Differ Equ Dyn Syst (April 2021) 29(2):339-351
https://doi.org/10.1007/512591-019-00460-4

ORIGINAL RESEARCH

®

Check for
updates

Existence and Regularity for Some Degenerate Parabolic
Equation

RongLi Huang' - JiGuang Bao?

Published online: 1 March 2019
© Foundation for Scientific Research and Technological Innovation 2019

Abstract

By making use of the approximation method, we obtain the existence and regularity of the
viscosity solutions for the generalized mean curvature flow. The asymptotic behavior of the
flow is also considered. In particular, the Dirichlet problem of the degenerate elliptic equation
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is solvable in viscosity sense, which is the main new ingredient of this paper.
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Introduction

In this paper, we will study the global properties of solutions of the generalized mean curvature
flow equations

Vu

M[—|VM|<dIV<ﬁ>+U) :0, (X,t) €D x (0, +OO), (11)
u

where v is a constant. The Eq. (1.1) has a geometric significance because y-level surface I'(¢)
of u moves by its mean curvature and an external force field provided Vu does not vanish
on I'(t) (cf. [1,2]). When v = 0 such a motion of surfaces has been presented by many
authors under various conditions (cf. [3-7]). However, the uniformly gradient estimates for
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solutions of (1.1) are little known and crucial for studying the global properties of viscosity
solutions. Our motivation for studying Eq. (1.1) comes from providing a parabolic approach
to prescribe the boundary value problems for some degenerate elliptic equation.

Firstly we introduce some relevant works according to the above equation. Let n < 6, and
D c R"*! abounded domain with a C? boundary of mean curvature H > 0 with respect to
its outer unit normal. For Q@ = R"*!\ D and a nonnegative function f € C 0.1(Q), Bernhard
Hein considered the viscosity solutions of the inverse mean curvature flow (cf. [8])

uy — div(lg—gl) +|Vul =0, (x,1) € Qx (0, +00),

u=0, (x,t) € 3D x (0, +00), (1.2)
u=f), (x, 1) € Q2 x {0}.
Here u, = ‘3—?, Vu = grad u, div is the divergence operator in R”*!. He proved that there

exists an unique nonnegative weak solution which satisfies (1.2). And there is a positive
constant C = C(n, D, f) such that for x € Q and all 7 > 0,

A/ nHC d / HC
|Vu| < C, —ﬁ—2C§—u§ﬁ+C.
\ﬁ Jt \/E

Y.Giga, M.Ohuma and M.Sato studied the following Neumann problem (cf. [9])

u — |Vu|div<‘gz|) =0, (x,1)€e D x(0,400),

ngf =0, (x,1) € 3D x (0, +00), (1.3)
u=f, x € D x {0},

where y is the outer unit normal of 3D and f(x) € C*(D). They discovered some interesting
properties of the solution u(x, #) (see Theorem 1.1 in [9]) which satisfies (1.3) in viscosity
sense.

In the present paper we consider the initial and boundary value problem

U, — |Vul (div(%) + v> =0, (x,1)e D x(0,+00),

u = h(x), (x,t) € 9D x [0, +00),
u=gx), x € D x {0}.

(1.4)

Here A (x) and g(x) are the given functions on D.

Our main purposes are to show the existence and regularity of the viscosity solutions for
(1.4), to study their asymptotic behavior, and to prove that u(x, t) converges to a solution of
the Dirichlet problem of degenerate elliptic equation

—|V| (div<§—g|> + v) =0, xeD, (L5)
v = h(x), x e€adD,

as t — +00. The solvability of (1.5) does not seem to be easily found in the literature as far
as we know.
Quite naturally, we always use the following notations

g o 3%¢
- - i = 3xiax]'.
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Throughout the paper the following Einstein’s convention of summation over repeated indices
will be adopted. Firstly we introduce the definition of viscosity solutions from [2].

Definition 1.1 Suppose that u(x, t) is a function in C(D %[0, +00)) and satisfies the initial
and boundary conditions of (1.4). If ¢ € C*®°(D x (0, +00)), (x,t) € ® C D x (0, +00)
and O is a bounded open set, satisfy

(u—@)x, 1= mgX(u 2k
and at (x, t) such that

QiPj
o < <6i,» - W) @ij +vIVel, Vel #0.

Or there exists n = (1, N2, - .., Mp41) With [n] < 1 at (x, ¢) such that
o < (8ij —minj)eij, Vol =0.
Then u(x, t) is viscosity sub-solution of (1.4).

