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Abstract

Longtime behavior for the occupation time of a super-Brownian motion with immigration gov-
erned by the trajectory of another super-Brownian motion is considered. Central limit theorems
are obtained for dimensions d > 3 that lead to some Gaussian random fields: for 3 <d <5,
the field is spatially uniform, which is caused by the randomness of the immigration branching;
for d > 7, the covariance of the limit field is given by the potential operator of the Brownian
motion, which is caused by the randomness of the underlying branching; and for d =6, the limit
field involves a mixture of the two kinds of fluctuations. Some extensions are made in higher
dimensions. An ergodic theorem is proved as well for dimension d = 2, which is characterized
by an evolution equation. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and main results

A variety of limit theorems have been proved for Dawson—Watanabe superprocesses.
Dawson (1977) obtained a spatial central limit theorem for the stationary state of
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an (o,d, f)-superprocess with underlying dimension d > o/f. Iscoe (1986a) proved
central limit theorems for the associated weighted occupation time process in the same
situation, and right norming a,(¢) for the occupation time fluctuation is #/* for d =
3, (tlogt)'? for d =4, and t'/%> for d > 5, where d = 4 is the critical dimension.
Immigration structures associated with Dawson—Watanabe superprocesses have been
studied by several authors; see Gorostiza and Lopez-Mimbela (1990), Li (1992, 1996),
Li and Wang (1999) and the references cited therein. Limit theorems for immigration
processes were studied in Li and Shiga (1995), where the immigration is governed by
a deterministic measure.

Superprocesses in random medium have received much attention in recent years,
see, for examples, Dawson and Fleischmann (1997), Mytnik (1996), etc. Stimulated
by the work of Dawson and Fleischmann (1997), who studied a super-Brownian mo-
tion with random branching mechanism governed by another super-Brownian motion,
Hong (2000a) and Hong and Li (1999) considered a super-Brownian motion X with
immigration governed by the trajectory of another super-Brownian ¢ motion (SBMSBI,
for short), denoted it by X°¢.

In the present paper, we will consider the occupation time process of the super-
Brownian motion with super-Brownian immigration (SBMSBI). A central limit theorem
is obtained for d > 3 that leads to some Gaussian random fields: for 3 < d <5, the
field is spatially uniform; for d > 7, the covariance of the limit field is given by the
potential operator of the underlying Brownian motion; and for d = 6, the limit field
involves a mixture of the two kinds of fluctuations, which exhibits a departure from the
phenomena in the existing models. The right norming ay(¢) is #'°=9/* for 3 < d <6,
and is ¢ for d > 7, which reveal that the random immigration “smooth” the critical
dimension in the sense that there is no log term.

In particles picture, there are two kind of particles in our model: one is the under-
lying particles governed by X, the other is the immigration particles governed by g
which undergo as the underlying particles when they immigrate into the system. With
our chosen norming, only the immigration particles contribute to the limit behavior: in
higher dimensions (d > 7), the contribution of the randomized immigration particles in
the asymptotic behavior is the same as the deterministic immigration particles (Propo-
sition 1.1), i.e., the randomness of the underlying (governed by X) contributes to the
limit; in lower dimensions (3 < d < 5), the randomized immigration particles make
the contributions, i.e., the randomness of the immigration (governed by g) contributes
to the limit (Proposition 1.2); and in dimension d =6, it is interesting that both of the
two kind of fluctuations contribute to the limiting behavior.

Although there is no non-degenerate central limit theorem for dimension d = 2, by
analyzing the related evolution equation, we proved an ergodic theorem.

Let C(R?) denote the space of continuous bounded functions on R?. We fix a
constant p > d and let ¢ ,(x):=(1 + |x|*)~7? for xeRY. Let C,(R?):={f € C(R?):
| f(x)] < constg ,(x)}. In duality, let M,(R?) be the space of Radon measures p on R?
such that (u, f):= [ f(x)u(dx) < oo for all f € C,(R?). We endow M ,(R?) with the
p-value topology, that is, s — p if and only if (u, f) — (u, f) for all f € C,(RY).
Then M p(IRd) is metrizable. Throughout this paper, 4 denotes the Lebesgue measure
on RY.
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Suppose that W = (w;,t > 0) is a standard Brownian motion in RY with semigroup
(Pi)i»0. A super-Brownian motion X = (X;,0,) is an M p(R" )-valued Markov process
with Xy = i and the transition probabilities given by

