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ON THE EXTERIOR DIRICHLET PROBLEM
FOR HESSIAN EQUATIONS

JIGUANG BAO, HAIGANG LI, AND YANYAN LI

ABSTRACT. In this paper, we establish a theorem on the existence of the solu-
tions of the exterior Dirichlet problem for Hessian equations with prescribed
asymptotic behavior at infinity. This extends a result of Caffarelli and Li
(2003) for the Monge-Ampeére equation to Hessian equations.

1. INTRODUCTION

In this paper, we consider the solvability of the Dirichlet problem for Hessian
equations

(1.1) or(M(D*u)) =1

on exterior domains R™ \ D, where D is a bounded open set in R™, n > 3, and
A(D?u) denotes the eigenvalues \q,- - , A, of the Hessian matrix of u. Here

O'k(/\): Z )‘il'.'Aik

1<ip<-<ip<n

is the k-th elementary symmetric function of n variations, k = 1,--- ,n. Note that
the case k = 1 corresponds to Poisson’s equation, which is a linear equation. There
has been extensive literature on the exterior Dirichlet problem for linear elliptic
equations of second order; see [I9] and the references therein. For 2 < k < n, the
Hessian equation (II)) is an important class of fully nonlinear elliptic equations.
Especially, for k = n, we have the Monge-Ampere equation det(D?u) = 1.

For the Monge-Ampere equation, a classical theorem of Jorgens ([I7]), Calabi
([5]), and Pogorelov ([20]) states that any classical convex solution of det(D?u) = 1
in R™ must be a quadratic polynomial. A simpler and more analytic proof, along the
lines of affine geometry, was later given by Cheng and Yau [6]. Caffarelli [1] extended
the result for classical solutions to viscosity solutions. Another proof of this theorem
was given by Jost and Xin in [I8]. Trudinger and Wang [24] proved that if  is an
open convex subset of R” and u is a convex C? solution of det(D?u) = 1 in Q with
lim, 90 u(z) = oo, then Q = R™ and w is quadratic.

Caffarelli and the third author [3] extended the Jérgens-Calabi-Pogorelov theo-
rem to exterior domains. They proved that if u is a convex viscosity solution of
det(D?u) = 1 outside a bounded subset of R™, n > 3, then there exist an n x n real
symmetric positive definite matrix A, a vector b € R™, and a constant ¢ € R such
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that

(1.2) lim sup (1:|”2

|z|—o00

u(x) — <%{ETAZE—|-Z)'I—|-C> D < 0.

With this prescribed asymptotic behavior at infinity, an existence result for the
exterior Dirichlet problem for the Monge-Ampere equation in R™, n > 3, was
also established in [3]. In this paper, we will extend the existence theorem to the
Dirichlet problem for Hessian equations (LIJ) with 2 < k < n — 1 on exterior
domains, with an appropriate asymptotic behavior at infinity. In dimension two,
similar problems were studied by Ferrer, Martinez and Mildn in [T2}[13] using the
complex variable method. See also Delanoé [I1].
We remark that for the case that A = ¢*I, where

x _ (k\—1/k k_ n!
C=ET O G

I is the n x n identity matrix and 1 < k < n, the exterior Dirichlet problem of
Hessian equation (II) has been investigated in [9,[10]. For interior domains, there
have been many well-known results on the solvability of Hessian equations. For
instance, Caffarelli, Nirenberg and Spruck [4] established the classical solvability of
the Dirichlet problem, Trudinger [23] proved the existence and uniqueness of weak
solutions, and Urbas [25] demonstrated the existence of viscosity solutions. Jian
[16] studied the Hessian equations with infinite Dirichlet boundary value conditions.

For the reader’s convenience, we recall the definition of viscosity solutions to
Hessian equations (see [2,25] and the references therein). We say that a function
u € C%(R™\ D) is admissible (or k-convex) if A(D?u) € T}, in R™ \ D, where T}, is
the connected component of {A € R™ | o(\) > 0} containing

It ={AeR" |\ >0,i=1,---,n}.

It is well known that I'y is a convex symmetric cone with vertex at the origin.
Moreover,
IFe={AeR"|ogj(A) >0, for all j=1,---,k}.

See [422]. Clearly, T'y, C T for k > j, and I'; is the half space {\ e R™ | Ay +--- +
An > 0}, while T, = I'". We use the following definitions, which can be found in
[21].

Let © C R™; we use USC(Q2) and LSC(Q) to denote respectively the set of upper
and lower semicontinuous real valued functions on €.

