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1. Introduction and main results

Let M;, t € [0, T), be a family of hypersurfaces given by smooth immersions X; = X(-,t) : M — R""! where M is a
given n-dimensional manifold. The hypersurfaces M; are said to move by K*-flow for some « > 0 if

E;—)t((p, t) = —K*(p, O)i(p,t), Y (p.t) €M x (0,T), (1.1)

where K (-, t) is the Gauss curvature of M; and 7i(-, t) is the unit normal vector field of M;. We use the conventions that for

a complete nonplanar convex hypersurface, 71 points out of the convex region defined by the hypersurface, and the second

fundamental form of such a hypersurface is nonnegative. The flow (1.1) was studied by Firey in [1] and Tso in [2] fora = 1,
1

Chow in [3] for @ = ., and Andrews in [4] for general @ > 0.

Locally, the K%-flow of hypersurfaces in R"*! can be described by the nonlinear parabolic equation,

1% det@?v) |
— =+/1+|DV|? (7)%2 . (1.2)
ot (1+DV2)"s"

A function v = v(y) is called a translating solution to the K*-flow if the function V (y, t) = v(y) + At solves (1.2), where
A is a positive constant that represents the translating velocity. Equivalently, v(y) is an initial hypersurface satisfying

n+2—%

det(D*v) = @ (1+ |Dv|?) 7 ~. (1.3)
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In [5], Urbas proved that for any « € (0, %] there is a convex radially symmetric solution v € C*(R") to (1.3). See
Theorem 3 in [5]. To obtain this result, the author first used the Legendre transform and reduced Eq. (1.3) to the equation

det(D’u) =2 P(1 4+ |x>)77, xeR", (1.4)
where g = 1,y = 128
by

and u = v* is the Legendre transform of v, i.e., forv : 2 — R (£ C R"), v* : R" — Ris defined

v (x) = sup(y - x — v(y)).
yesR

Then he found an entire convex radially symmetric solution to (1.4).

For the special case A = 1, y = 0 (which is equivalent to o = ﬁ), (1.4) is reduced to the equation
det(D*’u) =1, xeR" (1.5)

which is well understood. The results of Jérgens [6] for n = 2, Calabi [7] for n < 5, Pogorelov [8] and Cheng and Yau [9] for
all dimensions respectively, assert that any convex solution of (1.5) must be a quadratic polynomial.
In [10], Caffarelli and Li investigated the asymptotic behavior of solutions to the equation
det(D?u) = g, (1.6)

where g € C°(R") is bounded and supp(g — 1) is bounded, and proved the existence of solutions to (1.5) in exterior domains
of R" (n > 3) with prescribed asymptotic behavior at infinity. In dimension two, similar Dirichlet problem of (1.5) on exterior
domains was studied by Ferrer etal.in[11,12] using complex variable methods. Recently, Wang and Bao [ 13] also considered
the exterior problem of (1.5) for n = 2, with an appropriate asymptotic behavior at infinity. They obtained the necessary
and sufficient conditions on existence and convexity of radial solutions.

Chou and Wang [ 14] constructed infinitely many entire solutions to (1.6) under the assumption that g (x) is between two
positive constants, which does not hold for Eq. (1.4) since the right side hand of (1.4) with y # 0 does not have any positive
lower bound or positive upper bound. Recently, Jian and Wang [15] constructed infinitely many entire solutions to (1.6)
under the doubling condition:

/g(X)dx < b/ g(x)dx
E 5

for any ellipsoid E centered at the origin and some b independent of E. By this result, they proved that for any o € (0, %),
there exist infinitely many smooth, nonrotationally symmetric solutions to (1.4).

In this paper, we re-find the radially symmetric solution to (1.4) by ODE method, obtain the asymptotic behavior of the
solutions and then prove the existence of viscosity solutions to (1.4) on the domain R" \ D with prescribed asymptotic
behavior at infinity for any smooth bounded strictly convex domain D.

