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1. Introduction

In this paper, we consider the exterior Dirichlet problem for Hessian equations

or(A(D*u)) = f(z), in R™\ D, (1.1)
u=p(z), on 0D, (1.2)

where D is a bounded open set in R, n > 3, » € C?(0D), A(D?u) denotes the eigenvalues Ay, -+, \, of
the Hessian matrix of wu,

or(AD*u) = D> Ay Ay,

1<ip <-<ip<n

is the k-th elementary symmetric function, k = 1,--- ,n, f € C°(R™\ D) is a perturbation of 1 near infinity,
which satisfies:
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f>0, on R"™\D, (1.3)
there exists a constant 8 > 2 such that limsup |z|°|f(z) — 1| < cc. (1.4)
|| =00
For k£ = 1, (1.1) corresponds to Poisson’s equation, which is linear. The interior Dirichlet problem

of Poisson’s equation has been widely discussed. For exterior Dirichlet problem, there also is extensive
literature. For example, Meyers and Serrin [16] gave a sufficient condition for existence and uniqueness of a
classical solution.

For k = n, (1.1) corresponds to the Monge-Ampére equation, which is fully nonlinear. The interior
Dirichlet problem of the Monge—Ampeére equations is adequately discussed through the works of Aleksandrov
[1], Nirenberg [17], Calabi [9], Cheng and Yau [10], Caffarelli, Nirenberg and Spruck [7], Trudinger and Wang
[21], Urbas [22] and many other works and the references therein. In contrast to the traditional Dirichlet
problems there is an exterior Dirichlet problem of the Monge-Ampeére equation. For example, Caffarelli and
Li [6] proved an existence result for the exterior Dirichlet problem with the prescribed asymptotic behavior
at infinity

1
lim sup <x|"2 u(x) — (§xTAx +b-x+c¢)

|z|— 00

) < o0 (1.5)

for (1.1), (1.2) when f = 1, where ¢ € R, b € R™ and A is an n x n real symmetric positive definite
matrix with det A = 1. They also gave out the asymptotic behavior of solutions for (1.1) at infinity. Later
Bao, Li and Zhang [3] extended Caffarelli and Li’s results to the Dirichlet problem det(D?u) = f where
f is a perturbation of 1 at infinity. Note that the above asymptotic results are extension for a classical
theorem of Jorgens [14], Calabi [9], and Pogorelov [18], which states that any classical convex solution of
det(D?u) = 1 in R” must be a quadratic polynomial. More extensive proofs and outstanding results of this
classical problem are given by Cheng and Yau [11], Caffarelli [4], Jost and Xin [15] and many other followers.

For 2 < k < n, the Hessian equation (1.1) is an important class of second-order fully nonlinear elliptic
equations. There have been many well-known results on Hessian equations in the bounded domain. For
instance, Caffarelli, Nirenberg and Spruck demonstrated the classical solvability of the interior Dirichlet
problem in [8]. Urbas [23] established the existence of viscosity solutions. In particular, Wang reviewed the
existence and regularity theory for solutions of the associated Dirichlet problem in [24]. Corresponding to
the interior Dirichlet problem mentioned above, the exterior Dirichlet problem also captured the attention
of many researchers. For the case A = ¢*I, where ¢* = (C¥)~# and I is the n x n identity matrix, the
exterior Dirichlet problem (1.1), (1.2), (1.5) of Hessian equation has been investigated in [12]. Bao, Li and
Li [2] extend this to a more general A.

In this paper we intend to deal with the existence and uniqueness of viscosity solutions for problem (1.1),
(1.2), (1.5) in exterior domain for further study, where f is a perturbation of 1 at infinity, and A is a positive
definite matrix.

To work in the realm of elliptic equations, we have to restrict ourselves to a suitable class of functions,
that is, the admissible (or k-convex) functions. We say that a function u € C?(R™ \ D) is admissible (or
k-convex) if \(D?u) € T, in R\ D, where T, is the connected component of {\ € R"| o%()\) > 0} containing

I*={\eR"\;>0,i=1,--- ,n}
Moreover,
Fk:{/\ERn| O’j>0, lgjgk‘}

See [8,20].
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For the reader’s convenience, we recall the definition of viscosity solutions to Hessian equations (see [5,23]
and the references therein). We also use the following definitions, which can be found in [19].

For Q C R™, we use USC(f2) and LSC(2) to denote respectively the set of upper and lower semicontinuous
real valued functions on 2.

Definition 1.1. A function v € USC(R™\ D) is said to be a viscosity subsolution of equation (1.1) in R™\ D
(or say that u satisfies o (A(D?u)) > f(z) in R™\ D in the viscosity sense) if for any function 1 € C2(R"™\ D)
and point 7 € R™\ D satisfying

Y(z) =u(z) and ¥ >wu on R™\ D,

we have

a(MD*)())) = f(2).

