7 ﬁ, s 7|Cmi> Us.
(3 (] 1
Back to the definition of U, we have
Cii C24 Cmi
w = (Cli702i7 e 7sz’)wi = |Cl| (|c|’ m, T c|> W
(] (3 (2
Since |c;|w; is a solution of (1.6), we know by the work of [4] that if 1 < p < 241

n+1

for n > 2, and p = for n > 4, then (1.6) admits no positive solution; if

n—3
n>2, Z—ﬂ <p< Z—ﬁ, then (1.6) admits a unique positive solution. Therefore, we
complete the proof of this theorem. O

4. Proof of Theorem 1.3. To prove Theorem 1.3, we introduce two useful propo-
sitions, the first one is the doubling property [23, Lemma 5.1], and the second one
is Proposition 4.2, which plays a key role in the proof of Theorem 1.3.

Proposition 4.1. Suppose that ) # D C ¥ C R™, X is closed and T' =X\ D. Let
M : D — (0,00) be bounded on compact subset of D. If for a fixed positive constant
k, there exists y € D satisfying

M(y)dist(y,T) > 2k,

then there exists x € D such that

M(z) > M(y), M (z)dist(z,T) > 2k,
and for all z € D N By/apz) (),

M(z) < 2M(x).
Proposition 4.2. Suppose that 1 <p < 22 0<r < 1 andu € CQ(B;\Ff) N
C(BF\B;) is a positive solution of
{ —Au=|ulflu in B;\?f, (4.1)
u=0 on 9'Bj \ 9B},

then there exists a positive constant C' which is independent of the solution such
that

lu(z)| < C[dist(z, "B, Ud"B)]" 71 in B \BJ, (4.2)
where 8" By, U "B, := 0(B5 \B,") NR".
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Proof. Assume by contradiction that (4.2) is false. Then, for every integer k > 1,

there exist 0 < 1, < %, a solution uy, of (4.1) with r = rg, and y, € B;rrk \ B/, such
that

__2_

i (ye)| > (2k) 7 [dist(yy, @B, UO"B)] 71 in B, \Bj.

27y

Applying the previous Proposition 4.1 with
Mi(z) = [up(z)|">, Dp=Bi \BL, Tw=0"Bf Ud'B}

21 27y TR

there exists xp € Dy such that

My (xr) > My(yr), My(x) > 2k[dist(zg, Di)] ! > 2k, (4.3)
and for any z € Dy, and |z — x| < k/My(xy),
My(2) < 2My(z). (4.4)
It follows from (4.3) that for any k € NT,
dist(zg, k) > 2k/My(zk), (4.5)
and
1/Mg(xg) — 0 as k — o0, (4.6)
Consider

=2 —
wi(y) == My (zp)ug (x5 +y/Mi(2zk))  in By,
where By := By, N {y € R" : y,, > —Mj(x)(xk)rn}. Combining (4.5), we obtain
that for any y € By,

1.
|2k +y/ My (xg) — xk| = yl/My(2y) < k/My(zy) < §dlst($kvfk)7

that is,
o +y/Mi(zr) € B%dist(mk,rk)(wk) C Dy.

Therefore, wy, is well defined in E;; and a calculation gives that wy, satisfies
{ — Awy, = |wi [P wy in ka,

wi =0 on ByN{y e R":y, = —Mi(xr)(xk)n},
and |w(0)] = 1. Moreover, from (4.4), we find that for all y € By,
p—1
lug(zx + y/Mi(z)) |77 = 2Mp ().

p—1
| 2

< 2fug(w)
Since

(wi(®)| "7 = (I + y/Mi(@))| T ) /Mi(a),
it implies that

W) < 2My () Mi(ar) = 2. (4.7)
Hence, the sequence wy, is uniformly bounded, it follows that —Awy is also uni-
formly bounded. Passing to a subsequence if necessary, we may assume that either
— My (xx)(xk)n — —00 or —My(xg)(zk)n — —c < 0.

If —My(zk)(xk)n — —oo, from interior elliptic estimates, we have for every
q € (1,00),

||Wk‘HWi‘g(R") <Cq.