Definition 1.1. A function u € USC(R™ \ D) is said to be a viscosity subsolution
of equation (1)) in R™\ D (or say that u satisfies o (A(D?*u)) > 1 in R\ D in the
viscosity sense) if for any function 1 € C?(R™\ D) and point # € R™\ D satisfying
¥(Z) =u(x) and ¢ >wuon R™\ D,
we have
a(AMD*P(z))) > 1.
A function u € LSC(R™\ D) is said to be a viscosity supersolution of (L] in R™\ D

(or say that u satisfies o5 (A(D?u)) <1 in R" \ D in the viscosity sense) if for any
k-convex function ¢ € C?(R™ \ D) and point Z € R" \ D satisfying

(
Y(z) =u(z) and ¢ <wonR"™\D,
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 3

we have

or(AMD*P(7))) < 1.
A function u € C°(R™ \ D) is said to be a viscosity solution of (L)) if it is both a
viscosity subsolution and supersolution of (LTJ).

It is well known that a function u € C2(R™ \ D) is a viscosity solution (respec-
tively, subsolution, supersolution) of (1) if and only if it is a k-convex classical
solution (respectively, subsolution, supersolution).

Definition 1.2. Let ¢ € C°(9D). A function u € USC(R™\ D) (u € LSC(R™\ D))
is said to be a viscosity subsolution (supersolution) of the Dirichlet problem

(1.3) {Uk(A(DQu)) =1, inR"\D,
. U=, on 0D

if u is a viscosity subsolution (supersolution) of (LI)) in R™ \ D and u < (>) ¢ on
dD. A function u € CO(R™\ D) is said to be a viscosity solution of (L3 if it is
both a subsolution and a supersolution.

Let
Ap={A| Ais areal nxn symmetric positive definite matrix, with o(A(A))=1}.
Our main result is

Theorem 1.1. Let D be a smooth, bounded, strictly conver open subset of R™,
n >3, and let ¢ € C%(dD). Then for any given b € R™ and any given A € Ay
with 2 < k < n, there exists some constant c., depending only on n,b, A, D and
ll¢llc2apy, such that for every ¢ > c. there exists a unique viscosity solution u €

CO(R™\ D) of (L3) and

(1.4) lim sup ( |z|f(n=2)

|z|—o00

1
u(zx) — <§xTAac—|—b-x+c)‘ ) < 00,

where 0 € {%, 1} s a constant depending only on n,k, and A.

Remark 1.1. For the two cases (i) k = n, the Monge-Ampere equations with any
A€ Ay, and (ii) 2 < k <n -1, ([[4) with A = ¢*I € A, Theorem [[T] has been
proved by Caffarelli-Li [3] and Dai-Bao [10], respectively, where § = 1. Moreover,
for the symmetric case A = ¢*I, Wang-Bao [26] have proved that for 2 < k < n,
there exists a &(k, n) such that there is no classical radial solution of (3] and (T4)
if ¢ < e(k,n).

Recall that any real symmetric matrix A has an eigen-decomposition A = OTAO
where O is an orthogonal matrix and A is a diagonal matrix. That is, A may
be regarded as a real diagonal matrix A that has been re-expressed in some new
coordinate system, and the eigenvalues A(A) = A(A). Let

y=0z and wv(y)=u(0O 'y).
Then ([L3)) and ([4) become

{ (D)) =1, inR"\ D,
= (07 y), on 0D
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and
lim sup <O_1y|0("_2)

ly|—o0

v(y) — (%yTAy +b07 1y + c) ‘ ) < 00,

where D is transformed from D under y = Ox. So, without loss of generality, we
always assume that A is diagonal in this paper.

If A is diagonal and A € A, then 0,(A(4)) = 1, and we can find a diagonal
matrix @ with det @ = 1 such that QAQ = I € A,,. Clearly, A(I) is not necessarily
the same as A\(A), but under the transformation y = Qz, we still have

det (Diu) = det (QDqu) = det (Dgu) .
Therefore, when the Monge-Ampere equation is considered, Caffarelli and Li [3] can
agsume without loss of generality that A = I. However, when 2 <k <n—1,if A
is diagonal and A € Ay, ok (A(A4)) = 1, although we can also find a diagonal matrix

@ such that QAQ = ¢*I € Ay, it is clear that A(A) # A(c*I) unless A = ¢*I, and
for the Hessian operator

a1 (MQDuQ)) # or(MQ))or (MDyu)) or(MQ)).

