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Communicated by F. OTTO

Abstract

We establish upper bounds on the blow up rate of the gradients of solutions of
the Lamé system with partially infinite coefficients in dimension two as the distance
between the surfaces of discontinuity of the coefficients of the system tends to zero.

1. Introduction

We consider the Lamé system in linear elasticity. Let @ € R¢, d = 2, be a
bounded open set with C2 boundary, and D and D5 be two disjoint strictly convex
open sets in €2 with C 2.¥ boundaries, 0 < y < 1, which are e-distance apart and
far away from 9$2. More precisely,

Dy, Dy C Q, the principle curvatures of 3Dy, Dy = ko > 0,

€ :=dist(Dy, Dy) > 0, dist(D; U Dy, 0R) > k1 > 0, a.D

where K, k1 are constants independent of €.
Denote

QSZQ\DlUDQ.

We assume that Q and D; U D, are occupied by two different homogeneous and
isotropic materials with different Lamé constants (A, n) and (Aq, p1). Then the
elasticity tensors for the inclusions and the background can be written, respectively,
as C! and CY, with

Clix = 21818k + 111 (Bikdj1 + 818 x),
and
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where 7, j,k,l =1,2,...,d and §;; is the Kronecker symbol: §;; = 0 fori # j,
5,']' =1fori =]
Letu = (ul, u?, ..., ud)T : Q — R4 denote the displacement field. For a

given vector-valued function ¢, we consider the following Dirichlet problem

V. ((XQ(CO + xp,up,C1) e(u)) =0, in Q,

u=q, on 0€2,

(1.2)

where xp is the characteristic function of D, and

e(u) = % (Vu + (Vu)T)

is the strain tensor.
We assume that the standard ellipticity condition holds for (1.2), that is,

uw>0, dr+2u=>0; w1 >0, diy+2u; > 0.

For ¢ € H 1(SZ; Rd), it is well known that there exists a unique solution
u e H! (2 Rd) of the Dirichlet problem (1.2), which is also the minimizer of
the energy functional

|
Tlu] = 5/Q ((XQCO i XDIUDZCI) eu), e(u))dx

on
HA (@ RY) = { ue H' (R |u— ¢ e H (Q: RY) }

BABUSKA ET AL. [ 10] computationally analyzed the damage and fracture in fiber
composite materials where the Lamé system is used. They observed numerically
that the size of the strain tensor e¢(u#) remains bounded when the distance € tends
to zero. Stimulated by this, there have been many works on the analogous question
for the scalar equation

[V- (ak(X)Vuk) =0 in €, (1.3)

Uy =@ on 082,
where ¢ is given, and

k € (0, 00) in D; U D>,
@) =1, in &

For touching disks D and D; in dimension d = 2,BONNETIER AND VOGELIUS
[15] proved that |Vuy| remains bounded. The bound depends on the value of k.
L1 and VoGeL1us [28] extended the result to general divergence form second order
elliptic equations with piecewise smooth coefficients in all dimensions, and they
proved that |Vu| remains bounded as ¢ — 0. They also established stronger, €-
independent, C Le estimates for solutions in the closure of each of the regions Dy,
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D5 and Q. This extension covers domains D1 and D; of arbitrary smooth shapes. Li
and Nirenberg extended in [27] the results in [28] to general divergence form second
order elliptic systems including systems of elasticity. This, in particular, answered
in the affirmative the question that is naturally led to by the above mentioned
numerical indication in [10] for the boundedness of the strain tensor as € tends
to 0. For higher derivative estimates, we draw the attention of readers to the open
problem on page 894 of [27].

The estimates in [27] and [28] depend on the ellipticity of the coefficients. If
ellipticity constants are allowed to deteriorate, the situation is very different. It
was shown in various papers, see for example BubpiaNsKy and CARRIER [17] and
MARKENSCOFF [31], that when k = oco in (1.3) the L®°-norm of |Vu| generally
becomes unbounded as € tends to 0. The rate at which the L°°-norm of the gradient
of a special solution blows up was shown in [17] to be € ~'/2 in dimension d = 2.
AMMARI et al. [7,9] proved that when D1 and D; are disks in R2, and when k = oo
in (1.3), the blow up rate of |Vu| is €12 This result was extended by YunN
[36,37] and Bao et al. [11] to strictly convex D; and D, in R2. In dimension
d = 3 and d = 4, the blow up rate of |Vueo| turns out to be (¢| Ine|)~! and
e~ ! respectively; see [11]. The results were extended to multi-inclusions in [12].
Further, more detailed characterizations of the singular behavior of Vuy, have
been obtained by AMMARI et al. [3,8], BONNETIER and TRIKI [13,14], KANG et al.
[21,22]. For related works, see [4,5,14,16,18,19,23-26,29,30,32,34,35] and the
references therein.

In this paper we obtain gradient estimates for the Lamé system with infinity
coefficients in dimension d = 2. In a subsequent paper we treat higher dimensional
casesd = 3.

The linear space of rigid displacements in R is
U= [w e C'RYERY) | VY + (V)T =0 }

or equivalently [33],

W:span[w1=<(1)), wz

If& € HY(D; R?), e(§) = 0in D, and D C R2 is a connected open set, then &
is a linear combination of {1/*} in D. If an element & in ¥ vanishes at two distinct
points of R2, then £E=0.

For fixed A and p satisfying > 0 and A + u > 0, denote uy, ,, the solution
of (1.2). Then, as proved in the Appendix,

I
ey
—_ O
N
<=

w

I
|
L3
N—"
_

Uy — win H'(Q;R?) as min{uy, A + 1) — o0, (1.4)
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where uisa H! (2; Rz) solution of

Ly yu:=V- ((Coe(u)) =0, in
u|+=u|_, on 0D UdD,,
e(w) =0, in D; U D», (1.5)
Jop, 3| ¥ =0, =123 i=12
+
U =9, on 0€2,
where

0 - - -

au = ((Coe(u)) n=AV-uyn+pu (Vu + (Vu)T) n,

dvo |4

and 7 is the unit outer normal of D;, i = 1, 2.

Here and throughout this paper the subscript + indicates the limit from outside
and inside the domain, respectively. The existence, uniqueness and regularity of
weak solutions to (1.5) are proved in the Appendix. In particular, the H' weak
solution to (1.5) is in C1 () N C'(D; U Dy).

The convergence (1.4) in the case 1 — oo while A; remains bounded was
established in [6]. Our proof of (1.4) in the Appendix is different and is an extension
to systems of that in [11].

The solution of (1.5) is also the unique function which has the least energy in
appropriate functional spaces, characterized by

I = min Iso[v],

oolu] min oo[]
where

1
Io[v] = E/S~2 ((C(O)e(v), e(v)) dx,
and
A= {u € HX(Q:RY) | ew) =0 in Dy U Dz} .
A calculation gives
(Copt) = b + G+ ) [dg! + 050, i=12. (16)

Since D; and D are two strictly convex subdomains of €2, there exist two
points P; € dDp and P, € d D; such that

dist(Py, Py) = dist(dD1, dD,) = e. (1.7)

We use P; P, to denote the line segment connecting P; and P,. For the readers’
convenience, we first assume that d D1 near Py and d D, near P, are quadratic. For
more general Dy and D;, we consider in Section 5.

Assume that for some 8y > 0,

1
50§M,X+M§8—. (1.8)
0

The main result in this paper is as follows.
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Theorem 1.1. Assume that 2, D1, Dy, € are defined in (1.1) withd = 2, . and
satisiy (1.8), and ¢ € clraQ; Rz)for some (0 <y < 1. Letu € HY QRN
c! (S~2; R?) be a solution to (1.5). Then for 0 < € < 1, we have

- — ”(p”ClvV(QQ;RZ)y x € Q,
|Vu(x)| < Je + dist(x, P P) 1.9)

Cliellcry aq:Rr?)s x € D1 U Ds.
where C is a universal constant. In particular,
IVullze@ < Ce™ ' lgllcrypare)- (1.10)

Note that throughout the paper, unless otherwise stated, C denotes some constant,
whose value may vary from line to line, depending only on ko, k1, ¥, 80, [0 D1 || c2.v,
10 D22y, [[0€2]| -2 and the Lebesgue measure of €2, and is in particular indepen-
dent of €. Also, we call a constant having such dependence a universal constant.

Since the blow up rate of | V| for solutions of (1.3) when k = oo is known to
reach the magnitude € ~!/2, estimate (1.10) is expected to be optimal. This is also
supported by the numerical indication in [20].

The paper is organized as follows. In Section 2, we first introduce the setup of
the proof of Theorem 1.1. Then we state a proposition, Proposition 2.1, containing
key estimates, and deduce Theorem 1.1 from the proposition. In Sections 3 and
4, we prove Proposition 2.1. In Section 5, we prove Theorem 5.1 which extends
Theorem 1.1 in two aspects. One is that the strict convexity assumption on 9D
and dD; can be replaced by a weaker relative strict convexity assumption. The
other is an upper bound of the gradient when the flatness order near the closest
points between dD; and 3D, is m = 2 instead of m = 2 for the strictly convex
d D1 and 9 D;. In the Appendix, we give a variational characterization of solutions
of the Lamé system with infinity coefficients and prove the previously mentioned
convergence result (1.4).