Then up to a subsequences wy converges locally uniformly in R™ to some smooth
function w., such that wo, satisfies

AWy = [WP T Wy, in R™
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and W (0)| = 1, from the Liouville Theorem [14] that wo = 0, it is a contradiction.
If —My(zx)(zk)n — —c <0, it follows from interior-boundary elliptic estimates
that

IWrllwzayerny,>—cp) < Ca-
Then up to a subsequence wy, converges locally uniformly in {y € R" : y,, > —c} to
some smooth function w, such that w., satisfies

—Awy = [WPlwy, in {y eR":y, >—c},

Weo =0 on {yeR":y, =—c},
and |Ws(0)] = 1, from the Theorem 1.1 that wo, = 0, it is impossible. Hence, we
finish the proof. O
Proof of Theorem 1.5. For any x € Bi_/zv we apply Proposition 4.2 with r = %|x\
Since dist(z, 0" B3, U 9" B;l) = %, we deduce that

2
N

lu(z)| < Cldist(z, @By, U BF)| 71 = C (5) T = Ola| 7

This establishes the result. O
5. Removability.
5.1. The case for p > 241,

Theorem 5.1. Suppose that p > 21, and u € C*(Bf )N C’(E\{O}) is a positive
solution of (1.2). If
lim |#|7°7 [u(z)| = 0, (5.1)
z—0

then u € C’"‘(Bf'/Q) for any a € (0,1) and u(0) = 0.

Proof. In terms of spherical coordinates, we can write (1.2) as

-1 1
W+, + A+ [uflu =0 in (0,1) x ST,
T r
u=20 on (0,1] x oS 1.
Let ,
t:=—Inr, v(to):=rtu(ro). (5.2)

Moreover, v satisfies
2(p+1)
p—1
v=0 on (0,+00) x 9S" !

(5.3)

it follows by assumption (5.1) that there exists Ty > 0 such that v is bounded on

[To, +00) X Si‘l. Then by the Agmon-Douglis-Nirenberg estimates ( see [2] ) we

have for any ¢ € (1, 4+00),

Vi + Agv — <n - ) Vi + v+ |v\p*1v =0 1in (0,400) X Si_l,

”VHW?"I((tfl,tJrl)xSi’l) = C||V||Lq((t72,t+2)xsifl)v

where ¢t € [Ty + 3,+00), and C depends on ¢ but not on ¢. Together with v is
bounded on [Ty, +00) x S, we have

||v||W2vq((t—1,t+1)XSK*I) < C||VHL2((t—3,t+3)><Si*1)7 (5.4)



2202 YIMEI LI AND JIGUANG BAO

for t € [To+ 3,+00), g is any number in (1, +00). Multiplying both sides of the i-th
components of the system (5.3) by v; and integrating by parts in S:L__l, it follows
that

2 1
/ v; |:('Uz')tt + Agv; — (n - gy +1 )> (Vi)t + lnpvi + V[P~ s | do = 0.
Sn—l —

Then in order to obtain the theorem, for any ¢ > 0, we define
Xi(t) = llvi(ts )l L2 gn-1y-

A direct calculation gives that for every ¢ € (0, 400),
Xz(Xz)t = / L 'Ui('Ui)th. (55)
S

Using Holder’s inequality we have
[ Xi(Xa)e| < Mvilts M g2 gn—n)l1(0i)e (8 )l L2 g1
Thus,
[(Xa)el < Nl ()e(t ) L2 (n1y- (5.6)

Computing the derivative with respect to ¢ on both sides of identity (5.5), we get

(Xz)? —+ X’L(X'L)tt = / (’L}Z)?dd +/ Ui(Ui)ttd(T
st

n—1

Nt gy oy + [ it

n—

+
From this identity and estimate (5.6), we deduce that

Xi(Xo)u Z/ 1vi(vi)ttd0~

n—

On the other hand, since the first eigenvalue of the Laplace-Beltrami operator —A,
. 1.2 n—1\ -
in Wy *(Sh77) isn — 1,

(n—1)(X)? < /

|ngi\2dcf = 7/ 'UiAS"UZ‘dO'.
gn—1 gn—1
+

The Holder inequality gives that
p—1, 2 2
/ P S GOV
Combining with the above estimates, we have
2(p+1
G = (0= 25 Gt (1= 14 (0 gy ) X2 0. 57
From the condition we have

li ) = iformly in S7L.

t_}gloo|v(t, )| =0 uniformly in S

it follows that for a given sufficient small € > 0 there exists tg > Ty + 10 such that
for any t € (o, +00),

l|lv(, <e.

