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NECESSARY AND SUFFICIENT CONDITIONS
ON EXISTENCE AND CONVEXITY OF SOLUTIONS
FOR DIRICHLET PROBLEMS OF HESSIAN EQUATIONS
ON EXTERIOR DOMAINS

CHONG WANG AND JIGUANG BAO

(Communicated by James E. Colliander)

ABSTRACT. In this paper, we are concerned with the Dirichlet problems of
Hessian equations on exterior domains with prescribed asymptotic behavior
at infinity, and we obtain the necessary and sufficient conditions on existence
and convexity of radial solutions.

1. INTRODUCTION

In this paper, we study the Dirichlet problems of the Hessian equations outside
the n-dimensional unit open ball By

(1) or(A(D*u)) = 1, zeR™By,
(2) u = b, x€0B,
where b € R is a constant,
or(A\) = Z Xy o N, k=1,2,---.n
g <o <lidg
is the kth elementary symmetric function of A = (Ay,- -, A,), and A(D?u) are the

eigenvalues of the Hessian matrix D?u.
([ is the Poisson equation Au =1 if k = 1. Tt is clear that the radial solution

of M), @) is

||
u(zx) :b—l-l/ (s+as'™")ds
nJy
L (@ —1) + =2 (o= 1) +b, n>3,
2n 2—n

1
Z(|x\2—1)+%ln|x|+b, n=2,

where o € R is an arbitrary constant.

The Hessian equation () is an important class of fully nonlinear elliptic equations
for k > 2, especially (D) is the Monge-Ampere equation det(D?u) = 1 if k = n.
A classical theorem of Jorgens (n = 2 [I4]), Calabi (n < 5 [5]), and Pogorelov
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(n > 2 [16]) states that any classical convex solution of the Monge-Ampeére equa-
tions det(D?u) = 1 in R™ must be a quadratic polynomial. A simpler and more
analytic proof was later given by Cheng and Yau [7]. Caffarelli [I] extended the
result for classical solutions to viscosity solutions. Jost and Xin [I5] gave a more
geometric proof. In 2003, Caffarelli and Li [2] made an extension to the Jorgens-
Calabi-Pogorelov theorem on exterior domains.

In [2], Caffarelli and Li also discussed the Dirichlet problem on exterior domains
with prescribed asymptotic behavior at infinity:

det(D*u) =1, = € R"\D,
3) u=g(x), z€aD,

1
u= 5x’Ax+b~x+c+O(|x|2_"), x — 00,

where D is a smooth, bounded, strictly convex domain of R™, n >3, ¢ € C%(0D),
A is a real n x n symmetric positive definite matrix with det(4) =1,b € R™, c € R.
They established the following existence theorem.

Theorem 1. There exists some constant c., depending only onn, D, ¢, b and A,
such that for every ¢ > c, the problem [Bl) has a unique solution in C*°(R™\D) N
C°(R™\D).

In R?, similar problems were studied by Ferrer, Martinez, and Mildn in [I1] and
[12] using complex variable methods. See also Delanoé [10].

Using the Perron method, Dai and Bao [0] get the uniqueness and existence
of viscosity solutions to Hessian equations with prescribed asymptotic behavior at
infinity.

There exist many excellent results on solvability of Hessian equations in interior
domains. For instance, Caffarelli, Nirenberg and Spruck [4] for classical solutions,
Trudinger [18] for weak solutions and Urbas [21] for viscosity solutions.

To work in the realm of elliptic equations, we have to restrict the solutions to
some class of functions. Let

I, ={AeR"|o;(X\) >0,j=1,2,--- ,m}.

I, is a symmetric cone, that is, any permutation of A isin I',,, if A € [',,,. T, is the
half space {\ € R*| Ay + Ay + .-+ A\, > 0} if m =1, and T, is the positive cone
rt={AeR* N\ >0,i=1,---,n} if m = n. Following [4], we give the definition
of m~convex functions.

Definition 1. A function u € C?(R™\By) is called m-convex in R™\ By if A(D?u) €
L, for all z € R"\B;.
A function is called convex if it is n-convex.

Motivated by the works of [2] and [9], in this paper, we investigate the exterior
Dirichlet problems (), ([2]) with prescribed asymptotic behavior at infinity:

(4) u() = Slel’ + e+ 02,z o0,
for n > 3, and

1 ., d »
(5) u(ac):§|x\ +§ln\m|+c+0(\x| ), x— oo,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HESSIAN EQUATIONS ON EXTERIOR DOMAINS 3

for n = 2, where ¢,d € R,

1
1\F* & n!
a={(—1) , ct=—"__ p>9
<C,’§> "okln—k) T
and get the necessary and sufficient conditions on existence and convexity of radial
solutions.
For simplicity, we denote for m =1,2,--- ,n,

®,, :={u € C" (R"\By) N C*(R"\B1)|u is an m-convex radial function} .