2. Outline of the Proof of Theorem 1.1 and Recall of Korn’s Inequalities

The proof of Theorem 1.1 makes use of the following decomposition. By the
third line of (1.5), u is a linear combination of {/“} in D and D, respectively.
Since £;, ;& = 0in Qand & =0on 1o imply that § = 0 in Q, we decompose the
solution of (1.5), in the spire of [11], as follows:

(3 o
> Cyye, in Di,
a=1
3 —
u=1> CIye in Dy, 2.1)
a=1
3 ~
> Chvy + ZC2U2+U3, in Q,
 a=1
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where v € CULRY) NC2(L R, = 1,2,3,i = 1,2, satisfy

L;L,#vlf" =0, in €,
v =y, on 9D,
v =0, on 9D; U, j# i;

v3 € C1(S2; R?) N C2(Q; R?) satisfies
Ly ,v3=0, in
v3 =0, on 0D1UdD;y,
vz =@, on 082;
and the constants {C{} are uniquely determined by u.
By the decomposition (2.1), we write

2 2

2.2)

2.3)

2
V=) (CY—CE) Vol + > CHVW +V§) + > €IV + Vs, in Q.
a=1

a=l1 i=1

Theorem 1.1 can be deduced from the following proposition.

2.4)

Proposition 2.1. Under the hypotheses of Theorem 1.1 and a normalization

lellcry ) = L we have, for0 < e < 1,
||VU3||L00(§) < G
IVVf + Vil @ = C, a=1,2,3;
C
€ +dist’(x, P P2)’
€ + dist(x, P, P2)
€ +dist?(x, P, Py)’

Vi ()] =

Vo] £ €

and

IcY1<C, i=1,2 a=123;
IC¥ —CY| < Cfe, a=1,2.

Lha=12, xeQ;

i=1,2, xeQ;

2.5)
(2.6)

2.7

(2.8)

(2.9)

(2.10)

Proof of Theorem 1.1 by using Proposition 2.1. Clearly, we only need to prove

the theorem under the normalization [[¢||¢c1.y 5q) = 1.
Since

Vu =C} (_01 é) inD;, i=1.2,

the second estimate in (1.9) follows easily from (2.9).
By (2.4) and Proposition 2.1, we have, for x in €2,

C

5 2
|Vu(x)|§z |CY = CS| [ Vof (o] + CZ ’Vv?(x)‘—i-c <
i=1

a=l1

Theorem 1.1 follows. O

= Je +dist(x, P Py)
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To complete this section, we recall some properties of the tensor C. For the
isotropic elastic material, let

C:=(Ciju) = (Mijdx + p (8idji + 8i8jx)), m >0, di+2u>0.
The components C;jy; satisfy the following symmetric condition:
Cijrt = Criij = Ciji, 1, j,k,1=1,2,....,d. 2.11)

We will use the following notations:

d d
(CAYj = D CijuAu. and (A, B)y=A:B= ) A;Bj,
k=1 i,j=1

for every pair of d x d matrices A = (A;j), B = (B;}). Clearly
(CA, B) = (A, CB).
If A is symmetric, then, by the symmetry condition (2.11), we have that
(CA,A) =Ciju A Aij = L Aji Apk + 2 Agj Ay
Thus C satisfies the following ellipticity condition: For every d x d real symmetric
matrix A = (4;;),
min{2u, di + 2p}|A]> < (CA, A) < max{2u, di + 2u}|Al%, (2.12)
where |A|? = ZA,.Z/..
ij
For readers’ convenience, we recall some inequalities of Korn’s type, see, for
example, theorem 2.1, theorem 2.5, theorem 2.10 and theorem 2.14 in [33].
Lemma A (First Korn inequality) Let S be a bounded open set of R, d > 2. Then
everyu € H(} (Q, RY) satisfies the inequality

< 2lle()|?

IVul?, @)

(€2)
Next, a few versions of the Second Korn inequality.

Lemma B Suppose that Q is a bounded open set of RY, d > 2, of diameter R,
and it is star-shaped with respect to the ball B, = {x : |x| < R1}. Then for any
u € H'(Q,RY) we have the inequality

5 d+1 5 R d 5
\V/ < Ci | — + — v
” u”LZ(Q) = 1 (R[) ||€(M)||L2(Q) C2 (R[) ” u”LZ(BRl)’

where C1, Cp are constants depending only on d.

We remark that the above inequality holds for a Lipschitz domain €2, with C; and
C3 depending on €2, since such a domain is a union of a finite number of star-shaped
domains. The following lemma is an easy consequence of Lemma A and Lemma
B.
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Lemma C Suppose that Q satisfies the condition of Lemma B andu € H'(Q, R?).
Then

d+1 R\¢
”VMH%AZ(Q) § Cl (R_l) ”6(1/[)”%2(9) + C2 (R_l) )/_2”1/[”%‘2(9),
where y is the distance of Bg, from 082, and C1, C, depend only on d.

In applications it is often important to have the following version of the Second
Korn inequality. We still use W to denote the linear space of rigid displacements in
R<. Then

Lemma D Let Q be a bounded Lipschitz open set of R%, d = 2, and let V be a
closed subspace of H (2, RY), such that V NV = {0}. Then every v € V satisfies

vl g1 = Clle)llL2q),

where C depends only on Q and V.

3. Estimates of Vv, Vv and Vu;

Before proceeding to prove Proposition 2.1, we first fix notations. By a trans-
lation and rotation of the coordinates if necessary, we may assume without loss of
generality that the points Py and P; in (1.7) satisfy

P, = (o, %) 9D, and P, = (0, —%) € aD>.

Fix a small universal constant R, such that the portions of dD; near P; can be
represented respectively by

€ €
X =5+ hi(x1), and xp = -5+ ha(x1), for |xi| <2R.
Moreover, by the assumptions on d D;, h; satisfies

€ €
3 + hi(x1) > —3 + hy(x1), for |xi] < 2R,

h1(0) = ha(0) = K (0) = hy(0) =0, 3.1
R (0) = ko >0, hy(0)< —kp <0, (3.2)

and
1Bl c2r (—2r.2r) + Nh2llc2r (—ar2k < C. (3.3)

For 0 < r < 2R, denote
Q, = {x eR2| —§+h2(x1) <x < %-Irhl(m), |x1] <r]~
The top and bottom boundaries of €2, are
rt= {x e R? | Xy = % + hi(xy), |x1] < r},
and
;

F*=[x6R2|x2=—§+h2(x1), |x1] <r}.

Here x = (x1, x2).



Gradient Estimates for Solutions of the Lamé System 315

3.1. Estimates of v3 and v{ +v5, @ =1,2,3
Lemma 3.1.

||U3||L00(§~2) + Vs ||1_00(§) = C.
v + Ug”Lw(ﬁ) + IV} + va”Loo(ﬁ) <C, a=1,23

Proof. As mentioned before, we may assume without loss of generality that
lellcry ey = 1. Extending ¢ to @ € Cl7(Q) satisfying ®(x) = 0 for all
dist(x, ) > «1/2. In particular, ® = 0 near D1 U D», and

/~|V<I>|2dx < Clelicry ) = C.
Q

Then, in view of (2.3),

Iolv3] := %/@ ((COE(Ug),e(U3)) dx < Io[®] < C.

By the First Korn inequality (Lemma A) and (2.12),
I1V(03 = )72 < 2le(s — D)7,
C (le@n 2z + le@) 2, )

C (Io[v3] + Io[@])
C.

IN

A

A IIA

It follows that
IVvsll 2@ < C.
Consequently,
sl 2@ < ClIVusll g < C

Note that the constant C above is independent of €. By the interior estimates and
the boundary estimates for elliptic systems (see Agmon et al. [1] and [2]), we have

||VU3||LOO(§\QR/2) = C.
We apply theorem 1.1 in [26] to v3 and obtain

||VU3 ”LOO(QR/z) é C.

