arXiv:1003.3733v1l [math.PR] 19 Mar 2010

Branching structure for the transient (1, R)-random

walk in random environment and its applications *

Wenming Hong' and Lin Zhang *

Beijing Normal University

Abstract

An intrinsic multitype branching structure within the transient (1, R)-RWRE
is revealed. The branching structure enables us to specify the density of the
absolutely continuous invariant measure for the environments seen from the par-
ticle and reprove the LLN with an drift explicitly in terms of the environment,
comparing with the results in Brémont (2002).
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1 Introduction and main results

A random walk in random environment (RWRE, for short) {X,,n € N} with bounded jumps
on the line, written as (L, R)-RWRE, means that for each step the possible jump range to the
left is bounded by L and to the right by R, where L and R are positive integers. The aim of this
paper is to reveal the branching structure within the (1, R)-RWRE, which is a story different
with but essentially complement for that of (L, 1)-RWRE (Hong and Wang, [10], 2009) when it
transient to the right.

It is well-known that when the walk is transient, i.e., X,, — oo, the intrinsic branching
structure within the (1, 1)-RWRE is a Galton-Watson branching process with geometric offspring
distribution, which plays an important role in the proofs of the limiting stable law (Kesten et
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al [12], 1975), the renewal theorem (Kesten [I1], 1977), and the law of large numbers (Alili [I],
1999) for this nearest random walk in random environment, see also Gantert and Shi ([9], 2002).

However, when L or R > 1, and the random walk is transient (we consider X, — o0),
It seems no result about the intrinsic branching structure within the (L, R)-RWRE up to our
knowledge, even for random walks in non-random environment. Recently, partially progress has
been made by Hong and Wang ([I0], 2009), where a multitype branching structure within the
(L,1)-RWRE have been revealed when X,, — oo and the Kesten’s type stable law have been
proved. In the present paper, we focus on the opposite direction which is more complicated: we
will figure out the intrinsic branching structure within the (1, R)-RWRE when X,, — oco(note
that the situation for the (L, 1)-RWRE transient to the left is equivalent to that for the (1, R)-
RWRE transient to the right). We will discuss R = 2 in detail and extend to general R at the
end.

RWRE has been studied extensively in recent years, especially for the nearest (1,1)-RWRE
on which many results have been obtained, see for example [18], [12], [11], [2], etc., we refer to
Sznitman ([I7], 2002) and Zeitouni ([19], 2004) as a general review. For the (L, R)-RWRE, Key
([13], 1984) discussed recurrence/transience criterion in terms of the sign of two intermediate
Liapounov exponents of a random matrix. Brémont ([6], 2009) formulate a criterion for the
existence of the absolutely continuous invariant measure for the environments seen from the
particle and deduce a characterization of the non-zero-speed regime of the model. It should
note that the (L, R)-RWRE can be treated as a special case of the random walks in random
environments on a strip, see Bolthausen and Goldsheid ([3], 2000; [4], 2008 ) and Roitershtein
([16], 2008).

Brémont ([5], 2002) has proved a recurrence/transience criterion for (L,1)-RWRE involv-
ing the greatest Lyapunov exponent with respect to a random matrix M, and the law of large
numbers by assuming the (/M) condition related the existence of an invariant measure for the
environments seen from the particle. As an important application of our branching structure
within the (1, R)-RWRE, it enables us to specify the density of the absolutely continuous invari-
ant measure explicitly and reprove the LLN with an drift explicitly in terms of the environment.

We now introduce the model of (1,2)-RWRE. Generally speaking, random walks in random
environment involves two kinds of randomness: the transition probability (we call it the “envi-
ronment” ), which is chosen from a specified distribution; and the random walk driven by the
chosen “environment”. Specifically, let A = {—1,1,2} be the set of possible jump range of the
random walks. Let M(A) be the collection of all probability measures on A. Then define an
environment to be an element w = {(q(w)z, p1(W)z, p2(W)) : ¢ € Z} € M(A)? =: Q. Let P
be a stationary and ergodic probability distribution on (2, F) and 6 be the spatial shift, i.e.,
(fw)n, = wpy1. Assume that 6 is an invertible transformation on the probability space (2, F, P),
measurable as well as its inverse and preserving P. Moreover, assume that the environment is
elliptic:

Je>0,Vze{l,2}, (p./q) >¢, P-as..

Given an environment w € 2, one can define a random walk {X,,} in the environment w to be
a time-homogeneous Markov chain on Z with Xy = 0 and the transition probabilities

P,(Xpy1 =2 — 11X, =) :=q(0*w)p = q¢(w),,
Pw(Xn—i-l =x+ Z’Xn = 33) = pz(exw)o = pz(w)xa



for all x € Z and z € {1,2}. For each w, we use P, to denote the law induced on the space of
paths (ZY,G). Then, define a probability measure P := P ® P, on (2 x ZN, F x G) by

P(F x G) := / P,(G)P(dw), FeF, Geg.
F

Statements involving P, and P are called quenched and annealed, respectively. Generally, with

a slight abuse of notation, P can also be used to denote the marginal on ZY. Expectations under

P, and P will be denoted by E,, and E, respectively.

We will need the following notations. p,(6*w)y will be simply denoted by p,(x). Any
expression of the form f(#*w) will be simply denoted by f(k). For the random walk {X,,} and
k € Z\{0}, we write P* for the quenched probability starting at k, and EF for the corresponding
expectation.

