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Abstract

In this paper, we consider the fractional Hardy—Hénon equations with an isolated singularity. If the iso-
lated singularity is located at the origin, we give a classification of solutions to this equation. If the isolated
singularity is located at infinity, in the case of exterior domains, we provide decay estimates of solutions
and their gradients at infinity. Our results are an extension of the classical work by Caffarelli, Gidas et al.
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1. Introduction

The global behaviors of

—Au = |x|"u? in R™\{0}, (D
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with one singularity at the origin have aroused great attention, where A := ) /_, 337 denotes the

Laplacian, T > —2, p > 1 and n > 3. Equation (1) is traditionally called the Hénon (lresp., Hardy,
or Lane-Emden) equation for 7 > 0 (resp., 7 <0, T =0).
In the special case of 7 =0 and ﬁ <p< Zf%, Caffarelli-Gidas—Spruck [7] proved that

if the origin is a non-removable singularity, then a nonnegative C> solution of (1) is radially
symmetric about the origin. Notice that we say the origin O is a non-removable singularity of
solution u if limsup,_,qu(x) = 4+o00. See Harrell and Simon [14] for =2 <7 <2 and 1 <
p < "L, Aviles [1,2] for —2 < 7 <2 and p = “£%, Gidas-Spruck [16] for —2 < T <2 and

n—2’
n+t n+2
n—2 <P=<,3

In the classical paper [16], Gidas—Spruck also studied the isolated singularity located at infin-
ity. They obtained that if u is a C? positive solution of

—Au=I|x|"u?  in R™\Bj, )

witht>-2,n>3,1<p< Z%%, and R"\B; := {x € R"; |x| > 1}, then

_ 24t _ltrip
ulx) <Cjlx| rI, |Vux)|<Clx| r I as x— +oo. 3)

Recently, for the estimate (3) of the problem (2), Phan—Souplet [28] present a simpler proof.
Indeed, Gidas—Spruck [16] studied a more general case and (2) is a special case of it. In partic-
ular, for the case T = 0, Serrin—Zou [30] extended the first estimate of (3) to degenerate elliptic
equations

—Aju=u? in R"\ B. “)
n(m—1)+m
Herel<m<n,m—1<p<7,and

A = div(|[Vu|" "> Vu)
is the well-known m-Laplace operator. Serrin—Zou [30] obtained that
u(x) < Clx| 797, as x — +00.

After that, Polacik—Quittner—Souplet [29] proved that

__m __pHl
u(x) <Clx| pri=m_ |Vu(x)| <Clx| ptI=-m as x — 4o00.

Notice that for m = 2, A,,u stands for the classical Laplace operator. It is consistent with the
estimate of (3) for (4). We may also see [21,20,26,27] for more details about the isolated singu-
larity.

The above results stimulate us to study the behaviors of solutions for the fractional Hardy—
Hénon equations with an isolated singularity. This paper is aiming at studying the global behav-
iors of positive solutions of

(=A)u=|x["u?  in R*\{0}, S
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where 0 <o < 1,7 €R, p>1,n>2,and (—A)? is the fractional Laplacian taking the form

u(x) —u(y)
lx — y[rt2e

—Cy, lim / u(x)—u(y)dy

| — y|r2o

(=A)u(x) :=CpPV.

(6)

R"\ B (x)

here P.V. stands for the Cauchy principal value and

2%70T(% +0)

Cn,o = n
n2l'(l1 — o)

with the gamma function I'. In recent years, there has been a great deal of interest in using the
fractional Laplacian (—A)° to model diverse physical phenomena, such as anomalous diffusion
and quasi-geostrophic flows, turbulence and water waves, molecular dynamics, and relativistic
quantum mechanics of stars (see [4,10,13,34] and the references therein).