For the reader’s convenience, we recall the definition of viscosity solutions to the equation

det(D’u) =g in £, (1.7)
see [16,17] and the references therein.
Definition 1.1. Let £2 be an open subset of R", g € C°(£2) a positive function, and u € C°(£2) a locally convex function.
(i) uis a viscosity subsolution of (1.7) if for every X € £2 and every function ¢ € C?(£2) satisfying
¢>u onf2 and ¢(x) = u(x),
we have
det(D*¢ (%)) > g(X).
(ii) u is called a viscosity supersolution of (1.7) if for every x € £2 and every convex function ¢ € C?(£2) satisfying
¢ <u onf2 and ¢KX) =uX),
we have
det(D’p (X)) < g(X).
(iii) u is called a viscosity solution of (1.7), if u is both a viscosity subsolution and a viscosity supersolution of (1.7).
Remark 1.1. In the definition of viscosity subsolution, ¢ is not required to be convex. But for the Monge-Ampére equation

(1.7), Urbas proved the definition in which ¢ is required to be convex is equivalent to the one in which ¢ is not required to
be convex, see the remarks (ii) in [18].

The main result of this paper is the following theorem.

Theorem 1.1. Let D be a smooth, bounded, strictly convex open subset of R" (n > 2),¢ € C2(dD). Assume A > 0 and

-0 <y < gizjg Then for any given b € R", there exists some constant c*, depending only on n, b, A, y, D and ¢, such
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that for every ¢ > c* there exists a locally convex viscosity solution u € CO(R" \ D) to the Dirichlet problem

{det(Dzu) =2PA+1x»77, inR"\D, (18)
u=a¢, on oD.
Moreover, u satisfies
ux) <fo(x)+b-x+c inR*\D (1.9)
and lim inf|x|"_2_2”+27y [u(x) — fo(|x]) — b -x — c] exists and is finite, (1.10)

|x]—o00
where fo(|x]) is the radially symmetric solution of (1.4) in R" with fo(0) = f;(0) = 0, given explicitly by (2.3).
Remark 1.2. We can obtain u € CO(R" \ D) N C®(R" \ D) by the regularity theory of the Monge-Ampére equation, see
[17,19].

n(n—2)
2(n—1)

Remark 1.3. It is necessary that c has lower bound and y < by the counterexamples in the last section.

When y = 0, A = 1, the result is compatible with Theorem 1.5 in [10].

The paper is organized as follows. In Section 2, we re-find the radially symmetric solution to (1.4) by the ODE method,
and show the asymptotic behavior of the solution at infinity for « € (0, %). In Section 3, we prove Theorem 1.1 by the
Perron method. Finally, in Section 4, we use an example to compute cx explicitly and show that the large c is necessary in
Theorem 1.1. Then we show that it is necessary for y having a upper bound by discussing radially symmetric solutions to

. .. . . _2 .
the exterior Dirichlet problem in R? with ;ELS <y<jie0<y<l

2. Radially symmetric solutions of (1.4)
Let u(x) = f(|x]), then

frn
r

n—1
det(Dzu(x)):< ) '), r=Ixl.

See (3.1) in [20]. We rewrite (1.4) as

FE) ) =27 A7 21
(2.1) is equivalent to

(D" ==+ 1) 77
Integrating the above equation on [0, r] for r > 0, we obtain

') =nr"? /r ST (1 4+ s2) 7V ds + (f(0)".

0
Assume f'(0) = 0, f'(r) > 0. Then

f'(r) = (n)\_ﬂ)% |:/rs”_1(1 +52)_”dsi| ,
0

which, together with (2.1), implies

Fr) =T AR+ " N r>0
Jo 11+ s2)~vds ’ '

Since
" nri-1

lim = lim =
r—0 for s"=1(1 + s2)=vds r—0 r"=1(1 4 12)~7

’

we have

imf'(r) = n' T A~ " im(1 + 2~ - lim r R
r—0 - r—0 r—0 for 5”*1(] + 52)*1/(15 -

srw
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and

"(r B
limf ) =limf"(r)y=A"n (2.2)
r—-0 T r—0
by L’'Hospital’s Rule.

If we define f”(0) = A‘g, then f € C%([0, +00)) and f”(r) > 0 forr € [0, c0), which together with (2.2) and @ >0
forr > 0,implies thatu e C?>(R") is convex. By the regularity theory of Monge-Ampére equations, see [ 19], and the standard
Schauder theory of linear elliptic equations, see [21], we have u € C*®°(R").