Eexp{_<)(l’f>}:exp{_<:urn(ty)>}s fEC;(Rd)a (11)
where n(-,-) is the unique mild solution of the evolution equation

(1) = An(t) — n?(1),

n(0) = f. (1.2)
Let {g(z,-): t = 0} be a continuous C;(Rd )-valued path such that for each a > 0 there

is a constant C, > 0 such that g(¢) < C,¢, for all £ €[0,a]. The weighted occupation
time of the super Brownian motion may be determined by

Eexp(— /O <Xs,g(s)>ds) =exp{—(m(0,1,)}, [ €C; (R, (1.3)

where m(0,-,-) is the unique mild solution of
m(s) = Am(s) — m*(s) +g(t —s), 0<s<t,
m(0) = 0. (1.4)
See e.g. Iscoe (1986a).
Suppose that {y,,z >0} is an M p(IR{d )-valued continuous path. A super-Brownian

motion with immigration determined by {y;,¢ > 0} is an M p([F\Rd)-Valued Markov pro-
cess X7 = (X/,Q};) with transition probabilities given by

Eexp(—()(,V,f')):exp{—(,u,n(t,-)> _/O<ysan(t_sa')> dS}’ fEC;(Rd),

(1.5)

where n(-,-) is given by (1.2); see e.g. Dawson (1993), Dynkin (1991) and Li and
Wang (1999).

Based on (1.3) and (1.5) it is not difficult to construct a probability space (2, #,Q)
on which the processes {g,: # >0} and {X°: ¢ > 0} are defined, where {g,: ¢ > 0} is
a super Brownian motion with g9 = 4 and, given {g,: t > 0}, the process {X;: t > 0}
is a super Brownian motion with immigration determined by {g, : # > 0} with X = /.
By (1.3) and (1.5) we have

Eexp{—(X¢, )} = E[Eexp{— (X, ) }[{o(es.s <D)}],
:Eexp {_<}“’n(t")> - /I<QX’n(t _Sr')> ds} 5
0
:6Xp{—</1, n(ta')> - </L m(ta'»}s (16)

where m(-,-) is the unique mild solution of the equation

m(s) = Am(s) — m*(s) + n(s), 0<s <1,

m(0) =0 (L.7)
and n(-,-) is the mild solution of Eq. (1.2).
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The process {X: t > 0} is what we call super-Brownian motion with super-Brownian
immigration (SBMSBI), for details, see Hong and Li (1999). Let

t
Yﬁ:/des (1.8)
0

be the occupation time process of SBMSBI in the sense that (Y7, f):= fot (X, f)ds,
where f € C}(R?).

To distinguish the effect of the two kind of branching in the model SBMSBI, we will
consider the situation which the branching rate of X and ¢ are the positive constant
ky and k,, i.e., the branching functional of X and ¢ are yx(z) = k2> and W(z) = kz?
respectively. By (1.3) and (1.6), we know that the Laplace transition functional of Y}
under Q is given by

Eexp{ <Yt~7 >} = exp{—(),, U(tv )> - <)“s u(t9 )>}’ (19)
where u(-,-) is the mild solution of the equation
u(s) = Au(s) — ki’ (s) + v(s), 0<s<t,

u(0)=0 (1.10)
and v(-,-) is the solution of the equation

i(t) = Av(t) — kv’ (1) + f,
v(0) = 0. (1.11)

Here is the position to state our main results. Let #(R?) be the space of rapidly
decreasing, infinitely differentiable functions on R? whose all partial derivatives are
also rapidly decreasing, and let .#/(R?) be the dual space of .#(R?). We define the
S"(R?)-valued process {Z%: t > 0} by

(2 )= aa) 7Y f) = B ), €S (RY), (1.12)
where ay(t) = t19"/* for 3 <d <6 and ay(t) =t for d > 7. Then we have

Theorem 1.1. For d = 3, Z? converges in distribution to a centered Gaussian random
variable Zo, in &' (R?) with covariance

Cov({Zoos )5 (Zoor9))

k2Cd<i,f></1,g>, 3 < d < 5»
oy / dh / an’ /R FONPnd(3) Ay + aCalis f)(ng)s d =6,
kl/ dh/ dh'/ FONPriwg(y)dy, d>1.

where f,g€ % (R%), and

_ / 4=d/2 g / / / dh / [27(2 — hr — K'Y di

is finite for 3 <d <
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Remark 1.1. For 3 <d <5, we actually have Z,, = {4, where A is the Lebesgue
measure on RY, and { is a centered Gaussian random variable in R with variance Cj.