So, in order to prove Theorem [T we are only allowed to assume that A is diagonal,
but we cannot further assume that A = ¢*I.

Definition 1.3. For a diagonal matrix A = diag(ay,as, - ,a,), we call u a gen-
eralized symmetric function with respect to A if u is a function of

If u is a generalized symmetric function with respect to A and w is a solution
(respectively, subsolution, supersolution) of the Hessian equation (1), then we
call u a generalized symmetric solution (respectively, subsolution, supersolution) of

@I).

In this paper we often abuse notation slightly by writing w(z) = u(%xTAx) for
a generalized symmetric function with respect to A. Clearly, for diagonal matrix

A = diag(ay,az, - ,a,) € Ax and real constants ju, po, with uf = 1,
1 n
(1.5) w(s) = p1s+ p2, s= 52_:1@@%

satisfies the Hessian equation (L)) and w”(s) = 0.
First, we will derive a formula of o (A(M)) for matrices M of the form

(1.6) M = (pi5ij - qu'qj)nxn,

where p = (p1,p2, -+ ,Pn), ¢ = (¢1,92,- -+ ,¢n) and B € R.

Proposition 1.2. If M is an nxn matriz of the form ([L8l) forp = (p1,p2, - ,Pn),
q=(q1,q2, - ,qn) and B € R, then we have

(1.7) or(A(M)) = ok(p) —5Zqz‘20k—l;i(p)’

where o—1,i(p) = ok—1(p)|p,~o0-
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 5

For any A = diag(a1,as, -+ ,a,), supposew € C?(R") is a generalized symmetric
function with respect to A, that is,

w(z) =w (% Zaﬂf) .

Then
Diw(z) = W'(s)a;z;,
Dijjw(z) = w'(s)a;d;; + w"(s)(a;z;)(a;x;).

We have the following lemma.

Lemma 1.3. For any A = diag(a1,az, - ,a,), if w € C*(R™) is a generalized
symmetric function with respect to A, then, with a = (a1, a9, - ,ay),

(1.8) or(M(D*w)) = op(a)(@)* +w" (W) Z or-1:i(a) (aizi)?.

If A=c*I, 2 <k < n, then there exists a family of radially symmetric functions
Ti(s) = / (1 +at™2
1

or(A\(D*w)) =1, inR™\ {0}.
Such radially symmetric solutions play an important role in the solvability of the
exterior Dirichlet problems studied by Caffarelli-Li [3] and by Dai-Bao [10]. How-
ever, for any given A € Ay with 2 < k <n — 1, it is not enough to prove Theorem
[T by only using these radially symmetric functions. Due to the invariance of (L.T])
for k = n, the Monge-Ampere equation, under affine transformations, wn(%zTA:z)
is a solution of (L)) in R™ \ {0} for A € A,,. So the Monge-Ampere equation has
generalized symmetric solutions with respect to A for every A € A,,. A natural
question is whether (II]) with 2 < k < n — 1 has generalized symmetric solutions
with respect to A for every A € A, besides those of the form (LT]).
For this, we have

dt, a>0,s>0,

—
==

satisfying

Proposition 1.4. For A = diag(ai, a2, - ,an) € Ag, 1 < k < n, and 0 <
a < 8 < oo, if there exists an w € C%(a, B) with w" % 0 in (o, B), such that
w(z) =w(3 3" a;x?) is a generalized symmetric solution of the Hessian equation

@) in {z €R™ | a < 330, az? < B}, then

k=n or ai=ay=---=a,=c",
where ¢* = (CK)~Vk CF = (n_"ikl),k,, and vice versa.
This means that for A = diag(ay, az, - ,a,) € Ag, 2 <k <n-—1, w(%xTA;v) is

in general not a solution of (IT]).

To prove Theorem [[T] for 2 < k < n—1, it suffices to obtain enough subsolutions
with appropriate properties. We construct such subsolutions which are generalized
symmetric functions with respect to A. This is the main new ingredient in our
proof of the theorem.

This paper is set out as follows. In the next section we construct a family of
generalized symmetric smooth k-convex subsolutions of (ILT]) in R™\{0}. In Section
B, we prove Theorem [[.T] using Perron’s method.
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2. GENERALIZED SYMMETRIC SOLUTIONS AND SUBSOLUTIONS

In this section, we first derive formula (7)) and (L8], then prove Proposition
[[4l and finally construct a family of generalized symmetric smooth k-convex sub-
solutions of (LI).

