Optimal Regularity for Convex Strong Solutions of
Special Lagrangian Equations in Dimension 3
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ABSTRACT. By means of the Reilly formula, we obtain a weighted
iterative inequality and the local C!! estimates of the W2¥ con-
vex strong solutions to the special Lagrangian equations in di-
mension 3 for p > 3, and then prove that these solutions are
smooth. The regularity result fails if p < 3.

1. INTRODUCTION

In this paper we consider local C!'! estimates and regularity for the convex strong
solutions of the special Lagrangian equations

(1.1) det(D?*u) = Au, ae.inQ,

where Q is a domain in R3.

For a smooth function on Q, the graph of its gradient is automatically a La-
grangian submanifold in C> = R? x R3 with the standard complex structure. If the
function further satisfies equation (1.1), then the mean curvature of the graph van-
ishes, hence the graph is a minimal submanifold. Minimal Lagrangian subman-
ifolds in C3, more generally in a Calabi-Yau 3-fold, are called special Lagrangian
submanifolds (cf. [10]).

Equation (1.1) is elliptic at its solution u (cf. [10, Theorem 2.13]). Itis a

classical result that, when p > %, the functions in W;;¥ (Q) are pointwise twice

differentiable almost everywhere. A function u € Wli’f (Q) forp > % is called a
strong solution of (1.1) in Q if it satisfies (1.1) almost everywhere in Q (cf. [6],
[7] for more general cases).

The main result in this paper is a regularity result for convex strong solutions
of equation (1.1), which is optimal in the Sobolev exponent. More precisely, we
prove the following result.
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Theorem 1.1. Let w be a convex strong solution of equation (1.1) in WP (Q)
withp > 3. Thenu € CH1(Q) and for any compact sub-domain Q' of Q

(1.2) sup |[D*ul < C,
o

where C depends only on p, ', dist(Q',0Q), and ||Aullrv . In particular, for
any p > 3, the convex strong solutions of equation (1.1) in Wli’f (Q) are smooth.

Remark 1.2. There is an example to show that Theorem 1.1 is false if p < 3.

It is well known that convexity and C!'! estimate together imply smoothness
of solutions to (1.1) by the regularity theorem of Evans-Krylov ([5], [8], [12])
and the standard elliptic regularity result. Without assumption on convexity, it is
shown in [17] that C**-norm of a solution to equation (1.1) can be bounded by
its Cll-norm.

There are interesting results on regularity for the Hessian equations (cf. [16])
and optimal regularity for the Monge-Ampere equations (cf. [3], [4]). It was
proved that the W2P k-convex solutions with p > k(n —1)/2 belong to C!! for
the Hessian equations Sx(D?u) = 1 in dimension 7 case. Here Sx(D?u) is the
k-th elementary symmetric function of the eigenvalues of the Hessian of u.

In [2] smoothness results for the W2 convex solutions with p > (n —
1) max(n — k, 2), among other things, are obtained for a Hessian quotient equa-
tion

Sp(D*u)
Sk(D2u)

which includes the special Lagrangian equation (1.1) as a special case. Theorem
1.1 improves Theorem 1.1 in [2], which is the analogous result with p > 4 if n =

3 and k = 1. Our main theorem will be proved by showing that if u € W7 (Q)

with some p > 3, then we have u € Wli’cp(Q) for some p > 4 (in fact, for any
P < ), and therefore the conclusion follows from [2].

In order to prove Theorem 1.1, we use two kinds of approximations of the
solution u. One is the mollification u¢ of u, which allows us to apply Reilly’s
formula to obtain integral estimates. Another approximation is using the second
difference quotient Aggu to replace D?u, which avoids dealing directly with the
fourth order weak derivatives of .