A function v € LSC(R™\ D) is said to be a viscosity supersolution of equation (1.1) in R™\ D (or say that
u satisfies o1, (A\(D?u)) < f(z) in R™\ D in the viscosity sense) if for any k-convex function ¢ € C2(R" \ D)
and point 7 € R™ \ D satisfying

Y(z) =u(z) and ¥ <wu on R"™\ D,

we have

ar(MD*)())) < f(@).

A function u € C°(R™ \ D) is said to be a viscosity solution of (1.1) if it is both a viscosity subsolution
and supersolution of (1.1).

It is well known that a function v € C?(R™\ D) is a k-convex classical solution (respectively, subsolution,
supersolution) of (1.1) if and only if it is a C? viscosity solution (respectively, subsolution, supersolution).

We also give out the definition of viscosity solutions to the exterior Dirichlet problem for Hessian equa-
tions.

Definition 1.2. Let ¢ € C°(dD). A function u € USC(R™ \ D) (u € LSC(R™ \ D)) is said to be a viscosity
subsolution (supersolution) of the Dirichlet problem (1.1), (1.2), if u is a viscosity subsolution (supersolution)
of (1.1) in R*\ D and u < (>) ¢ on dD. A function u € C°(R™ \ D) is said to be a viscosity solution of
(1.1), (1.2) if it is both a viscosity subsolution and supersolution.

Let
4, = {A] A is a real n x n symmetric positive definite matrix, with o5 (A(4)) = 1}.
Our main result is

Theorem 1.1. Let D be a smooth bounded strictly convex open subset in R™, n > 3, and let ¢ € C%(dD).
Suppose that [ satisfies (1.3) and (1.4). Then for any given b € R™ and A € Aj, with 2 < k < n, there exists
some constant c., depending only onn, b, A, D, f, and ||¢||c2apy, such that for every c > c. there exists
a unique viscosity solution u € CO(R™\ D) of (1.1), (1.2) and

min{ - — 1
lim sup <|x o A1=2 u(:r)—(ngAa:eroerc)

|| =00

)<oo, ¥ B4 (16)
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or

lim sup <|z|ffk-—2(1n jz])~L -

|z]|— o0

u(x) — (%xTA:z: +b-xz+c)

) <oo, ifff= o (1.7)

where

0

Hy = max {\i(4) 5 -op(MA) | i =1, ,n}.
o\

Remark 1.1. Theorem 1.1 is a general extension of the case f = 1 in [2]. For the case k = n, the Monge—

Ampére equations, Theorem 1.1 has been proved by Bao, Li and Zhang [3], but they missed the case (1.7).

Thus we only need to prove for 2 < k <n —1.

Remark 1.2. The following example shows that the assumption 8 > 2 in (1.4) is optimal and the constant
1

¢« cannot be removed. Let A = ¢*I, where ¢* = (C¥)~#% and I is the n x n identity matrix. It is obvious

that A(A) = (¢*, - ,c¢*). By computation,

0
Aigok(A(A)) = A; > Ajr N

O\;
¢ 1< < <jro1<n,gi i
*\k—1
=\ E (c*)
1<j1 < <jr—1<n,ji1#i

= ChTi(c")

Sz Q

is independent of i, thus Hy = % Set D = By, and f = 1+7"% r = |z| > 1. Suppose that u is a radial
solution of o (D?u) = f, that is

u'(r) u'(r)

Coiu (N (=) + G (=) = f(r)
We have
Crrn=F (! (r)F = CE (' (1))F + / (nt" ™+ nt" P dt
1
e td, B =,
r” +nlnr+ da, 5:%:”7
where
di= O ()~ 1= dy = Ol ()~ 1
n—

are constants.
ko
For 5 # ="

n

ﬂt_ﬁ +dit ")k dt.
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Since
r(l+ 2B dyr )k
lim 1:;( ) = lim ( n—p i) =1,
r—oo S r—00 c*r
we rewrite
u(r) = 2y u(l) — —+ /c*t 1+ L dltfn)% —1)dt
2 n—_
1
For 8 > 2,
« o0
u(r) = =r? +Cy — /c*t((l b By dlt_”)% - 1) dt,
n—
T
where
Cy =u(l) — % + /c*t((l + Lﬁt_ﬁ + d1t_”)% — 1> dt < oo.
n—

1

By computation, we have

nc*

— [Pt T+ =2t P dyt=)E — 1) dt
r n—p3

e 7P W pm-p
and
e 1+Ltﬂ+dt”i—1)dt .
lim ) (( nr A _ ¢ for 8 > n.
r—+00 r2-n k(? —n) ’

Then for d; # 0, there exists a constant C' # 0 such that

/c*t((l + = Bfﬂ +ditT")E — 1) dt = Op2=min{nBY 4 o(p2mmin{nBhy -y oo,
n—

Thus we have
u(r) = %7"2 + Oy 4 Cprmin{nB} o p(p2mmin{nBhy - 4o,

In the case of d; = 0, it follows from (1.8) that

nc*

_ e
u(r)—2 +Cl+k(2—ﬁ)(n—ﬁ)

2P 4 o(r? P, r— +o0.