)HLoo(Sn 1)
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We deduce that for every ¢ € (tg, +00),

(X)ee — (n - 2;7911)) (Xt + (lnp -1+ 1+)X; > 0. (5.8)

On the other hand, consider

—1 p—1
Xi(to) < Z(to),

and it follows that Z(t) satisfies

bS]

where 0 < & < min {%2, ptl (n - m) }, Cy is a positive constant Cy such that

and

Moreover, if ¢ > 0 sufficient small, the fact p > 2+ gives

lnp—n+1+e<0.
Hence, using the Maximum principle for X; and Z, we obtain that for any ¢t €
(t()a +OO),
_ (L‘H+ \/n2—4€—n>t
Xl(t) < Coe Pt ? .
Applying estimates (5.4) with ¢ > &, we have

p—1 2

_(Lﬂ+@>t
”VHWQ*Q((t—l,tJrl)xsfl) <Ce .

The Morrey’s inequality implies that

p—1 2

7(p74»1+\/ﬂ,2—42—n>t
||V||L°°((t71,t+1)><S171) S Ce .

The estimate above implies that for |z| small,

/nZ —de—(n—
u| < Cla ™7

Together with € > 0 is sufficient small, we conclude that u is Holder continuous up
to x =0 and u(0) = 0. O

5.2. The case for p = Z—i

Theorem 5.2. Forp= ,ifue C*(B )N C(?f\{O}) is a positive solution of

(1.2) and

n+1
n—1

2

tny el (1o 1) o (5.9)

then u can be continuously extended to 0.
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Proof. Since p = Z—ﬂ, then (5.3) can be written as

Vtt+ASV+Tth+(n71)V+|V|%V:O in (0, +o00) x ST1,
(5.10)
v=0 on (0, +00) x 9871,

where v defined as (5.2). For any ¢ € (0,+00), i € {1,2,--- ,m}, let
n—1
Xz(t) = t 2 ||1)Z‘(t, .)||L2(Siil)'

Multiplying both sides of the i-th components of the system (5.10) by t"~1v; and
integrating by parts in Si‘l and by the fact that

-1
t"_l/ v;(v;)edo = X (X)) — LXZ.Q,
gn—1 2t
"
and
tnfl/ v (v;) e do
snt
n®—1 n—1
< Xi(Xi)ee + 12 X7 - ; Xi(Xo),

then together with (5.9), we conclude that for any € > 0 there exists tq sufficiently
large such that for every t € (tg, +00),

(Xi)er + <n - n;l> (X)) + 1 (”24; 1 n(n2— 1)

t
On the other hand, applying Lemma A.2 in [4] we know that one solution of the

equation
Zu+(n-""L) 741 n2717n(n71)+€ Z=0
“ t PR\ 4t 2 B

satisfies the following asymptotic behaviors as ¢t — +o0,
Z(t) = t"7 tre (1 + o(1)).
Let € > 0 small enough and Ty > t( large enough such that
n?—1 nn-1)
4t 2
Choose a positive constant Cy € R such that

Xi(To) < CoZ(Tp).

+€>Xi20.

+e<0 in [Ty, +o0),

Then from
Xi(t) >0 as t— +oo.

Using the Maximum principle for X; and CyZ, we deduce that for ¢ € (Tp, +00),
Xi(t) < CoZ(t).
In particular, for ¢ large,
X;(t) < Cot "7 e~ (n= 1)1,

By the same argument as Theorem 5.1, we conclude that u is bounded and u can
be continuously extended to 0. O
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6. Asymptotic.

6.1. The case for p = Z—i In this part, with a blow up rate assumption, we shall

show some asymptotic symmetry.

Theorem 6.1. Let p = 2L and u be a positive solution of (1.2). If

n—1’
\1:|p%1 [u(z)| is bounded, (6.1)
then

. _2
lim [|77 Ju(x)| = 0.

