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1. Introduction

In 2018, Wang—Huang-Bao [31] studied the second boundary value problem of Lagrangian mean curvature
equation of gradient graph (z, Du(x)) in (R™ x R™, g, ), where Du denotes the gradient of scalar function u
and

. m
gr =sin7dy + cosTgg, T E [0, 5]

is the linearly combined metric of standard Euclidean metric
n n
50 = Zd?ﬂz [ dIZ —+ Zdyj [ dyj,
i=1 j=1
with the pseudo-Euclidean metric

go =) dui@dy; + ) dy; ® dx;.

i=1 =1
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They proved that for domain 2 C R", if u € C?(£2) is a solution of
Fr (A (D*u)) = f(z), =€, (1)

then D f(z) is the mean curvature of gradient graph (z, Du(z)) in (R™ x R™, g, ). Previously, Warren [32]
proved that when f(z) = Cy for some constants Cp, the mean curvature of (z, Du(x)) is zero. In (1), f(z)

is a scalar function with sufficient regularity, A (DQu) = (A1, A2,..., \,) are n eigenvalues of Hessian matrix
D2y and
1 n
=3 In, T=0,
n
i=1
VETTI~ Akasb o,
ye - ntrte F<
2b i +a+b 4’

=1
n 1 .
F.(\) = —ﬂZma T=7
i=1

Va2l +1 <& Ni+a—1b
7Zarctan7

, F<T<3%,

b & Ntatb 5752
‘n
Z arctan \;, T=3,
i=1

a=cotT,b= 1/|cot277 1|.
If 7 =0, then (1) becomes the Monge-Ampere type equation
det D?u = ¢™/(®) in R™. (2)

For f(x) being a constant Cy, there are Bernstein-type results by Jorgens [21], Calabi [8] and Pogorelov [29],
which state that any convex classical solution of (2) must be a quadratic polynomial. See Cheng—Yau [9],
Caffarelli [3], Jost—Xin [22] and Li-Xu-Simon-Jia [26] for different proofs and extensions. For f(z) — Cj
having compact support, there are exterior Bernstein-type results by Ferrer-Martinez—Milan [13] for n = 2
and Caffarelli-Li [6], which state that any convex solution must be asymptotic to quadratic polynomials
at infinity (for n = 2 we need additional In-term). For f(xz) — Cj vanishing at infinity, there are similar
asymptotic results by Bao—Li—Zhang [2]. For f(x)— Cj being a periodic function or asymptotically periodic
function, there are classification results by Caffarelli-Li [7], Teixeira—Zhang [30] etc.
If 7 = 7, then (1) becomes the Lagrangian mean curvature equation

Zarctan Ai (D?u) = f(z) inR" (3)

i=1

For f(z) being a constant Cy, there are Bernstein-type results by Yuan [33,34], which state that any classical

solution of (3) and

—KI, n < 4, c n—2
~(L+emNl, n>5 O T07 T

D%y > { m, (4)
must be a quadratic polynomial, where I denote the unit n x n matrix, K is a constant and e(n) is a small
dimensional constant. For f(z) — Cy having compact support, there is an exterior Bernstein-type result by
Li-Li-Yuan [25], which states that any classical solution of (3) with (4) must be asymptotic to quadratic
polynomials at infinity (for n = 2 we need additional In-term).

For general 7 € [0, §], for f(x) being a constant Cy, there are Bernstein-type results under suitable semi-
convex conditions by Warren [32], which is based on the results of Jorgens [21]-Calabi [8]-Pogorelov [29],
Flanders [14] and Yuan [33,34]. For f(z) — Cp having compact support, there are exterior Bernstein-
type results when n > 3 in our earlier work [27], which state that any classical solution of (1) with
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suitable semi-convex conditions must be asymptotic to quadratic polynomial at infinity. There are also
higher order expansions at infinity, which give the precise gap between exterior maximal/minimal gradient
graph and the entire case. Such higher order expansions problem was considered for the Yamabe equation
and op-Yamabe equation by Han-Li-Li [17], which refines the study by Caffarelli-Gidas—Spruck [5],
Korevaar-Mazzeo—Pacard—Schoen [23], Han-Li-Teixeira [18] etc.

In this paper, we obtain asymptotic expansion at infinity of classical solutions of

Fr(A(D*u)) = f(z) inR", (5)

where n > 3, 7 € [0, §] and f(x) is a perturbation of f(co) := lim,_, f(z) at infinity. This partially refines
previous study [2,6,19,25,27] etc.