For A = diag(ai,as -+ ,ay,), we denote A(A) = (ar,a2--+ ,a,) :=a. If A€ A,

then we have a; > 0 (i = 1,2,---,n) and ox(a) = 1. Here we introduce some
notation. For any fixed ¢-tuple {i1, -+ ,it}, 1 <t <n —k, we define
Oksin--iy (a‘) = Uk(a)|a¢1="'=ait =0;

that is, o'k, ...4, is the k-th order elementary symmetric function of the n—t variables
{ai ‘ ie€{1,2,---,n}\ {i1,d2, - ,it}}. The following properties of the functions
o will be used in this paper:

(2.1) ox(a) = opi(a) + aiop—14(a), 1 =1,2,-- | n,

and
(2.2) > aiok_1i(a) = ko(a).
i=1
Now we prove Proposition [[2] to derive a formula of o (A(M)) for matrices M
of the form (LA).

Proof of Proposition [L2 If 8 =0, (L7 is obvious. If § # 0, we work with
M = -M = (pidij; — ¢;iq;), D= 7.
,6 ( J J ) ﬂ
Therefore we only need to prove Proposition [[.2] for 8 = 1, which we assume in the

rest of the proof.
Denote

(23) Dn ({plaPQa T 7pn}a {qlv qz, - aqn}a >‘) = det(AI - M)

By direct computations, we have

D’n ({p17p27" : >pn}§{q17Q27"‘ 7(]n}7)\)

A—p1+ (J% Q192 s q1qn—1 q1qn
4241 A—pat+qi - q2qn—1 q2qn
Gn—1q1 Gn-192  * A =P+ @1 Gn-1Gn

dn1 Ing2 e GnGn—1 A=pn+q2
A—p1+q} 0192 q1qn—1 0
G2q1 A—pat+aqi - G2Gn—1 0
In—1q1 Gn-1q2  * A—DPno1+¢E 0
nq1 anq2 e Gnln—1 A —Dn
A—p1+ q1qe q1Gn—1 q1qn
Qq A—pa+qs - 42n—1 424n
+ e N N PN e
dn—-1941 dn—192 R Pn-1+ q%_l dn—14n
anq1 Ing2 e GnGn-1 a2
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 7

= A =pn)Dn—1 ({P1,02, - s o1 b {@1, @2, - s an—1}; A)

A=p+aq} q1q2 q1qn—1 Q14
eq A—po+aq3 - ¢2qn—1 424
+qn R P “e e P
In-1G1 In-102 A= DPno1+ @1 Gn-1Gn
q1 q2 Gn—1 dn

For the second term, multiplying its last row by —¢; (i # n) and adding to the
i-th row, respectively, we obtain

A—p1+4qi g2 e Q1Gn—1 qan
G2q1 A—p2+qs - q2Gn—1 q2qn
Gn-1q1 Gn-1G2  * A= Dn—1+ i1 Gn-1Gn
q1 q2 o dn—1 dn
Aepr 0 o 0 0
0 A—py - 0 0
0 0 A=py1 O
q1 a2 qn—1 dn

Hence

Dn ({p17p27 e 7pn}; {qh g2, 7qn}; >\)

= (A =pn)Dne1 ({p1:02: - s o1}l {@1, 2 s @n—1}: )
(2.4) + @A —p1)A=p2) - (A= pn_1).

We will deduce from (24]), by induction, that for n > 2,

(2.5)
Dn ({p17p2,‘ o apn};{qlaQ2a e 7Qn}7)‘) = H(A _pi) + Z qu H(A _pl)
i=1 j=1 i#]
For n =2,
A—p1+aqi 7192
D yD2ti{q, @2} A) =
2 ({p1,p2}i{a1, @2} N) ‘ - A—pot gl

=A=p1)A—p2) + G A —p2) +a3(A = p1).
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8 JIGUANG BAO, HAIGANG LI, AND YANYAN LI

That is, (Z3]) holds for n = 2. We now assume (28] holds for n — 1 > 2. Then by
24) and the induction hypothesis,
Dy ({p1, 2, spntifa, a2, an ks A)
= (A =pa)Dn—1({p1,p2, i1t {a, a2 an1 B )
+anA=p1)A=p2) - (A= pp_1)

n—1 n—1
=Q=p) [ [[O=-0)+D (& ] (—p1)
i=1 j=1 i#j,i<n—1

+ap(A=p )X =p2)- (A= pa-1)

