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Abstract

In this paper, we apply level set and nonlinear perturbation methods to obtain the asymptotic behavior
of the solution to a kind of parabolic Monge—Ampere equation at infinity. The Jorgens—Calabi—Pogorelov
theorem for parabolic and elliptic Monge—Ampere equation can be regarded as special cases of our result.
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1. Introduction and main results

In affine geometry, a well known theorem of Jorgens (n =2 [11]), Calabi (n <5 [4])
and Pogorelov (n > 2 [14]) asserts that a convex improper affine hypersurface is an elliptic
paraboloid. This theorem can also be stated as follows: any classical convex solution of the
elliptic Monge—Ampere equation

det(D*u) =1 inR"

must be a quadratic polynomial.
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Along the lines of affine geometry, a simpler and more analytic proof was given by Cheng
and Yau in [6]. Jost and Xin also give another proof of this result in [12]. Caffarelli proved that
Jorgens—Calabi—Pogorelov theorem remains valid for viscosity solution in [2].

In [8], Gutiérrez and Huang established Jorgens—Calabi—Pogorelov theorem to the following
kind of parabolic Monge—Ampere equation

—u,det(Dzu) =1 inR"=R" x (—00,0], —M;<u;<—M,,

where M1 and M> are two positive constants. In [17], Xiong and Bao extended Jorgens—Calabi—
Pogorelov theorem to more general parabolic Monge—Ampere equations of the form

= p (log(det(Dzu))) in R™1,

which covers the results in [8].
In [3], Caffarelli and Li obtained the asymptotic behavior of convex viscosity solutions of

det(D*u) = f(x) inR",
where f € CO(R") satisfies
0<inf f <sup f < oo,
R” R”
support ( f — 1) is bounded.

Recently, Zhang, Wang and Bao [18] have extended the above result to the following parabolic
Monge—Ampere equation

—u,det(D?*u) = f(x,t) inR'L
In this paper, we investigate classical solutions to the parabolic Monge—Ampere equation
u; — log (det(Dzu)) — f(x,0) inR™ (1)
such that there exist two constants cg and Cy with
co<u; <Co inR™!, 2)
where f € CO(RTF]) and there exists @ € R! such that

support ( f — a) is bounded. 3)

In the following theorem, we obtain the asymptotic behavior of solutions of (1) and (2) under the
hypothesis (3).



346 B. Wang, J. Bao / J. Differential Equations 259 (2015) 344-370

Theorem 1.1. Let n > 4 and f € CO(R™Y) satisfy (3). Assume that u € C*1(R"") is a solution
of (1) and (2) which is convex in x. Then there exist an n X n symmetric positive definite matrix A,
b eR", c e R! satisfying

xT Ax

u(x,t)=rtt+ +bTx+c¢, xeR"t<rt* ()

xT Ax

ulx,t)=rtt+ +bTx+c+0(|x|2_"), |x| = o0, t* <t <0, (5)

where T :=logdet A +a and t* :=sup{t <0: f(x,s) =a,Vx e R",s <t} > —o0.
By taking a =0 and f =0 in Theorem 1.1, we can obtain the following theorem.

Corollary 1.2. Let n > 4 and u € C>! (R’i“) be a solution to

U = log (det(Dzu)) (x,1) e R, 6)
such that there exist two constants co and Co with
co<u; <Co (x,1)eR™, (7

under the assumption that u is convex in x. Then there exist an n X n symmetric positive definite
matrix A, b € R", ¢ € R! such that

xT Ax

ulx,t) =1t + +bTx+c¢, (x,1)eR'™,
where T :=logdet A.

Remark 1.1. It should be remarked that Xiong and Bao have obtained Corollary 1.2 for n > 2
and u € C*2@®R™ Y in [17].

Now we consider an elliptic Monge—Ampere equation

1
det(D?u) = expf > Dux —u) in R”. (8)
Since an entire solution to (8) is a self-shrinking solution to Lagrangian mean curvature flow in
pseudo-Euclidean space, we can obtain an analogous result with the Jorgens—Calabi—Pogorelov

theorem on (8) below.

Corollary 1.3. Let n > 4 and u € C*(R") be a convex solution to (8) satisfying

1imsup|%Du(x)~x—u(x)| < 0. ©)]

|x]— 400
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Then there exist an n x n symmetric positive definite matrix A and ¢ € R such that

xT Ax
2

u(x) = +c¢, xeR".

Remark 1.2. By replacing the condition (9) with
liminf |x|>D%u(x) > 2(n — 1)1,
[x]—+o00

Huang and Wang obtained Corollary 1.3 for n > 2 in [10]. Independently, Chau, Chen and Yuan
obtained the same result by using a different method in [5].