The operator (—A)? is well defined in the Schwartz space of rapidly decaying C*° functions
in R". One can also define the fractional Laplacian acting on spaces of functions with weaker
regularity. L, (R") is the space defined as

| ()]

T |x|n+26dx <o0¢,

Lo(R"):=3uelL] (R") :/
Rn

with the norm

[ )l
lull Ly ey = T+ x4

Rn

We can verify that if u € C2(R"\{0}) N L, (R"), the integral on the right hand side of (6) is well
defined in R"\{0}. Moreover, from [31, Proposition 2.4], it follows that
(—A)u € CL1729(R™M\(0)), if 0<o<1,
(—A)u € C%2-20 (R™\{0}), if I<o<l.
Problems concerning the fractional Laplacian (—A)° with an isolated singularity at the origin

have attracted a lot of attention. In particular, Caffarelli-Jin—Sire—Xiong [8] studied the global
behaviors of positive solutions of the fractional Yamabe equations

n+20
(=A)°u=una in R"\ {0} @)
with an isolated singularity at the origin. By the method of moving spheres, they obtained that if

the origin is a non-removable isolated singularity, then the solution u of (7) is radially symmetric
with respect to the origin and monotonically decreasing radially. It is consistent with the result of
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Caffarelli-Gidas—Spruck [7] work on Laplacian. Jin—de Queiroz—Sire—Xiong [ 18] further studied
the equation (7) in R” \ R¥ with condition that there exists xo € R¥ such that lim SUPy_, (xy,0) U =
+00. And they obtained the solution u of (7) is radially symmetric with respect to the origin.
Sun—Xiong [32] recently studied for higher order fractional case.

The first of our main results concerns the global behaviors of (5) with a singularity located at
the origin.

Theorem 1.1. Let —20 <7 <0, 1 < p < 2042t fy e C2(R" \ {0}) N Ly (R") is a positive
solution of (5), and suppose that the origin 0 is a non-removable singularity, then u(x) is radially
symmetric and monotonically decreasing radially.

Theorem 1.1 extends results from [7] and [8]. It is known that the fractional Laplacian oper-
ator is nonlocal. To overcome the problem, we will make use of the extension method which is
introduced by Caffarelli-Silvestre [9]. After that, by the method of moving spheres, which has
been widely used and has become a powerful and user-friendly tool in the study of nonlinear
partial differential equations (see [11,22-24,35]), and Kelvin transformation, we can finish the
proof of Theorem 1.1.

The second main result of the paper is to treat the isolated singularity located at infinity. We
provide decay estimates and the gradient estimates at infinity.

Theorem 1.2. Let 1 < p < Zﬁg Suppose that u € C*>(R"\B1) N Ly (R") is a positive solution

of
(=A)%u=|x["u?  in R"\By, (8)

then there exists a positive constant C = C(n, 0, T, p) such that

_ 2041 _ 20+1+p-—1
u(x) <Clx|" 77T, |Vu@x)| <Clx|” »1 near x — —+00. 9)

Theorem 1.2 extends results from [16] and [28]. It is also an extension of the result on the
Laplacian to the fractional Laplacian. Our proof of Theorem 1.2 is based on the observation that
estimates (9) for given p, T can be reduced to the Liouville property for the same p but with ©
replaced by 0. It is based on the important fact ([19, Remark 1.9], [12, Theorem 4]) that the only
nonnegative solution of

(=A)u=u? in R",
with 1 < p < Zﬁg, is u = 0. With the help of the doubling property (see Section 3 below), we
first obtain the uniform estimate with respect with the (Holder bounded) coefficient c(x). Then
by a change of variable, we can replace the coefficient |x|* with a smooth function which is
bounded and bounded away from O in a suitable domain. It follows that we finish the proof of
this theorem.

The organization of this paper is as follows: In section 2, we first explain that in order to prove
Theorem 1.1, it suffices to prove (10). For this purpose, we just need to obtain (17). After that,
we will give a proof for Theorem 1.2 in Section 3. Besides, for readers’ convenience, we also
prove and collect some basic propositions which will be used in our proof in Appendix.
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2. Global solutions with an isolated singularity
2.1. Proof of Theorem 1.1

Proof. In this section, we denote Bg(x) as the ball in R" with radius R and center x. To prove
that u is radially and monotonically decreasing radially it suffices to show that u is symmetrical
about any hyperplane passing through the origin and it is monotone decreasing along the nor-
mal direction. Without loss of generality, let us prove that u is symmetric about the hyperplane
{y1 =0} and it is monotone decreasing along the y; axis.