Proof. From our assumption (6.1), it follows that there exists Tp > 0 such that
v is bounded [Ty, +00) x S7™', where v is defined as (5.2) in Theorem 5.1. It
follows from the estimates (5.4) and the Morrey’s inequality that for any v € (0, 1),
t € [T+ 3,+00),

||v||Cl=’Y((t—1,t+1)xSi*l) S O(’}/)
Furthermore, we also have by elliptic estimates that
IVllezo((t-1,041yxs7-1) < C(7) (6.2)

for any v € (0,1), t € [Tp+3, +00). With the above estimates, to prove the theorem,
we first to show that

vi(t,-) > 0 uniformly in S} as t— +o0. (6.3)
Next we can prove that
v(t,-) = 0 uniformly in S?' as t — +o0. (6.4)

As the first step, we shall show (6.3). Multiplying the system (5.3) by v; and
integrating over S;“l yields

2 1
/ vy - vdo +/ vy - Agvdo — (n - (p-i—)) /
Si_l Si—l p — 1 S
oy [
S

Combining v; vanishes on the boundary [Tp, +00) x 9S} ", we have

|Vt|2d0'
1—1
vy -vda+/ |v[P~ v, - vdo = 0.
S

n—1 n—1
+ +

2 2 2 p+1
A (P IV hlvP | Y
dt Jgn—1 2 2 2 p+1
’ 2(p+1) (6.5)
= (n— AP )/ |v¢|*do.
p—1 ) Jsnt

Since (6.2) gives that

2 \V4 2 l 2 p+1
[ (Tt it )
g1\ 2 2 2 p+1
+

for some constant C' > 0. Hence, integrating (6.5) on (Tp + 3, 4+00), we obtain

2 1 Foo
<n_ W) / |Vt‘2d0'd$
p—1 Ty+3 Js7—1

<C in [Tp+3,+00)

< 400. (6.6)
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On the other hand, since p # 22 n — 2(p+1) = 0, we conclude that (6.3) follows.

n—2°
Indeed, by (6.2) we obtain that v;, vy is umformly bounded in (Tp+3, +00) x ST~ L
It follows that there exists a constant M > 0 such that

d 2
% /nil |Vt| dU
+

for t € (Tp + 3,4+00). If (6.3) not true, for a given € > 0 there exist a sequences
{t:} = 400 such that fsi—l |vi(ti,-)|?do > e and choose n = ;5 such that for any

te (tl—n,tl+77)7

/ [vi(t, )|2d0_/ [ve(ts, )| dG—/ / |ve(t, 2da
syt ST 4 dt Jon-

2/ el o —

< 2/ vellveldo < M
s1*1

£
3

We can assume that t; < t;41 —n <41 < ti+1 + 1 < ti42, then

b= l—1)Me?
/ / |v¢|?dods > % — 400 asl— +oo.
To+3 Jsit

It is a contradiction with (6.6).

For (6.4), we study the limit set of the trajectories of v;, i € {1,--- ,m} and for
simplicity, we just consider ¢ = 1, namely the set

['=Nr>oUir{o1(t, )},

where the closure is computed with respect to the usual norm in CO(Sﬁfl). Since
I' is the intersection of a decreasing family of closed connected subsets of C’O(Si_l),
I'; is closed and connected. In addition, from (6.2) and the Arzela-Ascoli theorem
that I'; is also compact and nonempty.

For any wy; € T, let tx be a sequence of nonnegative real numbers such that
ty — +oo and

v1(tk,-) = w1 uniformly in S?fl

Clearly, w is nonnegative and w; = 0 on 88?_71. For each k£ > 1, let
Vi (s,0) €[0,1] x Sifl — R™

be the function defined by Vi (s,0) = v(t, + s,0). For every ¢ € C§°(S?™") and
for every e € (0, 1), from the equation satisfied by v we have

2p + 1
/ / ( (Vi + AV — ( (p *1 )) (Vi) + lnp Vi + |Vk|”1Vk) ¢dods
Sn 1

Since the sequence Vy, is bounded in C([0, 1] x Si_l)7 passing to a subsequence if
necessary, we may assume that for some continuous functions W,