The rest part of the paper is organized as follows: In the next section we set
up notations and establish preliminary uniform estimates for various quantities in-
volving u and its approximations. Section 3 is devoted to the main contribution of
our article, that is, the local W7 estimate (for any p < o) of the W>3* solutions
to equation (1.1), see Proposition 3.5. We also complete the proof of Theorem
1.1 by using the W24+ estimate and [2]. In the last section, a counterexample is
given to show 3+ is the optimal exponent for the Sobolev space.
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2. PRELIMINARY ESTIMATES
We define a function F by

F(r) :=log(detr) — log(trv),

for any 3 x 3 positive matrix ¥ = (¥;;). Now we can write equation (1.1) in the
form

(2.1) F(D*>u) =0, ae.inQ.
Furthermore, for i, j, k, £ = 1, 2, 3 we denote the first derivatives of F by

oF

Fi(r):= (r)
aTij
and the second derivatives of F by
- 2
Fiiklry .= 0 ),
aTijaTk,g

By a standard calculation for determinants (cf. [9, Section 17.6])

. .. ij
(2.2) FlJ(T)zrlJ—tér—V, i,j=1,2,3,
5ij6k€

Fiukl () = —pikyil 4 i,j,k € =123,

(trr)?’

where (%) denotes the inverse matrix of ¥ = (¥; ). Consequently equation (2.1)
is elliptic and the function F is concave with respect to any W*? convex function
(cf. [15]).

We always assume that u € WP (Q) with p > 3 is a convex strong solution
of equation (1.1) or equation (2.1), and Q' is a compact domain of Q in R?. Let ¢
be a mollifier, that is, @ is a non-negative function in C®(R?) vanishing outside
the unit ball B;(0) and satisfying

J{Ra @(x)dx = 1.
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For € > 0, the regularization of u is defined by the convolution

(2.3)  Ulx) =g JQ Q@ (%) u(y)dy = JB o Y)ulx —ey)dy.

Then u is convex in Q" and u¢ belongs to C*(Q') provided € < dist(Q’,0Q),
and

(2.4) Us — U in WHP(Q)

as € — 0, by [9, Lemmas 7.2 and 7.3]. Moreover, by the arithmetic-geometric

mean inequality and equation (1.1), we have
05) Au = 3(detD?*u)'3 = 3(Au)'/3,
' Au =33, ae. in Q, Aue = (Au)e = 33 in Q0.

Now we regard u¢ as a smooth convex solution of

(2.6) F(D*u¢) = fe(x), inQY,
where
_det(D?uy)

For later use, denote the algebraic co-factors of det D*u, with respect to D;ju, by
AY(D?u,) and set - - -
a’(D*ue) = AV(D*u,) — 8Y.

Let A¢ and A¢ be the minimal and maximal eigenvalues and 7¢ be the trace of
the matrix (a¥ (x)) := (a¥ (D2u.(x))) respectively. Also, let 7 be the trace of
(a(D*u)).

With the notations established above, we reveal some useful properties of the
mollified solution u¢ in the following three lemmas.

Lemma 2.1. Let u € W2V (Q) be a convex strong solution to equation (1.1)
with p > 3; then

(2.8) det(D*u¢) = Aue and fe = 0in Q’,

if e < dist(Q',0Q), and

(2.9) Te—T inLP2(Q),
det(Dzug) . p/2 ’

(2.10) A -1 inLP/4(Q)),

(2.11) fe—0 inLP/P=3(Q)),

as & — 0.
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Proof. Using equation (2.1) and the concavity of F at convex functions, we
have for x € Q' and a.e. ¥ € Q

0 = F(D*u(y)) < F(D*ue(x)) + F¥(D*us(x)) (Diju(y) — Dijue(x)).

Therefore by [9, Lemma 7.3]

0= | @ (F2) (FDMuct0) + FI (D) (Dyu(y) = Dijiee(x))) dy
= F(D*us (X)) + FY(D*us (x)) (Dijue (x) — Dijue(x)) = F(D*ue(x)),
if € < dist(Q’, 0Q). This implies from (2.6) and (2.7) that (2.8) holds.

On the other hand, noting that [D?u| < 9Au and [D?u¢| < 9Au, by the
convexity of u and U, a direct calculation yields

|Te — T| < 6(D*u¢| + |D*ul)|D*u, — D*ul,

det(D?*uy) B det(D?*u)
Aug Au

< 18(|D*u,| + |D*u|)|D*u, — D*ul.