Definition 1.2 Suppose that u(x, ¢) is a function in C(D x [0, +00)) and satisfies the initial
and boundary conditions of (1.4). If ¢ € C*°(D x (0, 4+00)), (x,1) € ® C D x (0, +00)
and O is a bounded open set, satisfy

w—@)x,1) = n%in(u - ),

and at (x, t) such that

PiQj
= <a,~j - ’¢’ )goij +v|Vel, [Vl #0.
Or there exists n = (91, 72, - .., Nu+1) With [n] < 1 at (x, ¢) such that
or = 8 —minjeij, Vel =0.
Then u(x, t) is viscosity super-solution of (1.4).

Definition 1.3 If u(x, t) is a viscosity sub-solution and also is a viscosity super-solution of
(1.4), then u(x, 1) is a viscosity solution of (1.4).

Let us fix i(x) = g(x) on 3D, h(x) € C2(dD), g(x) € C*(D). One of the main results
in this paper is the existence and regularity of viscosity solutions of (1.4).

Theorem 1.4 Suppose that D is a smooth strictly convex bounded domain in R"T', and

v| < Zf(]’ , where Hy is the positive lower bound of the mean curvature of d D. Then there

exists an unique function u(x, t) which satisfies (1.4) in viscosity sense and

ue C(D x[0,+00)), u, € L°(D x [0,4+00)), Vue L®(D x [0, +00)), (1.6)

1]l oo (D x[0,+00)) + VUl Loo(Dx[0,+00)) + e | Lo (D x[0,+00)) =< C, (L.7)

~+o00
/0 /lu,|2dxdt§C, (1.8)
D

where the constant C depends only on n, v, D, ||h||¢c2(py and ||g||cz(5).

As an application of Theorem 1.4, we have
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Corollary 1.5 Suppose that the domain D satisfies the conditions in the above theorem and
u(x,r) is &e viscosity solution of (1.4). Then there exists a function v(x) which satisfies
v(x) € C(D), Vv € L*®°(D), such that

liToou(x, 1 =v(), in C(D), 1.9)

r—

and v(x) satisfies (1.5) in viscosity sense.

Remark 1.6 By Corollary 1.5 the Dirichlet problem (1.5) is solvable. But we do not know
whether a viscosity solution of (1.5) is unique.

The second result of this paper is the Liouville-type property of the viscosity solutions.
Suppose that D’ is a smooth convex bounded domain in R”, such that

(A): DN xar) € R [ xppa| <m+1) = D' x (=m — Lm + 1),
where x’ = (x1, ..., x,) and m is a positive constant.

Theorem 1.7 Let v > 0 and a domain D satisfying the condition (A). Suppose that
g(x', xy41) is a non-decreasing function of x,+ which satisfies

e, xup1) = A, (X, xp41) € DN {x|x,41 > m}, (1.10)
where A is a constant. Then the viscosity solution u(x, t) in C (Dx[0, +00)) of (1.4) satisfies
u(x', xpp1, 1) =&, (X, xpq1) € DN {x|x41 > m). (1.11)

In the next section we construct approximated problem for (1.4) and establish uniform
estimates for its classical solutions. In the last section we present the proof of the main results.

Preliminary Estimates

Consider the approximated problem of (1.4) with € € (0, 1)

Uur — \/62 —+ |Vl/t|2 . (le(ﬁ) + \)) = 0, (X,[) eD x (0, +OO),

u = hx), (x,1) € 9D x [0, +00),
u=gx), (x,1) € D x {0}.

(2.1)

where D is a smooth strictly convex bounded domain in R”*!. We want to use the continuity
method to prove the solvability of (2.1) and then obtain the estimates similarly to (1.7) and
(1.8).

In order to solve (2.1) we use the following form of fixed point theorem (cf. [10]).