Our first result considers asymptotic behavior and higher order expansions of general classical solution of
(5). Hereinafter, we let ¢ = O, (|z| " (In |z|)*2) with m € N, k1, ks > 0 denote

[D*o| = O(l2| ™ (In|2)*2) s |2| —+ +o0

for all 0 < k < m. Let T denote the transpose of vector € R™, Sym(n) denote the set of symmetric n x n
matrix, H} denote the k-order spherical harmonic function space in R™, DF,(A(A)) denote the matrix with
elements being value of partial derivative of F.(A(M)) w.r.t M;; variable at matrix A and [k] denote the
largest natural number no larger than k.

Theorem 1.1. Let u € C? (R") be a classical solution of (5), where f € C°(R™) is C™ outside a compact
subset of R™ and satisfies

limsup ||| D*(f(z) — f(o0))| <00, VEk=0,1,2,....m (6)

|z|—o00
for some ¢ > 2 and m > 2. Suppose either of the following holds

(1) D?u > 0 for T = 0;
(2)
w(@) < C(1+|z)*) and D*u> (—a+b)I, VaeR" (7)

for some constant C, for 7 € (0,%);

(3)
u(z) < C(1+ \x|2) and D*u>—I, VYzeR" (8)

for some constant C, for T = 7.

Then there exist c € R,b € R™ and A € Sym(n) with Fr(A(A)) = f(oo) such that

(1 _ O (P, ¢,
)~ (5o A“““)‘{0m+1<|x|2‘"<1n|x>>, (<, ®)

as |x| — +oo.

Remark 1.2. The matrix A in Theorem 1.1 also satisfies A > 0 in case (1), A > (—a+b)I in case (2) and
A > —1I in case (3) respectively.

Remark 1.3. Notice that in condition (6), we only require m > 2, which is an improvement to the results for
m > 3 by Bao-Li-Zhang [2]. It would be interesting to determine sharp lower bounds for m in Theorem 1.1.
There has been an example in [2] that shows the decay rate assumption ¢ > 2 in (6) is optimal.
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We also have the following higher order expansions for { > n, which gives a finer characteristic of the

error term in (9).

Theorem 1.4. Under conditions of Theorem 1.1, there exist ¢ € R, cx(0) € H}} withk =1,2,...,n—
[2n — (] — 1 such that

u(x) — <;wTAw + b + c>

n—[2n—C]-1 > ek
— @ (DFAA) o) 2 = Y a(®) (T (DF(MA) ') 2 (10)
k=1
_ {Om(x|2_an{2n’C}), min{2n,(} —n &N,
Om(\x|27mm{2n’g}(ln |z])), min{2n,(} —n € N,

as |x| — +oo, where
_ (DE(A\(A) ta
(T (DF-(A(A)))~1x)

Nl

Remark 1.5. By computing F,(\(D?u)) of radially symmetric u of form %MQ + Cylz| ™", we find exp-
ansions (9) and (10) are optimal for all ¢ > 2 in the sense that the series of k does not exist or cannot be
taken up to n — [2n — (] when 2 < ¢ < n or ¢ > n respectively since ¢,,_[2,,—¢] does not belong to space
HZ*[Q”*C]

in general.

The paper is organized as follows. In Section 2 we prove that the Hessian matrix D?u converges to some
constant matrix A € Sym(n) at infinity, in order to make preparation for proving Theorem 1.1. In the next
two sections we give the proofs of Theorems 1.1 and 1.4 respectively based on the detailed analysis of the
solutions of non-homogeneous linearized equations.

Hereinafter, we let B,.(z) denote a ball centered at x € R™ with radius r. Especially for z = 0, we let
B, := B,(0). For any open subset £2 C R", we let {2 denote the closure of 2 and ¢ denote the complement
of 2 in R™.

2. Convergence of Hessian at infinity

In this section, we study the asymptotic behavior at infinity of Hessian matrix of classical solutions of
(5). We prove a weaker convergence than (9) in Theorem 1.1 and D?u has bounded C® norm for some
0 < a < 1 under a weaker assumption on f. By interior regularity as Lemma 17.16 of [16] and extension
theorem as Theorem 6.10 of [12], we may change the value of u, f on a compact subset of R” and prove only
for u € C*%(R") and f € C*(R").