For g =2,
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I c*t<(1 + ot b dyt ) E - 1) dt

lim

r—00 111’/’
c*r((l + Lorm? 4 dlr_")% — 1)
- rllgolo r—1
c* ((1 e dyr TR 1)
C*%(l + %T_z + d1r_”)%_1(—%r_3 —ndyr~"h)
= lim
r—00 —9r—3
i c*(% +ndr?")
= oo 2%k
_c'n
 k(n—2)
Therefore
u(r) = %r2 + —k(; :L 2 Inr 4 Cy + O(r? ™n{dnd) as - o0,
where

c*n

c* * 2 1 —1
= - — t —t dit™" fl)f—t dt < oo.
Cs = u( 5 +/<c 1+ —t7 + )E K —2) ) 00
1
For 0 < 8 < 2,

[ e ((1+ stP - dyt )%—1>dt

C’"‘((l +atgr P i) 1)
- rli>nolo (2 — ﬁ)rlfﬁ
i <<1 2y i)k - 1)
= 1
v (2 —B)yr?
i (1 + 2P 4 dyr ) E T (= 20— ndy Y
o 2= BBy
i c*(% + ndyrP=m)
= lim
r—¥o0 kB(2 - B)
c*n
k(n—pB)(2—5)
Therefore
c* c'n 25 c* 2 8 ]
u(r) = —r°+ +u(l) — — +o(r as 1 — 0.
S [P I
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Furthermore, as r — oo, we have

62*7" R St + Oy + O min{n 28}, 1<p<2
u(r) = q 51’ +k(n 1)T+ (%_1)(%)2IHT+C4+O( 2y, =1,

c* — c(k—1) n n

St et ey (i) T+ G+ 00T, 0<B <,

where C3, Cy, C5 are some constants.
— k _
For ﬂ = H_k: =n,

T

u(r) =u(l) + /c*t(l +nt " Int + dot )R dt
1

- %ﬂ +Cs — /c*t<(1 Fnt " Int 4 dot ") E — 1> dt,

T

where

Cs =u(l) — % + /c*t((l +nt " Int + dgf")% - 1>dt < 0.
1

By computation, we have

— [t <1+nt "Int 4 dot ™ ”)il)dt

i _ nc*
oo r2=nlnr Ck(2-n)’
that is,
u(r) = C_r +Cs + _ne > "Inr + 0(7“2_” Inr) as r— oo.
2 k(2 —n)

From the above example, we can see that 5 > 2 is optimal. A natural question rises.

Question 1. Does the problem (1.1), (1.2) with

u(r) = %7‘2 + —k(; 112) Inr+ Csy + O(rzfmi“{‘l’"}) as 1 — 00,
for 8 =2, and
u(r) = P R L — u(l) — % +0(r*?) as r— oo,

for 0 < B < 2 has a viscosity solution?

In spite of a coordinate translation, any real symmetric matrix A can be regarded as a real diagonal
matrix, which has the same eigenvalues of A. Thus in this paper, without loss of generality, we always
assume that A is diagonal. For k = n, we have A € 4,, and 0,(A(4)) = 1, and can find a diagonal matrix
O such that OTAO = I € 4,,. Though A\(A) may not be the same as A(I), we still have

det(D2u) = det(O" D2uO) = det(D}u)
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under the transformation y = Ox. This is not true for 2 < k < n — 1 except the case A = ¢, I. Thus we
could only assume that A is diagonal but not of the form A = ¢, 1.

The organization of this paper is as follows. In Section 2 we construct a family of generalized symmetric
smooth k-convex subsolutions of (1.1) in R™\ {0} and in Section 3, we prove Theorem 1.1 using Perron’s
method.

2. Generalized symmetric functions and subsolutions

In this section, we construct a family of generalized symmetric smooth subsolutions of (1.1). First we
have to give out the definition of generalized symmetric functions and generalized symmetric solutions.

Definition 2.1. For a diagonal matrix A = diag(ay, - ,ay), we call u a generalized symmetric function with
respect to A if u is a function of

1 1«
s = imTAx =3 Z}aix?.
1=

If u is a generalized symmetric function with respect to A and w is a solution (subsolution, supersolution)
of the Hessian equation (1.1), then we call u a generalized symmetric solution (subsolution, supersolution)
of (1.1).

We abuse the notation slightly by writing u(z) = u(32” Az) for a generalized symmetric function with
respect to A when it is unambiguous.