Denote fo(r) is the solution of (2.1) with fo(0) = 0, f;(0) = 0, then

o) = @1 | [ [ sa +52)Vds} dr. 23)
0 0

Next, we assume —00 < y < g and study the asymptotic behavior of fy(r) at infinity. It follows from L’Hospital’s Rule
that

et a+sHTds A

lim = 1m —F—

T—>00 =2y =00 (N — 2)/)‘["*1*2)’
%

lim
n—2y oo (14 72)¥

_ 1
n-— 2y’
ie,
' 1
/ ST A 4+5%) Vds = ———1" +o(z" ), asT — oo0. (2.4)
0 n—2y
This, together with (2.3) implies
1
n n n B 2 2
fo(r) = AT 4o (rZ‘TV) , asr — oo. (2.5)
n—2y 2n —2y

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. By subtracting a linear function from u, we need only to prove the theorem for
b = 0.The proof will be completed by several lemmas. The following comparison principle is well known, see [5, Proposition
2.1].

Lemma 3.1 ([10]). Let $2 be a bounded open subset of R" (n > 2), and let g € C°(£2) be a positive function. Assume that
w € C%(2) is a locally convex viscosity subsolution (supersolution) of
detD’w =g, in$,
and v € C°(£2) N C2($2) is a locally convex supersolution (subsolution) of
detD’v =g, ing.
Assume also that
w<v(w=>v) onos2.
Then
w<vw>v) onf.

Next, we prove the existence of the Dirichlet problem on bounded convex domain, which is necessary to the proof of
Theorem 1.1. The method of proof follows from Lemma A.3 in [10].
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Lemma 3.2. Let 2 be a smooth, bounded, strictly convex subset of R"(n > 2). Assume that u € C°(£2) is a convex viscosity

subsolution to det(D?*u) > A~# (1 + [x[>)~.
Then the Dirichlet problem

det(D*u) = AP0+ x»)77, ing,
u=u, onds2

has a unique convex viscosity solution u € C°(£2) N C*®(£2).

Proof. Uniqueness follows from the comparison principle. Let ¢; € C*°(9£2) satisfy

1 _
g<¢i§g+? ond2 and ¢ — u inC°%(f).

It follows from [22] that there exists a unique, strictly convex solution u; € C*®(£2) of

det(D*u)) = A P(1+ x>, ing,
u= g, onds2.

By the comparison principle, we have

u<u<h ong,

where h; is the harmonic function on £2 with boundary value ¢;. We can see that {u;} are uniformly bounded. This, together
with the convexity of u;, implies that |Vu;| is bounded on compact subsets of §2. So, after passing to a subsequence, u;
uniformly converges on compact subsets of £2 to some convex function u € C%(£2). Consequently, u is a viscosity solution

to det(D*u) = AP (1 + |x|?) 7.

On the other hand, it is obvious that u < u < h, where h is the harmonic function on §2 with boundary value h = u. It
follows that u can be extended as a continuous function on £2 with u = u on 042. By the regularity theory of Monge-Ampére
equations, see [19], and the standard Schauder theory of linear elliptic equations, see [21], we obtainu € C*°(£2). The lemma

is established. O

Lemma 3.3. Let 2 beadomainin R" and g € C°(R") be a nonnegative function. Suppose that convex functionsv € C°(2), u €

CO(R") satisfy

detD?v > g(x), x € £,
detD’u > g(x), x €R"

in the viscosity sense, respectively, and

u<v, Xe€82,
u=v, X€if.

Set

v(x), x€ 82,
wx) = {u(x), xeR"\ 2.

Then, w € CO(R") is a convex function and satisfies
detD’w > g(x), xe€R"
in the viscosity sense.
Proof. Letx € R", ¢ € C(R") satisfy w(X) = ¢ (%),
wk) < ek), xecR".
Ifx € £2, we have
v(X) = wkx) = &), vx) =wkx) < k), xe.
Therefore,
det(D’p(®)) > g().
Ifx € R"\ £2, we have

ux) = wkx) = k), ux) = wx) < ekx), xeR"\ 2.

(3.3)
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By (3.1)-(3.3),

u(x) < px), xeR".
Therefore,

det(D’p(®)) > ().
The lemma is completed. O

The following lemma can be found in [10].