Theorem 2.1. Let u be as in Theorem 1.1, f € C*(R™) for some 0 < a < 1 and satisfy

s <|x|<|f<x> — (o) + ol [f]ca(w)> <o (1)
xr|—0o0 5

(1) with some ¢ > 1,{' >0 for T =0;

(2) with some ¢ > 1,¢" >0 for € (0,%);

(3) with some ¢ >0, >0 for T = 7.
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Then there exist € > 0, A € Sym(n) with F-(A(A)) = f(c0) and C > 0 such that

|D?ul|cany < C,  and |D*u(z) — A| < Vo|x| > 1.

‘67

|

The proof is separated into three subsections according to three different range of .
2.1. =0 case
In 7 =0 case, (5) becomes the Monge-Ampére equation (2).

Theorem 2.2. Let u € C°(R™) be a convex viscosity solution of
det D*u = ¢(z) in R" (12)
with w(0) = mingn u = 0, where 0 < 1 € C° (R™) and
Y — 1€ L"(R™).
Then there exists a linear transform T satisfying det T = 1 such that v == uwo T satisfies

< Cla*™¢, Vx| >1.

Jaf?
vV — —|T
2

for some C >0 and e > 0.

Theorem 2.2 can be found in the proof of Theorem 1.2 in [2], which is based on the level set method by
Caffarelli-Li [6].

Corollary 2.3. Let u € CO(R™) be a convex viscosity solution of (5) with f € C°(R™) satisfies

limsup ||| f () — f(00)| < o0

|z] =00

for some ¢ > 1. Then there exists a linear transform T satisfying det T = 1 such that v .= uo T satisfies

v — wa <Clz)*™%, Vx| >1 (13)

for some C >0 and e > 0.

Proof. By a direct computation,

1
u(x) = (o)) (u(z) — Du(0)z — u(0))

is a convex viscosity solution of
det D% = "V (@) =) —; f(z) in R™.

By a direct computation, |f(z) — 1| < C’|x\_c for some C > 0 and

/]Rn\Bl

The result follows immediately by applying Theorem 2.2 to u. O

f(x)—l)ndng . 2|~ " dz < oo.
"\B1

“dr<cC

(fla)m -1

R™\ B
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As a consequence, we have the following convergence of Hessian matrix for solutions of (12). The proof is
similar to the one in Bao-Li—Zhang [2] and in Caffarelli-Li [6]. Since there are some differences from their
proof, we provide the details here for reading simplicity.

Theorem 2.4. Let u € C°(R™) be a convex viscosity solution of (5), f € C*(R™) satisfy (11) for some
0<a<1,(>1and({ >0. Then u € C*>*(R"),

|1 D?ul| e gny < C, (14)

and )
u— (233TA33 + bz + c) = O0y(|z]*79) (15)
as |x| — oo, where € := min{e,(,('}, € is the positive constant from Theorem 2.2, A € Sym(n) with

det A = exp(nf(c0)), b€ R™, ¢ € R and C > 0.

Proof. By Corollary 2.3, there exist a linear transform 7', ¢ > 0 and C > 0 such that v := u o T satisfies
(13).
Step 1: We prove C“ boundedness of Hessian (14). Let

vr(y) = (;;)21) <x+ fy) .yl <2

lvrllco(z) = €
for some C' > 0 for all R > 2. Then vy satisfies

for |z| = R > 2. By (13),

det (D?vp(y)) = exp (nf (x + fy)) = fr(y) in By. (16)

By a direct computation, there exists C' > 0 uniform to = such that

| fr — eXP(nf(oo))Hc(J(E) <CR™¢
and for all y;,y2 € Bo,
) = fal)] _ 1) = Gl Rya e

ly1 — ya|” |21 — 2z|”

where z; == 2 + £y, € B, (z). Applying the interior estimate by Caffarelli 3], Jian-Wang [20] on By, we
T

have
2
1D*0r | ga(zry < © (17)
and hence 1
ol D?*vp < CI in By (18)
for some C independent of R. For any |z| = R > 2, we have
D%(a)] = |D20r(0)] < 1D*onll o sy < C- (19)
For any x1,x2 € BS with 0 < |22 — 21| < |z, let R := |21 > 2, by (17),
A(xo—x
|D?v (1) — D?v (x2)] _ ‘D%R (0) — D*vg (%)’
|71 — 22 - |21 — 2|
4
< [P*vrle@ (o
< CR™™
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For any x1,x2 € B§ with |zo — 21| > Y|, by (19),

|D?v(z1) — D?v(xs)|

|21 — 22|

< 2% 2||D*v[|goggny < C.