Since _
L of +v5 =y =0, in Q,
vy +vg — ¥ =0, on 9D;UOID,,
vy + vy — Y = -y, on 0%2,

the above arguments yield, with ¢ = —¢*,
[Vv§ + Vg ||Loo(§) <C, a=1,2,3. (3.4)

Lemma 3.1 follows from the above. m|
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3.2. Estimates of v, i,a = 1,2

To estimate vf‘, i, = 1,2, we introduce a scalar function i € C? (RZ), such
thatu =1onoDy,u=00n 0D, UIL,

X2 —ha(x1) + 5

u(x) = , in Qg, (3.5
€+ hi(xr) —ha(xr) .
and
lallc2avaq = C- (3.6)
A calculation gives
_ Clxq] _
a <——— |2 < — Qr, 3.7
| x1u(x)| =t |x1|2 | xz“(x)| = er |x1|2 X € 3R 3.7
[0y, x ﬁ(x)|§—’ |ax1x2ﬁ(x)|£&a 8x2x212(x)=0, x € Qg.
o e+ xil? = (e +[x117)?
(3.8)
Define B
i =@ 0", =0’ in Q (3.9)
then v{ = u{ on Q. Similarly, we can define
iiy=@w0" a3=0w" in (3.10)

where u is a scalar function in C2(R?) satisfyingu = londD;,u = 0ond DU,

—x2 +hi(x1) + 5
€+ hi(xy) —ha(xy)’

ulx) = x € Qg, 3.11)

and
lullc2m2\@p) = C. (3.12)
By (1.6), (3.7) and (3.8),
¢ Clxil
e+nl?  (e+xH?
For |z1| £ R, we always use § to denote

€+ hi(z1) — ha(z1)
5 )

| Lo it (x)| < ba=1,2 xeQr (3.13)

§:=168(z1) = (3.14)

Clearly,

1

olet 12113 £ 8(z1) £ Cle + lz11). (3.15)
For |z1] £ R/2,s < R/2, let

. € €
Qs(z1) == {(X1,X2) | - 3 +ha(xy) < x2 < 3 +hi(xn), |x1—z1] < S}.
(3.16)
We denote

wd =¥ — i, ia=1,2. (3.17)

In order to prove (2.7), it suffices to prove the following proposition.
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Proposition 3.2. Assume the above, let v € C2(§VZ; RHNC! (5; R?) be the weak
solution of (2.2). Then, fori,a = 1,2,

/~|VW?‘|2dx < C, (3.18)
Q
C 2 2 , < ,
/ urax < | CE HaP) Tl = Ve (3.19)
Q1) Clzil%, Ve <zl £ R,
and )
CERl | < Ve
Vw < €’ -V 3.20
le(X)I_L%, Je <l < R. (3.20)
Corollary 3.3. Fori,a =1, 2,
o c O
|Vof (x)| < ———, x€eQ (3.21)
€ +dist“(x, P1 P»)
Proof of Corollary 3.3. A consequence of (3.18) is
o2 _o |2 al2
/~ |Vo?| dx§2/~ (’Vui| ~|—’Vwi})dx§C,
Q\Qgr/2 Q\QRg/2
With this we can apply classical elliptic estimates to obtain
||Vv§‘||Lm(§\QR) <C, ia=1,2. (3.22)
Under assumption (1.1),
1 N
clet ) Sdistx, PPo) < Ce + ).
Estimate (3.21) in Q5 follows from (3.20) and the fact that
A7 < —— in Q.
‘ u; (x)‘ = €+|X1|2 m R
O

Proof of Proposition 3.2. The iteration scheme we use in the proof is similar in
spirit to that used in [26]. We only prove it for i = o = 1, since the same proof
applies to the other cases. For simplicity, denote w = w } We divide into three
steps.
Step 1. Proof of (3.18).

By (3.17),

Ly pw = —L‘)L,MZZ}, in Q,~ (3.23)
w =0, on 0%2.

Multiplying the equation in (3.23) by w and integrating by parts, we have

/ﬁ(Coe(w),e(w)) dx =/§w (Lwﬁ}) dx. (3.24)
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By the mean value theorem, there exists ro € (R/2,2R/3) such that

6
/ lx1]=ro, widxy = = R/2<|x1|<2R/3, |widx
—€/2+hy(x1)<x2<€/2+h1(x1) —€/2+hy(x1)<xp<€/2+h1(x1)
< C/ |Vw|dx
Qr3\2R)/2

12

< c(/~ |Vw|2dx) . (3.25)

Q

It follows from (2.12), (3.24) and the First Korn inequality that

[|Vw|2dx

Q

< 2/~ le(w)|?dx
|, vl
£ (s

<c ‘/ w Dy, it dx
Qy

First,

/ wVdy, it dx = —/ 3 wMa,, it dx
Q Q

0 0

+ (Bx,ﬁ) w® dxr :=1+11.

lx11=ro,
—€/24+ho(x1)<x2<€/24h1(x1)
n=c /
Q,

172 172 172
|9, 2| >dx (/ |Vw|2dx) < C(/ |Vw|2dx) .
) )
By (3.25), we have
1/2
1| < C/ [w]dxy < c(/ |Vw|2dx) )
[x1]=r0 S

76/2+h2(x|)<x2<€/2+h|(X|)
1/2
c(/~ |Vw|2dx) ) (3.27)
Q

‘/ w8y, i dx| <
2,

+C‘/ w (L, Mul)dx
aQ,

+C/ |w|dx
Q\Qy,
1/2
+C /~ IVw|?dx ) .
Q\Qy,

+‘/ w® it dx
Qy
(3.26)

Then, by (3.7),

0

Hence
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Similarly, using w = 0 on 0Dy U 9 D3,

/ w8, i dx ’/ 3, w8, i1 dx
Q 7

70 0

1/2 12
c(/ |8xlﬁ|2dx) (/~ |Vw|2dx)
Q Q

0
1/2
C ( - |Vw|2dx) )

Q
Therefore, combining this estimate with (3.27) and (3.26),

172
/~|Vw|2dx§ C(/~|Vw|2dx) ,
Q Q

which implies (3.18).
Step 2. Proof of (3.19).

For 0 <t < s < R, let n be a smooth function satisfying n(x;) = 1 if
lx1 —z1l < t,n(xp) =0if [x; —z1] > 5,0 = n(xy) S 1ifr < |xp —z1] = s,
and |n'(x)| < % Multiplying the equation in (3.23) by wn? and integrating by
parts lead to

A

[IA

/A (COe(w), e(wn?))dx = —/A (wn?)L;. it} dx. (3.28)
Qy(z1) Qs (z1)

Using the First Korn inequality and some standard arguments, we have

1
/A (Ce(w), e(wn®)dx = = [ |V(wnp)|?dx - C [ lw|?|Vn|dyx,
Q1) C

Q5 (z1) Qs (z1)
(3.29)
and
2
/A (W)L it dx| < i |w|2dx+(s—t)2/A (cwﬁ} dx.
Q1) (s =07 J& @) Q52
It follows that
C 2
/A [Vw|?dx < 2/A |w|2dx+(s—t)2/A Ly pity| dx.
Q2 (s =% Ja ) Qs (21)
(3.30)

Note that for 0 < s M, we have

S+hi(x1)
/A lw|*dx = / / lw(x1, x2)|2dxodx;
Q(z1) x1—z11Ss J=5+ha(x1)

5 S+hi(x1) )
= / (€ + hi(x1) — ha(x1)) / |05, w(x1, x2)|” dxodux
lxi—z1|Ss —5+ha(x1)

Case 1. For /e < |z1] £ R.
21
<73

A

Clzil* [ |Vw/|*dx, (3.31)
Q(z1)
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By (3.13), we have
2 C 2
/ ‘EMLQ}‘ dr<— 0<s< 2l (3.32)
Q1) |21 3

Denote

F(1) ::/A |Vw|2dx.
Qi)

It follows from the above that

_ Colzi 2\ > ~ 2lz
Fa) < (M) F(s) + Cls — 1> ——, Vo <r<s< 2Bl (333
s —1 |z1] 3

where Cy is also a universal constant.
Letf; = 2Coi |z1/%,i = 1,2, .... Then

Colzil* 1

tiy1 =t 2

Let k = [m] Then by (3.33) with s = ;1 and = #;, we have

C(tip1 — 1) ?ti1

1 , )
|Z1|4 § ZF(tl+l)+C(l + 1)|Zl| )

—~ 1 ~
F(t;) = ZF(tiJrl) +

After k iterations, we have, using (3.18),

. 1\K ) k 1! 1\*
F(t) = (Z) F(tx41) + Clz1] ;(Z) (+1< C(Z)
k /!
+C|11|22(Z) (+1)
=1

< Clalt

This implies that

/ IVw[2dx < Clz1 |2

Qs(z1)

Case 2. For |z1] £ /€.
For 0 <t < s < /€, we still have (3.30). Estimate (3.31) becomes

/A lw|?dx < ceZ/A [Vw’dx, 0<s < <. (3.34)

Qs (z1) Qs (z1)

Estimate (3.32) becomes

*/ﬁs (z1)

2 Cs  Cluls  Cs’
o[ ar =+ 'i;|s+€—§, 0<s<+ e (339
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Estimate (3.33) becomes, in view of (3.30),

R C 2 N 1 2 2
F@) < (LE) F(s)+C(s—t)2s(—+@+s—3), VO <t <s <4
s—t € €- €-
(3.36)
Lett; =2Cpie,i =1,2,.... Then
Coe _ 1
tiv1—ti 2
Letk = [4C3ﬁ]' Then by (3.36) with s = ;41 and ¢t = t;, we have
_ 1~ ‘
F) £ JF (i) +CRE +a ).
After k iterations, we have, using (3.18),
Fan < ( kﬁ(r )+ci : 17113( 24z
<|{- - €
D=1y k+1 23 2]
1
1\ cve
<c (Z) +CE+ 1211 £ CE +lalP).
This implies that
/A IVw|?dx < C + z1]).
Qs(z1)
Step 3. Proof of (3.20).
Making a change of variables
X1 — 21 =6y,
1—21 » (3.37)
X2 = 8y,

then Qs(z1) becomes Q. where

€

1 € 1
Zhy (8 , — + —hi (6 1), )
25+8 2(y1+21)<y2<28+8 108y1+z1), Inl <r

@:Lsz
for r £ 1,

and the boundaries Ff become

A 1 e
yo =k =5 (5+mGy+2). nl <1

and

ha(y1) 1(E+h(6 +)) lyi] < 1
= = —=—- s < 1.
y2 2N s ) 200 y1 T 121 Y1
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Then
h1(0) — h2(0) = é (€ + hi(z1) — ha(z1)) =2,
and by (3.1) and (3.2),
R 0)] + 1h50)] £ Clzil,  1A](O)] + 5 ©0)] < Cs.