So (2.9) and (2.10) follow from (2.4), (1.1) and Hélder’s inequality. Using the

elementary inequality
logt <s(t -1, t=>1,s=>1,

and taking

2
_ det(D?u,) c 2 ifp <5

t , ,
AU, p—-3

we have from (2.8) that

b <d€t(D2u5) B 1)(70—3)/2

OSfESP—S Aug

Combining the above estimate with (2.10), we get (2.11) if p < 5.

Ifp > 5, W2P(Q) € W (Q). By (2.11) for p = 5,

C

fg -0 in LS/(S—S)(Q’),

as € — 0. Sincep/(p —3) <5/(5-3) forp > 5, (2.11) also holds for p > 5. O

Lemma 2.2. Let u € Wli’f (Q) be a convex strong solution to equation (1.1)
with p > 3. If e < dist(Q',0Q), then As, A¢ and T satisfy the following estimates
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inQ
(2.12) Aig <A

(2.13) % < Ae < (Aue)?,
(2.14) % < T, < 3(Aue).

Proof. Let A1, Az, Az be the eigenvalues of D?ug, here the e-dependence of
the A;’s is omitted for simplicity. Without losing any generality we may assume
A1 = Ay = A3, and D?u; is in diagonal form at the point under consideration.
Therefore, the algebraic cofactors AY(D?u,) are in diagonal form as well, and

(a¥) = diag(AA5 — 1,A3A; — 1,A;A5 — 1).
We rewrite equation (2.6) as
(2.15) A1A2As = efE (A1 + Ay + A3).

Combining with (2.8) we observe that
1 fey - L £
A2A3 -1=> A—(?\l?\z/\3 —7\16 E) = A—(?\z +A3)€ &> 0,
1 1

which implies the matrix (aij ) is positive definite. Moreover, it follows from
(2.15) that A1A3 < 3A;e/¢; in turn

(2.16) Az < \3ele2,

Therefore we have by (2.8), (2.15)

M+dy A+l 20 2

A1A; — 1 CAMA -1 T A A

AE=A2A3—1ZA2-

and by (2.8), (2.15), (2.16)

efe(A +23)
A1A3 —efe

A=A —1=A;- 1

efE(MAs + A2+ 1) - A5 _ 2000 2

= > > —

/\12\3—ef5 - ?\1?\3 \/3

From the convexity of us, A¢ < T < 3A¢ and A; < Aug. It is then clear that
(2.12), (2.13) and (2.14) hold. O
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Lemma 2.3. Let u € W2 (Q) be a convex strong solution to equation (1.1)
withp > 3. Then

(2.17) limsup | (Aug)??Tedx < 2’”‘3J (Au)P 2T dx.
o o

&-0
Proof. Using the inequality
[AU: P72 < 2P 3(|Aue — Aul?P=2 + |AulP~2)

and Holder’s inequality, we have

J ((Aug)?P 2T, = 2P3(Au)P 2T ) dx
o
<r3 Jgr(mug —AUIP 2T + | AP 2 | T: — T|)dx

< 2773 ([|Aue = Aul|Fy o) | Tel 2y + 18Ul o i) 1T = T llrriary),
if € < dist(Q’,0Q). By (2.4) and (2.9) we therefore obtain (2.17). O

3. LOCAL W%P ESTIMATES

We derive in this section the local W27 estimates for the convex W27 strong
solution of equation (1.1), where p is any positive constant and p > 3.
For any sufficiently small h > 0, ¢ > 0, x € Q" € Q, and any given unit
vector & in R3, we use the concavity of F to conclude that
(3.1) F(D*uc(x = hE)) < F(D*u:(x))
+ FU(D*ue(x)) (Dijue(x + hE) — Djjus(x)).