Since the linear transform T from Theorem 2.2 is invertible, (14) follows immediately.
Step 2: We prove convergence speed at infinity (15). Let

w(e) = v(@) ~ TRUOD o ang () = (;)w({y) <2

for || = R > 2. By (13) in Theorem 2.2,
lwrllco(z;) < CR™
Applying Newton—Leibnitz formula between (16) and det(exp(f(o0))I) = exp(nf(o0)),
aij(y)Dijwr = fr(y) — exp(nf(co)) in B,

where az;(y) = [ D, (det (I +tD*wr(y)))dt.
By (17) and (18), there exists constant C' independent of |z| = R > 2 such that

I . _
6 S al-j S CI mn Bl, ||aij||ca(B—1) S C
By interior Schauder estimates, see for instance Theorem 6.2 of [16],

lwell

cra(mg) = © (lhwrllcoar) + 1 — exp(nf (00)) oz

2

< CR-min{e.¢.('},
The result (15) follows immediately by scaling back. O

Remark 2.5. In the proof of Theorem 2.4, the interior Schauder estimates used in (20) can be replaced by
the W2 type estimates (see for instance Remark 1.3 of [11]),

lwrllace ) < © (lwrllcogas) +115r = expnf (oDl on ) ) < ORI,

Remark 2.6. The condition (11) in Theorem 2.4 holds if for some C' > 0,
2117 (2) = F(o)| + 12l IDf (@) < C; ¥ Ja] > 2. (21)

Even if f(z) is C', condition (11) is weaker than (21). For example, we consider f(z) := e~ |*Isin(el®l).
On the one hand, Df(z) does not admit a limit at infinity, hence f does not satisfy condition (21). On the
other hand, for any |z| = R > 1 and 21, 23 € By (),

T

If (21) = f (22)]

e |sin(el#1l) — sin(el=2!)]
e
|21 — 22

e~ l=11 — =l
+ sin(el1 ) oo L

IN

|21 — 2z|” |21 — 2z|”
B |21 — 29|

Ce 2

IA

R |21 — 2zo|”
< (Ce 2z R~

for constant C' independent of R. Hence f satisfies condition (11) for all & € (0,1) and any ¢, ¢’ > 0.

This finishes the proof of Theorem 2.1 for 7 = 0 case.

7
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2.2. 7€ (0,%) case

In this subsection, we deal with 7 € (0,%) case by Legendre transform and the results in previous
subsection.

Let f € C*(R") satisfy (11) for some 0 < a < 1,{ > 1, ¢’ > 0 and u € C**(R") be a classical solution
of (5) satisfying (2). Let

. a+b
7(e) = u(a) + - pal?
then
D*u = D*u+ (a+b)I >2bI inR". (22)
Let (Z,v) be the Legendre transform of (z,@), i.e.,
z = Du(x),
{Dv z) =, (23)

and we have

_ 1
D*(%) = (D*u(z)) " = (D?u(x) + (a+ b)) "' < il
Let 1
5(%) = 5@\2 — 2bu(%). (24)
By a direct computation, Du(R™) = R™ and
Xi (D*0) =1—2b- ! —Ai“‘_be(o,n. (25)

Mi+a+b MN+a+bd
Thus v(Z) satisfies the following Monge-Ampére type equation

det D% = exp {\/;bﬁf (211)(5 - D@(i))) } = ¢g(Z) inR™ (26)

Step 1: There exists Cy > 1 such that
1 ~
— 2] < 3] < Colal, ¥ |o| > 1. (27)
Co

We prove the two inequalities in (27) separately.
By the definition of Z = Du(z) and (22),

|Z — 0| = |Du(x) — Da(0)] > 2b|x|.

Hence by triangle inequality,
[ = —[0] + |2 — O] > —[0] + 2], (28)

and the first inequality of (27) follows immediately.
By the quadratic growth condition in (7), we prove the linear growth result of Du(x). In fact, for any
z) > 1, let e := 242 ¢ §B;. By Newton—Leibnitz formula and (7)

[Du(z)]
||
u(z + |zle) = wu(z)+ /0 e Du(z + se)ds
|z ps ||
= u(z)+ / / e - D*u(x + te) - edtds + / e - Du(z)ds (29)
o Jo 0
(—a+0)

> u(e) + ol + | Du(e)] - Jal.