:H(A—I%Jrz IO = p)

i=1 j=1 i#£]
We have proved that (23] holds for n > 2. Recall the Veite theorem that for any
n X n matrix U,
(2.6) det(\ — U) = > (=1)'o:(AMU))A" .
i=0
In particular, if U = diag(p1,p2-- -, p2),

n n

(2.7) [T =p) =D (—D)ieip)A"

i=1 =0

here p = (p1,p2- -+ ,pn). Using (23) and 27), 23] is written as

n

det()\I—M):Z(—l)iai(p)A"_i—i—Z( Z ) o1 (p )XH‘)

=0

= Z(_l)i oi(p) — quz'aiﬂ;j(p) AP
=0 j=1

Here we used the standard conventions that oo(p) = 1 and o_1(p) = 0. Thus, (L7
follows from (26]). The proof of Proposition is completed. O

Proof of Lemma [L3l For any A = diag(a1,az,- - ,an), if w € C?(R") is a general-
ized symmetric function with respect to A, that is,

=W <% iamf) 5
i=1

then
Diw(z) = W'(s)a;z;,
(2.8) Djjw(z) = w'(s)a;d;; + w"(s)(a;z;)(a;x;).
Comparing (L) and [23), letting 8 = —w"(s), p; = w'(s)a; and ¢; = a;z;, and
substituting them into (7)), we have (LS. O
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 9
Symmetric solutions. For A =c¢*I and 2 < k < mn,
(2.9) wk(s):/s <1+at_5_l>%dt, a>0,s>0,
1
satisfies the ordinary differential equation

(2.10) or(MD?*w)) = (W'(s))* + 25%&}"(5)(@0’(5))’“71 =1, s>0.

Therefore, Wy, <%|fc\2) is a solution of (LI) in R™\ {0}. In order to prove Propo-
sition [L4] for every a = (a1, az, -+ ,a,) € '™, we denote

(2.11) Al(a) = ajop_1.4(a), i=1,2,--,n

From the property of ok, [22)), we have

(2'12) ZAl = kO’k )

Proof of Proposition [L4l To better illustrate the idea of the proof, we start with
k=1 Forse(a,f),1<i<n,letz=(0,---,0,1/22,0,---,0). We have, using
Ae Al,

1= Aw(z Zaj—i—w Zafc = w'(s) + 2sw”(s)a;.

Since w” # 0 in (a, 3), there exists some 5 € (o, 8) such that w”(35) # 0. It follows

that )
1— (s
a; = ,L(,S)
25w (3)
is independent of i. Since A € Ay, 1 = ZZ 1. So a1 =ay = = ay, = %

Proposition [[4] for k = 1 is established.
Now we consider the case 2 < k < n. For s € (a,8), 1 < i < n, let z =

(0,---,0, i—f,o,-u ,0). We have, using Lemma [[3]

1= O'k()\(DZUJ(.’L')))
= ok (a)(W'(s)* + ()W () on_1;5(a) (ajz;)?
= (W'(5))" + 250" () (W' (5))"  or—1:i(a)a;.

It is clear from the above that w'(s) # 0,V s € (a, 8). Since w” # 0 in (a, 3), there
exists some § € (a, ) such that w”(3) # 0. It follows that

1—(w'(5)F
25w"(5) (w'(5))k—1
is independent of i. For 2 < k <n — 1, for any i1,is € {1,2,--- ,n}, by (2II) and
@I) we have
0= A} (a) — A} (a)
= iy 0k—1;i, (@) — @i, Ok—1;i, (@)
iy (@iyOk—2;iyiy (@) + Ok 1500y (@) — @iy (@3, Ok —24iyi, (@) + Ok —13iyi5(a))

= (@i, = Qiy) k14,4, (a).

Al (a) = op_1.4(a)a; =

(2.13)
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10 JIGUANG BAO, HAIGANG LI, AND YANYAN LI
Since a; > 0, ¢ =1,2,--- ,n, it follows that ox_1,4,4,(a) # 0. By the arbitrariness
of 1,12, we have a; = ag = -+ = a,. Using ox(a) = 1, we have
k\—1/k
ay=ay=---=a, = (CH)~*
Proposition [[4] is proved. O

Generalized symmetric subsolutions. From Proposition [[L4] we see that there
are no generalized symmetric solutions of (Il) with w”(s) # 0 in the remain-
ing cases. We will construct a family of generalized symmetric smooth functions

satisfying
W'(s) >0, w'(s) <0,
and
or(A(D*w)) >1 and o,(MD*w)) >0, 1 <m<k—1.
For A = diag(ay,as, - ,a,) € A, denote a = (ay,as, -+ ,a,), and consider
(2.14) hi(a) := max Al (a).