Proof of Corollary 1.3. First of all, we define

X

V=t

) inR™HL

vix,t) =1 —t)u(
Then we have that v is a solution to
v, = log (det(Dzv)) in R

Due to (9), we can also deduce that |v;| is bounded in R By Corollary 1.2, there exist an
n x n symmetric positive definite matrix A, b € R”, c e R! and 7 € R! satisfying

T =logdetA,
such that

T
A
v(x,t):rt—i—x Y b x+c inRML

Lastly, by taking t = 0, we have

xT Ax

+b'x+c¢ inR™

ulx) =

Since u is the solution to (8), it is easy to check that b =0. O

Our paper is organized as follows. In Section 2, we will state some preliminaries and simpli-
fications. In Section 3, the proof of Theorem 1.1 is given by being divided into five steps.
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2. Preliminaries and simplifications
We begin this section by introducing some notations. We denote by D?u(x, t) the matrix of
second derivatives of u with respect to x and Du(x, t) the gradient of u with respect to x.

Let u € C>! (R'ﬁ'l) be a solution of (1) and (2) which is convex in x. Without loss of gener-
ality, we can assume that Cy < 0. Indeed, by defining

a(x,t)=u(x,1) — (1+Co)t inR"!

we can see that 7 € C21(R™*) is a solution to the equation

7, —log (det(Dzﬁ)) — Fx,n) inRM, (10)
such that there exist two positive constants ¢y = c¢o — Cop — 1 and 6’6 = —1 with
o <iiy <Co inR'™, (1)

where f= f — (Co+1),d=a — (Co+ 1), * =1* and
support (f — @) is bounded.

Once we have proved that for such #, there exist an n x n symmetric positive definite matrix A,
beR", ceR!and T e R! satisfying

T —logdetA =4
such that

xT Ax

U(x, 1) =71+ +bTx4e¢, xeR't<rt*,

T Ax

o) =T+ b x4 e+ O(x>),  |x|— oo, <1 <0,

then by denoting t =1+ Co+ T and r* =1+ Co + 1*, we have

xT Ax

u(x,t)=rtt+ +b0Tx+c¢, xeR,t<rt*,

xT Ax

u(x,r) =1t + +bTx+c+O0(x*™), |x|— o0, t* <t <0O.

We say a function u : R’i“ — R, (x,1) — u(x, t),1s called parabolically convex if it is contin-
uous, convex in x and non-increasing in ¢. By this definition, it is easy to see that the assumption
Co < 0 yields that u is actually parabolically convex.
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Throughout the paper, we will always assume that
u(0,0)=0, Du(0,0)=0, (12)
and
u>0 inR" (13)

In fact, let (x,t) = u(x, t) — u(0,0) — Du(0, 0) - x. Then we have 1(0,0) =0, Du(0,0) =0,
and

iy —log (det(D*)) = f (1), co=i=Co in R,

which show that assumption (12) is reasonable. By (12) and the definition of parabolically convex
function we can get that

A(x, 1) > i(x,0)>4(0,00=0, V(x,r)eR™

This completes the proof of assumption (13).
Let D C R™*! be a bounded set and ¢ < 0; then we denote

D) :={xeR":(x,1) € D},
and ty = inf{¢ : D(t) # (}. The parabolic boundary of the bounded domain D is defined by
0,D = (D) x 10}) U ( U @b x {r})) ,
teR

where D(ty) denotes the closure of D(#y) and d D(¢) denotes the boundary of D(¢). We say that
the set D C Rl isa bowl-shaped domain if D(¢) is convex for each ¢ and D(#;) C D(t,) for
nh<n.
At the end of this section, we will list three lemmas that are needed throughout this paper. The
proof of Lemma 2.1 and Lemma 2.2 can be found in [18]. And we will only prove Lemma 2.3.
Throughout the paper, we will always denote

B, (0):={xeR:|x|<r},
1
Pr(A,7,%) :={(x,1) e R": S0 = OTAx =)+t <r),
where r > 0, 7 <0, x € R” and A is an n x n symmetric positive definite matrix.

Lemma 2.1. Let n > 1 and U be an (n + 1) x (n + 1) real upper-triangular matrix. Assume that
the diagonals of U are nonnegative and for some 0 <€ < 1,

1—-e)PI,-1,00CcUPU,-1,0)Cc A +€e)P1({,—1,0). 14)
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Then

IU =11 < Cm)v/e. 15)

Lemma 2.2. Let n > 3 and A = (a;j(x,1)) be a real n x n symmetric positive definite matrix
with

laij(x, 1) = 8ijl < C(x> +11)72,  (x,1) e R™FL 6

l+a
and a;j € Cclte 3" (R"'H) where €, o € (0, 1) are constants. Then there exists a positive solu-
tion u € C®R™1) of

u = aijDyju=e' (14 XD T £ -2+ D™ F) 20, (.nerR™, a7)
satisfying
0<u(x,n) < Cme (1 +x)2",  (x,1) R (18)

Lemma 2.3. Let g € C2(R™!\ P, (1, 7, 0)) satisfy

g5 —log (det(l + D"’g)) =0, 1+D%>0,co<gs+1<Co (v,5) €eR"™\ P(1,7,0),
2—¢

2
|g(y,s>|<ﬂ('y2' +rs) T (s eR™N\ P T,0), (19)

where T, cg, Co < 0 and B, € > 0. Then there exists some constant r =r(n, B, €) > 2 such that

€

yI? -
|D28(y»5)|+|gs(y’s)|SC(yT‘i‘TS ’ (yvs)eRri-i_l\Pr(IvT’O)v

where C depends on n, B, €, co and Cy.