Our first theorem gives the necessary and sufficient conditions on the existence of
m-~convex radial solutions of (), [2) and () in higher dimensions.

Theorem 2. Letn > 3, 2 < k < m < n. Then there exists a unique function

u € P, satisfying @), @), @) if and only if ¢ € [u(—1), +o0) for m = k, and
c € [uW(-1), p(E5)] for m > k, where

(6) u(a)—b—%+a/1005{(1+%)1/k—1}ds.

In the special case of radial solutions, Theorem 2] shows that there is no solution
of M), @), @ if ¢ < p(—1), and the solutions gradually weaken convexity as ¢
increases from p(—1). So we have reason to guess that the general case (), @), @)
has no solution if ¢ is small enough.

From the proof of Theorem [2] we know that the general solutions in ®@,,, of (),

@) are
|zl 1/k k

(7)) u(x)=b+ a/ (sk +a- sk_") ds, «€[-1, +00) or [—1, —k],
1 m—

which gives that the asymptotic behavior of solutions is [@]), where ¢ € [u(—1), +o0)
for m =k, and ¢ € [u(—1), p(=27)] for m > k.

m—k
For n = k = 2, ([Il) becomes the Monge-Ampere equation
(8) det(D?*u) =1, z € R*\B.

Then, we get the following theorem.

Theorem 3. There exists a unique function u € Oy satisfying @), @), @) if and
only if d > —1 and ¢ = v(d), where

B d d 1 1/2 1/2
(9) u(d)_b+1+§ln2—§[(1+d) +d1n(1+(1+d) )}
Clearly, v(+o0) = —co. Differentiating (@), we have
ov 1 2

—=-lh—
ad 2 n1+(1+d)1/2

It follows that v(d) increases and decreases on [—1,0] and [0, +00), respectively.
Therefore,

v(d) <v(0)=b——-, d>-1
Actually, we have

Corollary 1. The problem [®), @), (@) has a radial convez solution in C* (R™\By)
N C?(R™\By) if and only if d > —1 or ¢ < b— 3.
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On the other hand, the radial convex solutions of [{), (@) can be expressed as

u(r) = b+% [le (|2 +d)1/2+d1n(|x| + (|22 +d)1/2>}

1

(10)
-5 [(1+d)1/2+d1n(1+(1+d)1/2”a

and then there exist a unique d > —1 and a unique ¢ < b — % such that w satisfies

The Dirichlet problem on exterior domains of R? was studied by Caffarelli, Li in
[2] and Ferrer, Martinez, Mildn in [TI] and [I2], respectively. But their prescribed
asymptotic behavior at infinity is at most

1 d
u(x) = §\x|2 + 3 In|z| +c+ O(|x\*1), T — 00,

which is weaker than ([Bl). It would be interesting to see if the existence of (8), (),
() remains valid without radial symmetry assumptions.

In the following two sections, we shall prove Theorem [2] and Theorem [ respec-
tively.

2. PROOF OF THEOREM
To prove Theorem 2] firstly we have several simple facts.
Lemma 1. Let A= (8,7, - ,7) €y, n >m > 2. Then v > 0.
Proof. By A € T';;,, m > 2, we have o2(A\) > 0. That is,

n—2
Ch B+ Ch 7 =(n—1)y (5 + T’Y) > 0.

Clearly, v # 0. Suppose that v < 0. Then

p<-2 5 27-
But, by o1(A) > 0, we have
B> —(n—1)y.
This is a contradiction. Therefore, v > 0. This completes the proof. (]

Lemma 2. Let A\ = (8,7, --,7) € R" and op(\) = 1, 2 < k < n. Then for
k<m<n, el if and only if

(11) 0 << Yms
where
a
— m>k
1/k’ ’
TYm = (1 - %)

+ 00, m=k,

and a = (1/Cﬁ)1/k is given as before.
Proof. By o1(\) =1, we have

Crip T+ Gt =1
That is,

(12) 8= % (na*y % —n+k).
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By the definition of A € I';,,, we have for j =1,2,--- ,m,
oj(\) = CITIBY T+ CY 1y >0,
¥ LGB+ (= j)y) > 0.
From Lemma/[Il we get v > 0, and
JB+(n—j)y >0.
By ([2)), we have

A k
T%

—n+k)+(n—j)y>0,

k
ak’yik>1__-a j:1a25"'ama
J

(nak'y_

which is equivalent to
a’y v >1—-—.