Lemma 3.4. Let D C R" be a bounded strictly convex domain, 3D € C2, ¢ € C%(dD). Then there exists a constant C, depending
only onn, ¢ and D, such that, for every & € 0D, there exists x; € R" satisfying

Xel < C, we(§) =¢() and w; <¢ ondD\ {£},

where

— 1 3 2_1 5.2 n
ws(x).—<p(§)+2|>< X | ZIS Xe|”, xeRM

Definition 3.5. The subfunction class S, for some constant c is defined as follows: a function v is in S if and only if
(1) v € C°(R™ \ D) and v < ¢ on D; )

(2) v is alocally convex viscosity subsolution of (1.4) in R" \ D;

(3) v(x) <fo(Ix]) + ¢, Vx € R"\ D.

Lemma 3.6. There exists some constant c*, depending only onn, y, A and D, such that, for any ¢ > c*,S; # @.

Proof. FixR, > R; > 1suchthatD CC Bg, and R, > 3R;. Let

C= max A P(1+x»H7" > 0.

XEBRy 11

By Lemma 3.4, we know that
1 1 1 1 -2 1.1 -2
vg (%) = Crwg (x) = Crg(§) + 5C"|x—Xg| - ECnlé — Xel
satisfies the equation det(D?*u) = C in R" and
v:(€) = @), v <¢ onadD\{&},

where ¢ = C i . In particular, v is a convex smooth subsolution of (1.4) on Bg, . Hence,

V(x) ;= sup vg(x), X € Bg,41
£edD

is a convex viscosity subsolution of (1.4) in Bg,+1 and satisfies

V() < ¢(&), &eaD.
By the definition of V, for any & € 9D,

V() = v:(§) = 9(5).

Therefore,

V() =¢(&) onaD.
On the other hand, for a > 0, define

Ix|

we(®) == inf VX + [ [g(r) +alndr,
XEBR] 2R,

where

g(z) =" / s"N(1 4 sH) 7V ds. (3.4)
0
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From Section 2 we can see that w, € C°(R") is a convex viscosity solution of (1.4) in R". Obviously,
wa(X) < V(x), x| <Ry.

Since R, > 3Ry, we choose a; > 0 large enough such that for a > ay,

3Ry
wi) = inf Voo + [ e +aibde = 14V, = ke (35)
XEBR1 2R;
By the definition of wyq,
x| x|

wa() = follx) + inf Ve + | [g(r) +alnde — | [g(r)lndr,
X8Ry 2Rq 0

— fo(xD) + inf V@) —foR) + | @il 1+ -2 | —1lac
XEBRl g(r)

2R;

e+ | —1lar. (3.6)
Ix] g(1)

n—2)
It follows from (2.4) and —oc0 < y < ;(3—1) that

eyt | —ilaeo (" TAL(T”E/OO e o (2 e < oo
2Ry g(r)_ n—2y n Jog,

and
r 41 1-n
o a |" n IO B 2 2
@il |1+ —| —1bdr = Aow f/ T 4 (rlf"“yf%) dr
Ix| L g(f)_ n—2y nJx
1-n
_ n " )\L”n*” a |x|2—n+2y—27y +o <|x|2—n+2y—27y) ,
n—2y 2n — 2y —n? +2ny
as x| — oo.
Let

u(@ = inf V(X)—fo(2R1)+/ et l1+ -] —1lar.
x€Bry 2R g(T)

It is clear that w(a) is continuous, monotonic increasing for a, and u(a) — oo as a — oo. Also,

we(x) < fo(IX]) + (@), a=>as, x e R"\D. (3.7)

Moreover,
2-2 _nyoy

wa9) = folxD) + (@ + 0 (Ix*~F ), as x| — oc. (38)
We choose a, > 0 large enough such that for a > ay,

V() =< fo(lx]) + (@), |x| <R,. (3.9)
Set a* = max{ay, a}, then for any a > a*, (3.5), (3.7) and (3.9) hold.

Define
_ max{V(x), w.(0)}, |x| <Ry,

L0 = {waoo, x| > Ro. (3.10)
Then

u,x) =V =¢kx), xeabD. (3.11)

By Lemma 3.3, we know that u, is a convex viscosity subsolution of (1.4) in R". Since p(a) is continuous and monotonic
increasing for a and p(a) — oo as a — oo, then for ¢ > ¢* := u(a*), there is a number a > a*, such that c = u(a).
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By (3.7) and (3.9), we have, for ¢ > ¢*, a = u~'(c),
u,(x) <fo(Ix]) +¢, VxeR"

Moreover, by (3.8) we have
U, () = wa(®) = fo(IX]) + ¢ + 0 (|x|2‘27y_"+2”) . as|x| — oo. (3.12)

Therefore, forc > ¢*,S. # 0. O
Define
u(x) = supfv(x) :v €S}, xe€R"\D, ¢ >c*.

