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Abstract：We obtain a local maximum principle for the semilinear nonuniformly elliptlc

equations in divergence form，and then show the local G1’1 estim“e and a Bemstein type result

f矗the solutions of the Hessian。quation言 ．
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1 Introduction

In thi8 paper we show the local second order derivative bound for the solutions 0f the Hessian

equations of the form

(&(伊u))o=，(z)in n， (1)

where n is a domain in R“，鼠(D2钍)18 the南一th elementary symmetric function onhe eigenValues

A1，A2，⋯，A，t oftheHessianmatrixD2u，whichi8 given by

鼠(口2“)= ∑ 九。A∥A“
21<{2< <“

with惫=l，2，． ，n，and，is a positive function in Q．We also deduce a Bernstein theorem for

t拈Bessian equa￡ions

乳(D2“)=c in黔

here c is a positiVe constant．

The special case七=l of the 8quation(1)is the Poisson equations

△u=，扛)

while for南=n，we have the Monge—Amp6re。quations

detD2u=，“扛)

(2)
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548 数 学 进 展 33卷—————————————————————————一————————————————————————————一The equations of this type were treatedby cafrarelli，Nirenb。唱and spruck【cN8]and Ivochkina吐
who demonstrated the existence of the classical solutions for the Dirichlet problem Chou，KryloV，

nudinger，urbas，、vang and others have also discussed the equations，see【cw卜[K】，【T2]，【Tw】，

M
we say“∈c2(n)is七一convexif

for any z∈n and J=l，2，⋯惫 when南=1，the de矗nition is equiValent to the de丘nition of

sllbharmonic functions，and a function is札一com7ex if and only讧it b coHvex in n If u∈c2(n)

is南一convex，then the equation(1)is elliptic and(鼠(D2“))‘is a concave function of the second

order derivative of“

The main result of this paper is the following theorem

Theorem 1 Let“be a G3知一convex solution of the。quation(1)，and，∈啊冀(n)be
positive with r>n Then{br ar巧p>o and arly concernric baus BR(可)c B2R(Ⅳ)[[n we

nave
l

／ ， ＼i

sup lD2uj s c《(R一“+K(R))／ l_D2u缸)l警+9dz) (3)
BR(ⅣJ ＼ o口2R(引 ／

where e is a positive constant d8p。nding only on n，南，p and infB2R(F)，，and

⋯

K(R)=(R“‘“一1’+R“∽2’)1iD刑三磊：。(。)

A result similar to Theorem l is included in[u，Theorem l 6 and 4．5]j where the hypotheses
of two theorems are satis丘ed respectively if

u∈皖尹却(n)，，∈G1，1(n)

withp>O，o。

u∈G4(n)， ，∈Go，1(Q)

we mention also for，∈c1，1(丽)chou and wang[cw，Th。㈣m1 5】have proved an interior second

derivative bound fbr the solutiolls which vanish on the boundaw
Tb pr。ve Theorem 1 we use a local maximum principle for the semilinear nonuniformly

elliptic 8quations in divergence form

D，(n。’(z，u)D；u一厶(z))一g@)=o in n

that has independem h血钉est眦d gener“zes a local poinl|wise esth砒e船st proved by De

Giorgi【引，also see[GT，Theorem 8．17卜we will assume that the equations(4)is Ilonuniformly

elliptic iIl Q，tha“s，there e)【ist positive constants A，A and nonnegative c011stants d，卢such that

Alu{“K12 s n”(z，“)∈。白≤A阻r泛尸 (5)

for a11 z∈n，“∈R1 and∈∈礤‘If“=卢=o，the。quation(4)becomes uniformly ellipticin

n Afunction u∈％2(n)with

s=絮等几十。
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5期 保继光： Local Maximum Principle of S蜘minear Nonuniformly E1liptic Equations 549

is said a we北soIution(subsoIution，supersoIution)of the equations(4)respectively in n if

r

／((n”(z，“)D。u一，J(z))D，”+"9扣))dz=o(≤o，≥o) (6)
Jn

for all nonnegati、re functions口∈咏’8(n) "is a legitimate test function in(6)will be seen in

the begiIming of Section 2 The foilowing iocaI maximum principIe i8 proved by u8ing the Moser

tecllnique ofiteration from[Mo]
Theorem 2 Let o”(z，“)satis母the condition(5)，and¨be alocally bounded subsolution

of the。quations(4)in n，such that

u。一1乃∈Lo。(n)， u。一19∈L未。(n)

f()r r>n andj=l，2，一，n．Thenwe havefor arly b“lB2R(可)ccn and

，>max∽+口一；(a+p))