Since R is small, ||ﬁl llcti-1,1)) and ||ﬁ2||c],l((71’])) are small and %Q/] is es-
sentially a unit square as far as applications of Sobolev embedding theorems and
classical L? estimates for elliptic systems are concerned. Let

Ul (i, y2) s=iij(er,x2), - Wi, y) = wia,x), ye 0, (3.38)
then by (3.23),
Ly Wl =-L,,Ul, yeo0. (3.39)
where
|20l | =8|l
Since Wl1 = 0 on the top and bottom boundaries of Q’;, we have, using Poincaré
inequality, that

1

%10, = €17
H(Q))

Wi

2)

By W7 estimates for elliptic systems (see [2]) and Sobolev embedding theorems,
we have, with p = 3,

79 gy = € = € (199
LOO(Q/l/z) WZ,p(Q’]/Z)

+ Hﬁ)" UIH )
L2(0}) HE L0

It follows that

C
908 g = € ([
L”(Q%(Zl)) 8

g T HEW’Z}H " ) (3.40)
(€25(z1)) L (825(z1))

Case 1. For /e < |z1] £ R.
By (3.19),
/?Za(m)

_ C C o~
52‘£A,u”}‘ < 82 (W‘i‘m) < Clzil,  in Qs(z1).

lezd < Clgy

By (3.13),
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We deduce from (3.40) that

Clal _ €
5§ Tl

\Vw%(m,xz)] -

Case 2. For |z1] £ /€.
By (3.19),
/535(21)

_ 1 e+]z PN
82 ‘EA,MM}) < cs? (Z + €2| 1|) S Cle+ 1), inQs(z1).

2
Vw}‘ dx < C(€ + |21 ).

By (3.13),

We deduce from (3.40) that

€+ |21 €
‘Vw%(m,m)‘ ——(6+| ih=scC l |, v —§+h2(21)

<x2 < 5 + hi1(z1).

Proposition 3.2 is established. O

3.3. Estimates ofvi3, i=1,2
Define
i@ = (xit, —x1i)", and @3 = (vou, —xju)’
then v} = it} on 82, i = 1, 2. Using (3.7), (3.1) and (3.3), we obtain

C(e +|x1D)
€+ lx2

‘Vﬁ?(x)‘ < —1,2, xeQg,

and B
‘Vﬁ?(x)‘§ C, i=1,2 xecO\Qx
It follows from (3.41), (1.6), (3.7) and (3.8) that

C
€+ x>

[IA

o i=1,2, xeQk.

We estimate the energy of vi3 ,i=1,2.

2 2
/~(v,.3 /~‘Vvi3‘ x<c o i=12
Q Q

[v+?]
"lliLe@\Qp)

Lemma 3.4.

and

323

€ €
, v —§+h2(zl)<x2<§+h1(zl).

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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Proof. By (3.42) and (3.43), we have

2
<

eltf] £ Leel1 £ C VA, <

)

and, by (1.8) and (2.12) and the First Korn inequality,

HVU?

A

+C

Vi _
L2()

i

HV(U? — i)

<V2 He(v? —i})

LX)
5 +C < Clolvi1+C £ C.

L2(Q) L2(Q) + H

A

c He(v?)

L2(

We know from the Poincaré inequality that

2
/~u§( dx < C/~‘Vvi3
Q Q

Note that the above constant C is independent of €.
With (3.45), we can apply classical elliptic estimates, see [1] and [2], to obtain
(3.46). O

2
dx < C.

Denote
w-3:=vi3—b_t3 i=1,2.

i i’

It is easy to see from (3.42), (3.43) and (3.45) that

2
/ ’Vw?
Q

<c. (3.47)
Lemma 3.5. With § = §(z1) in (3.14), we have, fori =1, 2,
2 Ce? ,
/A de< 165 lal< e (3.48)
Qs(z1)

Clail*, Ve<lal <R.
Proof. The proof is similar to that of (3.19). We will only prove it for i = 1, since
the proof for i = 2 is the same. For simplicity, denote w := wf, then

Vuw?

i

Ly w=—L; i3, in Q. (3.49)
w =0, on 0€2.
As in the proof of (3.19), we have, instead of (3.30),
2 c 2 2 =3 2
A [Vw|*dx < 5 | lw“dx 4+ (s — )" [_ Ly uy| dx.
Q) (s =07 Ja, ) ONE!
(3.50)

Case 1. /e < |z1| < R.
We still have (3.31) for0 < s < @ Instead of (3.32), we have, using (3.44),

/ﬁs(zl)

2 c
cwzzﬂ dx < ﬁ (3.51)
21




Gradient Estimates for Solutions of the Lamé System 325

Instead of (3.33), we have

. Colz1 12\ ~
F) < (ﬂ) Flo)+Cls—1)’——, VO<i<s< 24l 55
s—1 |z1] 3

We define {#;}, k and iterate as in the proof of (3.19), right below formula (3.33),
to obtain, using (3.47),

k

Fa < (Z) F(z'“')+0| Z( ) 1< Clal”

This implies that

/A IVw|?dx < Clz1|*.
Qs(z1)

Case 2. |71] < /€.
Estimate (3.34) remains the same. Estimate (3.35) becomes

2 C
/A cmﬁﬂ <2 0<s< e (3.53)
Q(z1) €
Estimate (3.36) becomes
~ Coe \* ~ C(s —1)%s
F() < (_t) F(s)+ ——>—, V0 <t <s <ae. (3.54)
s — €

Define {t;}, k and iterate as in the proof of (3.19), right below formula (3.36), to
obtain

A AN e 2 2
F(n) = (Z) F(fk+1)+CZ(Z) le= < Ce”.

=1

This implies that

/A |[Vw|?dx < Cé>.
Qs5(z1)

|
Lemma 3.6.
HVwE( _<c o i=1,2 (3.55)
Loo(Q)
Consequently,
C
‘Vv?(x)( = Clethab - _ 1,2, xe€Qg. (3.56)

€+ lx2
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Proof. The proof is the same as that of (3.20). In Case 1, /€ < |z1] £ R, we use

estimates
/ﬁs (z1)

52 ’cx,uaﬂ < Clzi 2.

2
wa‘ dx < Clz1 |4,

and

In Case 2, |z1] < /€. we use
3 2 2
/A ‘le‘ dx £ Ce”,

Qs(z1)

and

< Ce.

2 =3
1) ‘E}L’Mul

4. Estimates of C{ and C5

In this section, we first prove that C{ and CJ are uniformly bounded with
respect to €, and then estimate the difference C{ — C5.

4.1. Boundedness of C¥,i =1,2,a =1,2,3
Lemma 4.1. Let C{* be defined in (2.1). Then
Icf s C, i=1,2 a=1,23.

Proof. We only need to prove it for i = 1, since the proof for i = 2 is the same.
Let u, be the solution of (1.5). By Theorem 6.5 and Theorem 6.6 in the Appendix,

Il = 5 [ (COetwer, etuo)) < Il < €
Q

where & is the one in the proof of Lemma 3.1.
It follows that

ltell i@y < Clle@o 2@ < Clooluel < C.
By the trace embedding theorem,

||“€||L2(2)DI\BR) = C.
On 0Dy,

3
Ue = Zc‘fl/ﬂ.
a=1
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IfC|:= (Cll, Clz, Cf) = 0, there is nothing to prove. Otherwise

3
cz|Cil| > Cry” : (4.1)
a=1 L?(dD1\Bg)
where 65" = % and |61| = 1. It is easy to see that
> 1
2. Cive 2 . 42)
o=l L2(dD1\Bg)

Indeed, if not, along a subsequence € — O, 6;" — C9, and

3
> Ciye
a=1

=0,
L2(dD¥\Bg)

where 9 Dy is the limit of d Dy as e — O and |C1| = 1. This implies Z§=1 C“f‘w"‘ =
Oon dD} \ Bg. But {w"‘ | DM\ BR} is easily seen to be linear independent, we must

have C; = 0. This is a contradiction. Lemma 4.1 for i = 1 follows from (4.1) and
(4.2). O

4.2. Estimates of |C$ — CS|,a = 1,2
In the rest of this section, we prove
Proposition 4.2. Let C¥ be defined in (2.1). Then
|ICY —C§| < CVe, a=1,2.