Lemma 3.7. We have

(1) uc) < fo(]x) +c¢, x e R"\ D; .

(ii) uc is a locally convex viscosity subsolution of (1.4) in R" \ D;
(iii) uc can be extended to a continuous function on R" \ D with u. = ¢ on dD;
(iv) uc is a viscosity solution of (1.4) in R" \ D.

Proof. (i) follows from the definition of u, since v(x) < fo(|x|) + c forall v € S. (ii) holds since u, locally is the sup over a
family of convex viscosity subsolutions.
Next, we prove (iii). For & € dD. By Lemma 3.6, we know that for ¢ > ¢*, u, € S, with a = ~1(c). Therefore,
Uuc(x) > u,(x) inR"\D,

which, together with (3.11) and the continuity of u, in R", implies
lixm gnfuc(X) > u,(§0) = ¢(50)- (3.13)
—50

On the other hand, we claim that lim sup,_, ¢ uc(x) < ¢(%). Indeed, for any v € S, v is a viscosity subsolution of (1.4)
inR" \ D, i.e., for every X € R" \ D and every function ¢ € C2(R" \ D) satisfying
p=v onR"\D, @& =vQX),
we have det(D?¢(x)) > A~#(1 + |x|?)~7. By Remark 1.3.2 in [17], we obtain D?¢ (%) > 0. Thus,

Ap®) > n[det(D*p®)]7 > na =1 (1+ [x2) 7.

Therefore, v is a viscosity subsolution of Av = n)»‘g 1+ |x|2)‘% inR"\Dandv < ¢ on dD, v < u, in R" \ D.

Choose a ball Bg(0), such that D CC Bg(0). It is well known that the following Dirichlet problem

Avt = AT+ X%, inBg(0)\ D,
vt =9, on D, (3.14)
vt =g, on 0Bz (0)

has a unique classical solution vt € C?(Bz(0) \ D) N CO(Bg(0) \ D), see [21]. By a comparison principle, we obtain, for any
v ES,

v<vt inBg(0)\D.

Hence, u. < v* in Bg(0) \ D and

lim sup u (x) < v (&) = ¢(%o).

x—&
This, together with (3.13), implies (iii)._ _
Finally, we prove (iv). For xg € R"\ D, choose an ¢ > 0 such that B, (xg) C R"\ D. By Lemma 3.2, there is a unique convex
viscosity solution &t € C%(B, (xg)) N C®(B,(%g)) to
det(D?*) = AP (1 + x>)™”  inB.(xo),
U =u. on 9B, (xp).

We also know that fo(|x|) + ¢ is a convex smooth solution to

det(D*(fy +¢)) = A P(1 + %)™ inB.(x),
fo+c>u on 9B, (o).

By the comparison principle, Lemma 3.1, 1 > u. and i < fy + ¢ on B, (o).
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Define

- _ i(x), X € Be(xo),
w(X) - {uc(x)7 x e R" \O(D U Bs(XO))'

Clearly, w € S,. So, by the definition of u., u. > w on B, (xp). It follows that u, = i on B, (xp). In this way, we have proved
(iv). O

Proof of Theorem 1.1. It follows from Lemma 3.7 that for any ¢ > c*, there exists a viscosity solution u, € C°(R" \ D) to
det(D®u.) = A 21+ x»)77, inR"\D (3.15)
with u. = ¢ on 0D. We need only to prove (1.10). By the definition of u. and Lemma 3.7, we have
U, <uc <fo(lx) +¢, inR"\D,

where a = ©~'(c). Then the asymptotic behavior (1.10) follows from (3.12). The theorem is completed. O

4. Examples

Fix a ball Bx(0) C R™(n > 2) and a constant d. We consider the existence of the radially symmetric locally convex
solution of the exterior Dirichlet problem

{det(Dzu) =3P A+ D7, inR\B(0), (1)

u=d, on 0Bg(0),

with some appropriate asymptotic behavior at infinity. We will discuss the problem in the following cases.