Vi — W uniformly in [0,1] x S

Furthermore, the fact that v, — 0 uniformly as t — +o0o gives

/ (Vi)ubdods — / (Valts + &, 0) — vo(t, o)) ddo — 0,
o Jspt

n—1
S+
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and

/ / (Vi)ipdods — 0.
o Jspt

Therefore, we conclude that for every € € (0,1),
€
/ / (WA ¢+ 1, ,W¢ + |W[P~'W¢) dods = 0.
o Jsp!
Dividing both sides by ¢, and letting € — 0, we get

/ (W(0,0)A6 + 1y, W(0,0) + [W(0,0)[”"W(0,0)6) do = 0.
S

n—1
+

Then (6.4) follows from the fact that W(0,:) = 0 by Theorem 1.2, and we finish
the proof. O

n+1
n—1"

Now we establish a more precise estimates near the singularity for p =

Theorem 6.2. Let p = Z—ﬂ and u be a positive solution of (1.2), then

1\ T
lu(z)| < Ozt <log |> near z =0
x

for some constant C > 0 (possibly depending on the solution).

To obtain Theorem 6.2, we just need to prove the following Theorem.

Theorem 6.3. Let p = “E1, E = ker[A, + (n — 1)I] and u be a positive solution

of (1.2). v is defined as (5.2). If v = vy + vy is the decomposition of v as the
orthogonal projections in L? (S’fr_l) onto E and E*, respectively, then for t large,

_n—1
||V1(ta')||L2(Sifl) <Ct 7, (6.7)

and
[Va(t, M a(gn -y < Ce™ 3 (rHVITm), (6.8)

Proof. We first prove the estimates (6.7). Denoting by ¢; the positive first eigen-
function of —Ay with [|¢1]| ;2 (gn-1) = 1, we have
+

vi(t,o) =y(t)¢i(o),
where

y(t)i= [ vt oo
S
Multiplying (5.10) by ¢ and integrating over Si_l, we have

y' +ny’ +/ ) |v|%q§1vd0 = 0.
S

+
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By Holder inequality and ||¢1||L2(Sn71) = 1, it follows that for any i € {1,2,--- ,m},
+

n+1
n—1
Y= /
S
n+1

<C v, " prdo

[
n—1
S+

n41

n—1

n-1 _2
U’i 1n+1 ¢{L+l dU)

n—1
+

<C V|7 T vi1do,
S
which implies that

n+1

vl +nyl + Cy~ ' <0.

)

Addition, from Theorem 6.1, we have

. _ . . n—1
tllgloo|v(t, )] =0 uniformly in S}

It follows that lim; 1o 4;(t) = 0. Applying Lemma A.1 in [4] we deduce that
Y < Ct—"T ast— +00.

By the definition of vy (t,-) and |[¢1][;2gn-1) = 1, we conclude that as ¢ — +o0,
+

[va(t, ')”LQ(s’fl) = |Y(t)|H¢1(U)||L2(S’f1) <Gt 7.

This proves the first estimate (6.7).
We next prove the estimates (6.8). From v(¢,0) = y(t)$1(0) + va(t,0), we have

vi(t,o) = yi(t,0)p1(0) + (v2)i(t, o), vie = yu(t,0)d1(0) + (v2)u(t, o).
For ¢ € (0, 4+00), define
Yi#) = llvi2(t, )l L2 gn-1y-
By the orthogonality between ¢; and v; 2, we have

Y (Vi) :/S v;,2(v;.2)do =/ ) Vi 2[(Yi)e 1 + (vi2)¢]do =/ v;,2(v;)¢do.

s
From the first equality and the Holder inequality gives that
Vel < 1r2)elt Mgy

As in the proof of Theorem 5.1, we have

Yi(Yi)u > /S

L ’Ui72 (Ui)ttdO'.