In higher dimensions (d = 7), the contribution to the asymptotic behavior of the
randomized immigration particles is the same as the deterministic immigration parti-
cles. To see this, let X* be the SBM with deterministic immigration governed by the
Lebesgue measure 4, and Y* be the occupation time of X*. The Laplace transition
functional of Y*is determined by

Bexp{~(17. 1} =exp { (st — [ Gurtsas)

where v(-,-) is the mild solution of Eq. (1.11). Let Z* be defined by (1.12) with ¢
replaced by 4, then we have

Proposition 1.1. For d > 7, both Z/ and Z¢ possess the same limiting field as t — oc.
I

In lower dimensions (3 < d <5), the randomized immigration particles make the
contributions, i.e., the randomness of the immigration (governed by ¢) contributes to
the asymptotic behavior. To this point, we can find a functional of g, which acts as
Z? in longtime behavior. Define Y; by

(Y, =) /O [ <o / “h dr> ds,

and let
(Zo f)=aa)" (Yo /) — E(Yi, )], [ €S R,
with the same norming ay(¢) = t(1°=9/4 for 3 < d < 5, Then we get that

Proposition 1.2. For 3 <d <5, both Z, and Z? possess the same limiting field as
t — o0.

Although there is no non-degenerate central limit theorem for d < 3, by analyzing
the related evolution equation, we prove a weak ergodic theorem for d =2.
Theorem 1.2. Let d =2, then as T — oo
T2YE — &) (with respect to Q),

where & is a non-negative, infinitely divisible random variable whose Laplace trans-
form is given by

Eexp{—0&} = exp{— (L, w(1,-;0))}, (1.13)
where w = w(t,x; 0) is the mild solution of the evolution equation

W(t) = Aw(t) — kow?(t) + Ogq,,

w(0) =0, (1.14)
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where qt(~):f0t p(s,-)ds, and p(s,x) is the transition density function of the standard
Brownian motion.

Theorem 1.1, Propositions 1.1 and 1.2 will be proved in Section 2; Theorem 1.2
will be proved in Section 3; and some extension is made in Section 4.

2. Proof of Theorem 1.1

Now we proceed to the proof of Theorem 1.1. In what follows, C will denote a con-
stant which may take different values in different lines. Let f,=as(t)~'f, f € L (RY)".
Let u,(,-) and v,(+,-) be the mild solutions of evolution Eqs. (1.10) and (1.11), re-
spectively, with f* being replaced by f7, i.e., u;(:,-) and v,(-,-) satisfy

u(r,x) = / Pr_su(s. @) ds — ky / Pr_i}(s,)(x)ds, t>r>0. @.1)
0 0
and

v(r,x) = /Or P fi(x)ds — k /Or P,,Svtz(s,-)(x)ds, t=r=0. (2.2)

Lemma 2.1. E(Y?, ) =t(4, f) + 32(0, f).
Proof. This is a simple calculation based on (1.9)—(1.11). O

Remark 2.1. By (1.9)—(1.12) and Lemma 2.1 we get the Laplace transition functional
of Z,, t = 0 under Q

E X _Ztg, = X k t)».,[ ,'2 d k td ' A, t ,'2 d
ep{ < f>} ep{1/0< U(s )> s + 1/ S/</LU(V)> 7
t;"7 t "2 }a .
‘C2/< M(S )>dS (23)

where v,(-,-) and u,(-,-) are the solutions of (2.2) and (2.1), respectively. The first
term in the bracket of the right-hand side of (2.3) is caused by the underlying particles
with branching of X;, the second and the third terms are caused by the immigration
particles. From Eq. (2.2) and by a simple calculation, we have

/0 (Z,vi(s,)?) ds < aq(t) 2 /0 dS/O dr/o ar /R F)Prir f(¥)dy — 0,
(2.4)

as t — oo when d > 3. We could see the underlying particles with no contribution to
the limit behavior. How do the immigration particles contribute to the limit behavior?
We will see that by calculating the limit values of the last two terms in the bracket of
the right-hand side of (2.3) as ¢ — oo by a series of lemmas.
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Lemma 2.2. Let

Ayt )= ag(t) 2 /Ot ds/os <z, </0rthdh)2> dr.