Assume that Xy = 0 and the (1,2)-random walk is transient to the right, i.e., X,, — oo,
P-a.s.. Let Ty = 0, and

T, = inf{n >Te 1: X, > XTk71}7 k>1

be the sequence of ladder times of the random walks. Note that T < oo, P-a.s.. To calculate
Ty accurately, we will figure out a multitype branching processes by decomposing the path of
the walk. Intuitively, if the walk from ¢ < 0 take a step to ¢ — 1, it must crossing back to
or jumping over i (to ¢ + 1) because of T}, < oo, P-a.s., in which there are only three kind of
backing ways: from ¢ — 1 to ¢, from 7 — 2 to ¢ and from 7 — 1 to ¢ + 1. So we divide all the steps
from i to i — 1 into three kind of steps according the crossing back ways. Let A(i), B(i), and
C'(i) are the numbers of steps from i to i — 1 before time 77 with crossing-back from ¢ — 1 to ¢,
i—2todand i—1to i+ 1, respectively. And for the last step of T}, we can consider it as a
immigration for the multitype branching processes.
Set for 7 <0,
U(i) = [AG), BG), C(i)],

Then we have the branching structure within the (1,2)-RWRE as follows.
Theorem 1.1 Assume X,, — oo, P-a.s.. Then for P-a.s. w, (U(z) = [A(z),B(z),C(z)]) is

i<0
an inhomogeneous multitype branching process with immaigration

U(1) = [1,0,0], with probability — Of()(l)goi oL
U(1) =1[0,1,0], with probability — oz(WO()O)— 3(0)’
U(1) =[0,0,1], with probability — Ojgégoz 3(0)

The offspring distribution is given by

Py(UG0) = [a,0,0] | UG +1) = [1,0,0]) = [1 — (i) — BOICo () BG),  (11)
P,(UG) = [a,b,1] | UG +1) = 0,1,0]) = [1 - a(i) - BEICL,0() G, (12)
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P (UG) =[a,5,0] | UG +1)=[0,0,1]) =[1 - ali) - BOICL0() 86, (13)
where

7(2) - Q(Z) : Pf)—l[(_ooﬂt - 1)7i + 1]7

N = (i) - P (=00, i — i (1 1)
a(i) = q(i) - By [(—o0,i — 1),1] - (1—1)4—7(2 5
B(i) = q(i) - Pi(—00,i — 1), 4] - —= V(i—1)

pr(i—1)+~v(GE—1)

and Pi7Y[(—o0,i —1),i — 1+ j] := PS5 reach [i,+o0) for the first time at the point i — 1+ j}
for j = 1,2, the exit probabilities which can be expressed in terms of the environment in Lemma

21 O

As an immediate consequence of Theorem [[J] We can get the offspring quenched mean
matrix of the multitype branching process and the quenched mean of the 77 .

Corollary 1.1 Assume X,, — oo, P-a.s.. Then for P-a.s. w, and i < 0, the offspring mean
matriz of the (—i + 1)-th generation of the multitype branching process is

a(i) B(3) 0
‘ l—ag[i()isﬁ(z) l_a(ﬁi()i;ﬁ(i)

N@O = | Tae-rw TaGrwm !

a(i) B(7) 0
—a()-B0) 1-a@)-B0)

Moreover,
E(1) =1+ (221, 1557 (1@ 10, 220)) - 3N NG)
<0

As an application of the branching structure to the random walks in non-random environ-
ment, let

X0:07 Xn:§1++§na
where &1, &, -+ is a series of i.i.d random variables with
P& =-1)=q, P& =1)=p, P =2)=ps

The computability of F(77) by the branching structure as in Corollary [[LT] enable us to validate
the Wald’s equality.

Proposition 1.1 Assume that E(§1) = p1 + 2p2 — q¢ > 0. Then the Wald’s equality holds:

E(X1,)=E(T) E(Xy).



From the point of view “environment viewed from the particles”, define @w(n) = %»w. Then
the process {@w(n)} is a Markov process under either P, or P, with state space € and transition
kernel

K(w, dw') = qlwlzg—lw + P1 1w/:9w + p21w’:92w'

Set @y, = Poro(X7y = 1), and @3, = Pyi (X1, = 2) = 1— ¢y, . Whenever E(T1) < oo, define
the measure

1 T = ! L Q Q =
Q(B) :E< Xn =1 > lg@en + sz 2 2_: 1{w(i>eB}>, Q(B) = %

The significance of the branching structure to the (1,2)-RWRE is that we can express the density
of Q) with respect to P explicitly.

Theorem 1.2 Assume E(T1) < oo. Then Q(-) is invariant under the Markov kernel K, that
18,

QB = [[ 1oenkiw.d)a(d),

Furthermore,
dQ
E - H(w)a
where
p1 (i) (%) '
: 2+ <(1, L), S (5820 5 1) - NG N(1)>
= a0 50)
O
Therefore, the LLN for the (1,2)-RWRE can be reproved with an explicit drift.
Theorem 1.3 Assume E(T1) < co. Then
lim = =vp, P-a.s.,
n—oo N
where
P1(0)+2p2(0)—p_1(0) p1(i) (%) ;
EP[ 1 1_a(%)—/3(0)1 (2 + <(1, L), s <p1(i)1+,y(i),pl(i)ﬂ(i)ﬁ) “N(i)--- N(1)>>}
vp =
p1(i) 210) ;
Ep [2 + (221, Ziso (5825 5 eo1) - NG) -+ N(O)ﬂ
O



We arrange the remainder of this paper as follows. In section 2, we formulate the intrinsic
multitype branching structure within the (1,2)-RWRE under the assumption X,, — oo, i.e.,
Theorem [LLT], Corollary [Tl and Proposition [Tl are proved. In section B we specify the density
of the absolutely continuous invariant measure for the environments seen from the particle
explicitly based on the branching structure, i.e., Theorem is proved. In section Ml as an
application of the branching structure, the LLN will be reproved with an explicit drift, that is,
Theorem is proved. Finally in section [ for general R > 1, we give the intrinsic multitype
branching structure within the (1, R)-RWRE under the assumption X,, — oc.