By the fourth line of (1.5),

3 3
vy avs v
ZC?/ o ~W3+ZC§’/ i .WSJF/ B yb =0,
a=1 BD_/' UO + a=1 BDj V() + E)Dj UO —+
j=12 =123 (4.3)
Denote
vy a
a;‘jﬂz_/ il b, b/f:/ B wh =12 @ =123
ap; 0vo |4 : ap; 9vo |4

Integrating by parts over Q and using (2.2), we have

ot = /{2 (Coewp), e dx, b =~ /52 (Cews). ew)) .
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Then (4.3) can be written as
3

> ‘f‘a?‘f+ZCz"‘ 2 b =0,

o= =123 (4.4)
analz ch S‘f bzﬂ =0,

For simplicity, we use a;; to denote the 3 x 3 matrix (af‘j’S ). To estimate |C{ — C,
o = 1, 2, we only need to use the first three equations 1n (4.4):

a11C1 + a21Cy = by,

where
We write the equation as
a11(Cy — C2) = p := by — (a11 +a21)Cs. 4.5)
Namely,
11 12 13 1 1
ap 4 4n ¢ -G
p
an(Cy—C) = |all af? aF||CP-C3| = pz N CXO)
P

We will show that a1 is positive definite, which we assume for the time being.
By Cramer’s rule, we see from (4.6),

1 12 13 11 1 13
P aip ag ap P ap
1 1
cl—cl 2 g2 Bl 22 21 2 23
1 deta p 11 11 1 detay; |1 p 11
3 32 33 333
pmayp  an ap  pToap
Therefore
22 23 12 13 12 13
. . 1 art 411 5 arnn a1 3 arr a1
Ci-G= detan \7 | 5 sl P oo +p 2 3]’ “7)
apy ag apr aiq ary an
and
ail  ai} ajj aff ajj aff
2 2 1 1 2 3
Ci-6= detan P 31 33 tr 3133 RS 21 23
a4 app 4 arp  an
4.8)

In order to prove Proposition 4.2, we first study the right hand side of (4.6) and
have the following estimates.
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Lemma 4.3.

off off
ap +as

<C, o,B8=1273;

)b’f( <C B=1203

Consequently,
lpl= C.

Proof. For 8 = 1, 2, 3, using (3.21) and (3.45),

‘/~’va‘dx§/ Vv’f‘dx—f-/~
Q QR Q\QR/2

Foro, B =1, 2,3, by Lemma 3.1 and (4.10), we have

apf af
app +ay

= ‘/~ ((Coe(v‘l" +v9), e(v’f)) dx
Q

C||V(v‘1"+vg)“Loo(§)/§‘va‘dx

C.

A

A

Similarly, it follows from Lemma 3.1 and (4.10) that

| :‘/s~2 (€], ew)) dx

A

Lemma 4.3 follows immediately, in view of Lemma 4.1. O

Lemma 4.4. ay; is positive definite, and

Lgarﬁx§£’ a=1,2,
C.\/e €

1

Efaﬁ,C, a=1,2;

C

12| _ | 21| <

a aii| £ —

‘ “’ ’ “)—61/4’

3 3
|al111|:|a1(11|§(;, a=12;

and

Vv’f‘dx < C.

C||W3||Loc(g~2)/~ ‘va’dx <c, =123
Q

329

(4.9)

(4.10)

@.11)

(4.12)

(4.13)
(4.14)

(4.15)
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Proof. Step 1. Proof of (4.11) and (4.12).
For any £ = (5(1)7 ‘;;-(2)’ 5(3))T #£0,

glay e = /S~2 ((Coe (S("‘)v‘l") ,e (g(ﬁ)v’f)) dx > é/@ ‘e (é(“)v‘f‘)

In the last inequality we have used the fact that e (s (“)v‘l") is not identically zero.
Indeed if e (6@ v¥) = 0, then & @ v¥ = ayr' +by? +cyr? in Q for some constants
a,b and c. On the other hand, §®v¥ = 0 on dD,, and w1|3D2, wziaDz and
vl |a p, are clearly independent. This implies that a = b = ¢ = 0. Thus on 9Dy,

2
dx > 0.

£@ v{ = 0, violating the linear independence of ¥l |3D1, w2|aDl and > |6D1 . We
have proved that a;; is positive definite.
By (1.8), (2.12) and (2.7),

aﬁzﬂxwdﬂy L/Wv|d§ a=12.

With (3.17), we have, by (3.18),

al! :/ﬁ(@%(ﬂ),e(v}))dxéé/ﬁ‘e(vl)rdx

1 2 2
> — e(ﬁ%)’ dx - C e(wll)‘ dx
2C Jg I}
I N
z—/‘e(ul)‘ dx - C
CJa
Since AP i
‘e (ul)‘ > Jlogil, (4.16)
we have

1\

/ﬁ}e (ﬁ})‘zdx

1 1 dx
— | Jdgil*dx 2 —/
4/?2 X2 4 Jau (€4 hi(x1) — ha(x1))?

zi/ e - 1
= C Ja, (e+Ix11)? = Cye

Thus
1
11
Similarly, we have
1
22
ay = C\/E .

Estimate (4.11) is proved.

By Lemma 3.4,
ai? _/52 ((Coe (vf) ,e (v?)) dx £ C. 4.17)
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Claim There exists C which is independent of € such that foranyv € H' (Qr\Qr /2)
satisfying v = 0 on I‘}2 \ FE/zr it holds

||VU||L2(QR\QR/2) é C ||e(v)||L2(QR\QR/2) . (4.18)

Proof of the Claim Suppose the contrary, along a sequence of €; — 07, there exist
{v}52, C H' (2r \ Qr/2) (we still omit the superscript ) satisfying v; = 0 on
g \ Tk, and

1V0ill 2 0ann Z 7 1€@D 2 @p0) (4.19)

By Lemma C, we have

”ij || LZ(QR\QR/z) § C (He(vf)” LZ(QR\QR/z) + || Uj ”Lz(QR\QR/Z)) ’ (420)

where C is independent of j. Replacing v; we may assume

b Yj ,
y ”vj”LZ(QR\QR/Z)
without loss of generality that

1902 (@) = 1 (421)
It follows from (4.19), (4.20) and (4.21) that

}g{}o lleliL2(@p\2k/2) = 0- (4.22)
il (2p\2p)2) S C- (4.23)
Let
Q= {x e R? | ha(x1) < x2 < hi(x), x1] < r}
and

(7 = {x e B2 |10 = o), Il <7}

denote the limits of 2, and I',” as € — 0.
We can easily construct a C! diffeomorphism ¢ : Qg \ Qrp — Qp\ SZ”,}/Z

satisfying ¢ (I' \FE/Z) =T\ (F*)Ife/2 and
1V9e = Hico@pana- IV@) ™ = Teogpay, = 0. ase — 07, (4.24)

where I denotes the identity matrix. Let 'sz ‘=vjo0 (¢€j )~1. We deduce from (4.22)
and (4.23) that, along a subsequence, ﬁj — v* weakly in H 1 (Q’}} \ Q% /2), where
v* satisfies

e(v") =0, inQ%\ Q"I}/z, (4.25)

and
v¥ =0, on (F*)} \ (F*)E/z- (4.26)
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By (4.25), v* € W in 2 \ @, Thus, in view of (4.26), v* = 0in @} \ 2} .
By the compact embedding theorem of H'! (€% \ Q) to L2(Q2% \ Qr 0

[oxl ) = vl

=0,
L2(25\ R L2(25\ 255 )
By (4.21) and (4.24),

v — 1.

These lead to a contradiction. The claim has been proved.
With the claim (4.18), we obtain from (1.8) that

A= () e (D) oz g [ e (ol Pas

1 1
> — Vo3 dx > —.
c QR\QR/2 c

Combining with (4.17), estimate (4.12) is proved.
Step 2. Proof of (4.13).
Notice that

a2 = gl = /Q (0 (v1) - ewD) ax = /Q (covo}. va?) ax.

With (3.17), we have

/SZR/z ((COV‘U}, Vv%) dx = /Qm ((Cov (ﬁ} + w}) ,V (12% + w%)) dx

=/ (COW{,W%) dx+/ (COW{,W%) dx
QR/Z S-ZR/Z

+/ (Cova%,w})dwr/ ((COVw},wa) dx. 4.27)
QR Q

R/2

By the definition it} = (i1, 0)” and @ = (0, #)”, we have

(04 by L (0 0
Vit _( o 0 ), and Viy = (8xlﬁ 90" (4.28)

By (3.18),

IIA

172 172
C(/ |Vw{|2dx) (/ |wa|2dx) <c,
QRrj2 Qr/2
12 12 c
< c(/ yw{yzdx) (/ wa%|2dx) <
QRr/2 QR/2 €

(4.29)

/ (C'Vwi, Vwi) dx
QR

and

/ (CViij, Vwi) dx
Qg2
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Similarly,

(4.30)

On the other hand,
[ — -2\ ()» + 2u)8xlﬁ /Lalez . 0 0 _ - -
((C Vi, Vul) = ( i ocn) on o) = O+ Wi

Thus,

A

C/ |Ox ut||Ox,u|dx
Qr2

d
c/ Lx“ < Cllnel.
Qpp (€ + [x1]9)

/ (coval, Vﬁ%) dx
Qr2

A

Substituting these estimates above into (4.27), and using (3.21), we have

/ ((COVU}, va) dx
Qg2

A

C

‘a}%‘ = ‘aﬂ‘ = ‘/ﬁ ((COVU}, Vv%) dx

The proof of (4.13) is finished.
Step 3. Proof of (4.14).

a‘f‘f = af‘f‘ =/S~2 ((Coe (v‘f’) ,e(v13)) dx = /?2 ((COVv‘lx, Vv13) dx, a=1,2.