8
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Furthermore by (7), there exists C' > 0 independent of |z| > 1 such that

IDu@)] < o7 (OO -+ 1o+ lalo)) + €+ o) + 25 el ) < €O+ e,

Hence there exists C' > 0 such that
|Du(z)] < C(1+|z|), VzeR" (30)
By (30), there exists C' > 0 such that
7] = |Du(z) + (a + b)z| < |Du(z)| + (a + b)|z| < C(|z[ + 1).

The second inequality of (27) follows immediately.

Now we study Eq. (26) by applying Theorem 2.4 and Remark 2.6, which require a knowledge on the
asymptotic behavior of g(Z).

Step 2: g(Z) satisfies condition (11). By the equivalence (27),

Jim (@) = oxp { <2 F(0) } = sloc) € 0.1,

By a direct computation,

71°9(Z) — g(c0)]

%) ~1C ~ ==\ |6 2b ;7_136(;) —f(co
_ 6/7;” )N\ﬂ~ |E=Dv@ | | JAmvETE e
x—Dv(x) ¢ 2b
2b

(f(w) f(9))
Va -1

< Clal*|f(x) = f(o0)| < C.
For any 7,z € B (Z),y # z with |Z| > Cy, by (22) we have
L2l

Clz|* e

IN

y,2 € Big(x), |[y—2]>2bly—2|/>0 and y+#z.
k2

Thus by condition (11),

expl 2 1)} — exp{ 2 f(2))
@) = 9 ¢ (g0 Ve BT oy (31)

[y —z|* ly — z|*

Thus ¢(7) satisfies (11) for 0 < @ < 1,¢ > 1 and ¢’ > 0 as given.
By Theorem 2.4, we have
|1 D?0]| ca(gny < C

and

1 ~ ~ _
i—<2ﬁﬁﬁ+hi+é>=0ﬂﬁfe) (32)

for some 0 < A € Sym(n) satisfying det A = g(c0), b € R",¢ € R and C, e > 0.

Step 3: We finish the proof of Theorem 2.1 (2). By strip argument as in [25,27] ete, we prove that T — A
is invertible. In fact, by (25), A < I and it remains to prove A\;(A) < 1 for all i = 1,2,...,n. Arguing by
contradiction and rotating the z-space to make A diagonal, we may assume that Ay =1. By (32) with the
definition of Legendre transform (24) and (28), there exists b; such that

= D1o(Z) = by + O(|F) ™) as 7] — oo (33)

This becomes a contradiction to (27).
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Let 1
A= Qb(f—ﬁ) —(a+b)I.

By a direct computation, F,(A(A)) = f(oco) and

-1

|D?u(z) — A| = 2b ‘ (1- D%(@) "~ (1 - A)
< C|D%*(7) — A
|z
By the equivalence (27), we have
2 C
| D?u(x) —A| < Fi Y o|x| > 1. (34)
x

Furthermore, by (24), for any x,y € R™,
| D2u(x) — Du(y)| = 2b ‘ (I-D%@) - (I- DQE@))_l‘ .
By (34), D?%(%) is bounded away from 0 and I, it follows that 3 C' > 0 such that
|D*u(z) — D*u(y)| < 2bC | D*v(z) — D*0(y)| (35)

Combining (35) and the equivalence (27), D?u has bounded C® norm.

So far, we finished the proof of Theorem 2.1 for 7 € (0, ) case.

2.8. T = % case

In this subsection, we deal with 7 = 7 case by Legendre transform and analysis on the Poisson equations.
Let f € C*(R") satisfy (11) for some 0 < a < 1,¢,¢’ > 0 and u € C**(R") be a classical solution of (5)
satisfying (3). Let

1 1 V2
_ > — > .
N(D%) = 2 o > e o

Thus there exists 0 > 0 such that
D*u(x) > 01, YV xe€R™
Let (Z,v) be the Legendre transform of (z,%) as in (23) and we have
1
0 < D*u(z) = (D*7(z)) ' < 51
By a direct computation, Du(R™) = R™ and v(Z) satisfies the following Poisson equation
v2
2
Step 1: There exists Cp > 1 such that (27) holds. The proof is separated into two parts similarly.
By the definition of Legendre transform in (23),

Av = f(Dv(Z)) = ¢g(Z) in R™ (36)

| — 0| = |Du(x) — Du(0)| > dlx|.

10
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Hence by triangle inequality,
|Z| > —[0| + | — 0] > —|0] + ||
and the first inequality of (27) follows immediately. The second inequality of (27) follows similarly by (8)
and (29).
Step 2: Asymptotic behavior of g(¥) at infinity. By the equivalence (27),

V2 V2

9(z) = —7f($) - —7f(00) =: g(o0)

as |Z| — +oo. Similar to the proof of (31), we have

limsup | |7|°|g(%) — g(c0)| + [F]** [g] < o0

|z|—+o0 CQ(B‘;| (=)

2

for the give 0 < o < 1, ¢, ¢’ > 0.