2 Intrinsic multitype branching structure within the transient
(1,2)-RWRE

We introduce the following exit probabilities of leaving a given interval from the right side.
Consider integers a, b, k with a < k < b, define

P¥(a,b),b + 1] = P*{reach (b, +o0) before (—o0,a) and at the point b+ 1},
P¥[(a,b),b + 2] = P*{reach (b, +00) before (—oo,a) and at the point b+ 2}.

These exit probabilities play an important role in the offspring distribution of the branching
structure, which can be expressed in terms of the environment (Brémont [5], page.1273-4, Lemma
2.1 and Proposition 2.2). Only a slight modification should be made: exiting from the left in [5]
corresponds exiting from the right here. We still give the details of the proof for convenience.

Lemma 2.1 Forn > 2, we have

{1, [M(i) +---+ M(=n)--- M(i)]v)
1+(€17[M(Z)+ +M( n)--- M(i)ler)’
(1, [M(i) +---+ M(=n)--- M(i)]e
1+<61,[M(z)+ —I—M( n)--- M(i)]er)’

Pyl(=n,i),i+1] =

Pll(—n,i),i+2] =

where e; = (1,0), e2 = (0,1)", v =e1 — e3 and

Furthermore, if X,, — +00, P-a.s., then
P![(—00,1),i + 1] + P![(—00,1),i + 2] = 1. (2.1)

Proof. Set f(k) = P¥[(—n,i),i+ 1]. For k such that —n < k < i, using Markov property, we
get a harmonic-type recurrence equation:

f(k) = p1(R)f(k +1) + pa(k) f(k +2) + q(k) f (k= 1),



with f(i+1) =1, f(k)=0for k >i+2or k < —n—1. Setting g(k) = f(k) — f(k—1), we

obtain

p1(k)

a(k) *?

p1(k) + pa(k)
q(k)

(k) (k+1)+ <g(k: +2)+g(k + 1))

p2(k)
q(k)

gk +2).

Rewrite the equation as

g(k) B pl(k;—l—m(k) Il;z(k) g(k+1)
<g<k+1>>‘< T ) (6 )

=) o= (440 ).

where a1 (k) = p(k)apa(k) as(k) = ’?(f)). Thus, we obtain the relations

Uk) = MEU®FE+1)
= M(k)--- M@U(i + 1),

Set

with U(i +1) = ([1 — f(4)],—1) and U(—n) = (f(—n),[f(-n + 1) — f(—n)]). Summing from
—n to 7, we deduce that

76 = (e, MGUG 1))+ o+ (er, M(=n)M(=n +1) - MU + 1))
_ <617 [M(z') +---+M(—n)---M(z’)] . ( 1 —_{(i) > >

The first formula then follows. By similar reasoning, one can get the second formula. The second
part of the lemma is just the conclusion of Proposition 2.2 in [5]. O

Now we introduce the branching structure. Recall Xy = 0 and the sequence of ladder times
of the random walks: Ty = 0 and

T, = inf{n >Te 1: X, > XTk71}7 k> 1.
Note that T} < oo, P-a.s. if X, — 400, P-a.s.. Define, for ¢ <0,

o0 = min{k < Tl : Xk = i},
92',0 = min{nw <k<Ty: Xp_1=1,Xp=1— 1},

and for j > 1,

a;j=min{b; ;1 <k <Ty: Xp_1=1i—1,X} =1},
Bij=min{0; ;1 <k <T1: Xp_1 =1i—2, X}, =i},
Yig=min{f; ;1 <k <Ti: Xpog=i-1,Xp=i+1},
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771'7‘7' = min{Oéi,ja ﬁ@j? 77:7.].}7
0;; =min{n; ; <k <Ty: Xpq =14, X =1— 1},

with the usual convention that the minimum over an empty set is +0o. We refer to the time
interval [0; j_1,7; ;| as the j-th excursion from i —1 to {i,i41}. For any j > 0, any ¢ < 0, define

Aij=#{k>0:0i11, < i) <nig1,j+1, and 1, p11 = ¥ k1),
Bij=#{1>0:0;11; <01 <nix1j+1, and 1,141 = Bi1},
Cij=#{m>0:0;11; < O0im < Nit1,j+1, and % m+1 = Yim+1}-

Note that A;;, B;;, and C;; are the numbers of steps from ¢ to ¢ — 1 during the (j + 1)-th
excursion from i to {i + 1,7 + 2} with crossing-back from i —1to i,i—2to i and i — 1 to i + 1,
respectively. Special attentions should be paid to the different ending ways of each excursion
and their consequences, take the (j + 1)-th excursion from i to {i + 1,7 + 2} for example:

o If 941,41 = ®it1,4+1, then the excursion [0; 41 11, ®i41,+1] ends by jumping from ¢ to
1+ 1.

o If mit1j41 = Yit1,j+1, then the excursion [0;11 j41,7i+1,5+1) ends by jumping from i to
14 2.

Furthermore, in the above two cases, excursions from i — 1 to {i,7+ 1} included in the (j +1)-th
excursion from ¢ to {7 + 1,7+ 2} must end at 7 and consequently, C; ; = 0.

o If i1 j41 = Bit1,j+1, then the excursion 011 41, Bit1,j+1] ends by jumping from i —1 to
1+ 1.
Moreover, in this case, the last excursion from i —1 to {i,7+ 1} included in the j+ 1-th excursion
from ¢ to {i + 1,7+ 2} also ends by jumping from i — 1 to i + 1, that is, if 6; ,,, is the beginning
of it, then 7; ;mo+1 = Vi;mo+1 = Bi+1,j41 = Mi+1,j+1. Lherefore, C;; = 1.