Then we have
0, 3<d<5,

lim 4 (t’f): oo oo
Jim Aq /0 dh/o dh’/Rd FOVPraw fO)dy, d > 6.

Proof. It is easy to check that for any f € .%(RY)*, we have
[P f]| < C(LAs™). (2:3)
When 3 <d <5, one has

t S r r
lim Ag(t, f) = lim aq(t)~2 / ds / dr / dx / P, f(x)dh / Py f(x)di’
t—o00 t—00 0 0 R 0 0

t S r r
lim ay(1)~> / ds / dr / dh / dn’
(=00 0 0 0 0

x/Rd/de(mh,y—y)f(y)f(y)dydy

~ lim a,(1)°? / ds / L / " dh / " aw / SO () dy
—00 0 0 0 0 R

t S r r
lim Cag(t)™2 / ds / dr / dh / (A (h4+ K=Y dl' (4, f)
—oe 0 0 0 0
=0

as t — oo. Similarly, when d > 6, we use I’Hospital’s rule to get

t S r r
tim dg(e )= fim a2 [ as [ar [Can [ [ popss oy
—> — 0 0 0 0 R4

_ /0  dh /0 © /R SO S (),

is finite as desired. [

N

Lemma 2.3. Let d > 3,

ea(t):=Au(t, f) — /t ds /Su., v(r,-)?) dr
then lim;_ o &4(¢t) = 0. 0 0
Proof. From Eq. (2.2), we know that

vi(r,a) </ Pyfia)ds, 0<r<t
0
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and then &;4(¢) is non-negative, applying (2.5), we have

cores o [ ([ s [ [ -ontr ] o

e (o] [ ([ rnm) ]

o [ [ [ [Caw [ e enons o)
([ p,fdz)z @dpas

<20 [[as [(or [[an [ [ £ ( [ szdl) (=)
<2ca0” [ as [Car [Can [0naswy oo

<[ [Far [ repinees
<2caw” [os [ar [Can [[unoeny o

<[ ar [unasry e

— 0,

as t —oo. [

Remark 2.2. From Lemmas 2.2 and 2.3, we get

t S
lim k; / ds / (Av(r,-)?) dr
t—00 0 0

0, 3<d <5,
k / dh / i //(y)Phwf(y)dy, d>6.
0 0 R

We could see that with our chosen norming a;(#), the second terms in the bracket
of the right-hand side of (2.3) contributes to the limit behavior only in the higher
dimension d > 6.

(2.6)

Lemma 2.4. Let

t s r 2
Ba(t, ) = aq(t) ™2 /0 </1, [ /0 P_, /O P, fdhdr} >ds.
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Then we have
Ca(l, f)?, 3<d <6,

o0 0, d=17

where

_ / 4=d/2 g / / / dh / [27(2 — hr — K'Y i

is finite for 3 < d <

Proof. We first observe that when 3 <

Bd(f,f):ad(l)_z/ < [/ dr/ o r+hfdh] >dS
=ay(t)"? /Ot ds/Rd dx [/O dr /OrPS,H,f(x)dh}
x l /O " /0 " Povin f(x)dh’]
:ad(t)_z/ot ds/os dr/or dh/os dr’/orl di’

<[ / P25 —h— oy — ) f()f() dydy
R4 JRA
1 1 1 1 1
:ad(t)*ztsfd/z/ u4*d/2du/ vdv/ v’dv’/ dw/ dw’
0 0 0 0 0
X / / 272 — vw — v'w)] 79
Rd Rd

xexp { (- y’)2

= Cal 1),

} SOV dydy

as t — oo by Lebesgue’s dominated convergence theorem, where

1 1 1 1 1
C; = / w2 du/ vdv/ v du’/ dw/ [27(2 — ow — VW)~ dw’
0 0 0 0 0

is finite for 3 <d <6, and in the fourth step we used the change of variables
S=tu, r=tuv, r' =tuv', h=tuvw, h' = tuv'w’.
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When d > 7, using (2.5) we have

Bultf) = autey? | s / dr / " / ! / " [ 10Pscsryay

t S r S 7
< Cad(t)_z/ds/ dr/ dh/ dr’/ [LAQs—h—H)"921dH (1, 1),
0 0 0 0 0

which goes to zero as ¢t — oco. [
Lemma 2.5. Let d > 3,

na(t):=Ba(t, f) — /0 t(z, u(s,-)*) ds.
Then lim,_, o, n4(t) = 0.