Since A% (a) = a;0p-1.i(a) = o, (a ) for every i, we have h,(a) = 1. By (&I, 2I)
and ([ZI2), we have, for 1 <k <n

Al (a) = aiak_l;i(a) <okla)=1, Vi,

and

We see from the above that

(2.15) % < hi(a) < 1,

where “ =7 holds if and only if A%(a) is independent of i, i.e., in view of 2.I3),
g =ag =---=ap =c*. Forn >3 and 2 <k <mn, in view of [ZI5) and hy(a) = 1,
we have

2.16 i 1

(2.16) 2hy(a) g

By a simple computation, the ordinary differential equation

{(w’(s))’C + 2hg(a)sw”(s)(W'(s))F "t =1, s>0,
(s)

2.17
( ) "(s) >0, Ww'(s)<0

has a family of solutions
s 1
(2.18) wa(s) = B +/ (1 + at‘—2h5<a>) “dt, a>0,5>0,

where 5 € R and § > 0. It follows from (2Z.I6) that

s __k N\E
wa(S):B+S—§+[ ((1+at %W) —1)dt

(2-n)0 71.)9
(2.19) :s—l—u()-I—O( ), as s — 00,

fier) = ﬁ—ﬂ[ ((1—|—at—2”:<“>)z — 1) dt < oo

where
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 11

9—5(%@_2).

Weseefrom(m)thatQE(%,l} if2<k<n—-landf@=1if k=n.

and

Proposition 2.1. Forn >3 and 2 < k < n, A € Ay, let wa(z) = wy (%ZETACE)
be given in 2I8). Then wy is a smooth k-convex subsolution of ([l in R™\ {0}
satisfying

(2.20) wa(x) = %xTAx + p(a) + O <|x|9(2_")) , as T — o0.

Proof. Obviously, (220) follows from (2Z19). By computation,
wh(s) = (1 + ozsiﬁ) Fs 1,
1 o
2hy(a)s Sﬁ +a
It is clear from Lemma [[3] [ZI4) and (ZI7) that
or(A(D?u)) > op(a)(W))* + hp(a)w! (w125 =1, in R™\ {0}.
By Lemma [[3] 221)) and [2.I4), we have, for any 1 <m <k — 1,

(2.21) wll(s) = ~wh(s) < 0.

Tm(A(D?*u)) = o (@) (we)™ +wi(wp)™ Z om-1;i(a)(aiz;)?

2shy(a) th,:(a) +ain

> (W)™ <0m(a) 1 @ Z Om—1:i(a)(a;x;) > .

= (W)™ <Um(a) : — Uml;i(a)(aixi)2>

T2 ST@ + o ~  aiop-1i(a)
In order to show o, (A(D?u)) > 0, it suffices to prove, for each 1 <i < n,
(2.22) om(a)or_14(a) > om_1.(a).
Note that the Newtonian inequalities may be expressed as

okt1(a) ox-1(a) _ (ox(a) ?
e N

for 1 <k <n-—1. Since

Ck=1Ck+1 _ (n—kk <1
CkCk m—k+1)(k+1) 7

it follows that

ort1(a) _ or(a)
or(a) ~— og—1(a)’
which shows that the Hessian quotient Ul’;:—éé‘;) is decreasing with respect to k. So

we have for any m < k, and each 1 <17 < n,

Omii(a)og—1;i(a) > op_1ii(a)ori(a).
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12 JIGUANG BAO, HAIGANG LI, AND YANYAN LI

Then by the property (2I), it follows that
om(a)og-1;i(a) = (om;i(a) + aiom-1;(a)) ox-1;:(a)
> Om-1;i(a) - opyi(a) + om—1si(a) - a;or_1,(a)
(a)or(a)
(a),

= Om—1;i CL)

= Om—1;i

ie. ([222) is proved. Hence w, is a smooth k-convex subsolution of (] in
R™\ {0}. O

3. PrROOF or THEOREM [[1]

The following lemma holds for any invertible and symmetric matrix A, and where
A is not necessarily diagonal or in A, 2 < k < n.