Proof. For (y,s) € 0, Pr2(1,7,0), R > 2, let

o= (At B+ B oo+ R+ B0). @oertno
nRrR(Z, L) = R 2y 4Z s l6l gy 4Z,S 16L s Z,1 g ,T,U).
Since
R? 1 R?
|y+—z| +r(s—|——c)—§(|y| +2y z—i— |Z| )+T(S+—t)
1| 1 +7s+
- T
SELURES 4yZ

> R? — |y||z|
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2 R 3
>R 4(~f2R><ﬁ)

R2
y

>1,

we can see that ng is well defined in P% (I,7,0).
By the decay hypothesis (19) on g, we have

16 , 9 4 3 4, (1 R R \“2
W< =R+ 2+ —(V2R) (=) + (=)?B( =1y + =27 —
NR(2.0 = g R7+ 7 4 & ( )(ﬁ)+(R)ﬂ<2|y+4zl +T(S+16t)>
€
<£ 162¢8
- 4 R2+e€”’
we can take r; satisfying 1:322:!3 =1, then if R > max{ry, 2}, we have
1
( )<125
) < —.
NRrR(Z 1
Similarly, we also have
coz St Al By KoY
L) > — — — (= - — T —
MR = TRy TR PR T T T g
4 3 162¢8
>16— —(V2R)(—) — — =
2 16— (VIR 2) — S
162¢8
Then if R > max{ry, 2}, we have
nr(z,t) > 3.

In conclusion, there exists some r = r(n, 8,¢) = max{r;,2} > 1 such that for (y,s) €
0pPp2(1,7,0), R>r,

3<nr(z,0) < %’ (z,0€Py(l,7,0).
Since npg satisfies
e —log (det(D2im)) =7, DYir>0, co<nm <Co, (z.0)€Py(l,7,0),
by the interior estimates of Pogorelov, Evans—Krylov for parabolic equations, we have

&l cor gy < € €' < D*pr < CI in Py(1, 7,0).
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Here and in the following, C > 1 denotes some constant depending on 7, 7, cp and C¢ unless
otherwise stated.

Clearly,
o= Cren+ Rt By
8R(Z, 1) := R g\y 4Z,S 16L
satisfies
gr —aijDijgr =0, in Py (1,7, 0),
and

lgrllcon przy <C» €' <1+ D*gr <CI in Py(I,7,0), (20)
where (a;j(z, 1)) = fol(l +0D?gr)~1d0 satisfies, in view of (20), that

” « ____<C,Cl'I<@=<cCIinP,z,0).
”aU”CHO"%(P](I,r,O)) = = (alj) = 1( )

By interior Schauder theory (see [13]) and (19),
|D?gr(0,0)| 4 |gr.(0,0)] < CllgrllLo(py (1,200 < CR™E.

The result of Lemma 2.3 follows. O
3. Proof of Theorem 1.1

The proof of Theorem 1.1 is divided into the following five steps. And in this section we will
always assume that u € C 2'I(R'frl) be a parabolically convex solution of (1) and (2) with the
assumption Cp < 0 without loss of generality, which also satisfies normalizations (12) and (13).
3.1. Normalization of level sets and solutions

Given H > 0, let the level set of u be defined as

On={(x,1) eR"™ :u(x,1) < H},
and for every ¢ <0, we define
Op(t)={xeR":u(x,t) < H}.

Let xy and E denote the mass center of Q  (0) and the ellipsoid of minimum volume containing

Oy (0) with center xy respectively. By a normalization lemma of John-Cordoba and Gallegos
(see [7]), there exists some affine transformation

Tp(x) =apx + by, 2n
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where ay is an n x n matrix and by € R” satisfying

det(ay) =1,
Ty (E)=Br(0), forsome R=R(H) >0,

and
By, r(0) C T (Qpu(0)) C Br(0),

where «,, = n’%.
The following proposition gives us the relationship between R and H.

Proposition 3.1. There exists some constant C depending on n, co, Co, sup f and i

Rn+1
that

. _H
C'<—=<C

Proof. Since
1 (x, 0) — log (detDzu(x,O)> — f(x,0), xeR",
we have
detD?u(x, 0) = exp{u; (x, 0) — f(x, 0)}.

Let M) = eXp{iRglf(uz(x, 0) — f(x,0))}, then
M; < detDu(x,0).
Now we consider the function

_1
wi(y) =M, "u(T;'(),0), yeR"

Then,

_1
detD*w; >1 in By,g(0) and wi <M, "H ondBe,r(0).