Introduce the second order difference quotients

Ue (X + NE) — 2U(X) + U(x — hE)
h? )

We see by (3.1) and (2.6) that FiJ(D?u,(x))Dij (Afgue(x)) = Afefe(x), that
1s,

Ageue(x) =

’

(3.2) af (X)Dijve = ge(x), x €,
where we set
(33) vg = Alggug,

det(D*ue) I

(3.4) ge = det(DzuE)Aggfg + ( A

) Agg(AuE).
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Here we have used the fact that, by recalling (2.2) and the definition of aéj (%),

FU(D?u,)

CAU(DMu) 8 af(x) +( 11 )5U
~det(D2ug)  Aug  det(D2uy) det(D2us) Aug :

We immediately obtain the following convergence on gs.
Lemma 3.1. For fixed h < dist(Q',0Q), we have
(3.5) ge — 0 inL'(Q),

as e — 0.

Proof. Using Hélder inequality and Young’s inequality we have

det(D*ue)

lgelliiay < Il det(D*ue) s ||A§§fs||m/<p—s)(gr)
A, ||Ag§(Aue)”Liﬂ(Q’) 111 Lere-3 ()

+ '
LP12(Q))
LP/Z(Q;[))

< C(h)(”Dzue”LP(Q;L) +1)
where Q) = {x € Q | dist(x,0Q") < h} and C(h) is a positive constant de-
pending on h, p and Q'. The lemma is then proved by means of (2.10) and
(2.11). O

1

det(D?*uy) B

1
Aug

X (”fe ||LI!7/(P*3)(Q;1) +

To establish the W2 (Q) estimates, we shall also require the following result in
[14].

Proposition 3.2. Let Q be a domain in R"™ and u € C3(Q). Then
nooa
(3.6) > —SY(D*u) =0, inQ,
=1 an

foreachi=1,2,...,n, where Sx(D*W) is the Hessian operator, defined by

SkD?u) = > Apdg Ay,
1 <ip<---<ig
k=1,2,...,nand Ay, Ay, ..., Ay are the eigenvalues oszu.

Next we shall show that integrations on the boundary of a ball dominate
integrations on the ball.
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Lemma 3.3. Forallq > 1 and p > 0 such that By, (y) C Q' € Q, we have

(3.7) J vedT, dx < pJ v?ngS+qp2J v g.l dx,
Bp (y) dBp (y) Bp (y)

. 2 _
(3.8) J adDjjvddx < = va&T,.dx +2q v gel dx.
Bp(¥) pP7 JByp(») Byp ()

Proof. By (3.2) and v¢ = 0 we have in Q'

“2a¥ (veDjjve + (g — 1)DiveD;jve)

(3.9) at Dijvd = qu?
> qui'g: + ala - Vv ad DyveDjv..
Multiplying (3.9) by the cutoff function
nx) =p*>—Ix-y% xeBy(y),
then integrating by parts over B, () twice, and using the formula
a

0 =0, foreachi=1,2,3,
aXJ'

3
(3.10) >
j=1

from Proposition 3.2, we have

a nvd™'ge dx
Bp(y)
< J naijDijv? dx = — J a?Dingjr] dx
Bp (v) Bp (v)
= J v?aijDijn dx — J v?a?uDjn ds
Bp (y) 0Bp (¥) p
2 ..
=-2 vdT, dx + = vdad (xi — yi)(xj — v;)dS
Bp(y) P JoBp(y)
<-2 vdT.dx + 2p vaT:dS,
Bp () 0Bp (v)

which implies (3.7).
Next we choose ¥ € Cg(sz(y)) such that

. 2 .
X=1inBy,(¥),and0<x <1, |ID*x| < F in By (y).
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From (3.9) and (3.10) we see that
0< J (a¥Dijvd - qui' ge) dx
Bp (y)

. .
< J x(agDijvd — qul™ go) dx
Byp(»)

ij -1
= J véadDijxdx - q Xve gedx
sz(y) BZp ()
2 a q-1
<= VveTedx +q Ve |ge|dx.
P~ JByp(») By ()
So we complete the proof of the lemma. O

We are also going to use the following Sobolev inequality on the manifolds (see
[13, Theorem 2.1] or [1]).