Step 3: Asymptotic behavior of v(Z) at infinity.

Since (11) remains when ¢ > 0 becomes smaller, we only need to prove for 0 < ¢ < 2 case for
reading simplicity. By a direct computation, A|gc\27C = cn7<|:17|7C in Bf. Thus there exist subsolution v
and supersolution T of Poisson equation

Av = g(z) — g(co) inR" (37)

with v,7 = O(|Z|*™°) as |z| — oco. By Perron’s method (see for instance [2,10,24]) and interior regularity,
we have a classical solution 7 € C2*(R™) of (37) with & = O(|Z|°™) as |7 — .
For any |Z| = R > 1, let

Taly) = (;)25<5+ 2. ves.

Then vy satisfies R
Avg = g(T + 5y) — g(00) = gr(y) in By

By a direct computation,
”93”0&(?1) < CR~ ™Gt and ||vR||CO(§1) < CR .
By interior Schauder estimates, we have

v — i /
TRl 2055 < OR™™REC)

and then /
(&) = Oa([7* ™)

as |Z| — oo. Then
A(v—7v) = g(o0) inR"

and D?(v — ) is bounded. By Liouville type theorem, v — ¥ is a quadratic function and hence
1~ ~ T~ ~ ~12—min !
v— (QxTAx—i—bx—i—c) =057 {ec })

for some A € Sym(n) with traceA = g(cc), b € R” and ¢ € R. Similarly we have (33) and A is invertible.
Taking A := A~! — I and the result follows similar to 7 € (0, %) case.
11
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3. Asymptotics of solutions of (5)

In this section, we prove Theorem 1.1. As an integral part of the preparation, we analyze the linearized
equation of (5) and obtain the asymptotic behavior at infinity. The major difficulty is that the linearized
equation is not homogeneous.

3.1. Asymptotics of solutions of nonhomogeneous linear elliptic equations

Consider the linear elliptic equation
Lu = a;j(x)D;ju(z) = f(z) inR", (38)
where the coefficients are uniformly elliptic, satisfying
llaij [l e rmy < oo, (39)
for some 0 < o < 1 and
|aij(x) — aij(00)| < Cla| ™, (40)
for some 0 < (a;j(c0)) € Sym(n) and €,C > 0.

Theorem 3.1. Let v be a classical solution of (38) that bounded from at least one side, the coefficients
satisfy (39) and (40) and f € CO(R™) satisfy
lim sup ||| f(2)] < oo (41)

|z| =400

for some ¢ > 2. Then there exists a constant vy, such that
0 (|z|2—min{n,§}> C ?é n

O (e "(mla)), ¢=n. "

v(T) = Voo +

as |x| — oo.

The homogeneous version of Theorem 3.1 has been proved earlier, see for instance Gilbarg—Serrin [15]
and Li-Li-Yuan [25]. Hence we start with constructing a special solution of (38) and translate the question
into homogeneous case.

By the criterion in [28], the Green’s function of operator L is equivalent to the Green’s function of
Laplacian under conditions (39) and (40). More precisely, let G (x,y) be the Green’s function centered
at y, there exists constant C' such that

CYa —y"" < Gr(ay) < Cle—y[*, Va#y,
DleL($ay)| SC\x—yPin» 'L:l?vna Vx#yv (43)
DItijGL(x,y)‘ <Clr—vy|™, 4,j=1,...,n, Yax#uy.

By an elementary estimate as in Bao-Li—Zhang [2], we construct a solution that vanishes at infinity. More
rigorously, we introduce the following result.

Lemma 3.2. There exists a bounded strong solution u € Wi’f(R”) with p > n of (38) satisfying

_ Joqaprmney, ¢,
uw = {0<|x|“<1n|x|>>, (i

as |x| — oo.

12
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Proof. By (43) and Calderén—Zygmund inequality,

w(z) = Gr(z,y)f(y)dy
R

belongs to W2P(R™) for p > n and is a strong solution of (38) (see for instance [1,35]). It remains to compute

the vanishing speed at infinity. Let

Ey={yeR", |yl <|z[/2},
Ey:={yeR", |y—uxf<|z|/2},
E3 = Rn\ (El U Eg) .