For all x € R" \ {0}, assume that for any X € (0, |x|),

uxn(y) <u(y) in R'\(By(x) U{0}), (10)

n—2o0 204,
Uux (y) = ( : ) u (x + L?) :
[y — x| ly — x|

, 25}, then 0 < (m — s)(m — 1) < m*. With
the help of (10), choosing y =te1, x = me; and A= (m — s)(m —t), we have

where

Lett, s € Rsatisfy r <s, ¢+ s > 0 and m > max{s

«/f n—2o0 _ —
(M) u[<m+w>el}gu(m>,

m—t t—m
where the unite vector e := (1,0, ---,0) € R". That is,
n—20
m—s 2
u(sey) <uf(tey).
m—t

After sending m — o0, it follows that

u(ser) <u(rer). (11

For s > 0, let t — —s, we obtain that
u(ser) <u(—sey). (12)
By the same argument, choosing y = —tej, x = —me; and A2 = (m — s)(m —t), it follows that

u(—ser) <u(—tey).
For s > 0, let t — —s, we have
u(—ser) <u(sep). (13)

Combining (12) with (13), we deduce that u is symmetric about the hyperplane {y; = 0}.
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On the other hand, for 0 < ¢ < s, a consequence of (11) is that u is monotone decreasing along
the axis of yi.
Therefore, to finish the proof of Theorem 1.1, we only need to get (10). O

2.2. Proof of the inequality (10)

It is known that the operator (—A)? is nonlocal, the traditional methods on local differential
operators, such as on Laplacian, may not work on this nonlocal operator. To circumvent this
difficulty, Caffarelli and Silvestre [9] introduced the extension method that reduced this nonlocal
problem into a local one in higher dimensions with the conormal derivative boundary condition.
The method has been used in many literatures, see [19,33].

In order to describe the method in a more precise way, let us give some notations. We use
capital letters, such as X = (x, ) to denote points in Rﬁ_‘”. We denote B (X) as the ball in R"*!
with radius R and center X, B}F(X )as Br(X) N R’fl and Bg(x) as the ball in R” with radius
R and center x. We also write B (0), B;ﬁ (0), Br(0) as Bg, B;ﬁ, Bp for short respectively. For a
domain D C R'fl with boundary 3 D, we denote 3'D := 9D N BRT'] and 3"D:=9DN RT'].
In particular, 8'B} (X) := 8B4 (X) N OR"! and 9"B (X) := B3 (X) N R

More precisely, for u € C2(R"\{0}) N L (R"), define

Ux, 1) = /Pa(x v, Du(y)dy, (14)
Rl’l

where

B(n,o)t>
(|.X|2 + t2)(n+2(r)/2

7)O' (-xv t) =
with a constant 8(n, o) such that fR" Py (x,1)dx = 1. Then

UeC?RYHNCc@i\oh, '728,U(x, 1) e C(R"\{0}),
and

div(t!=°VU) =0 in R,
U=u on R"\{0}. 15)
In order to study the behaviors of the solution u of (5), we just need to study the behaviors of

U defined by (14). In addition, by works of Caffarelli and Silvestre [9], it is known that up to a
constant,

U (—aPu on RO},
v

where the conormal derivative

U
—:=— lim t'7%8,U (x, 1).
oo t—0t
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From this and (5), we have

W _ [x|"u”  on R™\{0}. (16)

AN
For all x € R"\{0}, X = (x,0) and A > 0, define the Kelvin transformation of U as

n—2o )»2(%' —X) . )
) U<X+|$_7X|2> in R

U =
x.2.(8) <|§ X

The aim is to show that for any A € (0, |x]),
Uxa(§)<UE)  in REFN\BI(X). a7
In particular, choose & = (y, 0), y € R" \ {0}, then for any A € (0, |x|),
ux,(y) u(y)  in R'\(By(x) U{0}),
that is (10).
2.3. Proof of the inequality (17)
For all x € R" \ {0}, define
A(x) :=sup [A(x) € (0, |x]) | Ux 2 (6) <U®E) inRETN\B(X), VO <1 <r(x)}.
As the first step, we are going to make sure A(x) is well defined, by proving
{Ax) €0, x]) | Ux1(6) <UE) inRFN\BI(X), YO < <A(x)} #0,

that is,
Claim I: There exists Ag(x) € (0, |x|) such that for any A € (0, Ao(x)),

Ux, (&) <UE) in RETN\B(X). (18)

In the second step, we give that
Claim 2:

A(x) = |x]. (19)
Once (19) was obtained, Theorem 1.1 follows.