Lemma 2.1 (Leray—Schauder) Suppose that *B is a Banach space, x (b, o) is a map from
B x [0, 1] to B. If x satisfies

(1) yx is continuous and compact.
) x(,0) =0, Vb € B.
(3) There exists constant C > 0 such that

lbolls < C, Vbo € {beB|Fo €[0,1], b= x(b,0)}
Then there exists by € B such that x (bg, 1) = by.
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For any T > 0, if we define
B ={ulue C(DxI[0,T)), VueC(Dx[0,T)}, Dr=Dx]I[0,T),

with the norm [[u|| = supg (o 7) [ul +Supp (o 7 |Vul, thenitis easily to see that B must be
a Banach space. From the theory on linear parabolic equations (cf. [11]) and for any & € ‘B,
o € [0, 1], there exists an unique function u, where u € B, u € WPZ’I(DT) with any p > 0
such that u satisfies

up — ((Sij —02%) uij = ovy/e> +o?|Vil|?, (x,t) € D x (0,7),
u=oh(x), (x,1) €dD x [0,T), (22
u=ogx), (x,t) € D x {0}.

By (2.2) we can define a map from B x [0, 1] to °B and denote u = x (it, o). The main step
in our argument is to validate the three conditions of Lemma 2.1 one by one.

It is obvious that x (it,0) = 0 for every i € B by the uniqueness of the initial and
boundary value problem (2.2). We see that the map x is compact by Schauder estimates and
Sobolev embedding theorem (cf. [11]). Consequently we claim that x is continuous. Indeed,
this fact follows from the compactness of x and the uniqueness of the mapping x (i1, o).

So it remains to verify the third condition for applying Lemma 2.1 to the problem (2.2).
Suppose x (u, o) = u. It follows from (2.2) that u satisfies

_ /2 2 2. | g v _
u; — €2+ o2|Vul| (dlv(\/ézﬂ"w)—i—av)—ﬁ (x,t) e D x (0, T),

u=oh(x), (x,t) € 9D x [0, T),
u=ogx), (x,t) € D x {0}.

(2.3)

By using regularity theory, u € C* (D7) N C>!(Dr). Then the condition (3) in Lemma 2.1
is equivalent to the boundness of u and Vu in the L°° norm which is independence of ¢ if
u € C®(Dr) N C*(Dr) and u satisfies (2.3).

In this section we derive W% estimates for the classical solutions of (2.3) in which the
bound is not only independent of o, but also independent of € and T'.

Let
\%
Lou =u; —+/€*+c2|Vu|?. div(iu) +ov]|, (2.4)
Ve +o2|Vul|?
and

0,Dr = (0D x [0,T)) U (D x {t = 0}).

The estimates follow from the next three lemmas. The following comparison principle is by
Theorem 14.1 in [11].

Lemma 2.2 Suppose that uy, uy € C2H(D x (0, T)NC(D x [0, T)). If

Louilpy > Louzlpy, uila,nr > u2ls, Dy

then

uilpy = u2lpy.

The estimate for the maximum norm for the solutions of (2.3) is the following:
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Lemma2.3 Ifu € C®(D x (0, T)) N C(D x [0, T)) is a solution of (2.3) with |v| < 2.
Then

llull L Dx10,1y) < C, (2.5)

where C is depending only on ||h|c@ by, ||g||c(5), and D.

Proof Step 1. By |v| < 2Ho 3nd Theorem 16.10 in [10], there exists « > 0, v € C2t¥(D),

n+1
such that
—/€2 + 02| Vve|? . (div(%) +Uv> =0, xeD,
v =1, x € 0D.

o
Set w = —v€. Then w is a classical solution of the following Dirichlet problem:
€

: Vw 2
— = D
d1v< 1\w|2)+av 0, xebD,
o

w=7q, x € 0D.

It follows from Theorem 6.1 in [12] that there exists a constant C depending only on n and
diam D such that

g 2
max |lw| < — 4 Co“v.
D €

So

max [v¢| < 1+ eovC < C. (2.6)
D

Step 2. Suppose that « is a positive constant which will be determined later. Let v = v+«
then vf satisfies

—/ €2+ a2 V|?- (div(\/gzjgivz%vﬂz) +av> =0, xeD,
vi =14k, x €0D.
By (2.6) we can choose « depending only on ||2llc @), 8ll¢c(p). and D such that
Vi) = g(x). V() = h(x), xeD.
By applying Lemma 2.2 we arrive at
ux, 1) <vS(x) <C+k <C, (x,t)eDx[0,T).
For the same reason we obtain
u(x,1) = —C, (x,1)€ D x[0,7).
This yields the desired results. O
The following is the gradient estimate for a solutions of (2.3).