Proposition 3.4. Letw be a nonnegative C1 (U) function which vanishes outside
a compact subset of U. Then

>(m—1’)/mr

3.11) (JM wmr/m=r) < C(n,m,r)(JM(wwV ; (w|5{|)r))1/r,

where 1 <v < m, M is a m-dimensional C* sub-manifold of R", U is an open subset
of R™ which contains M, § is the tangential gradient operator on M, and H is the
mean curvature vector of M.

The remaining part of this section consists of the proof of the following result.

Proposition 3.5. Letp > 3 and u € WP (Q) be a convex strong solution of

(1.1). Then we have u € Wli’f(Q) Jor any p < o, and for Q' € Q there exists a
positive constant C, depending only on p, p, ', dist(Q', 0Q), and the local LP norm
of A in Q, such that

ID*ullrs @y < C.
Proof. The proof of this proposition is divided into three steps.
Step 1. we derive a suitable integral estimate on ve.

Let Bsr(y) € Q'. We begin with some integral estimates on the sphere
0B, (), where p € [R,2R]. Take

_3(p-2)?
a p :



Special Lagrangian Equations in Dimension 3 1241

It is clear that ¢ > p — 2 > 1 since p > 3. By Youngs inequality and (2.14), we
have

(3.12) J vaT7,.dS < J WP L P2y s
0Bp (¥) 0Bp (¥)

< J W2PY 4 30212 Ay, )P 2T,) dS.
0Bp (¥v)

Applying Proposition 3.4 with w = (v¢)?=2/2, M = 0B, (y), m = 2,and v = %,
we have

(LBp(y)((vf)(p_z)/z)GdS)1/6

2/3
< C(J (ID(ve) P=2121312 4 ((v,)P=212| 3{])3/2) dS) ,
0Bp ()
that is,

5 1/4
(3.13) (J v )d5>
9Bp (y)

<C (1D (ve) P=2/2312 4 p=3/2(y)3(P-D/4) 43,
3Bp (¥)

where C is a universal constant.

We combine (3.7), (3.12) and (3.13) to obtain

1/4 1/4
(J v?ngx> sC(J UngdS+J v?_llggldx>
Bp(y) 0Bp (y) Bp ()

< C(J WP 4 (Au)P2T.) dS + J
3Bp (¥) B

3 2 1/4
C(J 2P ’ds)
0Bp (y)

+ C(J (Aug)P=2T.dS + J
0Bp () B

-1 1/4
ve gl dX>
p (V)

IA

1 1/4
v el dx)
o ()

<C (|D(v5)(”‘2)/2|3/2 + (v£)3(P—2)/4)dS
0Bp ()

+ C(J (AU )P2T, dS + J v gel dx),
0Bp () B

0 ()
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where C stands for constants depending only on p and R, and we have used (2.5)
and (2.14) to conclude

(3.14) (Aue)P 2T, = 6.

Integrating the above inequality over p € [R, 2R], we arrive at

1/4
(J VT, dx) -C (ID(ve) P-D2P312 4 (y,)3p-2)/4
Br(y) Bk (¥)
+ (Aue)p_zTe + 'Ug_l |gs|) dx.

Next we estimate the first integral in above inequality. It follows from (2.12)

and (3.9)

2
2 ‘D(vg)(n—z)/z

< a Di(ve) P22D j(ve) P22
Aug

-2 2 _ ..
= (pT)vf 4a§JDiv£DjvE

2

_2 .. _ _
< P22 (apijul - qulg.).

4(p - 3)

By Hoélder’s inequality and (3.8), we have

[ ipwarrpeax
R (Y

D (p-2)/2|2 3/4 1/4
< (J de) (J (Au5)3 dX)
B () Aug B ()

.. 3/4
-2 -3
< C(j (adDijvl ™" +v? Igel)dx>
Bar ()

3/4
SC(J (vf*2T5+vf’3lgel)dx> :
Bir (y)

where C depends on p, R and [|Aull13(B,z(1))> and is bounded when p is bounded
away from 3. Finally we obtain that
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1/4
(3.15) (J U?ngx>
Br(y)
5 3/4
< C(J W& T, +v§"3|gs|)dx)
Bir (y)

+C (ve)3 P24 4 (Au )P 2T + v3 " gel) dx
Bor(y)