Denote a = (a1, -+ ,ayn). If A € 4, then we have a; > 0 (i = 1,--- ,n) and ox(a) = 1. Here we first
quote several notations for convenience. For any fixed t-tuple {i1,---,4:} C {1,--- ,n}, 1 <t <n—k, we
define

Oksiy--iy (a) = 016(“) ‘ailz"':ait:O;
that is, 0., ..., (@) is the k-th order elementary symmetric function of the n—t variables { a; |i € {1,--- ,n}\
{i1,- -+ ,1t}}. The following properties of the functions oy will be used in this paper:
or(a) = oki(a) + ajop—14(a), i=1,---,n, (2.1)
and

Zaiak_l;i(a) = kog(a). (2.2)

Next we give out a useful proposition proved by Bao, Li and Li [2].

Proposition 2.1. For any A = diag(ay,- - ,a,), if w € C*(R") is a generalized symmetric function with
respect to A, then, with a = (a1,--+ ,ay),
o (MD%)) = 04(a) @) + " (@)Y i) s (2.3
i=1

To prove Theorem 1.1 for 2 < k < n — 1, it suffices to obtain enough subsolutions with appropriate
properties. We construct such subsolutions, which are generalized symmetric functions with respect to A.
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Recall that f € C°(R™ \ D) can be continuously extended to the entire space, we assume that f > 0 is
defined in R™. Let f be a smooth, positive function of s = %xTAa: such that f > f in R™ and satisfying
(1.3) and (1.4). Without loss of generality, we can assume that f =1+ Cos™% for s > s0, where Cp, s¢ are
positive constants and sg is large enough. Then we only need to find enough solutions or subsolutions with
appropriate properties of

or(MD*w)) =, (2.4)

which are obviously subsolutions of (1.1).
If A=c*I, where ¢* = (C¥)~%, 2 < k < n, then A satisfies o (A(4)) = 1 and (2.3) becomes

o (A(D?w)) = op(a)(W)* + 2s§w”(w')k_1.

By simple computation, the ordinary differential equation

or(@) () + 250 (W) = T(s) (2.5)

has a family of solutions

S

wk<s>=/<n—%/n

1 0

1
k

t2 =V (t)dt + an—%> dn,

o3

where o > 0, s > 0. That is, wk(%|x|2) is a solution of (2.5) in R™\ {0}.

For k = n, wn(%|x|2) is a solution of (2.4) in R™\ {0} under affine transformations. Thus the Monge—
Ampere equation has generalized symmetric solutions with respect to A, which are also radially symmetric
for every A € 4,. However, for any given A € 4 with 2 < k < n — 1, it is not enough to attain generalized
symmetric solutions of (2.4) by only using these radially symmetric functions. A natural question is that
whether (2.4) with 2 < k < n — 1 has generalized symmetric solutions with respect to A for every A € 4;?

To answer this question, we have

Proposition 2.2. For any A = diag(a1,--- ,a,) € Ax, 1 < k < n. If there exists an w € C%(a, B) with 0 <
o < B < oo such that w(32T Az) is a generalized symmetric solution of (2./) in {z € R"|a < 32T Az < B},
then

k=n or alz...:anzc*
1
where ¢* = (CF)~%.

Proof. We first deal with the case w” = 0. If w” = 0 holds, we have w = ¢;s + ¢ with constants ci,cs € R.
Combined with (2.3) we get f = (w’)¥ = (c1)¥. It is a contradiction. Thus in the following proof, we assume
that w” #Z 0 € (a, B), that is, there exists § € (o, 8) such that w”(s) # 0.

Fork=1land 1 <i<mn,setx=(0,--- ,0,\/%,0,--- ,0). Since A € 4;, we have

f(5) = Aw(z)

= W' (8))_ya; +w"(5) Y (ax;)

Jj=1

= w'(8) + 2a;5w" (5).
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It follows that

_T9-v)
! 25w (3)
is independent of i. By A € 4, we have a; = = a, = +.

For2<k<n-1land1<i<mn,setz=(0,---,0,/2,0,---,0). We get

F3) = on(AMD*w)) = ow(a) (@' (5)" +w"( 12% 1;5(a) (a;2;)?

= (' (3))" + 250" (3)(w'(3))" ' on-rii(a) as.

It is obvious that w’ # 0 in («, 8). It follows that

s
SR (Ol )

25w”(5) (w'(5))"

We denote A};(a) = ok_1.(a)a;, then A}:C (a) is independent of i. By A € 4y, for i1 # i2, we have

0= Ay (a) — A (a)
= 0—1;i, (@) @i, — Tk—1,i,(a)ai,
= @, (QiyOk—2;i1i5 (@) + Ok 13010, (@)) — @iy (@i, Ok 210105 (@) + Th—13iy4,(a))
= (ai, — aig)ak—l;ilig (a).