And we also consider the comparison function

1 _1
M) =5y —pR) + M, "H, yeR".

353

(22)
(23)

(24)

nf f such
n+1



354 B. Wang, J. Bao / J. Differential Equations 259 (2015) 344-370
It is obvious that v; is a C? convex function satisfying
5 _1
detDvi=1 in By,g(0) and vi=M "H ondBy,g(0).
By comparison principle, we have w < v; in By, g(0). In particular,
1 2 p2 —
0<wi(0) < —EanR +M; "H.

It follows that

1, 1 H
—Olan < ﬁ
Similarly, we can obtain
H 1 1
— <7M;, for My =exp{sup(u;(x,0) — f(x,0))}.
R2 2 R?

1 _1
Therefore, by taking C = max{%Mi’ , Zozn_le "1, we have

. _H
C <—=<C |
==

Proposition 3.2. For some positive constant C depending on n, co, Co, sup f and inf1 f,
errl R

C'R =dist (Tu(Qy () .9Tr (Qr (0)) <2R. 25)
Consequently,
B (0) Car(Qu(0) C Brr(0). 26)

Proof. Once estimate (25) has been established, estimate (26) can be deduced from (25) and the
fact

dist (T (0), 0T (Qn (0))) =dist (0, dan (Qn (0))) -

Since Ty (Q% 0)) Cc Ty (Qp(0)) C Bg(0), it is obvious that

dist(TH (Q% (0)) 0Ty (On (0))) <2R.

So in order to obtain estimate (25), we only need to prove the first inequality in (25).
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Let us consider the function

1

n

M 1
w(y) = =2 (u(T;' (Ry).0) =H). y€ 0 ©):= =T (Qu O).

where My = exp{sup(u;(x,0) — f(x,0))}. Then by (24), we have
R}l

B, (0) COp(0) C B1(0), w=0 ondOy(0),
and
det(D*w) <1 in Oy (0).
It follows from Lemma 1 in [1] that
w(y) = ~C(m)dist(y, 305 (0)7, y € O 0).

For every y € TH(Q% 0)),letx = %i; we then have

1 _1 _1
_Man>M2n E)_Man

2R — R? "2 R?

> w(¥) > —C(n)dist(x, Oy (0))7,

i.e.

dist(y, 0T 0) >R MZ_%H :
ist(3. 0T (01 (0)) > (W)

By Proposition 3.1, we obtain
dist(3, 8T (Qn (0) = C'R,

where C = C(n, sup(u;(x,0) — f(x,O)),ngf(u,(x,O) — f(x,0)). O
R" "

Proposition 3.3.
soay (Bx (0) x [~€1H.01C Qn C ay (Bar(0)) x [~e2H. 0], 27)

where the constant C is the same as in Proposition 3.2 and &g, €1, & are positive constants
depending on n, co, Co, sup f and inf f.

R R
Proof. Since u,(x,t) < Cqfort <0, we have u(x, t) > u(x,0)+ Cot. By (13) and (26), we then
obtain u(x,t) > H fort < Cio or x ¢ a;11 (B2g(0)). So if we take &, = —CLO, we have

On Cay' (Bar(0) x [—£2H, 0].
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Due to (12), Qy(0) is a section of the convex function u(x, 0) at x = 0. Particularly, from
(26) and Lemma 2.1 of [9] we have that for any ¢g € (0, 1),

1
80(—aH (B2r(0))) = eoay (BR(O))CSOQH(O)C Q1 eo)H(O)
If (x,1) € soay (BR(O)) x [—e1 H, 0], then
0

ulx,t)=u(x,0) — /

t

—¢

4C

Therefore, if we take ¢g and € sufficiently small, we can obtain u(x,t) < H,
coay (B (0) x [—&1H.01 C Q.

which completes the proof of (27). O

Let

Cpx,n) = (222 and Q% :=Tn(Qn).

R R2)
By Proposition 3.3 and Proposition 3.1, we have
Bey (0) x [~£1C. 0] € Qf; C Ba(0) x [~e2C ™, 0].
Now we define the normalized function of u
! 1 2 o

v(y,s) = F”(F Yy, = —u(RaH Y, R%s), (y,s) € 0.
It is easy to verify that

v, —log (det(Dv)) = f (Rag'y. R%), oy <v,=Co in Q.

and by Proposition 3.1,

H
RZE(C ,C) ond,Q%.
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3.2. Nonlinear perturbation

By [16], there exists a unique parabolically convex solution v € C 0(@) (N C>*(Q3)) of

U5 —log (det(D*v)) =a in Q%,

From the interior estimates, for every § > 0, there exists some positive constant C = C(§) such
that for all (y, s) € QF, and dist,((y, s), 9, Q%) = &, we have

C'1<D*(y,s) <CI, |D’5(y,9)|<C, [Dvg(y,9)|<C, |Uss(y,$)|<C. (28)

Lemma 3.4. For some positive constant C dependent on n, sup f, inf f and meas{f — a}, we
1

R+ Rt
have
lv—T| <CR = in Q%.
Proof. Let
ST ={(y.s) € 0}y : (v —0)s(y,5) <0, D*(v — B)(y, s) > O}.
Since on ST,
det (D2 (v — 5)) < det (Dzv) ,
we have
—(v = D)y + log (detD2 (v — 17)) < —u; +log (det(Dzv)>
=—f(Ray'y, R%s),
and

F(Raj'y, R%s) = v, — log (det(Dzv)> <, —log (det(Dzﬁ)) —a.