Similarly to the above, using (3.18) and (3.47), we have, for o = 1,

al? :/ (ccowll, Wf) dx + 0(1)
QRr2

=/ (coval, vat) dx+/ (coval, vui) ax
QR QR

+/ ((C"Vﬁ?, Vw%) dx +/ ((COVw}, wa) dx + 0(1)
QR Q

R/2
:/ (coval, vat) dx+/ (covai, vl dx
QR Q2
+/ ((C"va{, wa) dx + 0(1)
QR
— I+ 11+ 10+ O(1).

By the definition of ﬁ? = (xou, —qu)T, we have

vid = _xzaxlﬁ ) u +x23x312 .
1 —U — X0y U —X[0x,U



334 J1IGUANG Bao, HAIGANG L1 & YANYAN L1
Then

((COVQ%, VIZ?) _ (()\. + 2#)_8)(112 II;:!) ( xzaxlﬁ . u+ xzaxgﬁ)

WOy, UL U — X100y U —X10x,U
=X +2wx (3x1 ) (axz ) — (A =+ )X Oy Uy, .
Hence, by (3.7),

/ (cval, vai) dx
QR

|x2]|x1 2 / |x2 ] |x1]?
<c / — _dx+ — = _dx+ —_dx
( QR (6 + |x1|2)2 QR (6 + |x1|2)2 Q2 (6 + |x1|2)2

C.
By (3.18) and (3.42),

/ ((COVﬁ?, Vw%) dx
QR

1/2 1/2
3 12
<C Vu]’ dx le‘ dx
Qr)2 QR

While, by (3.55),
<cf
QR

13

1 =

A

I =

A
a

A
a

=1
V’/l]

1| = dx <

/ (coval, vut) dx
QR

Therefore

Similarly, using (3.18) and (3.47),

a3 _/ ((C“Vu%, va) dx + 0(1)
QR

=/ (((:Ov:z%,vzz?) dx+/ ((COW%,Vw%) dx
QR QR

+/ (C“Vﬁ?, Vw%) dx +/ (COVw%, Vuﬁ) dx + 0(1)
QR Q

R/2
:/ (covat, Vﬁ?) dx +/ (COW%, vut) dr + 0(1).
QR QR
By the definition ﬁ% and IZ? , we have
o Ay, il Ay il X0y @l 0l + X2, il
0 2 3\ X2 MOy, . 20x 20xy
(C vy, Wl) = (,uaxlﬁ (x+2u)ax2ﬁ) ' (—ﬁ — X101 —X| Ol )

= (k4 X0y, W0yt — 1 x1 (D, 1) — (A + 210)x1 Dyt
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Hence, using (3.7), we have

/ (cva3, vai) dx
QR

=—(h+2un) x1 (3, i0)dx + O(1)
QR

1 1
=—(A+2 —
(200 \x1|<R/2x1 (E +hi(x1) —ha(x1) e+ %(h/{(O) — h/Z/(O))xlz)
x dx; + O(1) = O(1).

Therefore

Lemma 4.4 is proved. O

Proof of Proposition 4.2. By (4.7), Lemma 4.3 and Lemma 4.4,

1 1
1 1 12233 32 13
-G = detar; ((P ayjaiy — p allall) +0 (m))

Therefore

el —ci| < cve

Similarly, using (4.8),

1 1
2 2 2 11.33 3 11 .23
i -G = detar; ((P anap —p a”a”) +0 (m))

Therefore

‘Cf - cgj < C e
The proof is completed. O

Proof of Proposition 2.1. Estimates (2.5) and (2.6) have been proved in Lemma
3.1; estimate (2.7) has been proved in Corollary 3.3; estimate (2.8) has been proved
in Lemma 3.4 and Lemma 3.6; estimate (2.9) has been proved in Lemma 4.1; and
estimate (2.10) has been proved in Proposition 4.2. The proof of Proposition 2.1 is
completed. O
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5. More General D; and D,

As mentioned in the introduction, the strict convexity assumption on d D1 and
d D can be weakened. In fact, our proof of Theorem 1.1 applies, with minor mod-
ification, to more general situations.

In R?, under the same assumptions in the beginning of Sect. 3 except for
the strict convexity condition, d D; near P; can be represented by the graphs of
X2 = 5+ hi(x1), and x2 = —5 + ha(xy), for [x;| < 2R. We assume that
hi, hy € C*([—2R, 2R]) and (3.1) still holds. Instead of the convexity assumption,
we assume that

Aolx1™ = hi(xr) — ha(x1) < Aqlx|™, for |xi| < 2R, (5.1
and
|h (x| < Clxy ™!, |h (x1)] < Clxi|™™2, i=1,2, for |xi| <2R,
(5.2)

for some e¢-independent constants 0 < Ag < A, and m = 2. Define § := §(z) as
(3.14). Clearly,

1

E(G +1z1l™) = 8(z1) = Cle + z1|™). (5.3)
Then:
Theorem 5.1. Under the above assumptions with m = 2, let u € H'(Q;R?) N
C! (EZ; R?) be a solution to (1.5). Then for 0 < € < 1, we have

1-L . _
€ ~m 4 dist(x, P P2) -
¢ o o ||(P||c|,y(ag;[[g2), x € Q,
[Vu(x)| £ € + dist" (x, P P») (5.4)

C”(/J”Cl,r(aQ;RZ), x € Dy U D;.
where C is a universal constant. In particular,

1 _
IVullLo@ < Cen Mol pare- (5.5)

In the following, we only list the main differences. We define u by (3.5) as
before. A calculation gives

it < S g a) < cQr (56
ux)| s —————, ux)|l = ——-, X , .
W= e RS g .
by (3.3), we have
_ Clx; "2 _ Clxy ™! _
[0, 5, i(x)] < W, [0, xp i(x)] < W Opxi(x) =0, x € Qg.
(5.7)
Define uf, i,« = 1,2 as in (3.9) and (3.10). By (1.6), (5.6) and (5.7), we have
C m—2 C m—1
| it ()] < il il a=12 xeQx (58

e+lxlm (e +lxim?

Instead of Proposition 2.1, we have
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Proposition 5.2. Under the hypotheses of Theorem 5.1 and a normalization
lellcry ) = 1 we have, for 0 < e < 1,

||VU3||L00(§~2) < C; 5.9

VoS + VU(ZM”LOO(Q) <C, a=1,2,3; (5.10)
C ~

[V (x)] < hha=1,2, xeQ; 5.11)

€ +dist”" (x, P, Py)’
€ +dist(x, P Pp) ) ~
l

Vv ()| £ C—— L2 =12, xe&; (5.12)
€ + dist” (x, P1 P»)
and
IC*SC, i=1,2a=1273; (5.13)
ICY — | < Cel™m, a=1,2. (5.14)
Denote

o o 03 LA I
w =v —u, i=12 a=1273.

Then, instead of Proposition 3.2, we have

Proposition 5.3. Assume the above, let vi* € C 2(Sﬂi; RH)NC! (5; R?) be the weak
solution of (2.2). Then, fori,a = 1,2,

/~|wa‘|2dx <c, (5.15)
Q
C 2m—2 2m—2 , < m ,
/A (Vg [*dx < (¢ o liF"7), Jal < Xfe (5.16)
Qs(z1) Clzil , e < z1] £ R,

and
P 71 m
’Vw"‘(x)! < C———, |x1] £ Ve,
T £ Ye < |n| < R.

lx1]”

(5.17)

Proof. The proof of (5.15) is the same as that of (3.18). We only list the main
differences from STEP 2 and STEP 3 in the proof of Proposition 3.2.
Step 2. Proof of (5.16).
Case 1. For /e < |z1] £ R/2.
Note that for 0 < s < @, we have

) 5 54h1(x1) )
/A ] dng (e + hy(x1) — By () / 19y w1 x2) 2drpdxy
Qs (21) lxi—z1|<s —5+ha(x1)
< C|21|2m/A VP, (5.18)
Qs (z1)
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By (5.8), we have

2

112 Clx; |2 Clxy ™!
/A (ﬁmu}‘ dxg/A ( x1] m+ Jx1] mz) dx
Q(zn) Q1) \€ + [x1] (€ + |x11™)
Clz1™s Cs 2|z1]
< izl
= R = i 0<s < 3 (5.19)

As before, it follows from the above and (3.30) that

Foy < (o™ zf(s)+C(s—t)2; Vo <r<s <2 (59
=\ s—1 |zg |2 3

where C is also a universal constant.
Lett; =2Coi |z1|™,i = 1,2,.... Then

Colz1[" _ 1
tiyi1—t 2
Letk = [W] Then by (5.20) with s = t;41 and t = t;, we have

C(tiv1 — 1) tip

1 . _
S FF i)+ Cl+ DIz P2

_ 1~
F(1) < ZF(li+1) +

After k iterations, we have, using (5.15),

A 1 - !
F(n) = (Z) F(tipn) + Claa 2> (Z) +1

=1

This implies that

/A IVw|?dx < Clz; )" 2.
Qs(z1)

Case 2. For |71| < /€.
For0 <t <s < /e, estimate (5.18) becomes

/A lw)?dx < c&/A [Vw|?dx, 0<s < ¥e. (5.21)
Qy(z1) Qy(z1)

Estimate (5.19) becomes

C m—2 C m—1 2
/ |£A.,/J,ﬁ%|2d'x §/ ( |xl| + |-xl| 2) dx
Q1) S,z \€ T+ x| (e + [x1I™)

Cs C(lZ] |2m—2 + s2m—2)s
- + 3 9

[IA

for 0 < s < %e.
(5.22)

€ €
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Estimate (5.20) becomes, in view of (3.30),

~ Coe \2 ~ 1 |zq2m—2 g2m-2
Foy < (L) O Ot

), VO<t<s < %e.
(5.23)

63
Lett; =2Cpie, i =1,2,.... Then

Cope 1
tiy1—t 2

Letk = [ 11 T i| Then by (3.36) with s = ;4| and ¢t = t;, we have
4Cpe ~m

= 1~
F(t;) = ZF(fi+1) +Ci? (62'"_2 + |Z1|2m_2) .