-2 -3
<C W8 T + vl 1ge)) dx
Bir(y)

+C W+ (Au)? 2T + 037 gel) dx
Bor(y)

<C W Te + (Aue)? 2T + (8 + 1)gel) dx,
Bir(y)

here we have used Young’s inequality and (3.14), and C denote universal constants
depending only on p, R and [|Au|l13(B,r(v))-

Step 2. By letting € — 0 and then h — 0, we establish an iteration formula on
Au in the integral norm weighted by 7.
By the definition (3.3) of v¢ and Sobolev imbedding theorem, we have

Ve — Ag‘gu, uniformly in B4r ().

Letting € — 0 for fixed h < dist(B4r (), 0Q), using (2.9), (2.17), (3.5),and (3.15)

we obtain
1/4
(3.16) (J (Aggu)q’fdx> scj ((Aggu)p‘2+(Au)p‘2)de.
Br(y) Bor(y)

Now we choose § to be the coordinate directions ey, £ = 1, 2, 3. By [9,
Lemma 7.23] we have

||A£Lgepu”Lp(B4R(y)) < IDgpwllLr Big.n)-

By the weak compactness of bounded sets in L? (B4g () ), there exists a sequence
{h;} tending to zero, such that (also cf. the proof of [9, Lemma 7.24])

(3.17) Abdo,ut — Dypu,  weakly in LP (Bip ().
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Using the weak lower semi-continuity in LP (B4sg (y)), we get

.. hj
J |IDgpul? dx < liminf [Aeje,ul? dx
Bir(y) J=oo JBir(y)
< lir_n inf |Dppul? dx = J |Dppu|? dx.
J—o B4R+hj(y) Bir(y)
Consequently,
. h;
(318) }Lr{.}) ||Aege{7u||Ll’(B4R(y)) = ||DM”||LP(B4R(y))

Therefore, applying Radon-Riesz Theorem [11], we have

h .
(3.19) Aeje,t = Dpgu,  in LF (B4r(y)).

It follows from Fatou Lemma, (3.16) and (3.19) that

1/4 n 1/4
(J |IDpu|1T dx) < lil_ninf<j |Aeje, ul1T dx)
Br(y) Bir ()

Jj—oo
< Climinf (AbI,)P~2 + (AW)P~2)T dx
J—o  JBsr(y)
<C (Aw)P=2T dx.
Bir(y)
Thus we arrive at
1/4
(3.20) (J (Au)aT dx) <C (Au)P=—2T dx,
Br(y) Bir(y)

where C is a constant depending only on p, R and [|AU |13 Bk (v))-

Step 3. We use the iteration formula (3.20) to complete the proof.

Noting (3.20) holds for any p > 3 and g > p — 2, it can be iterated finitely
many times to yield the desired estimates. In fact, for any preassigned number
p < oo, choose N such that p = kN(p — 2), where k = q/(p —2) > 1. Let
R < dist(Q',0Q) /4N for Q' € Q. By using (2.5) and iterating (3.20) N times, we
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obtain

J (Au)PT dx < J (Aw)<" P2 T dx
Br(y) Br(y)

4
< (CJ (Au)“”“<v—2>de)
Bsr(y)

e},

< v e s

< C4+42+---+4N (J
B

Therefore, we obtain by (2.14)

42

(Auw)<" -2 dx)

42R

4N
(Au)P2T dx> )

4NR

J (Au)? dx < V3 J (Au)PT dx
Br(») 2 JBr(»)

=],

< C( L)' (Au)? dx>4N,

4N
(Au)P=*T1 dx)

4NR

where C depends only on p, p and dist(Q,0Q). This completes the proof of
Proposition 3.5 by applying the finite covering theorem. o

We would like to point out that the constant C above, hence in Proposition 3.5,
depends on p. Therefore L% estimates for Au do not follow directly by letting
p— oo,

As discussed in Introduction, Theorem 1.1 now follows from the L? (p > 4)
estimates for D?u in Proposition 3.5 and Theorem 1.1 in [2].