By the Alexandrov—Bakelman—Pucci estimate for parabolic equations (see [15]), we have
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1

n+1
sup (v =) < max (v~ 9) +C (n) ( / — (v — D)ydet (D2 (v— a)) dyds)

*
oy P o+

1
n+1
<CWm) ( / exp{—(v — D)s}det <D2 (v— v)) dyds)

S+
1

—ew ( / exp{—(v —1); +log (det (D2 (v — 5)))}dyds) m,
S+

from which it follows that

T
sup (v —v) < C (n) ( /exp{—f (Ral—ily’ R%)}dyds)
oy o

1

detay n+t
=C (n) / exp{—f (x, t)}dedt

Iy (s7)

1

<Cm) R ( / expl—f (x, t)}dxdt)
(f=<a)

n+2

S CR7)1+1 .

Similarly, we can obtain that

n+2
sup (v —v) < CR n+1,
Oy
Lemma 3.4 is established. O

3.3. Rough asymptotic behavior

Let (¥, 0) be the unique minimum point of v on @, He (v(y,0), H) and m > 0. For sim-
plification, we will denote that
P3(0,0) := P5(D*0(y, 0), v5(7, 0), 0)
S5(0,0):=0,P(0,0)
P§(3,0) := P(D*5(3,0). 55(5,0). 7)
Si(3,0):=0,P5(y,0)
y

mPg(0,0) = {(y,s) e R - #) e P5(0,0)}
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mPg(3,0) :={(y,s) e R"*: ( 2)ePH<y,0>}

mQy = {(ys)eR”“( )eQH}

Lemma 3.5. There exist k and C, depending on n, co, Co, sup f, inf1 f and meas{ f — a}, such
R R

that for € = % H =209k gng 2k—1 < {/ <2k we have

/ !/

(5—cz——>2P1(y,0>crH<QH/>c(i+cz P30, Vk=E  (29)

Proof.

/ /

H . H
Fp(Qp)={v< ﬁ} ={(y,s) e Q1 v(y,s) < ﬁ}'

By Lemma 3.4, the level surface of v can be well approximated by the level surface of v:

p<d Ty C
V< — — v < V<
R pEE R? R R
and
C C o _ C C
——0 Sv(,0) - — 5 <v(,0) <9(0,0) <v0,0)+ — 5 = —5 30)
RntT R+t R+l Rutl
since v > 0 and v(0, 0) = 0. We also have that
C'1<D*(5,00<CI ¥(3,00<C", 31

and
1 3
[50y,5) = 53,00 = 555, 0)s = > (v = $HT D53, 00(y — )| < Cly — 5> +1sD?. (32)

for dist,((y, s), (3,0)) < & by (28) and Dv(y,0) =
It is clear by Proposmon 3.1 that

(1+€)k (1+e)k

H/
c 1ok < 2 s c2~k c27 7 <R<C2 7. (33)

Next we will prove the two relations in (29) respectively. On one side, we shall take a positive
constant Cy such that

H’ H’ C
(——012 TYPG.0C < 25— — ) (34)
Rn+1

For (y,S)G( 2% )2P1(y,0) we have
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/

T 2 H
Us(¥,0)s + = (y ) Doy, 0)(y — y)<——C12

?ek

/

_ H  3ek
ly =31 +1s| < Claz = C127 7).

Thus, it follows from (30) and (32) that

1
3(y,5) <0(7,0) + 05y, 0)s + E(y —HT D300y — ) + Cly — 3P + 15?2

H' ek H' gk 3
§E+R——C12 +C2(——C12 2)2
Rn+1
C H’

_ 3¢k An—3ek
STHwLﬁ—Cﬂ 2 4 CT2T 2K,
Rn+T

We can take C; = 1 + C* such that

2C w3 A+ 2k ek
<2Cn+1 2 2+t < 272
n+2 — ’
Rn+1

if k > ki, k1 large enough. Therefore, we obtain

Sy <€ LH e HC
U(y,s) < —5+ = <= -—0
Rt R R* Rt

and finish the proof of (34).
On the other side, we shall take a positive constant C, such that

H’ C H’