Define for 7 < 0,

A(i) = ZAi,j’ B(i) = ZBim C(i) = Z Cij

J=0 J=0 J=0

to be the numbers of steps from ¢ to ¢ — 1 before time 7T} with crossing-back from ¢ — 1 to 4, i — 2
to i and ¢ — 1 to 7 + 1, respectively. Define for ¢ < 0,

Then A(i) + B(i) + C(i) is the total number of steps the walk jumping from ¢ to i — 1 before
T;. The number of steps crossing back from i — 1 to i is A(i) + B(i), because X,, — oo, P-a.s.
and C(i) = B(i + 1) is counted as steps crossing back from ¢ to i + 1. Thus we have

o= 14y (2A(z’) +2B(i) + C’(z’))
<0

- 1+<(2,2, 1),ZU(¢)>. (2.2)

1<0



In order to study T4, we consider {U(i)}i<o instead. We need the following probabilities. For
1 <0,
a(i) = P![ the walk jumping from i to i — 1, and finally jumping back (2.3)
from i — 1 to i before T1],
B(i) = P![the walk jumping from i to i — 1, and finally jumping back (2.4)
from i — 2 to i before T1],
y(i) = P'[ the walk jumping from i to i — 1, and finally jumping back (2.5)
from i — 1 to i + 1 before T1].

Expressions of these probabilities will be given later in terms of the exit probabilities. By Markov
property, and the different ending cases explained above, we obtain, for i < 0,

Po(UG) = [a,b,01, UG +1) = [1,0,0] | [UG +1)] = 1) = Copya()* B0 1 (), (26)
Py(UG) = a5, 1,06 + 1) = [0,1,0] | U+ D] = 1) = Co4ya()* 860, (27)
Po(UG) = [a,b,01, UG +1) = [0,0,1] | [UG +1)] = 1) = Copya(i)* B0 pa(i). (28)

Additionally, for i = 0, we define U(1) = [A(1), B(1), C(1)] for consistency. Noting that the walk
starts at 0, and the excursion from 0 to {1,2} ends at time 77, there is only one jump crossing
up from 0 to 1 in the time interval [0, 77], which can be regarded as |[U(1)| = 1 if T} < oo, P-a.s..
If the excursion from 0 to {1,2} ends by jumping from 0 to 1, then set A(1) = 1, in other words,
U(1) = [1,0,0]. By similar reasoning, U(1) = [0,1,0] if the ending jump is from —1 to 1 and
U(1) =[0,0,1] if the ending jump is from 0 to 2. Summing over a,b > 0 in (2.6)), we have

P, (U(z’ +1)=[10,0 | UG+ 1)| = 1)
- ZP(U — [a,b,0), U(z’—l—l):[l,0,0]‘|U(z’—|—1)|:1)

a,b>0
_ ofi by (5) — p1(7)
= ;O w6 P (0) = T g (2.9)
Similarly,
, _ , ) (i)
Pw<U(z+ 1) = [0,1,0] ( UG +1) = 1) = T2 =B (2.10)
. - . N pa(i
Pw<U(z+1) — (0,0, 1] ( UG +1)] = 1) - 1_aé) s (2.11)

Now we are ready to calculate «(i), ((7), and (7). Firstly, by the definitions (2.3])—(2.3),

we can see

P, (UG) = [1,0,0] | [UG)] = 1),
).
1).

Q
—~

~.
~—

I

=®
—~
.
~—
I
I
—_

P, (U(0) = [0,1,0] | [U(0)

1) = P (UG) = [0.0,1] | UG
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Thus from (2.9) and (ZI0]), we have the ratio
a(i) : B(i) = p1(i = 1) :y(i = 1). (2.12)
On the other hand, by the definitions (2.3)-(2.5]) again, we know

a(i) + B(i) = P'[ the walk jumping from i to i — 1,
and finally jumping back to i before T7],

v(i) = P![ the walk jumping from i to i — 1,
and finally jumping back to i + 1 before T7].

Recall the exit probabilities, we obtain

afi) + B(i) = q(i)~P$‘1[(—oo,i—1),i], (2.13)
(i) = q(i) P (—o00,i — 1), +1]. (2.14)

Finally, combining ([2.12]) and [2.I3]) we get

a(z) - Q(Z) : P(i_l[(_oo7i - 1)7 Z] ’

(2.15)

/B(Z) - Q(Z) : Poi_l[(_oo7i - 1)7i] ’

(2.16)

Proof of Theorem[1. By [2.6)-(2.38) and 29)—-(2I1]), we obtain
Po(UG) = [a,b,0] | U+ 1) = [1,0,0)) = [1 — a(i) — BOICE 0BG, (217)
P,(UG) = [a,b1] | UG+1) = [0,1,0]) = [1 = a(i) - BD)ICea()*86)",  (218)
Po(UG) = [a,5,0] | U+ 1) = [0,0,1)) = [1 — a(i) — BOICE,00)BG).  (219)

EI10)—-@2ZI9) give the offspring distribution for the (—i + 1)-th generation (z < 0). Indeed, it is
enough to show

3 [PM<U(Z') — [a,,0) ‘ Ui +1) = [1,0,0]) -Pw<U(z'+1) — [1,0,0] ( UG +1)| = 1)
a,b>0
+PW(U(2‘) — [a,b,1] ‘ UGi+1) = [0,1,0]) .Pw<U(z+1) —[0,1,0] ( UG + 1) 1)
+PW(U(2‘) — [a,b,0] ‘ Ui+ 1) = [0,0, 1]) -PW<U(Z‘+ 1) = 10,0, 1] ( UG +1)| = 1)] _1,
which is equivalent to check
p1(i) +7(9) + p2(i)
1 —a(i) — B(i)

By 1), 213), and (2I4), we know a(i) + 5(i) + v(i) = q(i). The conclusion therefore follows
from p1(2) + p2(i) + q(i) = 1.