Lemma 3.1. Let ¢ € C?(0D). There exists some constant C, depending only on
n, [[ollc2apy, the upper bound of A, the diameter and the convexity of D, and the
C? norm of D, such that, for every & € OD, there exists T(£) € R™ satisfying

(&) < C  and w§<g00nﬁ\{§},

where

we(@) 1= pl€) + 5 (& — 2(O)TAw — 2(6) ~ (€ - T AE - 7€), = € R

Proof. Let £ € 0D. By a translation and a rotation, we may assume without loss
of generality that £ = 0 and 0D is locally represented by the graph of

zn = pla’) = O(I2']%),
and ¢ locally has the expansion
p(a’, p(a") = ¢(0) + @ay (0)21 + -+ + @a,, (0)an + O(|2]?)
= ¢(0) + ¢u, ()21 + -+ + ¢, (0)zn—1 + O(I2"|?),

where ' = (21, ,zp_1).
Since A is invertible, we can find & = Z(t) € R™ such that, for appropriate ¢ to
fit our need later,

Az(t) = (~pes (0), -, ~pw, 1 (0),1)
Let )
w(z) = ¢(0) + 5 (z—2)"A(x —2) — 2" Az), z€R"
Then
n—1
(3.1) w(z)=p0)+ %;vTA;v — 2T Az = ¢(0) + %xTAx + Z 0z, (0)zo — ta,.

It follows that
1
(w =) (', p(z")) = §ITAI —tp(z) + O(|'|?)

C (|2')* + p(a')?) — tp(a'),

IN
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 13

where C' depends only on the upper bound of A, [|¢|lc2(9p), and the C? norm of
0D. By the strict convexity of 0D, there exists some constant § > 0 depending
only on D such that

(3.2) p(x’) > 8|l2'?, V|2 <4
Clearly, for large ¢, we have
(w— )2, p(z") <0, VO0<]|z'| <.

The largeness of ¢ depends only on 6, A, [[¢[|c2(sp), and the C? norm of 9D.
On the other hand, by the strict convexity of D and (B.2)),

x, > 6% YaoedD\{(z, p(x)) | |2'] < 6}
It follows from (B.]) that
w(z) < C =68, Vo edD\{(@ p@) || <o},

where C' depends only on A,diam(D), and ||¢[|c29p). By making ¢ large (still
under control), we have

w(z) —p(x) <0, VaoedD\{(, p()) | || <}
Lemma [3.1]is established. O

By an orthogonal transformation and by subtracting a linear function from u, we
only need to prove Theorem [[] for the case that A = diag(ay,as, - ,ay,), where
a;>0(1<i<n),b=0.

Proof of Theorem [T Without loss of generality, we assume that 0 € D. For s > 0,
let

1
E(s) := {x eR™ | ngAx < s} .
Fix 5 > 0 such that D C E(5). For a > 0, 3 € R, set
%xTAx & %
wa(z)=p +/ (1 +at” 2’%(“)) dt,
5

as in (2I8). We have by Proposition [ZT] that w, is a smooth k-convex subsolution
of (I in R™\ {0} and that

1
wa(x) = §xTAa: + p(a) + O (\x|9(2_”)> , as = — oo.

o0 __E_\% —2
M(a):ﬁ_§+/ ((1—|—at 2’%((1)) —1) dt, 0 e {%71}-

Clearly, u(«) is strictly increasing in «, and

Here

(3.3) aan;O ula) = oo.

On the other hand,

(3.4) wa < B, in £(3)\ D, V a> 0.
Let

B::min{wg(x) | £ € 0D, re E(B)\D

)

o~

)
b::max{wg(x) | €€ 0D, :EEW\D},
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14 JIGUANG BAO, HAIGANG LI, AND YANYAN LI

where we(z) is given by Lemma [31] We will fix the value of ¢, in the proof. First
we require that c, satisfies ¢, > b. It follows that

,u(O)zﬁ—§<ﬁ§E<c*.
Thus, in view of ([B3]), for every ¢ > ¢, there exists a unique «a(c) such that

(3.5) plale)) =c.

S0 Wq(c) satisfies

1
(3.6) Wa(e)(T) = ngAx +c+0 (|x|9(2*”)) ) as T — 00.

Set

w(z) = max {we(x) | £ € D} .
It is clear by Lemma Bl that w is a locally Lipschitz function in R™ \ D and that
w = ¢ on JD. Since we is a smooth convex solution of (LIl), w is a viscosity
subsolution of (CI)) in R™ \ D. We fix a number § > 5 and then choose another
number @ > 0 such that

min wg > max w.
AE(3) OE(3)

We require that ¢, also satisfies ¢, > p(@). We now fix the value of c,.
For ¢ > c,, we have a(c) = u~!(c) > p~(c.) > @, and therefore

(3.7) Wa(e) > W > w, on OE(3).
By ([B4), we have
(3.8) Wa(e) < B <w, in E(5)\D.