This lemma is proved. (]
Lemma 3. For 2 < k < m < n, assume that v € C* (R"\B;) N C*(R™\B,) is a
radial solution of (), @)). Let

a=CF /(1) - 1.

Then u is k-convez if and only if a € [—1, 400), and u is m-convex if and only if

(13) a € [—1, m=k+1,--- ,n.

mL
Proof. Assume that

u(z) = u(r) = u(|z]) € C* (R"\B1) N C? (R"\By)
is a radial solution of (), [@). A direct calculation gives that

zizy 0

DijU:(TU//—U/) U’Ta iajzla"'an, ’I”>1,

3
r
and the eigenvalues of the Hessian matrix D?u are

!

>\1:u//, )\2::)\n:u_
,
From Lemma [I]
/
'y:u—ZO, for r > 1,
,
and then o > —1.
By (), we have
k—1 N\ k "\
Cn:1 " ( r ) + Cn—l <_> = 17
n—1
e ronr
(7, k(u/)k) _ Ck
Then,
1
(14) (u')kza(rk+ark*”), r>1.
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By Lemma Pland (), u is m-convex if and only if for r > 1,
W\ 1+ arm
0< b= — = —F < k s
F=(B) =T <k
which is equivalent to
—1<a<+oo, it m=Ek,
and

1 k .
1_%—1:m, 1fm>/<:

The lemma is proved. 0

-1<a<

Lemma 4. Let n > 3, and p(a) be given by [@). Then p(a) is strictly increasing
on [—1,+00) and p(+00) = 4o00.

Proof. Since s [(1 +as™" )Uk -1

s > 1, we have obviously that u(a) is strictly increasing on [—1, +00).
For s > |a|'/™, it follows from

(o) ]z

] is strictly increasing on «v in [—1, +00) for fixed

that -
a a a ax
>b—— —slTMds=b— -+ ———.
plar) 2 2+a/1 e 2t =k
Therefore,
p(+00) = +oo.
This completes the proof of Lemma [Hl O

Now we give the proof of Theorem
Proof of Theorem 2l By (), we have (), i.e.

||
u(x):b+a/ (sk—l—a-sk*”)l/kds.
1

Consequently,

u($)_b+a/lml{s[ 1+%)1/k—1]+s}ds

_b+%(|x|2—1)+a/1ms[(1+%>1/k—1]d5
(15) _a/ws“1+§g”k_qu

x|
_ a9 _ >~ S =" 1-2n
= Zlal? + (o) a/xl (ks +O(s ))ds
a —-n
= Sl 4+ pla) + 02 ), = o0,

where u(a) is given by (@l).
Comparing ([[3) with {#]), we know from Lemma [Bl and Lemma [ that u is m-

convex if and only if ¢ € [u(—1), +00) for m = k and ¢ € [u(—1), u(=E5)] for
m > k.
The proof of Theorem [2 is completed. O
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3. PROOF or THEOREM

In this section, we prove Theorem
Assume that u(zx) = u(r) = u(|z|) is the radial solution of (§), ). The eigen-
values of the Hessian matrix D?u are

ul

)\1 = ’LL//, )\2 = —.
T

Then, we have

2 _//.u_/_i N2\’
det(D*u) = u . —QT((u) )

A direct calculation gives that v/ > 0, v” > 0, and

u = (1"2 +d)1/2,

where d = (u/(1))? — 1. Therefore,

||
uzb—i—/ (52+d)1/2ds
1

—%[(1+d)1/2+d1n(1+(1+d)1/2”.

+dmn (fo] + (Jof* +a)"*)]

Clearly, the exterior Dirichlet problem (§]), (2] has a convex radial solution u €
C! (R?\By) N C? (R?\By) if and only if d > —1. Using the formulas

5(52+d)1/2:s2+g+0(572), s — +00,
and
ln(s+(s2+d)1/2):1n5—|—1n2—|—0(572), § — +00,
we have
1, 5 d o
(17) u(aj):§|m| +§ln|x|+u(d)+0(|a:| ),

where v(d) is given by ([@).

Similar to the discussion of the proof of Theorem 2] we know that there exists
a unique function v € @y satisfying @), @), (@) if and only if d > —1 and ¢ =
w(d). O
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