=1.
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Since Xg = 0 and X,, — oo, P-a.s., we have T} < +o0o, P-a.s., so we imagine that there
are different types of particles immigrating into the system U(1) = [A(1), B(1),C(1)] and hence
|U(1)| =1 P-a.s.. By (23], we know

Pw<U(1) - [1,0,0]) - Pw(U(l) — [1,0,0] ‘ U(1)] = 1) -

By similar argument,

P, (U(l) = [0, 170]) 1= a(WO()O)— 5(0)’
P(v) = 0.0.1)) = TR0

Thus the immigration of the multi-type branching process follows. This completes the proof. [

Proof of Corollary [l Summing over b > 0 in (ZI7), we obtain

P, (A(z') —a ‘ U(i+1) = [1,0,0]) _1-el) - B(i)( a(i)i)y.

1—p5(1) 1—5(
So the expected number of type-A offspring of a single type-A particle in one generation is
, . . a(i)
N = - P, (A7) = ‘ 1) =11,0, =
11(7) Z:Oa ( (1)=a|U@GE+1)=11,0 O]) = al) = 300

By the same argument, we can get all the elements of the offspring mean matrix N (7). For the
second result, noting that by the multitype branching process, we have

ELU@)] = Eu[U(i+1)] - N(i) = E,[U(1)] - N(0) - -- N (i),

and

E,[U(1)]

~[1,0,0] - B, (U(l) —, 0,0]) +10,1,0] - P, (U(l) = 0,1, 0])

+0,0,1]- P.(U(1) = [0,0,1])
_ < p1(0) 7(0) P2 )
1—a(0) = B(0)" 1 —a(0) — 4(0)" 1 — a(0) — B(0)

= =5 (10 10 »0).

The desired conclusion follows by taking the quenched expectation in (2.2)). O

As an immediate application of the branching structure, consider random walks in non-
random environment. Let &;,&s,- -+ be independent variables with common distribution

P(li=-1)=q, P =1)=p, P =2)=po.

11



The induced random walk is the sequence of random variables
Xo=0, Xp=&+-+&.

Define 77 = inf{n : X, > 0} as before. The countability of 77 in Corollary [Tl enable us to
check the Wald’s equality ([8], pg. 397) directly.

Proof of Proposition[1.1. First, we have
E(XTl) =1- P(AXT1 = 1) +2- P(AXT1 = 2).
By Lemma 2.1, we obtain

(e1,[M + M? + - + M"v)

P(Xp, = 1) = PY[(~00,0),1] B gy v e v rwesey v PR SR R
P(Xr, = 2) = PY[(—00,0),2) = lim MM+ 4 Mes) (2.21)

n—>C>O1—|—<€1,[]\4—|—]\42—|-"'—|-]\4n]€1>7

pitp2  p2
M = q q .
1 0

A1 A0 1 1 =X
n o__ na—1 _ 1 2 . 1 . 2
M" = AATA _<1 1) <0 )\3) )\1—)\2<—1 A1 >’

+p2t+/(p14p2)2+4 .
where A\ o = prpe (p21q p2)® +4ap: are the eigenvalues of M. Then

where

Note that

(e1, M"v) = (1 + )\2))\?“ -1+ )\1))\§+1,
<€1,Mn62> = (—)\2))\?—1—1 + )\1)\;L+1,
<€1,Mn61> = )\?-H — )\;H—l.

Since EX; > 0, we have A\; > 1, and A2 € (—1,0). Hence, by ([2:20) and (2:2]]), we obtain

P(AXT1 = 1) =14 Ao,
P(Xp, =2)=—X\.
Therefore, E(X7, ) =1— Aa.

The next step is to calculate F(T}), which is done by the branching process (Corollary [[T]).
Since the environment is not random, there is no site index or integration with respect to P any
more. Applying Corollary [L.T] to this random walk, we have

E(T) =1+ <(272,1), ﬁ(pb Vs pz) ZN">

n>1

12



where

1—-

H

1—

8
oB T=a=p U
5

5 Ta 7 e
Taf T-a7p

oa—
(8]

[y

——
8]
——

Using the eigenvalues and eigenvectors of IV, and noting that the norm of the greatest eigenvalue

of N is less then 1, we have

S

a f B

20 28 1-2a -8 (2.22)

=~ 1—2a —&3 . B 3
Thus,
T+l-—a-p
E(Ty) = .
0= 0 a 5 20 39
Substituting v = —g\o, o = q(1 + /\g)p1 el and 8 =q(1+ /\g)p1 q>\2 we have
vy + l—a- 5 = Av
1
l—-a—p3 = 5(1—q+A),
(L+g—A)(p1—3p2+34)
1-2a-33 = 1-— ,
’ 2(p1 —p2 + A)
where A = \/(p1 + p2)? + 4pag. Then
2A
E(h) = 1—q+A)(1+q—A)(p1—3pa+3A
(1—q+A) - SRRl s
B 2A
o 2q(p1—p2+A)(p1—3p2+3A)
(1 —q+ A) ~ 2q(p1 I;?pl_pgiA)pz
_ 2A _ a(p17p27Q)
1—gq—qpi+3gp2+ (1 =39)A  b(p1,p2,9)’
and
E(XTl) _ 1_)‘2 o 3q_1+A _. c(p17p27Q)
E(X1) p1+2p2—q 2q(p1+2p2—q)  d(p1,p2,9)

In order to prove E(Xr,)

= E(Ty) - E(Xy), it suffices to show

a(p1, p2, q)d(p1,p2,q) = b(p1, P2, ¢)c(p1, P2, Q).