Proof of Claim 1. First of all, we are going to show that there exist u and Ao(x) satisfying
0 < Ao(x) < i < |x]| such that for all A € (0, Ag(x)),

Ux, () <U®) in BLCO\B (X). (20)
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Then we shall prove that for all A € (0, Ag(x)),

Ux,.(6) <UG)  in By, \Bi(X). 1)
Forevery 0 < A < ju < %|x|, £ € 3"Bf(X), we have X + % € B (X). Thus we can
choose
_1
lf_}_f U n—2o
3B (X)
o =p|—"o|
0(x) =u sup U
B (X)

such that for every 0 < A < Ap(x) < u,

U (g)_( A )"_2“U<X+M)
BN ] € — X2
n—2o0
< ()L—O) sup U
H B (X)

= inf U<U).
"B (X)

The above inequality, together with
Ux,§)=UE)  ond"BI (X),
implies that for all A € (0, Ag(x)),
Ux () <UE)  on 3"BF(X)Ud"Bf (X). (22)

We will make use of the “narrow domain technique” of Berestycki and Nirenberg from [3],
and show that there exist some p small enough such that for all A € (0, Ag(x)),

Ux . (§) <U(&) in B (X)\B; (X).
It is a straightforward computation to show that
div(t'=2°VUyx ;) =0 in B (X)\B; (X),
pn -
B Uxa=(5hs) mlul,  on 9'BLCO\BL(X)).

which yield
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div(t' =2V ( Uy, — U)) =0 in Bf (X)\B} (X)),

d P AT 1B+ + 23)
g U =) = (557) Il ul,0) = 3TuP ) on 8'(BECO\BL (X)),

22 (y—x)
ly—x]? >

Let (Ux,; —U)" :=max(0, Ux  — U) which equals to 0 on 8" (B, (X)\B} (X)). Multiplying
the equation in (23) by (Ux_; — U)™ and integrating by parts in B;‘(X )\B;r (X), we have

where y, :=x + pli=n+20—pn—20).

/ 1721V Uy s — U)P
B CO\B (X)
i

A\’ .
B / <|y_x|> [32] Mf,,\(y)—lylful’(y) (x5 —u)t.

By (x)\By.(x)

Combining Proposition 4.2 with A2 = |x — y,||x — y|, we have

2
() =
lx — yl [yl

<|xiy|)pu5<|lyy_x||)r’

due to —27 < p? and —2— < 1. Therefore,

which implies that

[x=y| —
it
A P
<|y_x|) lva]" < yI%, (24)
and
/ !V Ux - U P < / Y17 @? () — uP () (r s — )"
B (XO\B (X) By (X)\Bx.(x)

For any y € B, (x)\B.(x),

A n—20
uxa(y) = (H) u(y) <u(yr),

where y; := x + % Combining y; € By (x) C B (x) with u € C2(B; \ {0}), we deduce
7 2
that there exists a positive constant C depending on x, such that for any y € B, (x)\ By (x),

ux(y) = C(x). (25)
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With the help of mean value theorem, A < %lxl and the Holder inequality, we obtain that

/ 172V (Ux, - U)TP
B CO\B (X)

_ —1
< 27T x| pul (D[ p — )P
B (x)\ By (x)

n—20

20
n(p=D\ 7
([ ™)

By (x)\B.(x) 1 (O\ By (x)

2n
[(uxp —u)t]i2

It follows from (25) and the trace inequality (Proposition 4.3) that

/ 17219 Uy s — UYP
B CO\B(X)

20
n(p—1) n _
<27 |x|T pC(C(x)" = (/ 1) / 7FN\VWUx s - U
By (x) B OB (X)

20 _
=C|B,(x)| / 2V Ux, - U
B CO\BY (X)

where C is a positive constant depending only on n, p, o, T and x.
We can fix p sufficiently small such that

2w 1
C|B(x)|n < 3

Then
VUxaE)—UENT=0  in BFCO\BY(X).
Since (22), we deduce that
Ux & —-UENT=0  in BiCO\BI(X).
Therefore,
Uxa) <UE)  in BfCO\B(X).

Next, we are going to prove (21).