Recall that a; > 0,4 =1,--- ,n, 0k_1.4,4,(a) > 0, which means a;, = a;,. By the arbitrariness of i; and iy,
we have a1 =---=a, =c¢c*. O

From Proposition 2.2 we find out that there is no generalized symmetric solution of (2.4) for 2 < k <n—1
when A # ¢*I. We will construct a family of generalized symmetric smooth functions satisfying

and
or(A(D*w)) > f and o,(A(D*w)) >0, 1<m<k—1.
For A = diag(ay,--- ,a,) € Ak, denote a = (ay, -+ ,a,) and define
— i
Hy(a) := Jmax Ay (a). (2.6)

Since 4! (a) = a;on-1.:(a) = o,(a) =1 for every i, then H,(a) =1 holds. By (2.1) and (2.2) we have
Ai(a) = ajop_1.i(a) <ogla) =1, 1<i<n, k<n-—1,

and

TLHk i —k’O’k )*k
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Thus we have

k
— < Hila) <1 (2.7)
n
for 1 <k <n-—1, where “=" holds if and only if a; =--- = a, = ¢*. When n > 3 and 2 < k < n, we know
from above that
n k
- > > 1. 2.8
2 7 2Hi(a) (2:8)

By a simple computation, the ordinary differential equation
(w)* + 2sHy(a)o" (W) = f(s) (2.9)

has a family of solutions

el

w (s):61+/s n‘ﬁiitﬁ‘lﬂﬂdwan‘ﬁ% dn
* 2Hk(a) ’

So 2

where 81 € R and sg,a, s > 0. Then we have

1
k

' o) kb -17 ~ 3 e
wy(s) = [ s (e mt K@ f(H)dt + as 2Hk(@ > 0,

5 1

w"(s)——; s_m/ F tﬁ_lf(t)dt—kas_“’:(“) k

@ o 2Hk(a) 2Hk(a)
2

D (o RS (O )]
2Hk(a)

2
w!(s) <0 holds if and only if

S

k ok I
t2H (a) t dt . 2Hp (a) > 0
a+/2Hk(a) KR (b)dt — 5T F(s) >
2

Clearly, in order to obtain w//(s) < 0 we only need to prove

S

“/sz( D T ()t — T () 2 0
rla

S0

since f > 0. Denote

S

F(s)_a+/2H’Z(a)t%—lf(t)dt—sw%7(s).

S0

When s < sg, if
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S0

a > ssz(a) supf+/

E___q—
2@ V(4 dt
2Hy(a) Ft)t,

then we have F(s) > 0.
When s > sg, for %@ £ B,

Ik
F(s)=a+/2Hk(a)t2H§<a> (14 Cot~5)dt — 7@ (1 4+ Cos~3)

S0

2H E k8 2Hk(a) e
—a—s k(a) +00—g82Hk<a) 2 _Coﬁso k(@)
2H;C(a) - 5 2Hk(a) - E
Set
k

k B k B8 —r k B

H, (a) 2 H(a) 2 2H} (a) ZH (a) 2

Oé>80 k —Cokiﬁso k +C[)ﬁ80 k 5

2H(a) 2 2H} (a) 2

then we have F(s) > 0.

k —
For m —ﬂ,

k _k_
)= “/ sz<a)”H:<“) (1+ Cot™ % )dt — s77@ (1 + Cos™ %)
EN
k
:a—ng’“(a) + Co(Ins —1Insg) — Cy.

QHk((Z)

Set o > szH’“(“) + Cy, then we have F(s) >

In conclusion, we can find a positive constant C; such that when o > C4, we have F(s) > 0, i.e.,w/(s) <0
holds for s > 0, 51 € R.

Then the ordinary differential equation

(w'(5))* + 2sHy(a)w" ()"~ = f(s),5 >0,
W'(s) >0,s >0,
w”’(s) <0,s >0,

has a family of solutions

S

n
ok k k1= ok
— 3H, (@) SH,, (@) SH, (@) 21
a(s) ﬁl+/<n [ gt 0 ot )dn, (210)
2

S0

==

where 81 € R and sg,s > 0, a > Cf.
It follows that

S

(s) =61+ +/ ( @ >/17 kst 7Y (4)dt + o~ @ >)% 1)d

o — S— S a a a —

Wals 1 0 n 2H, (a) n n
2

S0

oo

n
-k k —k___1— %
— _ 2Hp (a) 2H, (a) 2H (a) —
s+ () /((n [ St ™ T+ an ) 1)dn,
2

S
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where

==

[e%s} n
u(a):ﬂ1750+/ (n_%/ i tm_lﬂt)dHan_%) —1)dn.
2Hk(a)
S0

For k( 3 =% (8, we have

Hka

=

n

(777 ZH:(a) Lt 2H:(a) 71?(t)dt + an7 2H:(a) ) 1] ~ n* min { 2H,I:(a) ’g} as 1 — 00