Proof. We first note that

na(t) = {/Ot </1, {/OSPS_r /Orthtdhdrr>ds/01 <A, [/OSP_q_rvt(r,‘)dr} 2> ds}
+ {/Ot <,1, |:/05Ps—rvt(r,-)dr:|2> ds — /Ot<i»uz(s,~)2>ds}

=1y (0 + 01 (0).
From Eq. (2.1),

u(r,a) < / P _vi(s, )a)ds, 0<r<t
0

then both nfi])(t) and 11512)(1) are non-negative, by use of (2.5) we get

t S r S r/
o<z [ as(z [ X Pwhf,dh} [ o [ pewuran
0 0 0 0 0
t s r s 7
:2/ds/dr/dh/dr’/ dn’
0 0 0 0 0
x / / pQs —r+h— Ky —2)f (k.2 dydz
R4 JRA
t S r S r t 2
<2 / ds / dr / dn / d’ / dn’ / Pos_rin—i f1(2) [ / sztdl] (z)dz
0 0 0 0 0 R4 0
t s r s v
<2Cad(t)_3/ ds/ dr/ dh/ dr’/ [1AQ2s+h—h)91dn
0 0 0 0 0

t t
x/ dl/ [LA(I+ 1)~ 921dr
0 0

— 0,
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as t — oo, and from Egs. (2.1) and (2.2) we have

0y (1) < 2/0t ds <)v, U)X Ps_v,(r, -)dr} {/OS Py () dr’]>
< 2/; dS<i, [/OP (/Orthtdh> dr}

. ! 2
X / Py / Po_wu (W) dR | dr
0 0
t S r S I‘/ l'l 2
:2/ds/dr/dh/dr’/ Prs—rinfi(2) / dh’/ P f,dl| (z)dz
0 0 0 0 R 0 W

t S S r
<2Cad(t)_3/ ds/ dr/ dr'/ [1A G+ +h)~1dh
0 0 0 0

t t t t
x/ dh’/ dh”/ dl [ [IA(+1)"97dr
0 0 h’ "
—0

combining the above yields a proof. [J

Remark 2.3. From Lemmas 2.4 and 2.5, we obtain

' kaCa(A, f)?, 3<d <6,
lim k> / (Douy(s,-)?) ds = o (2.7)
=00 " Jo 0, d=>1.

We could see that with our chosen norming a,(¢), the third terms in the bracket of the
right-hand side of (2.3) contributes to the limit behavior only in the lower dimension
3<d<e.

Proof of Theorem 1.1. Combining (2.4), (2.6) and (2.7) with (2.3) and the discussions
in Theorem 5.5 of Iscoe (1986a), we get the desired result. [

Proof of Proposition 1.1. By the definition of Z/, we have

t t S
Eexp{—(Z', f)} = exp {kl / (2, 0%(s,))ds + Ky / ds/ (2, 0%(r, ")) dr} ,
0 0 0
where v(-,-) is the mild solution of Eq. (1.11). For d > 7, the results followed from
(24) and (2.6). O

Proof of Proposition 1.2. Let F(s) = ay(t)~" Ot_s P, f dr, by the definition of Z,, we
have

t
0

Eexp{—(Z, f)} = exp {kz/ (2, u*(s,-)) ds) dr} ,
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where u(s,x) is the solution of the equation
u(s,x)= /OtPt_sF(t —s)ds —k /Ot P (s, )(x)ds, 0<s<t
Then for 3 < d < 6, the results followed from Lemmas 2.4 and 2.5. I
An immediate consequence of Theorem 1.1 and Lemma 2.1 is the following
Corollary 2.6. For d >3 we have t72Y? — %i in probability.

Remark 2.5. This ergodic theorem leads to investigate the large deviation principles
in Hong (2000Db).

3. Proof of Theorem 1.2

In this section, we proceed to the proof of Theorem 1.2. Let ur(t,x) and vy(z,x) be
the mild solutions of the Eqgs. (1.10) and (1.11), respectively, with f being replaced
by T2/, ie.,

ur(t) = Aur(t) — kub(t) +or(t), 0<t<T,

u(0)=0 (3.1)
and

ir(t) = Avr(t) — kivp(t) + T72f, 0<t<T,

v(0) = 0. (3.2)

Let wy(t,x):= Tup(Tt,T"?x) and o7(t,x) := T?vp(Tt, T"?x). From (3.1) and (3.2) we
could verify that wy(¢,x) and 07(¢,x) satisfy the following equations, respectively:

wr(t) = Awr(t) — kawp () + 57(0), 0<t<T,
w(0)=0 3.3)
and
br(t) = Avr(t) — i T'55() + TA(TY?), 0<t<T,
5(0)=0. 3.4)
In the following lemmas, we firstly consider f € C,(R?)* such that (Z, f) = 1.