4. A COUNTEREXAMPLE FOR p < 3

In this section, we shall give an example to show that there is a convex strong
solution of the equation (1.1), which is in Wlof([R3) with p < 3, but not in

2 . . . .
Wio2 (R3). In fact, the solution u we are going to construct is convex and satisfies

2

u e C®(R3\ {0}) n WP (R3) n WL (R?),

o

and has global quadratic growth

lu(x)| < C(1+|x?), xeR3.
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In order to get this solution, we write equation (1.1) in the spherical coordi-
nates system of R3
2
u// (u_,> — u// + %u/’
p p

where p = |x|. Therefore ((u')? — p2)du’ — 2pu’ dp = 0, which can be written
as
d((u')® - 3p*u’) =0,

and integration leads to
(4.1) (u')? -3p*u’ =2a’,

where a is an arbitrary positive constant. Solving the cubic polynomial equation
(4.1) for u’, we have

(4.2) u'(p) = (@’ —Jas - p&)'3 + (a® + \Jas — p&)'3,

which leads to

5
43)  u"(p) = %((a3 —yat - p6) 7?7 — (a’ +ab — p6)~)
yas —p
for p # a, and
u'(a) = 4
=3

Clearly, if p < a, u'(p) and u”'(p) are real. For p > a, we can rewrite u” and u”’
as follows

W' (p) = palp)® —J(@/p)6 — 1) + p((a/p)® +(alp)6 — 1)1/

= p((cos@ —isin0)'3 + (cos O + isin0)!/3)

0
=2 -
pcos3

and

W(p) = ((a/p)® —+l(alp)®—1)23 = ((alp)® ++/(alp)6 —1)72/3
V(@a/p)® -1

~ (cos @ — isin @) 2/3 — (cos @ + isin 0)~2/3
B isin O

_ 2sin(20/3)

sin O
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where 8 = 8(p) = arccos(a/p)3. Therefore the solution to (4.1), given by (4.2),
is well defined and real for all p € [0, ), and 1"’ (p) in (4.3) is also real for all
p € [0, ).

A direct calculation yields

(4.4) lin%u'(p) =234,
p—»
(4.5) fim WP _ 27
’ p—0 P a’
g%u;p) :gi_l:l(;lou”(p) =\/§,

u'" € C°[0,00) NL*[0, ),

and
u” >0, lulp)| <C( +p?) on(0,).

It is clear that u is convex in R3.
Now we claim that © has second order weak derivatives. Let R > ¥ > 0 and
@ € Cy° (Br(y)). By Stokes theorem, we have that fori =1, 2, 3

uD;pdx = J upn;ds — @Dijudx

J’BR(J/)\BT(J’) 9(Br(¥)\Br (¥)) Br(¥)\Br (y)

r Xi

1
:——J upx;ds — QU —
v JoBy(y) Br(3)\Br (¥) p

where 1 is the unit outer normal to 0(Bg(y) \ B (y)). Letting ¥ — 0 and using
(4.4), we have

dx,

r Xi

J ubD;pdx = J Qu —
Br(y) Br(y) p

that is, u is weakly differentiable, and

dx,

IX‘ [ee)
Diu=u ;‘ € Ly (R?).

Similarly, applying Stokes theorem twice leads to

J uD};@ dx
Br(¥)\Br ()
= J uD;pn;dS — DjpDudx
9(Br(¥)\Br (¥)) Br(»)\Br (y)
= lj uD'cpx-dSJrL Qu'xix;dS
r ooy T 72 Joy () o

,,X'X' , 5 XiX i
+J (p<u o (”— l;))dx.
Br\Br () [x| x| [x|
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Now by letting ¥ — 0 and using (4.5) we see that u is twice weakly differentiable,
and forany p < 3

XiX;j " XiXj
Diju =" =55+ % (5” - %) e L] (R \ L}, (R?)

with i, j =1, 2, 3.
In conclusion, we have constructed a convex strong solution u to the special

Lagrangian equation (1.1) which belongs to W2¥ (R3) for any p < 3 but it is not

in WIO‘CS (R?), in fact the radially symmetric solution u is not smooth at the origin.
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