裟，“曼e((胪+K尚)L们“峭(Ⅲk)如)；， (7)

where e is a positive constant depending only on n，p，A，A，Q，卢and r，and

Ⅳ2到u一1眺r(日圳)+旷19峨蹦枷．
The ordinary local maximum principle ha8 been known for many years and its value in the

tlleory of PDEs is well known The loc“maximum principle for the uniformly elliptic equations

of the special form

D。(。”(z)DJu)=o

was established in th。pioneering work of de Gio。gi【d．The proof was extended to the 1inear

equations

D。(a”@)DJu+扩@)“一，。扛))+c4@)D。u+d(z)¨一g(巧=o

by Morrey[川，StaⅡ1pacchia酬and to th。quasilinear equatiolls

D；∥一，u，Du)+B如，u，Du)=o

by Ladyzhenskaya and Ural’tseva【‘U1 We mention also nudinger’s work on nonuniformly elliptic

equations，see【T1]and its references．

A celebrated result of Calabi【c副，that generalizes a two dimensional theorem by J6rgens[J】，
aSserts that if u is a G5 convex soIution of the Monge_Amp6re 8quation

detD2¨=l inⅡ妒 (8)

and n S 5，then¨is 8 quadratic polynoⅡdal_ Tllis statement was extended to all dimensions

by Pogorelov【P】and Cheng and Yau【c
Y1 We also investigate the validity of the results for the

Hessi眦8quations(2)．A BerIlstein type result is derived by meanB of Theorem 1 and Evans—

Krvlov Theorem【cd
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5期 保继光：I丹c“Maxi姒um Principk of semilinear Nofmniformly Elliptic Equations 551一—————————————————————————————————一一Proof of Theorem 2 Replacing u+}n+

曲ere is no loss of generality in ass眦iI堰u>0
function叩∈ce(n)，the test function"=叩2u4—1

subsolutions，we obtai“

=扣∈n u(z)>o)by u，n，we see that

For constant q>1 and nonn。gative cutoⅡ

is valid in f6)By the de6nition ofthe weak

。2．￡(一。。u一厶)D，(铲舻。)如+正矿uq_1。如Jn o a‘

吡．1)上和‘2a”DiuDju蚺2上矿k”跏勋如Jn ，l z

一(a一-)上”2u。一2，jDj“如一z正”俨_1厶功-如+五矿url。如
using the cauchy inequality and the ellipticity condition(5)，we can estimate

。≥孚五栉”2n”珊即如
一(g一1)，

Jn>业，
一 2 如

一(g一1)，
Jn

q2ug一2疗岛u如一

一刍正舻∥D川删z
z正秽。Z即¨正栉”1础

矿小一2 J。”12如一害专五“叶4I。卯如
q“甲B灿u甲，j如2／口u甲厶·u半D，口如

Jn

+Z栉”1，如
≥丛≠正帕一1驯2如等上一例2妇
一(掣+t)∥∥一I卯如～上扩恻‰+Z冉一曲

It is clearly from(5)that

andthuswe get

^钍q一。S Aug+卢 (11)

上q2 J。“1尹12如茎G上(uq+4I。q12+q2uq“((u”ⅥI)2+u一1㈦))如， (12)

where e，a constant depending oIlly on A，A and g，is bollnded when g is bounded away from 1

Now we haⅣe from the sobolev inequahty[GT，T“eorem7·10l姐d(12)，(11)