Lemma 3.1. Let d =2, 1> 0. Then we have

t X t S
lim dsP,_, / PTf(T"?))(x)dr = / ds / p(t —r,x)dr,
0 0 0 0

T—o0

in L*>(R?, 1) and pointwise uniformly in t € [0, 1], where p(t,x) is the transition density
function of the Brownian motion.
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Proof. First of all, we note that

/t dsP,_ /xP,[Tf(T'/z.)](x)dr
0 0

_ /0 s /0 - /R Pl rx =T () dy (3.5)

which converges pointwise as 7 — oo by Lebesgue’s dominated convergence theorem,
because p(s + r,x — T~'2y) is dominated by [2n(s + )]™" and [; ds [} " [27(s +
] dr < oco.

Noting (4, /) =1 we have

/0’ ol /OSP’[Tf (e | ds / (i~ rx)dr
/ot s /OS /Rz plt—rx—T"2y)f(y)dydr
B /0 ds /0 /R Pt = rx)f () dydr

2

:/ [/’ ds/s [p(t—r,x—Tfl/zy)_p(t—r,x)]f(y)dyd,, dx
R? 0 0 JR2

_ /0 "ds /0 T /0 Ca /0 o /R f)dy /R 0H

x / [p(s + rx — T723) — p(s + rox)]
RZ

2

L2

2
L2

x[p(s' + 7', x = T7'2y") — p(s' +#/,x)] dx

</ ds/ dr/ ds’/ dr'/ f(»)dy
0 0 0 0 R

X/ FONps+s +r+r, Ty -T2y
R?

—p(s+s +r+r, T2y = p(s+5 +r+7,T712y)
+p(s+s +r+7,0)]dy — 0,

as T — oo by Lebesgue’s dominated convergence theorem, because the integrand is
dominated by 4p(s +s" +r ++#/,0) and

T T—8 T T—s
/ ds/ dr/ ds’ / [4p(s+s +7r+7,0)]dr
0 0 0 0

is finite when d =2. 0O
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Lemma 3.2. Let d =2, © > 0, then we have

t t S
lim / P, 0(s, - )(x) :/ ds/ p(t —r,x)dr,
T—o0 0 0 0

in L*(R?, ) and pointwise uniformly in t € [0,1], where p(t,x) is the transition density
function of the Brownian motion.

Proof. The mild form of Eq. (3.4) is
t t
ET(t,x):/ PS[Tf(T1/2~)](x)ds—k1T_l/ Pt (t —s,-)(x)ds. (3.6)
0 0
Then
t t S
gT(t,x)::/ Pt_sET(s,~)(x)f/ ds/ p(t —r,x)dr
0 0 0

_ t | s 2. B t s B
{/0 dsP,_é/0 P.ITfF(T7)](x)dr /0 ds/o p(t r,x)dr}
— k77! [/Ot dsP,_, /O P,ﬁT(s—r,-)(x)dr]

= g7 (1) — hgy (6).
Note that by (3.6), (3.5) and (2.5), one gets

t S r 2
¢ (1) < T / ds / P, { / Ph(Tf(T”z'))dh] (x)dr
0 0 0
*1/ ds/_s [2n(s+r)]*1dr/ dh/t dn’
0 0 0 0

/Rz /R pCh+ W, T2y = T7122) f() () dydz

/ds/ [2n(s + )]~ /dh/ R2n(h+ k)]~ di

as T — oo. Combining with Lemma 3.1 we get the pointwise convergence of gr(z,x).
One has

lgr(e)lI7: < Clgy @Iz + g7 (10 72). (3.7)
By (3.6) and calculations we have

t S r 2 2
ool <72 [ | [as [ pe [ / Ph(Tf(T”?))dh} (x)dr
& |Jo 0 0
t t—s t t—s’
_2/d5/ dr/ds’/ dr’/ / ps+r+s+r,y —z)
o Jo 0 0 R JR

dx
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r 2 r’ 2
X [/ Ph(Tf(Tl/z'))dh] ) / Pl(Tf(Tl/z'))dl] (z)dydz
0 0