By a direct computation,
2—min{n,(}
=1 dy<0/ Fay- o< JORL D cE
By |z —y Clz|” "(Inlz]), ¢=n.

Similarly, we have % < |y| in E5 and hence

1 1 1 .
[ miwaso [ e ocopp
By |z —y lz—y|< 12l |z -y ||

Now we separate E3 into two parts
E;r ={yeEs:|z—y| >y}, E5 ::Eg\Egr.

Then

1 1 -
—dyﬁ/ ———dy < Clz|
=) - )
[E; jz—y[" " |y|° iz 2l [yt

1 1 a—¢
/7 — W < / ol — W < Clz|".
By |lz—yl" "yl ly—e|> 12l |y — x|

Hence there exists C > 0 such that

and

L way

w(z)| < C /
E1UE,UE; |7 — Y

<O,
=\ CleP ™ mlel), ¢=n O

Proof of Theorem 3.1. We may assume without loss of generality that v is bounded from below, otherwise
consider —v instead. Let w(z) be the bounded strong solution of (38) from Lemma 3.2, then

Ezzv—w—%lyif(v—w)zo

is a strong solution of (38) with f = 0. By interior regularity, v is a positive classical solution. By Theorem
2.2 in [25),
V(z) = Voo + O (|x\27”) as |z| — oo,

for some constant vo,. Then the result follows immediately from Lemma 3.2. O
Remark 3.3. If v is a classical solution of (38) with [Duv(z)| = O(|z|™") as |z| — oo and f € CO(R")

satisfy (41), then v is bounded from at least one side. The proof is similar to f = 0 case, which can be found
in Corollary 2.1 of [25].

13
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3.2. Proof of Theorem 1.1

Let u € C? (R™) be a classical solution of (5), where f satisfies (6) for some ¢ > 2,m > 2 and either of
cases (1)—(3) holds. By extension and interior estimates, we may assume that u € Wlélo’cp (R™) for some p > n.
By Theorem 2.1, Hessian matrix D?u have finite C® norm on R and converge to some A € Sym(n) at a
Holder speed as in (34).

Let v := u(z) — %xTAx. Applying Newton—Leibnitz formula between

F. (A (D*v+A)) = f(z) and F.(A(A)) = f(c0),

we have 1
@;;(z)D;jv = / D, Fr (A(tD*v+ A)) dt - Djjo = f(z) — f(o0) = f(z) (44)
0
For any e € 0B, by the concavity of operator F, the partial derivatives v, = D.v and v, := D?v are
strong solutions of
a;;(2)D;jve = D, Fr (/\(DQU + A)) D;;ve = fe(z), (45)
and
a5 (2) Dijvee 2 fee(). (46)
By Theorem 2.1, there exist € > 0 and C' > 0 such that
_ — C
aw@f*DmﬂlMODﬂ+aw@%*Dmﬂl@OD)§|ﬂ@

By condition (6) and constructing barrier functions for (46), there exists C' > 0 such that for all x € R,

2—min{n,(+2} _
Vee(T) < C|$|2_n , (#Fn—2
Clef"(nlzl), ¢=n-2.

By the arbitrariness of e,

2—min{n,(+2} .
)\max (DQ’U) (37) S C‘x|2—n ’ C 7& n 27
Claf* "(nlal), C=n-2.

By (6) and the ellipticity of Eq. (44),

_C,|x|27min{n,c+2}7 C 7£ n— 27

Amin (DQ’U) (LL') > —C)\max (DQ'U) - Cl?($)| 2 {—C|l‘|2_n(1n |x‘)7 C =n-—2.

Hence

2—min{n,(+2} _
’DQU(JJ)‘ S C‘m|2—n ’ C#n 27
Clef"(n|zl), ¢=n-2.

By Theorem 2.1, the coefficients a;;, a;; have bounded C'* norm on exterior domain. Since ¢ > 2, applying
Remark 3.3 to Eq. (45), for any e € 9B1, v.(x) is bounded from one side and there exists b, € R such that
9] (|$|27min{n,g+1}) 7 C # n— 17

Ve(x) = be +
O (lef™"(mla), ¢=n-1,

as |x| — oo. (47)

Picking e as n unit coordinate vectors of R™, we found b € R™ from (47) and let

(2) == v(z) — b = u(z) — (;xTAx + bx) .

14
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By (47),
Io) <|x‘2—min{n,(+1}) ’ C 7é n— 1’

|DO(z)| = |(8pyv — b1, . .., Opy v — by)| = -
O (|l "(mla))), ¢=n-1,

as |x| — oo. By (44),
@j(x) Dy = @ () Dijv = f(=).