After k iterations, we have, using (5.15),
= RPN ‘ ! 3 (. 2m=2 2m—2
m— m—
F(t) < (4_1) F(¢1<+1)~I—Cl_§1 (4_1) l (6 + |z1l )

1

1 T
C (Z) cel=m +C (Eszz + |Zl|2m72) <c (62m72 4 |Z1|2m72) .

A

This implies that

/A IVw|2dx < C (62’"_2 + |zl|2’"—2) .
Qs5(z1)

Step 3. Proof of (5.17).
Using a change of variables (3.37), define Q). i1, and h; as in the proof of
Proposition 3.2. Then by (5.2),

1RO 4+ 1750) £ Clza ™Y, 1RO)] + [R5 (0)] £ C8lzi ™2,

Since R is small, ||ﬁ1||C1,1((_1,1)) and ||f12||C1,1((_171)) are small and %Q’l is es-
sentially a unit square as far as applications of Sobolev embedding theorems and
classical L? estimates for elliptic systems are concerned. By the same argument
as in the proof of Proposition 3.2, (3.40) still holds. We divide into two cases to
proceed.
Case 1. For /e < |z1| £ R/2.

By (5.16),

2
/A )Vw” dx < Clz)*" 2.
Qs(z1)
By (5.3),

C C ~
2 =1 2 —1 .
8 ’ﬁk,uul‘ <4 (7|Zl|2 + 7|Z]|m+1) < Clz1I™', in Q5(z1).
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We deduce from (3.40) that

Clzy ™!
‘Vw}(m,m)‘ =
C € €
S —, VYV —=+h@)<x<=+h).
|z1] 2 2

Case 2. For |z1| < 2 /€.

By (5.16),
2
/A Vw}‘ dx < C(¥ 72 + |21/ 72).
Qs5(z1)

By (5.8),

(e+1z1D™ 2 (e + 1z}
+ 2

82 |C it} = 652( )§ Ce+1zD™ ", in Qs(zp).

€ €
(5.24)
We deduce from (3.40) that
C
1 _ — m—1 m—1
VolGo| =3 (¢ + 1)
emfl_i_ m—1 € €
§C¢, V — = +ha(z1) <x2 < 7 +hi(z1).
€ 2 2
Proposition 5.3 is established. O
Define ﬁ?, i =1,2by (3.41). Using (5.1), (5.2) and (5.6), we have
_ Cle+lxal) .
Vi3 ’g—, — 1,2, xeQp, 5.25
Vi £ T x € (5.25)
and
vidw| ¢ =12 xed\ox (5.26)
It follows from (1.6), (5.6) and (5.7) that
‘Lx ﬁ3(<L i=1,2 xeQg (5.27)
S :6+|x1|m’ s Ly . .

Then Lemma 3.4 still holds, while Lemma 3.5 and Lemma 3.6 become

Lemma 5.4. With § = 6(z1) in (3.14), we have, fori =1, 2,

/ﬁé(zl)

Vw,-3

2 <168 Tl < We (5.28)
Clzi*™, %€ <l|zi]l < R/2.
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Proof. The proof is very similar to that of Lemma 3.5. By the same argument, we
still have that (3.50) holds.
Case 1. /e < |z1| < R/2.

We still have (5.18) for0 < s < @ Instead of (5.19), we have, using (5.27),

2 C
/ ’zmﬁ? dr < — (5.29)
Qs (z1) lz1™
Instead of (5.20), we have
e C m
F(t)§(Lll) F()+C(s—r)W V0<t<s<%. (5.30)
5 _

We define {#;}, k and iterate as in the proof of (5.16), right below formula (5.20),
to obtain, using (3.47),

k
f([l) S l f 2|Zl| + C|Z]|2m Z l ll S ClZ] |2m.
—\4 3 4 -

=1

This implies that

/A IVw|?dx £ Clzi*".
Qs(z1)

Case 2. |z1| < e
Estimate (5.21) remains the same. Estimate (5.22) becomes

2 c
/A cA,Ma§‘ dx <=2 0<s< Ve (5.31)
Q1) €
Estimate (5.23) becomes
~ Coe \* ~ C(s —1)2s
F(t) = — F(s)+ —————, V0<t<s < e (5.32)
S — €

Define {#;}, k and iterate as in the proof of (3.19), right below formula (3.36), to
obtain

A

Ce?.

S (Yoa S AN
F() £ 2 F(tk+1)+C§ 1 le

This implies that

/A |[Vw|?dx < Ce>.
Qs(z1)

It is not difficult to obtain
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Lemma 5.5.
IV oo £ €. i=1,2. (5.33)
Consequently,
Cle+|x1)) .
vl < ————7 i=1,2, € Qg. 5.34
V@IS S x € Qp (5.34)

The last main difference is the computation of a‘f‘f‘ ,a = 1,2.In fact, By (1.8),
(2.12), (2.7) and (5.15),

as —/~ ((Coe (v(f),e(v‘f)) dx:/~ ((COVv‘f,Vv‘f‘) dx
Q Q
C/~|Vv‘f‘|2dx C/~|Vﬁ‘f‘|2dx+C/~|Vw‘f‘|2dx
Q Q Q
R 1
c dx; +C
/_Re+h1(x1>—hz(x1) H

R 1
C ——dx; +C
/0 € + [x|™ :

1
Cem™ ", a=1,2.

A
A

A

A

A

Using (5.15) again, we have

all /Q (e (v]) e (v]))ar = & /Q e (o))
s @) ar—c [le(ul) e

%/ﬁ‘e(ﬁ%)‘zdx—C.

In view of (4.16), we have

1\

v

2 1 d
/ ‘e (u{)’ dx > —/ 0, 2dx = — al 5
& 4Js C Jop (€ +hi(x1) — ha(x1))
1 [R 1
2~ | ——dx+C
CJo €+ |xi|™
L
€m
= C
Thus
14
11 > €m
a) = C
Similarly, we have
L_1
2 €
(111 =
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By the argument as in the proof of Lemma 4.4, we have

2
en 2

2
< detaj; < Cem 2,

Then, we have

L

IC¥ —CS| £ Celmm, a=1,2.

The proof of Theorem 5.1 is finished.

6. Appendix: Some Results on the Lamé System with Partially Infinite
Coefficients

Assume that in R?, € and w are bounded open sets with smooth boundaries
satisfying

o=Ul o, CQ,

where {w;y} are connected components of w. Clearly, m < 0o and w; is open for all
1<s<m.Givengp € C7(3Q; R, 0 <y < 1,u > 0,dr+2u > 0, and

wl = 0o, di¥ +2u — 0o, as n — oo.

‘We denote

[IA
2}
[IA
3

(CS,S) = A.Els)(sijskl + MS,S) ((Sik(Sﬂ + 5,’18jk) , 1
CO = 818 + 1 (Sixdji + 8udjx) »

and

(Cfig)v in Wy, 1 g s § m,

Cne) = [(C<°>, in Q\@.

Consider for every n

’V - (Che(uy)) =0, inQ, 6.1)

u=q, on 0%2.

Let W be the linear space of rigid displacements of R?, that is the set of all
vector -valued functions n = (', ..., n%)7 such that n = a + Ax, where a =
(ai, ...,aq)T is a vector with constant real components, A is a skew-symmetric
(d x d)-matrix with real constant elements. It is easy to see that W is a linear space
of dimension d(d + 1)/2. Denote

dd+1
W =sgpan { ¥“ | 1§a§g].

2
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Equation (6.1) can be rewritten in the following form to emphasize the trans-
mission condition on dw:

V. ((C,(f)e(un)) =0, inws, 1 < s < m,
V- (COe(uy,)) =0, inQ\ @, (6.2)
ouy ouy, d(d+1
S = RV ondwg, 1< s<m; 1 <q <D
dvo 1+ v |- == =%="3
where
d - - -
8':0 - (C<0>e(u)) A= (V- up) i+ (w,, + (wn)T) ii, ondws,
+
el - o -
87):)1 = ((Cff)e(u)) n= )\,(f) (V-up)n+ ,uff) (Vun + (Vu,,)T) n, on dwsy,

and the subscript & indicates the limit from outside and inside wy, respectively.