<r? /T ds/f_s dr/T ds//r_s Ra(s+r+s +r)] " dr
0 0 0 0
U dh/z [27r(h+h’)]1dh’] [/ dl/T [2n(l+l’)]ldl’}
0 0 0 0

as T — oo. Then from (3.7) and Lemma 3.1, we are done. [

X

— 0,

Lemma 3.3. Let d =2, wy(t,x) be the mild solution of Eq. (3.3), i.e.,
Wwr(t,x) = Awp(t,x) — kyw(t) + 7(t,x),

wr(0) = 0. (3.8)

Then w(t,x):=limz_ o wr(t,x) exists in C([0,+00),L*(1)) and pointwise and, w(t,x)
is the mild solution of the equation

Ww(t,x) = Aw(t,x) — kow?(t,x) + q,(x),
w(0) =0, (3.9)

where q,(x)= fot p(s,x)ds, and p(s,x) is the transition density function of the standard
Brownian motion.

Proof. The mild form of Eq. (3.8) is

wr(t,x) = /t P,_o7(s, )(x)ds — ky /t Pi_wa(s, )(x). (3.10)
0 0
Then

¢ 2
[wr(t,x)||7> < / [ / P,_SET(S,-)ds] dx
R? 0
t S 2
</ [//P,,Tf(Tl/z-)drds} dx
R? 0 Jo
t S t s’
</ ds/ dr/ ds’/ 2r2t —r — )] dr
0 0 0 0
< 0

and with Lemma 3.2 in hand, the remaining proof is similar to that of Proposition 3.9
in Iscoe (1986b): firstly, we can prove that the limit w(z,x) exists in C([0, 4+00),L%(1)).
Then, the limit is taken in pointwise and satisfies (3.9). Finally, the mild solution of
(3.9) is unique. We omit the details here. [
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Lemma 3.4. limy_, o (4, wr(t,-)) = (AL, w(t,-)), for t = 0.

Proof. The mild form of (3.9) is

,:td S —rx)dr —k tP,,SZ,- ds. 3.11
w(t,x) /O s/opa rox) dr 2/0 WA, )0r) ds (3.11)
Then from Egs. (3.10) and (3.11), we have
(Zowr(t,-)) = /0 (2, 07(s,)) ds — ka /0 (2, wh(s,)) ds (3.12)
and
(ow(t,)) =3 =k, / (2, W?(s,-)) ds. (3.13)
0

But from (3.6) we know

t t S
/ (A or(s, ) ds =32 — kT / ds / (2, 03(r,-)) dr.
0 0 0

By Lemmas 3.2 and 3.3, the two terms in the right-hand side of (3.12) converge to
that of (3.13), respectively, proving the desired conclusion. [J

Proof of Theorem 1.2. The Laplace functional of 772Y7 is

Eexp(—T %Y, f)) = exp(— (4, 07(T, ")) — (Jyur(T,-))ds), f€ C;([R{d),
(3.14)

where vr(-,-) and uz(-,-) are the mild solutions of Eqgs. (3.1) and (3.2), respectively.

By time and space transformation, let wr(t,x):= Tup(Tt,T"*x) and or(t,x):=
T?vp(Tt, T"?x). Then wy(2,X) and i7(z,x) satisfy Eqgs. (3.3) and (3.4), respectively.
Furthermore, as d =2, we have

(owr(1,)) = (Lur(T,-)) (3.15)
and by Lemma 3.4, as T — oo, we get
<)'9 uT(T:)> - U" W(l’)>a (316)

where w(-,-) is the mild solution of (3.9), i.e.,
W(tax) = Aw(t,x) - kzwz(tax) + qt(x)a
w(0)=0. (3.17)

For the unnormalised case, we can replace f with 0f, where 0 > 0 and (/, /) =1,
and arrive at

W(t,x) = Aw(t,x) — kaw?(t,x) + 0 pi(x),

w(0)=0. (3.18)
On the other hand, from Eq. (3.2), we have
T
(A vr(T, ")) < <A/ PS(T‘zf)ds> -0 (3.19)
0

as T — oo.
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Combining (3.16) and (3.19) with (3.14), we obtain that
Thrn Eexp(_T_2<Y7@, f>) = exp(—(i, W(L S 0)> )?
where w(t,x; 0) is given by (3.18), and the rest of the proof is similar to Iscoe (1986b).
[

Furthermore, we have

Theorem 3.5. Let d =2. Then as T — o
szYﬁt — &, weakly,
where £, is a non-negative increasing stochastic process such that

Eexp{—0¢&} = exp{—(Lw(t,-;0))},

where w(t,x; 0) is the same as Theorem 1.2.