: n(n-2) .

(i) n>2and —oc0o < y < 01

s _ 2k—=2 2k E ; .
(i) n=2and 5= <y < 55 for some positive integer k;
(i) n=2andy = %’;—j for some positive integer k.

Theorem 4.1 will tell us that it is necessary for c* having lower bound in Theorem 1.1, and Theorems 4.2 and 4.3 will

show the necessity of y < ;Egj; in Theorem 1.1.

Theorem 4.1. Assume —oc0 < y < ;EZ:?; The exterior problem (4.1) has a radially symmetric locally convex solution

u(x) = f(Ix|) € C°(R" \ Bz(0)) N C*(R" \ Bx(0)) satisfying

u(x) < fo(lx[) +C inR" \ Bg(0) (4.2)
and
l‘ir‘n inf|x|"—2—2V+zTV [ux) — fo(Ix]) — C1 exists and is finite (4.3)

for some C if and only if C € [Cy, 00), where fo(|x|) is the radially symmetric locally convex solution of (1.4) in R" with
fo(0) =f3(0) =0and G :=d — fo(R).

Proof. If u(x) = f(|]x|) andu € C(R" \ Bz(0)) N C?(R" \ Bz(0)) is a radially symmetric locally convex solution of (4.1), then
f"(r) > 0, @ > 0forr >R, r = |x| and

FE)" ) =27 A+ )7
which is equivalent to

()" = A4 )
Integrating the above equation on [R, r] for r > R, we obtain
1

f'(r) = |:nk’3 /rs"’l(l +sH)7Vds + b:| ,
R

where b = (f'(R))" > 0. Then we have by recalling the definition of g and fp,
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x| T n
fxD :/ [nrﬂ/ s"‘1(1+sz)‘7’ds+b:| dr +f(R)
R R

x|

= | [g(x) —g®) +bldr +d
R

x|

1 W 1 1
= g(@]" +/ {[g(f)—g(R)er]" —[g(f)]"}dr—l-d
R

R

I 1 b—g(R %
= fo() —foR) + (g(r))n{[u &( )] _ 1}dr+d
R

g(7)
1
oo ; b— (R T
= fo(|x]) + C(b) — (g(r))n 14+ g(R) —1l4e
4 g(0)

where

C(b)::d—fo(R)—l—/ @ent 14 228® 1 s
R g(1)

If u(x) = f(|x|) satisfies (4.2), (4.3) for a constant C, then C = C(b) for some b by (4.4). Hence, we have
fAXD = fo(lx) + C(b), Vx| =R

and
£(xl) = fo(lxD) + C(b) + 0 (X227~ ) | as x| — oo.

Again by (4.4) we see that b > g(R). It is obvious that C(t) is continuous, monotonic increasing for t, and C(t) — oo as
t — oo.Thus, C = C(b) € [C(g(R)), o0) = [Cy, 00).

On the other hand, by the properties of C(b), for any C € [Cy, 00), there exists a number b € [g(R), oo) such that
C = C(b). Then we consider the function

1
n

x| T
ux) = / |:nk‘/5 f "1 (1 4 5%)Vds + b} dr +d.
R R

It is easy to see that u € CO(R" \ Bg(0)) N C2(R" \ Bg(0)) satisfies (4.1)-(4.3) for the constant C. O

Theorem 4.2. Assumen = 2, %’Ij—j <y < % for some positive integer k, the exterior problem (4.1) has a radially symmetric

locally convex solution u(x) = f(|x|) € CO°(R? \ Bg(0)) N C2(R? \ Bx(0)) satisfying

lim sup |x| %+ ]u(x) —fo(x]) = cralx| = ca@®|x|? — -+ — ckak|x|9’< — co] < 00, (4.5)

|X|— 00
ifand only if a > —g(R), where
11 1 —ﬂ(l—m>
Z(z—=1)----- (= —m+1)A 2
cm:2(2 ) G ) —,  Op=(1—py)A-2m)+1€(0,1) (4.6)
ml[(1—y)(1—=2m)+1](1 —y)2™"
form=1,2,...,k 61 =( —1)2k+ 1)+ 1 <0, and ¢y depends only ond, R, y, A and a.