Y. Li, J. Bao/ J. Differential Equations 266 (2019) 11531175 1163

By Proposition 4.1, we have

n—2o0
U(g)2<|§fx|) Lt U inRT\BY (X). 26)
m

Then for all £ € R:‘L‘H \B:L‘(X) and A € (0, 19) C (0, w), it follows that

U“@):( )n_ng(X+A2(§_X))<< al )HG sup U
| € — X] E-xr = \E-x1) g
n—2o
1 .
- f U<UE),
<|E—X|> a”llﬁg(X) =)

where (26) is used in the last inequality. Then Claim 1 is proved. O

Proof of Claim 2. By Claim 1, X(x) is well defined, and we also know that for x # 0, A(x) < |x].
From the definition of A(x), it is obvious to see that for 0 < A < A(x), we have

Ux, (&) <UE) in RETN\B(X). 27)

We prove Claim 2 by contradiction. That is, suppose A(x) < |x| for some x # 0. We want to
show that there exists a positive constant ¢ € (0, M) such that for any A € (A(x), A(x) + &),

Ux,(6) <UE) in RITN\B(X), (28)

which contradicts with the definition of A(x), then we obtain A(x) = [x].
W divide the region into two parts,

Ki={s R [ 16— X2 30) + 5},
K2={§ eR™ |1 <E - X| 5)1(x)+52},
where &, will be fixed later. Then in order to obtain (28) it suffices to prove that it established on

K, K;.
By (27), we have

Uy s ® <UE in RENBE (X).

On the other hand,

lim Uy 5 (¢) = lim ( : )Ha U(X + A6~ Xy
1 T = 11 - - @z
g0 Xt £>0\ |€ — X| & — X|?

)_» n—2o XZX
- <ﬁ) VX =1xp) =%

(29)
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Hence, by (29) and the strong maximum principle, we conclude that

Uxin® <UE in REFNB (). (30)

By calculation, it follows that

div(t! =2 V(U = Uy 5)) =0 n in R"“\BWM (X),
p
5o (U = Uy 3) = y[Fu(y) — (ﬁ) | ul () on RN\ (Bjyy4s,(X) U{0)).
€1y
Using Proposition 4.2 and by the same argument as (24) in Claim 1 for (31), we obtain that
(4120 1)) — n+1
AV Uy ) =0 in BITABL (), )
0 (U —Ux3)=0 on R™\(Bjy)4s,(X) U{0}).
With the help of Proposition 4.1, we have
by —20
py &\
U-UxE) > (M) inf  (U—-Uyg;) in K. (33)
’ 1§ — X]| 0B s (0 ’
From (30), it is easy to see that
inf (U —=Ux;() >0.
8//B;»r(x)+52 (09)
By the uniform continuity of U on compact sets, there exists a positive constant £1(< W)

sufficient small such that for any A € (), M(x) + £1),

A(x) + 62

Uy 50y €)= Uxa ()] < 2( ¥

—20
inf U —-Uyx;s.,y) 1in K. (34
> a//BJr X) X,2(x)

Ax)+8o

. 22 -X A X
Indeed, notice that &, := X + %, & =X+ IE@X\Z) € BTZHW) (X) and
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& — X

( as )HG U - U]+ 2O Ty )
& — X| e & — X |2

7 n—2o0 - n—2c
Ax) 482 A(x) o
<ﬁ) (M) ‘U(gk(x)) U (EA)’

<X<x) - 82)”‘2" 3727 (x) — 272
&= X] ((x) + 8)1=27

5»()6) n—2o0 A n—2c
Uy 500)(&) = Ux 2. (6)] = ( ) U — (ﬁ) U (&)

A

U (&)

From the fact that U is the uniform continuity on compact sets, we can choose ¢ sufficient small,
such that for all A € (A(x), A(x) + 1),

- n—2o0
<_ Alx) > ’U(Si(x)) —U¢)| < l inf WU —=Ux ;)
Ax)+ 62 4B, 00 ’

*(x)+8)
and

|iﬂ—20 ()C) _ )\n—20 |
(h(x) + &) =%

1
UGon=- inf (U=Ux;jy)-
4 3”8;(;()4.52 (X)

Therefore, (34) holds. _ .
Combining (33) with (34), we deduce that for any A € (A(x), L(x) + €1),

Ux,(§)<UE) in Kj. (35
Now let us focus on the region K»>. From (35), it follows that
Ux () <U®E) on 3"Kz.
Using the narrow domain technique as before (see the proof of (20) in Claim 1), we can choose