In fact,

a(p17p27 Q)d(p17p27 q)

4q(p1 + 2p2 — @) A
49(1 —p2 —q +2p2 — @)A
4q(1 + p2 — Qq)A.

13



And,

b(p1,p2,q)c(p1,p2,q)
[(1—q—gp1+3gp2) + (1 = 3¢)A](3¢ — 1+ A)
(1—q—qp1+3qp2)(3¢ — 1) + (1 — 3¢)A* + [(1 — ¢ — gp1 + 3qp2) + (1 — 3¢)(3¢ — 1)]A
(3¢ — 1)(1 — g — gp1 + 3qp2 — (1 — q)* — 4dqps)

+[1—q—q(1 —q—p2) + 3qpa — (1 — 6g + 9¢°)]A
= (3¢ —1)(q(1 — p1 — p2) — ¢*) + [4q + 4qp> — 8¢°] A
= 4q(1+ p2 — 29)A.

Thus, the desired conclusion follows. ]

Remark Proposition [[ 1] is a strong evidence to validate the branching structure.

3 Density of the absolutely continuous invariant measure

Now we introduce the machinery of the “environment viewed from the particle”. The first
step consists of introducing an auxiliary Markov chain. Starting from the RWRE {X,,}, define
@W(n) = 6%"w. The sequence {w(n)} is a process with paths in QY. This process is in fact a
Markov process. The proof is the same as Zeitouni ([19], page 204, Lemma 2.1.18), we omit the
details.

Lemma 3.1 The process {w(n)} is a Markov process under either B, or P, with state space §2
and transition kernel

K(w, dw') =ql,—p-1, +P11lur=ow + P2l —p2,-
O
The next step is to construct an invariant measure for the transition kernel K. Assume that

X, — oo, P-a.s., implying T;, < oo, P-a.s.. Set gpékw = Pyr, (X1, = 1), and gpgkw = Py (X1, =
2) =1 — g, Whenever E(T}) < oo, define the measure

T -1 T —1

Ly, Ly, - _ B
Q(B) =E< o i - > lgaen + X(’Dg : > 1{w(i)eB}>, Q(B) = Q(B)

Yo o w =0

Note that @ is a probability measure.

Proof of Theorem [L.d—invariant measure. We will show

— [[ tvenk w.as)Q(dw).

On one hand,

ZE( XTl_l T > 05 w( €B>+ZE< XT1_2 ;T > i w()EB).

14



On the other hand,

/ [ tenk (@, 4)Q()

1y, — _
- ZE Ml p s i @i+ 1) e B +ZE XTl 2 T >0 wi+1)eB
i=0 2 i=0 5
> 1x, —1 Xp =2
= E —— Th>j; @ eB>+ IEJ< T > ()eB>
>E(=2 >

e _ _
+E< T < oo W(T1)€B> +E< Xc;; 5 T < o w(T1)€B>-

w

It only needs to show

Ty, i Ly, =i
E< o s o, w(O)eB>=E< LT < oo w(Tl)eB>,z':1,2.

X3
w w

Indeed,

1
R.S.=FEp [—E <1XT =i, (Tl) € BT\ < OO>:|

I
&

P [Pw (w(Tl) €B, T| < oo‘XTl - z)}
P [Hiw cB-P, (Tl < oo(XT1 - z)]
P (Hiw € B) (since P,(T1 < 00) = 1).

Similarly, L.S.= P(w € B). Then, by the invariance of the environment, we get L.S.=R.S.. This

completes the proof. O

Proof of Theorem [L.2—density. Let f: € — R be measurable. Then,
i Iy, o1 o) 1x, =2

/fdQ _ ( Z f T1 Z f T1 >

_ E(Zf(eiw) Lxr = +Zf O X;1‘2>,

1<0 1<0 w

where V; = #{k € [0,T1) : X}, = i}. Using the shift invariance of P, we get

100 = X Be( 560 [ BV L) + S BV L))

ZSO w w

5 Ep (£ B alti Ly 0) + BV Ly )

i<0 0w 0w
1 1
= Ep f(w) Z [ 1 Eefiw(vi : 1XT1=1) + 2—E€*iw(Vi ’ 1XT1 =2):|
i<0 Po—iw 0w

15



— Bp(J) Y [Bo il = 1)+ By (Wi, =2)] )
<0

Hence,
d@

dp ~ «
<0

(B (VilXz, = 1) + Eg o (Vil X, = 2)|.

The calculation of Eg—i,(Vi| X1, = k), (k= 1,2) is based on the branching process. Note that
Vi=A(l+1)+B(i+1)+C(i+1)+ A(i) + B(i) = |U(i + 1)| + A(7) + B(i). Then

Ew(%‘XTl :1) - EW[EWOU( )| + A(0) + B(0) ‘ (1) )‘XT - 1}
= B[00+ U]+ o), = 1]
_ 0§ 50 ‘E U()|xn, =1)|
- (0§ 5()<(111)E < ‘XT1_1>>
Similarly, for ¢ < —1,
E,(Vijxr =1) = B[E.(V[Ui+1)|xr = 1}

(E Ul ‘XT—l) N(O)~~~N(z’+1)‘

1,1), B, (U( )

Xr, = 1) N(0)-- N(i + 1)>.
Hence, for i < —1,

Eyi, (V,-(XTl - 1) = — a(0§ - B(O)<(1,1,1),E9,iw (U(l)

By the same argument,

£ (5 ) = 1t (0 (00 -2))
And for ¢ < —1,

e (vfn =) = T e 00

By branching process, we have

E, (U(1) Xp, = 1)
= (17070) ’ Pw(U(l) = (17070)|XT1 = 1)
+(0,1,0) - F,(U(1) = (0,1, 0)|XT1 =1)+(0,0,1) - P,(U(1) = (0,0, 1)|XT1 =1)

Xr, = 1) -N(—z‘)-~N(1)>.