(上。格。智a。)警：(五0。警)格如)警

(13)
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552 数 学 进 展 33卷

By the H6lder inequality and the interpolation inequalityf。T·(7 10)J，we haⅣe for a11y E>0

上(办”。((u一1j巾2+“一1引))如
≤(小一I川。w_，旷az)；(∥扩垆a。)孚
≤K2(s(上”鹣u掣az)一+e尚上冉P“a。)，

1t supp叩[甘2R Hence by the cnolce 0i

。一上
。一2eK2’

and substitution into(13)，we obtain

上-岛u掣a。sG(五∥9胁同z+K岛正^P。如)。
Let q=p+量(a+卢)一卢，we haVe

掣=禹(，+孚(川，)=墨+如鼽
and may rewrite by(11)the above inequality

正”格u尚吲“％z sG(正∥弛㈣(J。卯+”2Ⅳ岛)az)击， c，。，

where c is 8 positiVe constant，which d。pends only on n，A，A，Ⅱ，卢and p，and is bounded if p is

bounded awaⅣftom

1+卢一；(d+p)．
This inequality(14)can now be iterated to yield the desired estimates．we specify the cutofr

function町and the elponent p mor。precisely writing K=吾与．For兄>o，J=o，1，2，一．and

with

一>m“{o，-+卢一；(a+卢))

马=(1+2一’)R，肼=pK’，

啦三1inBq， 啦三oin n＼口R，l

。s协乳阮I s乒亳
By the in。qualny(14)，we have

0，+1

昔in n

o一例如≤G(等+K击)28(正。。 -+}(。+p’如1
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5期 保继兆： Local Maxirrmnl Princlple。f semilinear Nonunlformly BlliPtic Equations 553

(op如删a。)寿至(。一叩，K，)右(k扩H吲”％z)者，㈤，
ct蹦，=c(去+K者)

a11d c is Ind。pendent of J By iterating(15)we obtain

(丘。tz}。+；(n+p)az)毒

s(。¨cc兄，剐者(z坤GcR，K，)去(厶牛。u一吲“+口)az)志
S

兰(酚。1郴，剐击)(om吲¨‰)击
2；∑；：。崭c(R，Ar)}∑；： 南(o峭∽％。)j

曼z志叩，K，鼎(小峭㈦％z)；
=z学(G(蹦)”正√峭_俐az)；

By means of(5)and the deanition of e(R，N)，we have

(丘。ur，a。)古蔓e(正。．“n+；cd+一，az)考

≤c((胪+Ⅳ尚)小川∽％。)t
coIlse叩lently，kttins j tend to innnity，we 6nauy estabhsh the estimate(u)since％tends to

in矗nitv、and

哿“=熙(丘。删z)|
3 Some Estimates to Hessian Equations

In tllis section，we apply the local ma](imum principle Theorem 2 to the Hessian equations

(1)，and prove Theorem l，a second deri、rative bound．Rewr札e the。quations(1)as

F(D2“)：=pk(D2“))÷=，扛)in n

In ns proof，we Introduce the f01lowing notations

p=若(蛳磷=鼍(矾)
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First we collect here some results concerning鼠(D2¨)

Proposition 4 S“ppose u is a C2 k—convex function，then

Hero

(a)∑嚣(D2u)=m女+1)s㈦(D2u)；

(b) The Newton-Maclaurill in。quality(警)南≤(≮粤)由⋯⋯⋯，⋯㈦绷2始掣
(d)The Remy formula

喜老∽c㈣一o，⋯，z

in the sense ofmatrice8，for Z=l，2，． ，南一1

n，if“∈e3

碟：志，㈦，z，一，n．
nom Proposition 4 we obtain immedlately the following result

Corollary 5 F0r any no[[n，we have

去s(s?(D2训≤G(△“)“1，in n。

in the sense of matrices，where J is the identify matri)￡，and e i8 8 positive coIlstant depending

only on nj惫，infno，．
Proof using Proposition 4(a)and(b)，we have in the sense of matrices

(s}(D2u))≤ f妻蹦矾)1，
＼仁l ／

=(n一南+1)sk一1(D2u)，

外一·臃1(掣)‘
≤G(△“)‘～1，

on the other hand，it follows from Proposition 4(c)and the equation(1)