8> small (notice that we can choose ¢ as small as we want less than &1 such that for A € (A (x),
A(x) +¢), we have

Uxa(§) =UE)  in K. (36)

Combining (35) with (36), we can see that the moving sphere procedure may continue beyond
A(x) where we reach a contradiction. O

3. Singularity and decay estimates

First, we recall the doubling property [29, Lemma 5.1] and denote Bg(x) as the ball in R”
with radius R and center x. For convenience, we write Bg(0) as Bg for short.
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Proposition 3.1. Suppose that 9 # D C £ C R", ¥ is closed and ' =X\ D. Let M : D —
(0, c0) be bounded on compact subset of D. If for a fixed positive constant k, there exists y € D
satisfying
M (y)dist(y, I') > 2k,
then there exists x € D such that
M(x)> M(y), M (x)dist(x, I') > 2k,
and for all z € D N By g1 (X),

M(z) <2M(x).

The second one is called the interior Schauder estimates. See [19, Theorem 2.11] for the proof.
Many regularity properties can be founded in Cabre—Sire [5], Cabre—Tan [6].

Proposition 3.2. Suppose that g € C¥ (Bg), y > 0 and u is a nonnegative solution of
(=A)u=g(x) in Bg.

If20 +y <1, thenu € CO’Z"‘H’(BR/z). Moreover,

||M||CO-20+V(BR/2) =< C (||u||L°°(B3R/4) + ||g||CV(B3R/4)) s

where C is a positive constant depending on n, o, y, R.
If20 +y > 1, thenu € C1'2‘7+7’_1(BR/2). Moreover;

lull 2001 g ) < € (Nl oo(Bsgyo) + N8l Bygn) -
where C is a positive constant depending onn, o, y, R.
Next, in order to prove Theorem 1.2, we start with the following lemma.
3.1. Proof of the Lemma 3.3

Lemma3.3. Let 1 < p < "+§‘7, 0O<a<1andc(x)eCH(B) satisfy

n—21o

||C||C2*’1(B_1) <Ci, c¢x)=Cy in B—l 37

for some positive constants Cy, Cy. Suppose that u € C*(B1) N L, (R") is a nonnegative solution

of

(=) u =c(x)u? in By, (38)
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then there exists a positive constant C depending only on n, o, p, C1, Ca such that

_ —1
)| % + |Vu(x)| 75T < Cldist(x, 9B))]~'  in B

Proof. Arguing by contradiction, for k = 1,2, - - -, we assume that there exist nonnegative func-
tions uy satisfying (38) and points y; € B; such that

p—1 p—1 . _
kYOI F + [Vug (yo)| 72T > 2k[dist(ye, 8] (39)
Define
p-1 -l
My (x) := ug(x)| 22 + |Vug(x)| p+2-1.
Via Proposition 3.1, for D = By, I' = 9 By, there exist x; € By such that
Mi(xi) = Mi(yk),  Mi(xi) > 2k[dist(xg, dB1)]™" > 2k, (40)

and for any z € By and |z — x¢| < kMk_l(xk),

M (2) < 2Mj (xy). 41

It follows from (40) that
M=M= 0 ask— oo, (42)
dist(xg, dB1) > 2kAk, fork=1,2,---. (43)

Consider

20

wie(y) == A7k +Ay) in B
Together with (43), we obtain that for any y € By,
Xk + Aky — x| < Aklyl < Akk < %diSt(Xk, aBy),
that is,
Xk + Ay € B%dist(xk,aBﬂ(xk) C B;.
Therefore, wy is well defined in By, and

gl -t
lwe W12 = Agclug (e + Aey) | 27,
e b=l
IVwi ()| 27771 = A | Vur (xx + A y) [ 2071

From (41), we find that for all y € By,
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-1 p—1 p—1 p—1
[ (i + )»ky)lpz_” + [ Vug (g + Agy)|2o+r-T <2 <|Mk(xk)|’2_" + |Vug (xi)| ”2"1) .
That is,

Iwk(y)l%l + |Vwk(y)|% < 2MMi(xk) =2. (44
Moreover, wy, satisfies
(=0 wp =cr(y)wy  in By, (45)
and
k() 5 + [V ()| 77T =1,
where ¢ (y) ;= c(xx + Axy).