Combining Lemma 3.3, we can complete the proof which is similar to Theorem 3
in Iscoe (1986b). We omit the details.

4. Extension: higher dimensions

In Section 2, we have seen that the two kinds of random fluctuations in our model
play different roles in different dimensions. We will consider more general branching
mechanism is this section, but for more simplicity we take care of the case k1 =k, =1.
Instead of the binary branching as considered above, let the branching mechanism of
the underlying super-Brownian motion X be ¥;(x)=x'*#', and that of the immigration
process ¢ be Wo(x)=x'"", where 0 < f; < 1,i=1,2, and we get to the SBMSBI as
in Section 1, also denote it as X?. Consider its occupation time process Y¢, Lemma
2.1 is still valid. For fixed f € %(R?), to the centered numerical process

2 = ba() (Y, f) — E(Y, 1)1,

where by(t):=t*(*P) we arrive at

Theorem 4.1. Let 0 < f5; < 1, i=1,2. If
2

d>max{2 Y 451(”’32)} @.1)

B B B(1+B1)

then 2% — zo, weakly as t — oo, where zo, is a stable random variable of index
1+ pi:

1+
Eexp{—@zoo}:exp{ﬁlﬂh/[ /|x f(y|21 5 } dx},

where

cq =T(d/2 = D[4(@4n)"?]™!
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Remark 4.1. If f; =f,=1, the result coincides with Theorem 1.1 in higher dimensions
d=1T.

Proof of Theorem 4.1. As in Section 2, we get the Laplace transition functional of z¢
under Q,

t t S
Eexp{—z; }—exp{/ (i,ﬁt(s,~)l+ﬁ‘>ds+/ ds/ (2, 0,(r, )Py dr
0 0 0

+/Ot</1,ﬁt(s,~)”ﬁ2> ds} (4.2)
where #,(-,-) and ,(-,-) are the mild solutions of the following equations respectively,
u(r,x) = /Or P,_0,(s, ) (x)ds — /Or P._ SutHﬁz(s Jx)ds, t=r=0 4.3)
and
Oi(r,x) = /OVPXft(x) ds — /OFP,SUA}H;‘(S, J(x)ds, t=r=0 4.4)
with f(x):=by(t)~" f(x). In view of Theorem 5.4 of Iscoe (1986a), when d > 2/f; +
2,
e [ fuser i [ f ] "o s
and
lim Otu, 6,(s, )Py ds = 0. (4.6)

In what follows, we will prove the third term in the bracket on the right-hand side of
(4.2) goes to zero as t — o<.

By condition (4.1), let
2 4p+ )
B2 P21+ Br)

From Eqgs. (4.3) and (4.4),we get

Q-—o)f+1-f1)

0<23<[d— ENEND

}(1+ﬁ1) and o=

t
lim [ (4 d(s,)""7) ds

t—00 0

t s r 1+p>
< lim by(t)~ 1+ / 2, [ / dr / Ps_rin fdh} ds
— 0 0 0

t r 1+p2
= lim ¢~ 2+ <;h, { / dr / Py fdh] > (by I’Hospital’s rule)
0 0

—00

t 1452
= lim 2+ THhi+] <)», { / hP, f dh} > (interchange the integration)
0

t—00
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t—00

t 1+,
< lim ¢~ 20+ 1+ P =1—a(1+52)] 2, {/ hl_“th dh]
0

By simple calculations, we have

00 145> 142
— /)
., UO B =Py f dh} /[ /Ix S dy] dx

(C, is a positive constant) which is finite by Lemma 5.3 of Iscoe (1986a), because
d > ((4 — 20)/B2 + 4 — 2a) with the chosen o. and then

lim tu, (s, )Y ds =0 (4.7)
t—00 0
because
20+ ) &
1+ B -l )= (1+ﬁ)

Then combining (4.5)—(4.7) with (4.2), completes the proof. [

Remark 4.2. With ; and f, labeling on the two kinds of branching mechanism in
our model make us to see more clearly which fluctuation contributes to the limit
behavior, i.e., the immigration particles taking the underling branch contribute to the
limit behavior in high dimension.
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