2Hk(a) ’
2

. k_ _
while for T = 8,

n 1
_QH:(Q) k 21—1:((;)_1_ _2H:(a) F ~ _2H:(a) 1 o
7 ST )t f@)dt + an 1 7 nn as 1n— oo.
kla
2

Thus from (2.8) we have p(a) < oo in both cases and

wa(s) = s+ pla) + O(Slfmin{w:(@’g}) as 8 — 00 (2.11)

holds for 5 # %,

wa(s) =s+ pla) + O(sl_QHllz("') Ins) as s— o0 (2.12)

holds for ﬂ = %@.
At the end of this section, we show that w,(s) as above is a subsolution of (2.4) with properties we
needed.

Proposition 2.3. Forn >3, 2 <k <n, and A € A, let wa(s) = wa (327 Az) be given in (2.10). Then wq
is a smooth k-convex subsolution of (2.4) in R™\ {0} satisfying
1—min { 575 — é} k
wa(8) = s+ pula) +O(s (@27 g5 s — 00, for B#——r, (2.13)
Hi(a)
k
Hk(a)'

Proof. Obviously (2.13) and (2.14) follow from (2.11) and (2.12). By discussion above, we have

wa(s) = s+ p(a) + O(sl_"‘H:(a> Ins) as s—o0, for B=

(2.14)

S

W (s) = ﬁ/ Mm@ ()t + as @ | > 0
o 2Hy(a) ’

2

=

) = e (f(s) - (w;(s))’“) <0.

ok (A(D?wq)) = or(a)(we)" + wiylwe)" ™ Z or-13i(a)(aiz;)?

> (@) (wl)" +wi(we)" ™ - 2Hi(a)s = f(s) > f(a)
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and

Tm(MD*wa)) = om(a)(wn)™ +wi(we)™ ™! Z Om-1;i(a)(aiz;)®
= Um(a’)(w(/x)m + % (7( k) Zom 1; z alml)

= (W)™ <0 (a) + M(T(S) = (we (8))k) zn:(’ ‘(G)(a'x')2>
_ ! m QHk(a)s o s m—1;7 g
W (s —k . n Om—1:4lQ)(a;T; 2
> (W) (”mw) L0 (7 - o)) 3 #) |
It follows from (see [2])

om(a)ok-1;i(a) > om-1;i(a), (2.15)

for each 1 <7 < n, that

/ S -k - n o 1 a aixi 2
onta) + 2 (70 - ()") I T
L) " om(a)or_1.:(a)(a;z;)?
> o) + % (7 = (a()*) X m( >U(< ))( i)
O\
= O'm(a) + (wa(QS)) <f($) o (W;(S))k)am(a)QS
—k

We then immediately have ,,(A(D?w,)) > 0 holds for 1 < m < k — 1. Thus w, is a k-convex subsolution
of (24) in R*\ {0}. O

3. Proof of Theorem 1.1

Denote E, = {z € R"|127 Az < s}. Without loss of generality, we assume Ey C D C E,, for sy large
enough. First we give out a lemma for n > 3, 2 < k <n and A = diag(ay,--- ,a,) € 4.

Lemma 3.1. Let ¢ € C?(0D). Then there exists some constant C, depending only on f, n, llellc2opy

the upper bound of A, the diameter and the convezity of D, and the C? norm of 0D, such that, for every
& € 0D, there exists T(§) € R™ satisfying [Z(§)| < C, and

we <@ on ID\{E}, we(§) = (),

where

el

we (z) = 9(€) + FT[(%‘ — 7€) Ar —7(€)) — (€ — ()T A€ ~T(9))], = € R", (3.1)

and F = supga f.
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Proof. Let £ € 9D. We may assume without loss of generality that £ = 0 and 9D can be locally represented
by the graph of

o = p(a’) = O(|2'[?)

by a translation and a rotation, where ' = (z1,--- ,z,_1). And ¢ has the local expansion

p(', p(z”) +E<Pzz )zi + O(|z]?)

+Z<Pacz x1+0|x\)

since D is bounded.
By (3.1), we have

[(z —7)TA(x — ) — T* AZ]

F
= p(0) + 7$TA1‘ — Frz" Ag.
Recalling that A € 4, we know that A is invertible. Thus we can find T = T(¢) € R™ such that

AT(t) = F7E (=, (0), -+, —pu,_, (0), )7,

where ¢t will be chosen to fit our need later. Then

1 n—1

Fr 5
w(z) = ¢(0) + 7 Az + ; 0, (0)2; — tap.