Since the second eigenvalue of the Laplace-Beltrami operator —A; in Wg ’Z(Sﬁ_l)
is 2n,

271}22 S/ |Vvi72 2d0’ = —/ Ui72AsUi72d0' = —/ Ui72AsUid0'.
Snfl Snfl Sn—l
+ + +
Then multiplying the i-th of (5.10) by v; o and integrating over Si_l, together with
limy_, 4o [V(%,-)| = 0 uniformly in S !, we obtain that as in the proof of Theorem
5.1, for every € € (0,1) there exists to > 0 such that for every ¢ € (tg, +00),

(Yi)u +n(Yi)e — (n+1-¢)Y; > 0.
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Define
2(t) i Cpe— H TR,

where Cj a positive constant such that
Yi(to) < Z(to).
We also have
tl}gloo Z(t)=0.
It is obviously that Z satisfies
Zy+nZy—(n+1—e)Z=0.

Since Y;(t) = 0 as t — +oo and —(n+1—¢) < 0, applying the Maximum principle
one deduces that for any ¢ € (o, +00),

Yi(t) < Z(t) < Ce= 3 (ntVn*Hin),
This gives the estimate for vo and we complete the proof of (6.8). O
Proof of Theorem 6.2. By the above theorem, we have as t — +00,
||V(t7 ')||L2(51*1) <Ctm =z

Choosing the g of (5.4) bigger than %, by the Morrey’s inequality the result follows.
O

Now we shall begin to prove Theorem 1.4.
Proof of Theorem 1.4. Define
w(t,o) = t%;lv(t,a),

where v is defined as (5.2) and Theorem 6.2 implies that w is bounded in (Tp, 4+00) %
S’+“1 for some Ty > 0 large enough. By a straightforward computation, w satisfies

21
th+AsW+(n1+n4t2)W
(6.9)
n—1 1 2 n(n—1)
+ n=— Wt—|—¥ |W|"—1W—TW =0.

Let ¢ : S171 — R be the function defined by ¢(o) = ‘(’Ul We also recall that the

first eigenvalue of —A, in W, ’2(81_1) is » — 1 and the eigenspace associated to this
eigenvalue is spanned by the function ¢(o). For t € (0,400), let

a(t) = /S wi(t,)o(-)do,

n—1
+

and we know that z is bounded in (Tp, +00). Multiplying (6.9) by ¢ and integrating
over Si_l, we obtain that

n? -1 n—1 1 2 nin—1)
Ztt-i-TZ-i- (n— n )Zt—i_t/gil |W‘n_1w¢dU—Tz=0.
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Thus, for any i € {1,2,--- ,m}, we have

On the one hand, we obtain by Theorem 6.3 that as t — 400,

< Qe 5 (ntVn?Tin),

[vi2(t ) p2gn-1) =
Lz(Si—l)

w(t) = [ (e )oC)doot)

Hence, we have by the definition of w and z that as t — 400,
it ) = 2O a1y < CF e 50HVRTFR), (6.10)

It is easy to see that
n ntl
(z10) "7 —w) ™

1
Zt 1 206 — wi(2:0) 7.

n+1

Zi"_l (b% — |W| %wl

IN

IN

From the fact that z is bounded in (Tp, +00), we using the Holder inequality and
(6.10) obtain that as ¢ — 400,

JICali=a
S

n—1
+
_2 P
& it ) = 20O pagar 167 Lo

<N +1
<Ot "’;1 e—%(n+\/n2+4n).

=Tw;)ddo

n-—1

Thus, as t large enough, we have

n+1

TL2 — 1 1 n+1 T
. _ iP) =1 — n- d
H = +t/811<<2¢> " )pdo

< Ct2.
Leo(sh )

By a straightforward modification of the end of the proof of [7, Corollary 4.2], z;
admits a limit £ > 0 when ¢ — 400, where k satisfies

/ oo | s _ =D
snt 2

n—1

2
n(n—1)

Therefore, either k =0or k = | ———=—
2 [t ¢ Tdo
s7

. Ast — +00, we deduce by

(6.10) that,
wilt,) = T vi(t,-) = k¢ in LA(STY).
We conclude by (5.4) and Morrey’s inequality that

t7 vi(t,-) = k¢ uniformly in S
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Rewriting the convergence in terms of u, we conclude that either (1.8) holds or

n—1

1 2
||t (log m|) u(z) >0 as z—0.

If the above estimates holds, then u must can be continuously extended to 0 in view
of Theorem 5.2. O
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