Lemma 2.4 Ifu € C*(D x (0, T))NC (D x[0, T)) and is a solution of (2.3) with |v| < “H.
Then

IVullLemxio,my) < C. .7
where C is depending only on ||hl|c2(5 py ||g||c1(5) and D.
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Proof Step 1. We derive the gradient estimates of u at the boundary using the methods from

[3]. Set w = u — h. Then by (2.3) w satisfies the following equations on D x (0, T'):

5 (Wi +hi)(wj +hj)
€2+ 02|Vw + Vh|?

Ewéwt—<8ij—o )(wij+hij)—av\/62+02|Vw+Vh|2:0.

In the neighborhood ® of dD x [0, T') we will construct the functions Iﬂi which are inde-
pendent of 7 and satisfy

+LYET >0, (x,1) e ON (D x (0, T)), 2.8)
yE=w=0, (x,1)e®N@D x[0,T)), 2.9)
vo<w<yt, (x,0)e®@NMDx[0,T))U@OND x{0}). (2.10)

Consequently by Lemma 2.2 we have
vo<w<vyt, (x,1)e®n(Dx[0,T)). (2.11)
For (x,t) € 9D x [0, T), if a is the normal vector of d D such that
x+sae®N(Dx[0,T), when 0<s<I.
Then by (2.9) and (2.11) we obtain
Yo tsa) -y () _wtsa ) —wlx ) Y (x + sa) — W*(x).

N N N

Letting s — 0, we have

oyt

W< P <y
V=% = W

oa
A direct calculation yields on ® N (3D x [0, T))
[Vul < [IVwllcenepxio,ry) + IVhllc@nepxio,1)))
< IV¥tllcnopxio.ry + 1YY llcen@pxio.r) + IVRlicenapxior)) < C.
2.12)
In the following we define ¥ and ¥~ which satisfy (2.8)—(2.10) in detail. Firstly set
YT(x)=rd(x), x € D, N ={x e Dld(x) < p},

where d(x) is the distance from x to 9D, p and XA are positive constants which will be
determined later. Selecting the positive constant p to be small enough such that d (x) satisfies

(a) d(x) € C3(N).
(b) In N, |Vd| =1, and
n+1
> didij =0, j=1.2,....n+1.

i=1
(c) If x € N, then there exists xo € dD such that d(x) = |x — x¢|. By Lemma 14.17 in [10]
we have the formula

n
ki
— Ad(x) = _ 2.13
(x) gl—kid(x) 2.13)
where ki, ko, . .., ky, are the principle curvature of d D at xo.
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Because 9D is strictly convex, the mean curvature of d D have a positive lower bound and
we denote it by Hy. Choosing p < HLU and by (2.13) we have

Ad(x) < —nHy, x€N. (2.14)
Now we verifies ¥ (2.8)-(2.10).

(1) By the definition of d(x), ¥ satisfies (2.9).
(2) If x € N, then we can choose xo € dD such that d(x) = |x — xo|. And by w(xp,0) =0
we obtain

w(x,0) = g(x) — h(x) —[g(xo) — h(xo)] = Blx — xo| = Bd(x),

where f is depending only on || [ c1 (5 )y and [|g ]l c1 (D)- On the other hand, if x € 9NN D,

then d(x) = p. So we can select a positive constant A, such that T satisfies (2.10).
(3) ¥ satisfies (2.8). In fact,

A2didj + Adihj + Ahidj + hih;
€2+ 02|AVd + Vh|?
—ovy/€2 + 02| Vh[2 +2102Vd - Vh + 0212
Then by (2.14) and El’.’:ll d;jd; = 0 we have

Lyt = —AAd — Ah 4 o2 ( ) (Adjj + hij)

W2d;djhyj + 20hidhij + hihjhi; + adijhih;
£ 2wk — s +o” (UG LIt bl o)

€2+ 022 +202AVd - Vh + 02|Vh|?
—ovy€2 + 02| Vh|2 +2620Vd - Vh + 2)2.

By Lemma 14.17 in [10], |d;;| have an upper bound depending only on 0 D. Let the positive
constant X to be large enough then we obtain

£yt > niHy — Ao?|v| — C > nAHy — A|v| — C, (2.15)

where C is depending only on 8D, ||h| c2¢y py- From (2.15) and [v| < nHp let A to be large
enough which is depending only on d D and ||h]¢2(5 py then we have

Lyt > 0.

For the same reason we can construct ¥ ~ which satisfies (2.8)—(2.10). So we have obtained
the desired results of step 1 by (2.12).