{E<F+F}C( 5 + 627 )2P(3,0).
n+l1

By using the fact

/

H
(3.0 e{v <

=t ,,+2}ﬂ<R2+czz )IP(5,0),

we only need to prove

H' H C .
(75 + 022 )ISI(G.0) C (0< 75 + —=1C

Rn+1

For (y, s)e( +C22 &5 )2S1(y 0), then

- 1 T N2 -, — _ H/ _ 3¢k
vs(y,O)s+§(y—y) D v(y,O)(y—y)ZFJrCzZ 7,
A

_ H _ 3k
ly =31 +1s| < Clgz +C2277).
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Take k> large enough satisfying for k > k»,

! 1

H
ly = 31° tisl<Cl +C22‘_) roch

Thus,

1
By, $) = 03,00+ 855, 005 + 5y = $T D20(3,0)(y — 5) — C(ly — 51+ Is])?

/

L C ¥ o
=T E TR 2 R2 2

C H/ 7@ /
Z-—mt o, 5+ C22 —C2(2 )

Rn+1

/

> _ Cﬁ o chiadek,

n+2 R2

Rn+1

We can take Cr =1 + 2%C4, then

2C me3 _ (Ho@m+Dk ek
> <2027 2 <2777,

nt2
R n+T

if k > kp, kp large enough. Therefore, we obtain
H’ 3k H’ C

_ C 3k
v(y,S)z—TﬁJrRerZ >—+ —5 -
Rn+1 Rn+1

In conclusion, if we take C > max{Cy, C,} and k= max{ki, kp}, then (29) holds. O

Proposition 3.6. There exist k and C, depending on n, co, Co, sup f, lnf f and meas{ f — a},
R’i+] Rn

such that for € = % H = 20+k gungok=1 < g/ < 2k e have
H' _
(— — CZ__)ZPl 0,00 cTy(@n) C (— + CZ__)2 P1(0,0), Vk=>k. (35
Proof. In order to obtain (35), we first show that

_ _ H _ ~1
90% 10500 ® C Ny (S5E.0), 0<H =230, 5 =CHL  G6)

and neighborhood N is measured by parabolic distance
1
distpl(y1,51). (v2, 521 := (Iy1 = y2I* + Is1 =22,

In fact, for (y,s) €0 Q*H—i- & 0)(v), by the Mean Theorem, we have
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H=10(y,5) - 5(7.0)
- 4 1 T Nn2=/./ —
=U5(y, s)s + E(y =¥ DUy, 0)(y —y)
> st iy—sp)
- 2C s yoy
/ / * S
where (y',s") € Qﬁ+ﬁ(y,0)' Writing
H=10(y,s) - (7.0)
o _ o 1 _ _ _
=03(3,0)s + (05(y, s") — 05(3,0))s + E(y - »I'D*0(F,0)(y - ¥)

1
+5@—w%D%@u»—D%@ﬁ»@—@,

for (y,s) € 00%

HH(%O)(U), then

7= (s 1 T 125 =
|H — vs(y,0)s — E(y—y) D7u(y,0)(y — y)|
1
=Km@Jﬁ—m@ﬂ»w+;y—@%D%@wn—D%wﬁ»@—yn

<Cls|+Cly -y
<CH.

For any (y, s) € 8Q’;_~1+6(y 0)(1_)) and any (¥,5) € S5(¥,0), by the above inequality, we have

S L 1 s, _ ~
Wﬂi®S+EW—yVD%@JMy—w—WALWS—EU—yVD%@JWy—yNSCH.

For s =7, take ¥, ¥, y on the same line / with y and y on the same side of the line / with respect
to y; rotating the coordinates again so that [ is parallel to some axis, we have

17 =3P =1y =3Pz 1y =51
Then

-5 —ly—5P=cil

2C - ’
In fact, there exists an orthogonal matrix O such that D217(§, 0) = OTdiag{)q, -+, A}0, and
the length of a vector in Euclidean space is invariant in orthogonal transformation.

Therefore, we obtain

ly—5*<CH.
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Similarly, for y =,
|55(3, 005 — 55(3, 0)s| < CH.
So we get
ls -5 < CH.

This completes the proof of (36).
Next we estimate the distance between (0, 0) and (y, 0). By Lemma 3.4, we have

0=<v(0,0) —v(y,0)
= (v(0,0) —v(0,0)) + (v(0,0) — v(y,0)) + (v(y, 0) — v(y, 0))

n+2

<2CR n¥1,

s0 (0,0) € O* w42 (v), and by (36) (taking H= 2CR_%), we have
0)

2CR™ nH +i(3,

Q"

_n+2
a2 () C N5, (S _u2(5,0)), 8 <CQRCR w1)1/2,
2CR™ n+1 4i(¥,0) 2CR n+l

thus we obtain
151 = dist,((0,0)., (5, 0)) < CRQCR™w+)1/2.