By condition (37), we obtain that {ct} is uniformly bounded in R". For each R > 0, and for
all y, z € Br, we have

IDPer(y) — DPer(@)l < CiAl (v — 1 < Cily —21%,  1B1=0,1,2,

for k is large enough. Therefore, by Arzela—Ascoli’s Theorem, there exists a function ¢ €
CZ(R"M), after extracting a subsequence, ¢y — ¢ in Clzoc (R™). Moreover, by (42), we obtain

lex(y) — cx(z)| — 0 as k — 00. (46)

This implies that the function ¢ actually is a constant C. By (37) again, c¢; > C» > 0, we conclude
that C is a positive constant.

On the other hand, applying Proposition 3.2 a finite number of times to (44) and (45), there
exists some positive y € (0, 1) such that for every R € (1, k),

”wkllczv}/(m) = C (||wk||L°o(B3R/4) + ”Ckw]f”CV(Bng)) =< C(R)’ (47)

where C(R) is a positive constant independent of k. Thus, after passing to a subsequence, we

have, for some nonnegative function w € ClzoC (R™),

wy —w in C.(RM),
and
p—1 p—1
[w0)| 2 + |[Vw(0)|2+r-T =1.
Since p < :’:ég, this contradicts the Liouville-type result ([19, Remark 1.9]) that

w=0 in R" (48)

The proof of (48) will be provided in Appendix. Then we conclude the lemma. O
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3.2. Proof of Theorem 1.2

‘We now turn to prove Theorem 1.2.

Proof. For xg € R"\ By, we denote R := %|xo|. Then for any y € By, we have % < |xo+Ry| <

3|)2‘°| , and deduce that xg + Ry € R" \ By. Define

2047
w(y) =R T u(xo+ Ry).
Therefore, we obtain that
(=A% w =c(y)w? in B,
where c(y) := |y + 7. Notice that
X0 . =
l1<|y+—=|<3 in Bj.
R
Moreover,
. —20 . D
||C||C3(BI)SC’ c(y)=3 in Bj.

Applying Lemma 3.3, we obtain that

- -1
1w(0)|F + [Vw ()77 T <C.

That is,
20+1 p—1 20+1 +1 p—1
(R 77T u(xo)) 2 + (R 771" |[Vu(xo)) r2>-1 < C.
Hence,
_ 2041 _ 2041
u(xg) <CR »71 <Clxo| »7T,
20+1+p—1 20+t+p—1

[Vu(xp)| <CR 71 <Clxo| 7!
Since xg € R" \ By is arbitrary, Theorem 1.2 is proved. O
4. Appendix
4.1. Proof of the (48)
Before that, we introduce the definition of Weight Sobolev Space and weak solutions. Let D

be an open set in R’fl. Denote by L?(t!72%, D) the Banach space of all measurable functions
U defined on D, for which
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1

2
U p2¢1-20 py i= /t1’2”|U|2dX <00,
D

and X := (x,1) e R” x R,. We say that U € W'-2(+'729 D) if U € L?(+'72%, D), and its weak
derivatives VU exist and belong to L2(t1_2", D). The norm of U in WH2(t1=2° D) is given by

1

1Ullw12¢1-20 py == /t1_2”|U|2dX+/t1_2"|VU|2dX
D D

See Fabes—Jerison—Kenig [15], Heinonen—Kilpeldinen—Martio [17] for more details about the
Weight Sobolev Space.

Let 'D # @, and a € L*(d’'D). For 1 < p < Zf%g, we say U € Wh2(t1729 D) is a weak
solution of

divt'"2°VU)=0 in D,

U ) /
W:LZU on BD,

if for every nonnegative ® € C3°(D U d'D),

/tl_ZUVUVQDdX:/aUp@dx.

D D
Now, we shall prove (48). As before, define
Wi(x, 1) == /Pa(x =y, Hwi(y)dy.
Rn
Together with (45), we have

dive'" " VW) =0 inRY,

Wi p +
e = (Y wy on d'B.