Step 2. Fori € {1,2,...,n+ 1}, let @ = u;. Differentiating (2.3) with respect to x; we
get

o —d'oy —blw; =0, (x,1)e D x(0,T),

where
kl o2upu;
av =% — 5o
€* + o4|Vu|
20%uu ut u 202 3
/ U U, Ul O “UUL] vooug

b = — — .
(€2+a2|Vu?)? e 4+02|Vul> Je2 4 o2|Vu]?
By the maximum principle for linear parabolic equation (cf. [11]) and (2.12) we obtain (2.7).
O

From Lemma 2.1-2.4 and the Schauder estimates we conclude that
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nHy

Theorem 2.5 Forany € > 0 and |v| < [ 7%,

there exists u€ which satisfies
u € C®°(D x (0, +00)), u® e C(D x [0, +00)), Vu® e C(D x [0, +00)),
and u€ is a classical solution of (2.1). And there holds

lullLoe(Dx(0,400)) = €. VU llL2(Dx[0,400)) = C,

where C depends only on ||k c2¢3 py ||g||cl(5), Hy and D.

Corollary 2.6 Suppose that u€ is a classical solution of (2.1) with |v| < Zf‘l’ Then there
holds
+00
f / lu€|?dxdt < C, (2.16)
0 D
where C depends only on ||h|lc2¢pys ||g||cl<5), Hy and D.
Proof Set
J(@t) = / VIVué|? + €2dx.
D
Then
Vu€ - Vus Vu¢
IO = N gy = — | divee—— e ufdx. @.17)
D /|Vu¢|? + €2 D |Vuc|? + €2
From (2.1) we see that
. Vu¢ uy
div = — V. (2.18)
VIVue 2 +e2 /|Vue 2 + €2
Substituting (2.18) into (2.17) we obtain
|u, €
J' (@) + =v | ujdx. (2.19)
|Vu¢|? + 62 D

For (2.19) integrating from 0 to T and using (2.5) we have

/ / i ——_dxdt =JO)—J@)+ v/ u€|j=rdx — v/ u€|,—odx
[Vue|? 4 €2 D D
< J()+C,

where C is a constant which is independent of €. Letting 7 — +o00 we get

+0o0 |Ll |2
——L __dxdt <C. (2.20)
IVue? + €2

Combining (2.7) with (2.20) we arrive at

+00 +oo |ue|2
/ / u€|*dxdt = / ——L——/|Vu|? + €2dxdt
0 D 0 D \/|Vué|? + €2

| 2

U
< (IVulliLepxio.+ +6)/
(Pxihoreen 0 IVue]? + €2
=<C,
where C depends only on [|2]|c2¢5 pys ||g||C1(5), Hp and D. O
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Corollary 2.7 Suppose u€ is a classical solution of (2.1). Then there holds
lluf | oo (Dx[0,400)) < C. (2.21)

where C depends only on ||g||C2(5).

Proof Set w = uf. Differentiating (2.1) with respect to r we get

wy — aklwkl — blw/ =0, (x,t)e D x(0,400),
where
€ €
Kl _ U
a =8 — 5o
€* + |Vu¢|
€ € € € € € €
; 2ugug, U, Uy 2uguy, vu;

= (€2 + |Vue|2)2 T2 + |Vu<|? - 7 Va2 n |Vuf|2'
From u€[3px[0,7) = h(x), there holds
w=0, (x,t)€eadD x|[0,+0c0).

From (2.1) we see that

w=,/€2+|Vg|?- (div <\/ezng) + v) , (x,t) e D x{0}.

This yields (2.21) by using maximum principle . O

The Proof of Main Results

In the third section, we give the proof of Theorem 1.4, Corollary 1.5 and Theorem 1.7.

Proof of Theorem 1.4 Consider the classical solution of the approximated problem (2.1). From
Theorem 2.5 and Corollary 2.7 we see that there exists {¢; } |?':°f satisfying lim ¢ = Osuch
1—>+400

that there holds

U — u, in C(D x [0, +00)),
Vu—~Vu in L°°(D x [0, +00)),
uy' —u, in L¥(D x [0, +00)).

Combining Corollary 2.6 with Fatou’s Lemma we verify that u satisfies (1.6)—(1.8). On the
other hand, by the stability theorem of viscosity solutions (cf. Theorem 2.4 in [2]) u is a
viscosity solution of (1.4). This completes the proof of Theorem 1.4. O

Proof of Corollary 1.5 The main idea comes from Y.Giga, M.Ohnuma and M.Sato (cf. [9]).
Consider the viscosity solution u of (1.4). For (x, t) € D £ D x [0, 1], set

ur(x,t) =ulx,k+1t), k=1,2,....