So by (29), we have for k > k

! 3¢k ¢

H _ 3¢k 3 —nt2 1 H
(F_C32 2 —2C°R n+l)2P1(O’O)C{U<ﬁ}

/

H _ ek 3,042 1
C(E+C32 2 +2C°R »1)2P1(0,0).

ek n+2 —
Since Z_ST > R_ﬁ and letting C = C2? + (3, then we can obtain (35). O
Proposition 3.7. There exist positive constants k C depending on n, co, Co, sup f, inf1 f
R+ R
and meas{f — a}, some real invertible upper-triangular matrices {Ti}; -7 and negative number
{tk} g7 such that

n —log (4T ) =a, LT, —11=C2° %, Juz —11=C27%, @7
and

(1= C2~TWHP((I, —1,0) C S3(Qp) € (1 + C2~)WH' P (I, —1,0),
VH' e[2K1, 2K, (38)



364 B. Wang, J. Bao / J. Differential Equations 259 (2015) 344-370

where Xy = (T, —tx). Consequently, for some invertible upper-triangular matrix T and T <O,
~ ek ~ €k
t—log(det(TTT)>=a, ITi =T <C2~F, |g—t|<C2%. (39)

Proof. Let H = 2119k and Zf_l < _H’ <2k, By Proposition 3.6 and the definition of 'y, there
exist some positive constants C and k depending on n, a, cg, Co and f such that

(H' —C2% R%)2 P,(0,0) C (ay, id)(Qp') C (H' +C2~% R%)2 P,(0,0), Vk > k.
Since
/
C—12—6k < i < C2—€k’
we can obtain
(1 —CC2=7)2VH P,(0,0) C (ay, id)(Qr') C (1+CC2-7)2H P, (0, 0).
In conclusion, if we take C and Elarge enough, then
(1= C2~F)WH'P(0,0) C (an, id)(Qp) C (1+C2-F)»WH P (0,0), k>k. (40)

Let Q be the real symmetric positive definite matrix satisfying 0%?= 070 = D?*i(y,0) and
O be an orthogonal matrix such that

Ty := OQapy is upper-triangular,

and we also define t; = v5(y, 0) and ¥y = (T}, —7%). Clearly,

7 — log (det(TkT Tk)> — 5,(3,0) — log ((detaH)2detD2a(y, 0)) —a,

and Pl(lv _110) = (OQ’ _Tk)Pl(0,0)
From (40), we have

(1 —C2~5)\WH P\(I,—1,0) C S1(0p) C (1 +C2~)WH P (I, —1,0), k>k,

that is (38).
By taking H =219k g’ =2kl and H = 20+9*=D g’ — 2k=1 we can obtain

(1= C2~T)W2k-1P(1, —1,0) C S(Qe1) € (1+C2HW2A-1P (1, —1,0), (41)

ek

T )21 P (1, —1,0) C Sh_1 (0 1) © (1 4+ C2~ )W 2k=1P (1, -1,0),
(42)

(1-C2~

respectively. Then
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e(k

(1= C2~ T Wk T 57 Pi(l, —1,0) € Si(Qoic1)

ek

C (1402 T )Wk s Pl —1,0),
(43)

by taking k sufficiently large. Similarly,
(1-3C2-7)Py(I,—1,0) C S5 Py (1, —1,0).
So by taking k sufficiently large, we have
(1=3C277)P (I, —1,0) C S 3 Py(1,—1,0) € (1+3C2~T)Pi(1, —1,0).
Since X Zk__ll is still upper-triangular, we apply Lemma 2.1 (with U = X Zk__ll) to obtain that

ek

IZesl, — I <Cm)y3C2~7 <C2°%.

Estimate (37) has been established. The existence of 7', t and (39) follow by elementary consid-
eration. [

We can deduce from (38) and (39) that on one side,

$(0n) — S0y C C2~FVH P, —1,0),
2(0y) C (1 4+2C2-WH PI(I, —1,0),

and on the other side,

Sk (Qu) — 2(Qu) € C2FVHP(I,—1,0),
(1 —2C2~F)WH P\(I,—1,0) C S(Qp).

In particular, if we take H' = 2, k > %, then
(1 = 2CH)"HVH P\(I,=1,0) C {(v,s) e R u(T 1y, —%) < H)
c 1+2CH)"HVH P/, -1,0).
So we have
(1= 20@@ ™y =) D@y =2) < =5+ %mz

-~ S € R
<(1+2Cw(T™ "y, —;))7)2u<T*‘y, -2,
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—AC (T ™y, = 2)1=5 — 4B (T "y, =)' 8
T T
-1 s L
<u(T 'y, =2) = (=s + =|yI»)
T 2
<4Cu(T 'y, —2)'=5 — 4Ty, —2)1-5,
T T

Thus

€

_ K 1 =2 B S 4
u(T 'y, =2) = (=s + = lyH| < C (T 'y, —=)' 3.
T 2 T

Consequently, by the fact C~lu(T "y, —3) < %|y|2 — s, we obtain

- s 1 1 4
u(T~ly, =) = (= + 5D < CGHP =97, (9 €RETN Pl 7,0).