(s渺训2渊(s缈u))=差，≥去．
Denote the 6rst order diHbrence quotients

and the second order di圩色rence quotients

△：：“(z)

兰!兰±垒旱!二兰!兰2
n

u(z+h81) 2u@)+u扛一^8f)
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5期 保继光： Local Ma)cImum Principle of semilinear Nonuniformly Elliptic Equations 555

where h>0，efisthef—th coordinate direction，andf=1，2，．．，n．

Now we b。gin to prove Theorem 1．

ProofofTheorem l Let z，z土^ef∈n for sumciently small h>0，we use the concavitv

ofFto concludethat

F(D2“(z土hef))曼F(D2“(z))+F”(D2u(z))(Du¨扣土hef)一D”u如)) (16)

we have by(1)and(16)that

for o∈n and!=1，2

F。’D。(△n“(z))≥△＆，(z)
n．Itfollowsfrom

p=；鞋‘1s竽=；，1。‘砖

(17)

s≯D。(△＆“峰))芝％，‘一1△☆，扣)． (18)

Thus for all nonnegative functions"∈嚼’3(n)with

82嘉商，
／：”(s?。。(喜△。u)一m，‘一1砉△n，)a。≥。

nom Proposition 4(d)，we 8ee by integration and di艉rence by part

／：(。，”s?。。(砉△nu)一m砉△，c”，‘一1，△，，)如s。．
Noto

D，口∈L5(n)， 《(D2u)， ，∈L最(n)，

△＆“∈w：产(n)， △}”∈Ls(n)， △}，，△P，‘一·∈￡o。(n)，

÷+；≤；i；；；寻+：s·．s r—nf南+11’竹一一

Letting^_÷0，w峙have

Z(功”(磅皿(△u)一k，“1功，)一≈∞一1)”，“2ID卯)d。≤。．
That is，△让is a subsolution of the elliptic equation in the divergence form

马(s”D；(△u)一惫，“一1D，，)+南(七一1)，“一21D，12=o，

and satis矗es the following nonuniformly elliptic condition by Corollary 5

for aIly z∈n and￡∈邪

垛≤s挈(。zu)已白≤G(△u)t一，㈦。
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D，¨p(B。。)s eR(“一1)(1一詈)¨D，¨2吖口。。

a11d

忖“2Ⅲ12峨砌)曼(篆⋯) 悃川孙。s)
／ ＼＆一2

≤cR‘眦’‘1一钏D，¨!吖B：。)，
where C depends only on似，七，r．Now we can take in Theorem 2

n=l，卢=南一l，乃=七，‘1DJ，，g=七(七一1)，‘一2ID，12

and so obtain che desired estimate f31

Finallv，we prove Theorem 3

Proof of Theorem 3 Set

v=；，州沪掣，t>。
we see that D：“=D：“￡and u￡satls6es the same。quation

兔(D；ut)=c in黔．

FromTheoreml，we havefor arlv R>4

鄂，慨∽(胪L，蜘p—a”)；
s G(ctR，一”五。。。。，I。：ul警+，a。)5，

where e is 8 positive constant d。pending oIlly on竹j南，p and c．By usiⅡg(9)，、ve get

!uP、嚼ucl≤c (19)
B月(O)

f0。some p08i‘i。。con8tant e indep了“de址of t The estimate(19)as8er‘s that the equation(2)
is uniformly elllptic Recall that s毒is concaVe．Now the interior e2，。estimate

№怯．。(丽)≤G (20)

f01lows from Evans Krylov Theorem[。。，T“。⋯m 6“，where n∈(o，1)and G>o are constants

independent of t

For。∈黔and￡>㈨we obtain by(20)

ID：u(z)一D：“(o)I=ID；ut(Ⅳ)一D；ut(o)l s e JⅣl。=e}；I。．
Letting￡go to。。，we conclude珑u(z)=珑u(o)for。∈郧，and hence“is 8 quadra￡jc

叭如

咿
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叩
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口
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