It follows that
1

(w0~ 9@ p(a)) = T Az — tp(a) + O(a'?)
< O+ p(a) ~ 1ol

where C' depends only on the upper bound of A, ||¢||c2py and the C? norm of &D. By the strict convexity
of dD, there exists some constant € > 0 depending only on D such that

p(@') > elz’|?, for |2'| <e. (3.2)
Clearly we can choose t large such that
(w =)@’ p(2') <0, xedDN{(' pa))]0< 2| <e}.
On the other hand, by the strict convexity of D and (3.2) we have
> €, for zedD\{(@,p(a)] ] < e
By the boundedness of D and the discussion above, we can choose t large again such that
w(z) — () <0, x€dD\{(@' p(z")) 2| <e}.

Now we get a w as required. The proof has been completed. O
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Proof of Theorem 1.1. By an orthogonal transformation and by subtracting a linear function from wu, we
only need to prove Theorem 1.1 for the case that 2 < k <n —1, A = diag(a1,---,a,) € 4, and b = 0.
For B; € R and o > C1, set

n 1
wals) = B + / Rl e e
¢ 2Hk(a)
S0 2
as in (2.10). By Proposition 2.3 we have w, is a smooth k-convex subsolution of (2.4) in R™ \ {0} and
satisfies
1—min {s75—,2} k
wa(s) = s+ p(a) + O(s (@20 ag s 300, for [# ——,
Hi(a)
! k
wa(s) = s+ pu(a) + O(s' 7@ Ins)  as s — oo, for = .
(5) = s+ (o) + O ) b=
Here

==

e’} n i
. k 1= _ k
— _ 2H (a) 2H (a) 2H (a) _
) = B So+/<(n k /2Hk(a)t K f()dt + an™ ?Fx ) 1>d77.

So 2

Obviously we see that p(«) is strictly increasing in «, and

lim p(a) = oc. (3.3)

a—00

We will fix the value of ¢, in the proof. First we require that ¢, > pu(Cy). Thus, by (3.3), for every ¢ > ¢,
there exists a unique a(c) such that

pla(e)) = c. (3-4)

S0 W) satisfies

1—min{2HL,§} k
Wa(e)(8) =s+c+O(s #@°27) ag s —o00, for B# AR
Wa(c)(8) zs+c+0(8172H:<“> Ins) as s—o0, for fB= F
a(e ’ Hk(a)

Set
w(x) = max{we(z)| £ € 9D},

where we is given in Lemma 3.1. It is easy to see that w(z) is locally Lipschitz in R™ \ D and that w = ¢
on 0D. By simple computation, we have

or(MND*w¢)) = Fop(a) = F > f,

where a = (a1, -+, ay,). That is we is a smooth k-convex subsolution of (2.4). Thus w is a viscosity subsolution
of (2.4) in R\ D.
Next we fix a number & > 0 such that
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min wg > max w.
8E50+1 8E50+1

We require that c, also satisfies ¢, > p(&). For ¢ > c,, we have a(c) = p~1(c) > p~1(ci) > & and

Wa(e) > Wa >w on OB 1. (3.5)
Let

1= min{we(x)| £ € 0D, z € Ey, \ D}.
It follows that
Wo < B1, in Ey \D, (3.6)

for a > 1. Combined with the definition of w, we have

Wa(e) S P1 <w in By \D. (3.7)

Now we define for ¢ > c,,

u(

2) = max{wa(e)(z),w(x)}, =€ Eyy1\D,
Wa(e) (1), x €R"\ Egyq1.

We know from (3.7) that u = w in E,, \ D and in particular u = w = ¢ on dD. We know from (3.5) that
U = Wq(c) in a neighborhood of OF, 1. Therefore u is a locally Lipschitz function in R \E. Since both
Wa(c) and w are viscosity subsolutions of (2.4) in R" \ D, so is u.

For ¢ > ¢4, let f be a smooth function of s = %ZL‘TAx, where A = diag(aq,- - ,a,) € 4k, and denote that
a = (a1, -+ ,an), such that f < f in R™ and satisfies (1.3) and (1.4). Without loss of generality, we can
assume that f < 1 is a monotone increasing smooth function and f =1 — C’os_g for s > sg, where Cy, sq, 8
are the same as in the definition of f.

Let

1
k

s n
= — ey k s L
w(s)zﬁﬁ/(" ()/QHk(a)t h ﬂt)dt) -

2 0
By simple computation we have, for s > 0,

1
b %

T /(s) = s—%/Lt%—lﬂodt >0
2Hk(a) - ’
0

S

_ 3_%/Lt%_lf(t)dt
2Hk(a) s QHk(CL) -

S

A O s%f(s)—/ K 7 L f (1) de
- 2Hk(a) -
0

1
1

\

S

—
@

&
|

1 k / k k .
_ = | s Hy@ L F
2H, (a) (8 ) / 2@ Wt)

0
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.5—%—«5%%) - (SW’%@(S) —/t%f(t)dtw

0

= # s~ 2H:_(a) /9 k t—zHllz(“)_l?(t)dt Eils__zy,l:(@_l /tZH:(a) f/(t)dt >0
2Hk(a) 2Hk(a) = =7
0

and w satisfies the ordinary differential equation

(W' (s))" + 2sHy(a)w” ()1 = f(s), s>0.