Since Wy € C2(R™) N C(RA), it follows that Wy € W2(¢1=27, BF). Thus, by Proposi-
tion 4.5, there exist some v € (0, 1) such that for every R > 1

Wil 2120 g3 + Wil oo gy < COR).
where C(R) is independent of k. Combining with (47), after passing to a subsequence, we have,

; ; 1L.2,.1-2 +1 +1
for some nonnegative function W e W,/7(+' =%, R N Cp (R
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: 1,2,.1-2 n+1
Wy — W weaklyin W, 2(t' 7=, R["),
. 2
Wi —W inC/2Z@®TY,

loc
wy —w in CZZOC(R”),

where w(y) = W(y, 0). Moreover, W satisfies

R ) . +1
dive' " VW)=0 inR}",

P Imon+1 (49)
m =Cw on d R+ .

Since p < 2o

n—20"
(48).

by the Liouville-type result ([19, Remark 1.9]) that w = 0. Hence, we derive

4.2. Some useful propositions
Then, we prove some propositions which plays a vital role in our proof.

Proposition 4.1. Let x € R, ju > 0, xo € R"\ B, (x) and X = (x,0). Let U € Cz(RTl\B;(X))
and C" up to the boundary R"\ (B, (x) U {x0}). Suppose that U is a nonnegative solution of

div(t'2°VU) <0 in RTN\B(X),
U
P 0 on R"\ (B, (x) U {xo}),
then

n—2o0

n . .

U(S)2<|$_X|) 8”K1§Ilf(X)U in RTTN\BF(X).
"

Proof. For an arbitrary positive constant ¢, define

Ue(§) :=U &) — (&) +l& — Xo** ",

where

n—2o
_(_n -
¢<s>._<|€_x|) inf U

"B (X)
By a direct calculation, we obtain that

div(t' ™ VU,) <0 in R\ B (X),
AU,
>

o = on R"\(B,(x) U {xo}).

It follows that
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Us€)=UE) — inf U-+elg—Xo* >0  on 3B (X).
"Byt (X)

liminf Uy (£) = liminf U (¢) > 0.
E—o0 £—o0

On the other hand, there exists a positive constant C such that

n—2o0
liminf(U — ¢)(&) > — <L> inf U>—c,
£—Xo [Xo — X| "B (X)

where the nonnegative of U gives the first inequality. Since
lim ¢]& — Xo|>° ™" = +o00,
§—Xo
we deduce that there exists a positive constant § such that

Ues(€) =0 in By (Xo).

(50)

(51

(52)

Combining (50), (51), (52) and the standard maximum principle argument, we conclude that

Ue6)=0  in REFINB](X) UBF (Xo)).
Using (52), we obtain that
Ue(6)=0  in REFN\BI(X).
Sending ¢ — 0, we conclude that
UE) -¢E) =0 in REF\BI(X).

That is

—20

wo\" : .

ve= (lé - X|) 3//1132f(x)U " RTF[\B:(X)'
m

This finish the proof of this proposition. O

Proposition 4.2. [25, Corollary 1.4.] For x € R"\{0}, 0 < A < min{|x|, |y — x|}, we have

lx = yallyl < Ix = yllyals

22(y—x)
ly—x|>

where y, = x +

The following one is called the trace inequality.

(53)
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Proposition 4.3. [19, Proposition 2.1] If U € CC2 (R’f‘l), then there exists a positive constant C
depending only on n and o such that

2n % 1-2 2 %
</|U(~,0)|mdx) §C< f 1 |vU| dxdt) (54)

Rn R1+1
We also recall the standard maximum principle.
Proposition 4.4. [19, Lemma 2.5] Suppose that U € C Z(pync! (D) is a solution of

div(t'?°VU) <0 in D,
U
>

W _0 on B’D,

where D C R’f] is an open domain. If U > 0 on 8" D, then U > 0 in D.
Last, we also introduce a result about the regularity.

Proposition 4.5. [19, Corollary 2.10] Suppose that a € L®(3'B}), U € W22 B}) is a
nonnegative solution of

div(t'=?°VU)=0 in B},
U

— 'Rt
W—G(X)Up on E)BR

Then
(i) U € LY2.(B Ud'BY) and hence U (-, 0) € L{2.(3'BY).

(ii) There exist C > 0 and v € (0, 1) depending only on n, o, p, R, |U(:, O)IILOO(a/B;rR/4) and

lall L@ Bl such that U e C”(B;/z) and

<C.

102120 3, + W0t ) =
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