Let us define w(y, s) = u(T 'y, s); then
ws — log (det(Dzw)) — log (det(TTT)> ta=1, (y,5)eR"™\ Py(l,7,0),
where £(Qp) := (T, id) Oy and

lw(y,s) — (s + %|y|2>| < c<%|y|2 )T, (o) eRMN\ Pl 0. (44)
We call the above inequality the asymptotic behavior of w.
3.4. Explicit asymptotic behavior
In this section, we will obtain the explicit asymptotic behavior of w.

Proposition 3.8. There exist beR", TeR and some positive constant C depending on n, cy,
Co, sup f, inf f and meas{f — a} such that
R’l+l RnJrl

[l

>~ ~ - —n=2
S by A=A+ DT, (0,9 €RET P, 7,0).

lw(y,s) — 15 —
Proof. Let

2
809 = () — (s + 20, (5 R Pl 7,0),

and by (44) and Lemma 2.3,

1 e
ID2g(y, )| + lgs (v, 9)| sc<§|y|2—s> g
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It follows that
~ . 1
g —@;Dijg =0 IR\ Ppyi(1,7,0), (45)

where (@ (y, s)) = [y (I +6D%g)~"d6.
Let e € R” be a unit vector; now we apply Ds, D, and D,, to the following equation

g —log (det(/ + D*)) =0, in R\ Py(1,7,0),

in view of the concavity of log(det), we have

(8)s — BijDij(g,) =0, inR™\ Py (l,7,0), (46)
(Deg)s — BijDij(Deg) =0, inR™\ Py (1,7,0), (47)

and
(Deeg)s — Bij(Deeg)ij <0, inR™\ PLi(1,7,0), (48)

where (B;;) = (I + D*g)~!. We claim that
1 2 _€
|Bij—3ij|§C(§|y| —s) 4.

In fact, let A1, A2, - - -, A, denote the eigenvalues of D2g; then

1 = [ Al
14+ A; 1+ A0
[ Al

L=l

[il=t =17
1

GIP=9
C

1

E 1 1
QP-4 GlyP-s)e/4
C 2C

<c(spP B
Z — ,
= 3 y
this completes the proof of the claim.
By Lemma 2.2, for such coefficients, there exists a positive solution G (y, s) of

Gy — BijD;;G=¢""(1+ |y 2! (—T(1+|y|2)2+n(n—2)>20 inR*™ (49)
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By (46), (48), (49) and the maximum principle, we have

—2,(3,9) <G(y,9) < Ce™™ (1 + [y, (50)
and
Deeg(y,$) < G(y,8) < Ce ™ + [y 7. 51)
Thus
ID%g(y, )| <Ce (1 + [y~ "7

Then for 1 < m=n, there exists Zm € R satisfying D, g(y, s) — l;m — 0, as |y|2 —s5 — 0 (see
[18]) and D, g — b, satisfies

(Ding — bm)s — Bij(Dmg — bm)ij =0, (v.5) e R\ Py (1, 7,0),
from (47). Let b= (51, 52 e Zn)T; so we can also deduce from the maximum principle that
IDg(y.s) =Bl < Ce ™ (1+ |y ~"T

by combining (49).
Similarly, there exists ¢ € R such that

~ ~ — _n=2
lg(v.s) =By =l <Ce (A +1yH)7 7, V() eRN\Pyi(l,7,0). O
3.5. Finishing proof of Theorem 1.1

Proof. Since w(y,s) =u(T "'y, s), then letting x = T~ 'y and ¢ = s, by Proposition 3.8, we
have

xI'TTTx

- . L ,
5 BT Tx — & < Ce (1 + x]P)7, Sl = 1 is large enough.

lu(x,t) —tt —

By taking A=TTT,b= TTh, ¢ =T, we have

T Ax

—n 1
lu(x,t) — vt — —blx —cl<Ce ™1+ |x|2)27, EMZ — ¢t is large enough. (52)

If t* <t <0, then by (52), we have

xT Ax

u(x,0) =1t + +bTx+c+0(x7™), |x|—> o0, t* <1 <O.
If t < t*, by defining

W, t) =u(x,t+1t*) inR'L
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we have that co <u} < Cp in R

u —log (det(Dzu*)) — f, 141 =a inR™!

and
xT Ax

lu*(x, 1) —t(t +1%) — 5

L1
—bTx —c|<Ce (1 + xH) ", S =1 = +oc.
Now we define

xT Ax

E*(x,t):=u*(x,t) —1(t + %) — —bTx—c,

then
E*(x,t)— 0, as %lez —t— +o0.
Since
Ef — ;D E*=0 inR""
where

1
@ij) = / OD*u+(1—6)A)~de,
0

by the maximum principle, E* =0 in R e,

T
A
urx, )=t +1t*+ % +bTx+c inRL

In conclusion, u(x, t) = vt + )‘T% +bTx+c—*in R O
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