Then we have

Since a; > 0, w '(s) > 0 and w "/ (s) > 0, it is obvious that

i (\D*D)) = o5 (@)@ 'Y+ "@ V7Y ojri(a)eiw)? 2 0, j =1, k.

Thus © is a smooth k-convex supersolution of o (A(D?u)) = f in R™ \ {0}.

We rewrite @w as the form

e ko1 ko
w(s) = ﬂ2+52+2/< <>/2Hk< )t @ i(t)dt) 1>dn

00 n L
_s+(/j’22+/<(U‘W%/2;Zm)tzfrf<w‘li(t)dt)g 1>dn)
2 0

\
/N
~~
dI
L]
T
el ol
0
o\
[\
=
Q
~
[
T
kol
,i
=
=
by
—
=
\
\/
QU
3

while for ﬁ = %W,

n 1
(i [ st ) 1) e T g s g o
2Hk(a) '

Therefore, we have for g # %W)’
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0o n N
7/ <("_% / 2Hi(a)t%_li(t)dt) - 1) dp=0(s""%) as s o0,
s 0
_ _k
and for § = @)
o0 n k .
k k =
,/ ((W_QH’“("') /mw)twk(a) _1i(t)dt) - 1) dn = O(slfg Ins) as s— oo.
s 0

It follows from (2.8) and 8 > 2 that

S U]
ok k _k___q ¥
3H,, (a) 2Hy, (a) -1 .
/ ((77 K / QHk(a)t k i(t)dt) )dr] < oo
2 0

Set

00 U]
___k k E___q %
— _ 2H (a) 4 2Hp(a) —
By =2 /((n ; /QHk(a)t i(t)dt) 1>dn+c,
2

then we have

k
w(s :s—i-c—i-Osl*g as s — oo, for —_
(5 (s*4) 5% T
w(s)—s—kc—i—O(Sl*glns) as s— oo, for = i
- 7 Hi(a)

Set
b := max{we(z)| £ € D, z € By, \ D}.
We further require that c, > 5, and then fix the value of c.. We know from f <1 that 82 > c and
@> o> >b> B> war, on 9D,
and

lim (W — wq(e)) = 0.

Thus, in view of the comparison principle of (1.1), we have
W > Wa(e), in R"™\D.
By (3.8) and (3.5), we have, for ¢ > ¢,
we <wW, on O(Esy41\D), £€0D.
Again by the comparison principle for smooth k-convex solutions of (1.1), we have

we <, in Eg41\ D, €€0D.

(3.9)

(3.10)

(3.11)
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Thus
w<w, inFEs41\D, (3.12)
combined with (3.9), implies that
u<w, in R"\ D. (3.13)

For any ¢ > ¢, let S. denote the set of v € USC(R™ \ D), which are viscosity subsolutions of (1.1) in
R™\ D satisfying v = ¢, on 9D, and u < v <@, in R™ \ D. Obviously, S, is not empty and u € S.. Let

u:=sup{v(z) |veS.}, xe€R"\D.

By the above discussion about @w and the definition of u, for 8 # %@

and
u(T) > wa(e)(s) =s+c+ O(sl_min{%’g}) as s — 00.

Then

u(r) =s+c+ O(sl_min{%’g}) as s — 00.
For = /ey,

u(z) <w(s) =s —I—C—I—O(sl_g Ins) as s— o0
and

u(r) > Wa(e)(s) =s+c+ O(sl_Wk“” Ins) as s — oo.

Then

ok
u(:r)szchrO(s1 2He(@) Ins) as s — 00.

This gives out the estimate (1.6) and (1.7).
Next, we prove that u satisfies the boundary condition. Since u = w

@ on 9D we have

Therefore we only need to prove
limsupu(x) < ¢(§), &€ 0D.
r—E€

Let wl € C?(E,, \ D) be defined by
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Aw} =0, in Es, \ D
wl =, on OD
wi =maxpp, W, on JE,.

By Newtonian inequalities, it is easy to see that a viscosity subsolution v of (1.1) satisfies Av > 0 in the
viscosity sense. Then for all v € S, we have v < w! on d(Fs, \ D). By comparison principle we get

v<wl, inE,\D.

c

By the arbitrariness of v we have

u<wl, in ESO\ﬁ

C

and then

limsup u(z) < lim wl (z) = ¢(¢), &€ aD.

z—& =g ¢

Finally, we can prove by Perron’s method that u € C°(R™ \ D) is a viscosity solution of (1.1), (1.2).
Details can be found in [13] and the references therein. Theorem 1.1 is established. O
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