From (1.7) and the Ascoli—Arzela’s Theorem, there exists a subsequence of {u} (still denote
the subsequence by {uy}) and the function v(x, ), such that

lim wg(x, 1) =v(x, 1), in C(Dy). 3.1
k——+00
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By (1.8) we obtain

1 k+1
lim / f luge|>dxdt = lim /|u,|2dxdt=0.
k—+o0 Jo D k—+o00 Ji D

Letting k — +o00 we have
u—0, in L*(Dy). (3.2)
It follows from (3.1) and (3.2) that for any ¢ € Cg°(D) and x € Cg°(0, 1),

1
// vo x:dtdx = 0.
D JO

v =0, (x,1)€D. (3.3)

Then

By (1.4) uy satisfies the following equation in viscosity sense

ure — |V (dW(@ZQ) + v) =0, (x,1)eDx(0,1),
ug = h(x), (x,1) € 9D x [0, 1].

(3.4

From (3.4) taking k — +o0 and using (1.7), (3.1), (3.3) and applying Theorem 2.4 in [2] we

deduce that v satisfies
—| Vv (div(%) + v) =0, xeD,

v =h(x), x €0dD,

in viscosity sense. This completes the proof of Corollary 1.5. O

Proof of Theorem 1.7 Firstly taking positive constant § to be small enough we can construct
a pair of non-decreasing C 2 functions g1 (t) and g~ (t) such that

{g_(xn+1) =g (tpg1) = A, Xpy1 = m 48, (3.5)

g (pg1) < max p &X', Xng1) < 8T (Xng1),  Xpp1 Sm 48,
In fact, by the hypothesis of g we can choose g™ (z) = A. Set

(1) = A, if T>m+34,
ST\ kr—m—b+e), if T<m+0.

By smoothing the point (m + §, A) and letting € = €(§) to be small enough we obtain g~ (7)
which satisfies (3.5).
Let
ut (' xpg1, 1) = g Ctppr + v1),
u” (X Xpq1. 1) = g (Xng1).
We claim that u™(x’, x,11,t) and u~ (x’, x,41, t) are viscosity sub-solution and viscosity
super-solution of (1.4) respectively. Then using Theorem 1.7 in [13], i.e, the comparison
principle for the viscosity solution of (1.4) which is likely to Lemma 2.2, we get
u” (' X1, 1) S u X1, 1) Sut O xpg1, 1), (8 X1, 1) € D x [0, 400).
(3.6)
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In particular, if x,,4 1 > m + & forany § > 0, then u™*(x', x,41,1) = u~ (x’, X441, 1) = A by
making use of (3,5). Taking § — 0 we obtain (1.11).

Now we prove that u™*(x’, x, 41, t) is viscosity super-solution of (1.4). In a similar way
we can prove that u~ (x’, x,+1, t) is a viscosity sub-solution of (1.4).

In fact, for any (x,7) € D x [0, +00), if ¢ € C*(D x [0, +00)) and there exists a
neighborhood ® of (x, ¢) in D x [0, +00) such that

W —@)(x, 1) =min(u™ — ).
®

Then at (x, ) we have
uf —@ <0, Vut =Ve, D>ut > D%. (3.7)
If Vo = 0. Then by taking n = (91, 72, - - -, N> Nnt1) = (0,0, ..., 0, 1) and using (3.7) we
obtain
Gij —minjeij < (6ij — ’Iinj)u;; =(- 77n+177n+1)u,j+17,,+1 =0. (3.8)
By (3.7) and (3.8) there holds
o = ul =v(g") = v =0 = (ij — ninj)eij-
On the other hand, if V¢ # 0. Then by (3.7) we get
pi=uf =0, uf=0 i=12....n @1=u, #0. (3.9)
Combining (3.7) with (3.9), we obtain
(5ij |‘élf:|'2> an < 3 uh =0, (3.10)
@ > U = vy (3.11)
It follows from (3.10) and (3.11) that
(&'j - %) wij +vIVel| < ¢
So we conclude that u™ (x’, x,41, t) is viscosity super-solution of (1.4). This completes

the proof of Theorem 1.7. O
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