Theorem 6.1. If u, € H'(QRY) is a solution of Equation (6.1), then
u, € CH(Q \ w; Rd) N CY(w; Rd) and satisfies Equation (6.2).

If u, € cl( \ ; RN N CY(@; RY) is a solution of Equation (6.2), then
u, € H'(Q; RY) and satisfies Equation (6.1).

Proof. The first part of the theorem follows from Proposition 1.4 of [27]. The proof
of the rest is standard. O

Theorem 6.2. There exists at most one solutionu, € H'(Q; RY) to Equation (6.1).

Proof. We only need to prove that if ¢ = 0 then a solution u, of (6.1) is zero.
Indeed it follows from (6.1) that

/ (Creup), e(¥))dx =0, V ¢ € C(QRY).
Q
This implies by density of C2°(£2; R9)in Hé ($2; RY) that fQ (Cre(uy), e(u,))dx =

0. By the property of C,, and the First Korn inequality, we have Vu,, = 0, and there-
foreu, =0. O

Define the functional
1
Ll = /Q (Ca(@)ev). e(v)) dx, (6.3)
where v belongs to the set

H,) (2 RY) = [v € H'(2: RY)

v =g, onBQ],

where ¢ € C17 (2 RY), 0 <y < 1.



Gradient Estimates for Solutions of the Lamé System 345

Theorem 6.3. For every n, there exists a minimizer u, € H(; (Q2; RY) satisfying

I, [u,] = min  [,[v].
veH)(;RY)

Moreover, u, € H (2 Rd) is a solution of Equation (6.1).

The proof of Theorem 6.3 is standard. The existence of a minimizer u,, follows
from the lower semi-continuity property of the functional with respect to the weak
convergence in H'(€2; R?) and the First Korn inequality.

Comparing Equation (6.1), the Lamé system with infinity coefficients is

[V (CPew)) =0, inQ\w,

u|+ =u|_, ondw,

e(u) 340, inw, (6.4)
— | y¥=0, 1<s<m; 1<a< 9@t

fawsav()L I// =5=m =0 = 2

U on 92.

‘We have similar results:

Theorem 6.4. If u € H'(Q;RY) satisfies (6.4) except for the fourth line, then
u e Cl(Q\ w;RY) NC(w; RY).

Proof. By the third line of Equation (6.4), u is a linear combination of {y/“}, and
therefore u € C*°(dw). Since V - ((C(O)e(u)) = 0 on Q \ o, the regularity of u in
Q\ w follows from [2]. O

Theorem 6.5. There exists at most one solutionu € H' (Q; RHNCH(Q \ w; RHN
Cl(w; RY) of (6.4).

Proof. Itisequivalenttoshowing thatif ¢ = 0, Equation (6.4) only has the solution
u = 0. We know from the third and the second lines of Equation (6.4) that /|y,
is a linear combination of {y/*}. Multiplying the first line of Equation (6.4) by u
and integrating by parts leads to, using a version of the Second Korn inequality
(Lemma D),

1
— 0) _
0= /Q\w ((C e(u), e(u)) dx = s

It follows that u = 0. O

1
le(u))?dx = E/ |Vu|?dx.

Q\w Q\w

The existence of a solution can be obtained by using the variational method.
Define the energy functional

1
L[] == — / ((C(O)e(u), e(u)) dx, (6.5)
2 Jow
where v belongs to the set

A= {ue Y@ R [ e =0 inw),
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Theorem 6.6. There exists a minimizer u € A satisfying
Iso[u] = min Io[v].
oolu] min oolV]
Moreover, u € H! (22; Rd) Nncl R\ w; Rd) Nncl (w; Rd) is a solution of equation
(6.4).

Proof. By the lower semi-continuity of I, and the weakly closed property of A, it
is not difficult to see that a minimizer u € A exists and satisfies V - (CQe(u)) = 0
in Q2 \ @. The only thing needs to shown is the fourth line of (6.4), that is

d
/ 2 Y =0, 1<s<m.
dw,

f58V()+

Indeed, since u is a minimizer, forany 1 < s < m, 1 < o < d(d + 1)/2, and any
¢ € C (2 RY) satisfying ¢ = % on wy and ¢ = 0 on @; (r # s), let

i(t) :=Iolu+1tg]l, tekR,

we have

N
0=1'0) = gl = /Q\w (cVew. c@) a.

Therefore
ou
_ (c© . _ ) ouy
0= /Q\wv (<c e(u)) ¢dx_/gr(c e(u),e(q)))dx—i—/aws 8v0|+ ¢

\@
=/ 8_“| VAR
o, OV0 ' T

Finally, we give the relationship between u, and u.

Theorem 6.7. Let u,, and u in H'(S2; R?) be the solutions of Egs. (6.2) and (6.4),
respectively. Then

U, = u in Hl(Q; Rd), asn — oo, (6.6)
and
lim I[u,] = Ioo[ul, 6.7)
n—oo

where I,, and I~ are defined by (6.3) and (6.5).

Proof. Step 1. Prove that {u,} weakly converges in H!(; R?) to a solution u of
(6.4).

Due to the uniqueness of the solution to (6.4), we only need to show that after
passing to a subsequence, {u,} weakly converges in H'(Q2; R) to a solution u of
(6.4).
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Letn € H(; (2; R?) be fixed and satisfy 7 = 0 on @. Since u,, is the minimizer
of I, in H(; (2; Rd), we have, for some constant C independent of n,

1

1 2 0) 2
Flle@nlz g £ hlun] £ Linl = 3 /Q . (COem, em) dx £ Clnld -

Using the Second Korn inequality and the fact that u,, = ¢ on 92, we obtain
lunll @) = C.
and therefore, along a subsequence,
U, = u in Hg;(Q; Rd), asn — oo.

Next we show that u is a solution of Equation (6.4). In fact, we only need to
prove the following three conditions:

V. (<c<°>e(u)) —0, inQ\@, (6.8)
e(u) =0, inw, (6.9)
9
/ Ly =0, 1<s<m 1Sa<dd+1)/2 (6.10)
dw, 0V0' T

(i) Since u, € H'(Q;R?) is a solution of Equation (6.1) and u,, — u in
H} (2 RY), we have, for any ¢ € C2°(Q \ @; RY), that

0= /Q\w ((C(O)e(un), e(d))) dx — /sz\w ((C(O)e(u), e(d))) dx.

Therefore
/ ((C«»e(u)’ e(¢)) dx =0, V¢ eC(Q\ ),
Q\&

that is (6.8).
(i) Let n € H¢1, (€2; R?) be fixed and satisfy n = 0 on o, then since u, is a
minimizer of I, in Hsi (2; Rd), we have

I [uy] § L[n] é %/

(COem, etn)ax < c.
oQ\@

On the other hand,

m
Il 2 37 min {20, a2 + 210} / le(un)Pdx.
;

s=1 $

Since 1) — oo and dA% + 2% — oo asn — oo, we have

le(n)llf2(w) — 0, asn — oo.
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By (1), u, — u in H'(Q; R?). Therefore

lle(u) ||L2(w) =0,

that is e(#) = 0 in w, which is (6.9).

(ii1) By (i) and (ii), u satisfies (6.8) and is a linear combination of {{/*} on each
dwy, and is equal to ¢ on d2. Thus u is smooth on dw. By the elliptic regularity
theorems, u € C1(Q \ ; RN N C2(Q \ w; RY). Foreachs = 1,2,...,m, 1 <
a < d(d+ 1)/2, we construct a function p € CZ(Q—\a); R9) such that o0 = Y% on
dws, p = 0 on dw; for t # s, and p = 0 on 92. By Green’s identity, we have the
following:

0= —/Q\wV . (C(O)e(u,,)) - pdx

:/ (C(O)e(un),e(,o)) dx+/
Q\o o VO
- / (CPen). (o)) dx + / tn
Q\@ g 3V0
=/ (C(O)e(un),e(p)) dx.
Q\o
Similarly,
ou
_ (0 e — ©) KL
0= /Q\wv ((c e(u)) pdx_/mw(c e(u),e(p))dx+/awS 3v0|+ we.

Since u, — u in H'(), it follows that

0= /Q\w ((C(O)e(un), e(,O)) dx — /Q\w ((C(O)e(u), e(ﬂ)) dx

Thus

9
/ a”|+ e =0, 1<s<m, 1<a<dd+1)2.
dwg 9V0

Step 1 is completed.
Step 2. Prove (6.6) and (6.7).
Since u,, is a minimizer of ,, and e(u) = 0 in w, we have

I [uy,] é I[u] = Io[ul.
Thus

limsup I, [un] S Toolul.

n—oo
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On the other hand, since e(u) = 0 and u,, — u in H'(2; R?),
1

—/ ((C(O)e(u), e(u)) dx

2 Jow

1
N ()
lim inf 5 /Q\w ((C e(up), E(Mn)) dx

n—oo

Too[u]

[IA

1
< 1im i )
< liminf > /\w ((C e(uy), e(un)) dx

n—oo
1
4+ lim sup — / ((C(S)eu ,e(u )dx
Mopzzsl | (Cetwn). etun)

< lim sup 1, [u,].

n— oo

With the help of the first Korn’s inequality, we easily deduce (6.7) and (6.6) from
the above. The proof of Theorem 6.7 is completed. O
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