Proof. As above, if u(x) = f(|x|) and u € C°(R? \ Bg(0)) N C%(R? \ Bx(0)) is a radially symmetric locally convex solution of
(4.1), thenf”(r) > 0, f/%r) > 0forr > R, r = |x| and

()* =227 /rs(l +5)Vds+b=g(r) —gR) +b,
R
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where g(7) = 217 fOT s(1 4+ s*)77ds, b = (f'(R))?. Clearly, the exterior problem (4.1) has a locally convex solution

u e CO(R? \ Bg(0)) N C2(R? \ Bg(0)) if and only if b > 0,i.e, a :== b — g(R) > —g(R). By recalling the definition of f;,
we have

Ix] 2
FxD =/ [g(t)+a} dr +f(R)
R

i ] 2
= h(x) —fo® + | @1+ -2 | —1ldr+a.
R g(7)

From Taylor’s expansion, we have

T )\—ﬂ
g(r) = zrﬁf sA+s)Vds= ——|(A+H"77 -1
0 1-y
_ AP o
=3 T +0(1), ast — oo. (4.7)
-V
Let 6, = (1 —y)(1—2m) + 1form=1,2,..., k+ 1.Notice that =2 < y < ;2= then0 <y < 1,0 < 6, < 1for
m=1,2,...,kand 6, < 0.By (4.7) and Taylor’s expansion, we obtain

i a 1
(g(1))? { [1 + g(r):| - 1}dr = alx| VI ) @? x| TTATHR
R

+ Ckak|x|(1*}/)(1*2’<)+l + &+ O(|x|(V*1)(2k+1)+l)
= c1alx|”" + @ |x|? + - - - + qed|x|% + & + O(|x|%+1)

as x| — oo, where ¢, defined by (4.6) form = 1,2, ..., k, Co depends only on R, ¥, A and a. Let cg = ¢y — fo(R) + d, we
obtain (4.5).
On the other hand, if a > —g(R), then we consider the function

x| T 2
u(x) = / |:2A"9/ s(1+4s%)7"ds + a:| dr +d.
R 0

It is easy to see that u € CO°(R? \ B(0)) N C2(R? \ Bg(0)) satisfies (4.1) and (4.5). The theorem is completed. O

Theorem 4.3. Assumen =2, y = ilz—j for some positive integer k, the exterior problem (4.1) has a radially symmetric locally

convex solution u(x) = f(|x|) € C°(R? \ Bg(0)) N C2(R? \ Bx(0)) satisfying

lim sup |x]~%+1 [u(x) — fo(Ix]) — cralx|” — - — _1a* ' x|%1 — Gea* In |x| — G| < 00 (4.8)
|x|— 00
ifand only if a > —g(R), where ¢, and 6,, defined by (4.6)form =1,2,...,k—1,
—B(L1-k
G- Gk )Y

Ck = ; O1 =@ —-D2k+1)+1<0,

ki(1— )z
and ¢y depends only ond, R, y, A and a.
Proof. The proof is similar to the proof of Theorem 4.2. We need only to establish (4.8). As above, we have

x| . 2
FOXD =fo(x) —fo® + [ @21+ —| —1ldr+ad.
R g(7)
2k—2

Inview of y = £,=5,ie, (1 — y)(1 — 2k) = —1, we can obtain by (4.7) and Taylor’s expansion,

I 1 a ?
(g(r))2 [ [1 + g(f):| _ 1}(11. — cla|x|(17”)“’2)“ I Ck_lakq|X|(17y)(372k)+1
R

+ & In |x| 4 Co + O(|x| Y ~DER+DHTy
= c1alx|” + -+ @ HxIR 4 G In x| + G + O(Ix|%)



3640 H. Ju et al. / Nonlinear Analysis 75 (2012) 3629-3640

_pl_
(%,1) AAAAA (%,,ﬁq))‘ Bl=h

N —

as |x| — oo, where ¢, and 0, defined by (4.6) form = 1,2,....k — 1,¢ = T Ok =
K(1-y)2~
(y —1D(@2k+ 1) + 1and ¢y depends only on R, y, A and a.
In view of y = %ﬁ—j we have 0 < 6, < 1form = 1,2,...,k — 1, and 6;y; < 0. Thus, we obtain (4.8). Let

Co = Co — fo(R) + d, the theorem is established. O

Remark 4.1. Forn = 2, y = 0, Theorem 4.3 is compatible with Theorem 3 in [13].
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