Xp, = 2) -N(—z‘)-~N(1)>.
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= (1,0,0) - p1(0) /(1p1(0) +7(0) )

T—a(0) - 50)/ \T-a(0) - 4(0)
~(0) p1(0) +(0)
010 5w/ (T a@— a) + 00D

( p1(0) 7(0) 0)
p1(0) +~(0)" p1(0) +~(0)" /

And,
E. <U(1)‘XT1 - 2) = (0,0,1).

Consequently, we get that

7= (X Eeu(m

i<0 N k=1,2

X, = k))

24 (01, Sy [ Sicn B (VO] X = R)] - ¥0) - N (1) )
>

1 —«a(0) — 5(0)
2+ <(1= L), Zion (i iz 1) - V) ”N(1)>
a 1 —a(0) = 5(0)

4 The law of large numbers

We are now ready to prove the law of large number with an explicit drift based on the branching

structure by the method of “environment viewed from the particle”.

Lemma 4.1 Under the law induced by Q @ P, the sequence {w(n)} is stationary and ergodic.

Proof . Since @ is an invariant measure under the transition kernel K by Theorem [[2], we obtain
that the process {@w(n)} is stationary under @) ® P,,. For the ergodicity, the proof is similar as

Zeitouni ([19], page 207, Corollary 2.1.25), we omit the details.

Proof of Theorem[I.3 The idea of the proof for the LLN is the same as Zeitouni ([19], page 208,

Theorem 2.1.9), however, we pay attention to the drift here.

Define the local drift at site = in the environment w, as d(z,w) = EX(X; —z). The ergodicity

of {w(i)} under Q ® P,, implies that:

n—1 n—1
1 1 _ _
LS e w) = = 3 d(0,@(k) — /d(O,w) dQ, asn — 00, G@ Po-as.
n k=0 n k=0

On the other hand,

n

Xy =3 (- X)) = Y (K- X —d(Xiw) + Z; d(X;_1,w)

i=1 i=1

17



n

= M, + Z d(XZ-_l,w).
i=1

Under P,, M, is a martingale, with |M, — M, 1| < 3 for w € Q. Hence, with G, =
U(Mlv T 7MTL)7
E (M) = Ew(e’\M”*le(e)‘(M"_M”’l)|gn)>
< E, (eAM””eg)‘z)
and hence, iterating, F,,(e’Mn) < e3nA? (this is a version of Azuma’s inequality, see [?], Corollary
2.4.7). Then Chebyshev’s inequality implies that

M,
— — 0, P-a.s.
n

Hence,

1 _
lim — X, = /d(O,w) dQ@Q = vp,

n—oo N

Observe that
ve = [ d0.0)4G = Eg(xy)
Ep

[11w) (p1.0) + 2p2(0) ~ p-1(0) )|
Q)
(0)+202(0) =1 0) () () -
Ep [m o (24 (01D, T (7550 mier 1) ‘N(Z)“'N(l))ﬂ
E(T1| X5, = 1) + E(T1| X5, = 2)

Moreover, by (2.2)) and the proof of the density of Theorem [[.2] we have

E(TyXp =1) = Ep|E. (1 n <(2,2, ),y U(z’)>‘XT1 - 1)]
- <0

_ Bolis <(2, 2,1,y E, (U(z')‘XT1 = 1) >]
L <0

— FEp i + <(2,2, 1),ZEW<U(1)‘XT1 = 1) -N(O)---N(i)>]

1<0

. nO) 40 .
- w4 {e2n DGR i e ) YO v0)]

and by the same argument,

E(T)| X7, = 2) = Ep [1 + <(2, 2,1),) (0, 0, 1) - N(0)--- N(z’)>].

18



Therefore,
E(Th[Xr, =1) + E(Th[ X1, = 2)
_ Ep[2+<(2,2,1),z<p (0)( ) 20 ,1) .N(o)...N(z‘)ﬂ
i<0

+7(0)" p1(0) +~(0)

_ Ep[2+<(2,2,1),z<p (pl(i) 1) (,),1>-N(i)"'N(0)>}
>0

1(8) + ()" pr(i) + (0

where the last equation holds by the invariance of P. Consequently, the drift in this case can
be written as

P1(0)£252(0)—p 1 (0) ne ) '
EP[ O (2 + S (010, (588 e ) ’N(z)”’N(1)>>}

(i) (i) :
Ep [2 + <(2, 2,1),Y 50 (plg;ﬂ(i) — 1) "N() - N(O)ﬂ

vp =

0

Remark Consider the random walk in non-random environment defined in Proposition [l
Then the drift vp reduces to E(X;) = p1 + 2p2 — q. In fact, when the environment is not
random, the drift in Theorem [[3] can be written as

s (24 (1), (G2 5 )-Zn>1N">>'
2+ ((2.21), (325, 535:1) - s N7)

p=(p1+2p2—q)

By ([2.22]), we obtain

vp = (p1+2p2—q)
T 2+ G (1 D (4 30). 501+ 30). 26+ (1 - 20)) )