By the arguments above again, there exists ¢ € R such that

O(fa* ™™l ¢ #m,
O (lef~"(mz)), ¢=n,

=c+ as |z| — oc.

Notice that here we used ¢ > 2 for [Do| = O(|z| ') and f = O(|z| ™) at infinity. Let Q(z) = 12T Ax+ba+e.
Then

B _ o JoapTmmteahy ¢ #m,
lu—Q|=[o d‘{muﬁwmxm,czm as || — oo.

Finally, we give the estimates of derivatives of u. For |z| > 1, let

ﬂw=(;)?u—@(m+§).

Then by Newton—Leibnitz formula,
a’(y)Dy E(y) = Fr (MA+ D?E(y))) — Fr(\(4)) = f(z + %‘y) — f(o0) = f(y) in By,

where

a’(y) = /O Dy, Fr (MA+tD*E(y))) dt.

By the Evans—Krylov estimate and interior Schauder estimate (see for instance Chap.8 of [4] and Chap.6
of [16]), for all 0 < & < 1, we have

||EHC2,a(ﬁ) < C(HEHCO(E) + ||i||ca(§2))
2

CIBl ooy + Il )
O(jal~ "), ¢ #m,
Ol "(nla}). ¢=n.

IN

as |z| — oo.

By taking further derivatives and iterate, we have for all k < m + 1,

()" |pru- Q)| = 1D*E©)
Ck(HEHCO(E) + “i||ck—2,a(§1))
Ck(HEHCO(E) + Hi”ck—%?ﬂ)
O(jx|~ ™™, ¢ £,
O(jz| "(Inlz])), ¢=n,

IAIA

as |x| — oo.

This finishes the proof of Theorem 1.1.

15
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4. Proof of Theorem 1.4

In this section, we consider asymptotic expansion at infinity for classical solutions of (5). Assume that
u, f are as in Theorem 1.1. Let @;;, f and v be as in (44) and Section 3.2 respectively.

In the following, we only need to focus on ¢ > n case as explained in Remark 1.5. It follows from (9) in
Theorem 1.1,

@i5(2) = Da, Fr(M(A))| < €| D?0(@)| = O (Ja ™)
and hence _
Dar, Fy MANDyo = F = (@ij(x) — Dagy, Fr (MA)) Do = g(a)

Om(la] ™) + Oy (1ol ")
= O (|2

by (6) as |z| = oc.
Let )
Q = [Du;; F-(A(A))]2  and ¥(z) = v(Qz).
Then
Av(z) = g(Qz) = g(z) in R". (48)
By a direct computation,
~ 2-m ~ — min{2n,(}
0=0mt1(Jz|”™") and §g=O0p_1 ]|z .
Let Agn—1 be the Laplace-Beltrami operator on unit sphere S"~! C R" and
/1():0, Alzn—L /12:271,..., Ak:k(k—i—n—Q),,
be the sequence of eigenvalues of —Agn—1 with eigenfunctions
v =1, v\, vV0),..., YO0),..., P0),..., v¥0),...
ie.,
A1 YO (0) = 4,Y,P(0), Ym=1,2... m.
By Lemmas 3.1 and 3.2 of [27], there exists a solution 55 of A@g =g in R"\ B; with

N Om <|x|2_min{2"’4}) , min{2n,(} —n ¢ N,
9 O (Jal*™"Cn S fe))) . min{2n, ¢} —n € N.
Thus v(z) := v — v is harmonic on R" \ B; with 5 = O(|z|*™") as |z| — oo. By spherical harmonic
expansions, there exist constants C’,(C}T)n, C]ggr)n such that
oo Mg oo My
= 1 k 2 2-n—k
7= 3 YO + 303 Y P @)k
k=0m=1 k=0m=1

By the vanishing speed of 7, we have Clgl)n = 0 for all k£, m. Thus similar to the proof of Lemma 3.3 in [27],

there exist constants cj ., with k € N, m =1,...,my, such that

[(]-n my
> VDO + O (12), n<(<2n CEN,
k=0 m=1
(—n—1 my

U= YD (O)[a* " + O (le (i a))), n<(<2n, CEN,
k=0 m=1
n—1 mg
> VB Ol + On (Jal* " (mlal)), 20 <.
k=0 m=1

By rotating backwards by @', the results in Theorem 1.4 follow immediately.
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