Now we define, for ¢ > ¢,
() = {max {wa(e) (@), w(z)}, z € E()\D,
- Wa(e)(T), x € R"\ E(3).
We know from [B.8]) that
(3.9) u=w, inE()\D,
and in particular
(3.10) u=w=¢, ondD.

We know from (3.7) that u = wq(e) in a neighborhood of 0E(5). Therefore u is
locally Lipschitz in R™ \ D. Since both wq () and w are viscosity subsolutions of
(CI) in R™\ D, so is u.

For ¢ > ¢,

u(z) = %IETAIE +c
is a smooth convex solution of (II)). By (33),
Wa(e) < B §3< ce <u, ondD.
We also know by ([B.0) that
lim  (wa(e) (@) —u(z)) = 0.

|z]—o00
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ON THE EXTERIOR DIRICHLET PROBLEM FOR HESSIAN EQUATIONS 15
Thus, in view of the comparison principle for smooth k-convex solutions of (L))
(see []), we have
(3.11) Wa(ey <, on R™\ D.
By ([B7) and the above, we have, for ¢ > ¢,

we <u, ond(E(S)\D), VEedD.
By the comparison principle for smooth convex solutions of ([ILI]), we have
we <w, in E(8)\ D, V&€ aD.
Thus
w<w, inE(5)\D.
This, combined with ([BIT), implies that
u<u, inR"\D.

For any ¢ > c,, let S; denote the set of v € USC(R" \ D) which are viscosity
subsolutions of (I]) in R™ \ D satisfying

(3.12) v=1, ondD,
and
(3.13) uw<ov<w, inR"\D.

We know that u € S,.. Let
u(z) :=sup{v(z) |[veS.}, zeR"\D.
By (3.0) and the definitions of u and @,

3.14) wu(z) > u(x) = wa(e(z zleAx—l—c—l—O 2|/ | as T — 00,
(e) B
and )
u(z) <u(x) = i.ITAIE—FC.

The estimate (L) follows.
Next, we prove that u satisfies the boundary condition. It is obvious from (BI0)
that

liminfu(z) > lim u(x) = p(§), V&€ oD.

r—E€ rz—¢€

So we only need to prove that

limsupu(z) < p(§), VEedD.

T—§
Let wl € C?(E(3) \ D) be defined by
Awl =0, in £(5)\ D,
wl =, on 0D,
wl=maxu=35+c, ondE(s).
OE(3)

It is easy to see that a viscosity subsolution v of (LII) satisfies Av > 0 in the
viscosity sense. Therefore, for every v € S, by v < w on d(E(S) \ D), we have

v<wl, inE(3)\D.
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16 JIGUANG BAO, HAIGANG LI, AND YANYAN LI

It follows that

u<wh, in E(3)\D,

and then
limsupu(z) < lim wl (z) = p(¢), V&€ aD.

z—E z—¢
Finally, we prove that u is a viscosity solution of ([I]). The following ingredients
for the viscosity adaptation of Perron’s method (see [14]) are available.

Lemma 3.2. Let Q C R"™ be a bounded open set, u € LSC(Q) and v € USC(Q) are
respectively viscosity supersolutions and subsolutions of (Il in Q satisfying u > v
on 0. Then u > v in Q.

Under the assumptions u,v € C°(Q2), the lemma was proved in [25], based on
Jensen approximations (see [15]). The proof remains valid under the weaker regu-
larity assumptions on u and v.

Lemma 3.3. Let Q@ C R" be an open set, and let S be a nonempty family of
viscosity subsolutions (supersolutions) of (1)) in . Set

u(x) = sup (inf) {v(z) | v € S}

and let

“ (a. 1 f
u* (us) (x) rli%s;p (1}131T) u

be the upper (lower) semicontinuous envelope of u. Then, if u* < 0o (uy > —o0)

in Q, u* (u.) is a viscosity subsolution (supersolution) of () in Q.

Lemma B3] can be proved by standard arguments; see e.g. [§]. With these
ingredients, an application of the Perron process (see e.g. Lemma 4.4 in [§]) gives
that u € C°(R™\ D) is a viscosity solution of (L3]). Theorem [[T]is established. [
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