2+ m«% 2,1), <04(2p1 +37), B(2p1 +3v), 28p1 + (1 - 204)7)>

( 2)}214-37 ;
T(1—2a—38
= (p1+2p2—q) x —2 ’y2p1+33
(p1+7)(1—-2a-3P)
= p1+2p2 —q,
as it should be. O

5 The general bounded jump case: (1, R)-RWRE

In this section, we consider (1, R)-RWRE, in which the possible jumps to the right are 1,2, --- | R,
where R is some fixed positive integer. In this case, the environment is an element

w={(qw)zp1(W)z, - ,pr(W):) 1 2 € Z} € M(A)% = Q,
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where A = {=1,1,--- , R} is the set of all possible jumps. Following the idea in section [2, we
can define a branching process with (1 + 2 + --- 4+ R)-type species. In fact, for a jump from
i to i — 1, there are (1 + 2+ --- + R) crossing-back ways, i.e., jumping from ¢ — ky to i for
ky € {1,2,--- R}, jumping from i — ko to i + 1 for ko € {1,2,--- ,R — 1}, - -+, jumping from
i—krptoi+ R—1for kp = 1.

First, we need the following lemma dealing with exit probabilities for this general case.

Lemma 5.1 Forn >2 and 1 <j < R, we have

{er, [M(i) + -+ M(—n) - M(©0)|(ej — ej41))

Pyl(=n,i),i+j] = 1+ (ex, [M() + - + M(—n)--- M(i)]e1)

with egy1 = 0 and

pr(@+-+pr@) . pr-1(@)+pr() pr()
q(li) qg) q(()i)
M(i) = ' ' '
0 . 1 0
The proof is the same as Lemma 211 ]

Define for i < 0,

UG) = (U1(0).-+ \Un(D), Unsn (s Upiroa(D)- - Urposi () ).

where, for k =1,2,--- , (14+2+---+ R), Ug(i) is the number of steps from i to i — 1 before time
Ty with crossing-back from¢—1toié, ---,i— Rtoi;i—1toi+1,---,i—R+1toi+1;---;
i —1to i+ R — 1; respectively. For probabilities, let

py(i) = P![the walk jumping from i to i — 1, and finally jumping back
from i — 1 to i before T7],

pr) (i) = P! [the walk jumping from i to i — 1, and finally jumping back
from i — R to i before T1],

P(r+1)(1) = P! [the walk jumping from i to i — 1, and finally jumping back
from i — 1 to i 4+ 1 before T1],

P(R+r—1)(1) = P! [the walk jumping from i to i — 1, and finally jumping back
from i — R+ 1 to i + 1 before T7],

POt2+tR) (1) = P! [the walk jumping from i to i — 1, and finally jumping back
from i — 1 to i + R — 1 before T1].
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Expressions of these probabilities can be calculated by using the exit probabilities as this is done
in section @l Firstly, we have

Pyt +pr = P! [the walk jumping from i to i — 1, and finally
jumping back to i before T1],
P(ry1) t -+ PRyR-1) = P! [the walk jumping from i to i — 1, and finally
jumping back to ¢ + 1 before T7],

P((1+2++R)—2) (1) + P42+ +r)-1) (1) = P! [the walk jumping from i to i — 1, and finally
jumping back to i + R — 2 before T7],

Pli424-+r) (1) = P! [the walk jumping from i to i — 1, and finally
jumping back to i + R — 1 before T7].

Recall the exit probabilities, we obtain

pay+-+pm = q(i)- P (—o0,i— 1),
P(re1) + -+ Prer—1) = q(i)- PS(—00,i—1),i+ 1],
P(424-+R)—2) (1) + D424t r)-1) (1) = q(i)- Pl (—o00,i—1),i+R—2], (5.1)
P(1+2+-+R) (Z) = Q(Z) ) Pf;_l[(—OO,i - 1)ai +R— 1]-

Observe that

P(t2t+Rr)-2) (1) t P12t r)-1) (1) = PrR-1(i — 1) 1 Pjo ) (i — 1)
Thus by (B.10), we get
pr—1(i — 1)
pr—1(i — 1) T P(1+2++R) (1 — 1)’

Pasot+r) (i —1)
PrR-1(i = 1) + ptot.r) (i — 1)

P((1+24-+R)—2)() = q(i) - P [(—00,i —1),i+ R —2] -

P((424tr)-1) (1) = q(0) - PL'[(=o00,i = 1),i+ R —2] -

Using the same argument, we can get the expression of all the probabilities:

Pasos+r) () = q(i)- Pi ' [(—=o0,i—1),i+ R—1],
pr-1(i—1)
Pr—1(1 — 1) + P(1+2+-+R) (i — 1)’
Pat2+-+R) (i — 1)
pr-1(i = 1) + pat2t. ) (i = 1)

P((1+24-+r)-2) () = q(i)- P (=o0,i—1),i+ R—2]-

P((2tr)-1) (1) = q(@)- P [(=o0,i—1),i+ R—2]-

pren(@) = q(i) - P [(—o0,i—1),i + 1]
pa(i—1)
X - " . )
p2(i — 1) + p(ryr—141)(i = 1)+ + P(RyR-14R-2) (i — 1)
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Pr+r-1)(i) = q(i)- Py [(—00,i—1),i+1]
y P(R+R-1+r-2)(1 — 1)
p2(i = 1) + p(rep—141) (i = 1) + - + D(per_14Rr-2)(i — 1)’
. . i— . . P1 1—1
poy(® = a@)- B{(=eei =il p1(i = 1) +perin(i —(1) + -)- 4+ prer-n(i—1)
preny(i —1)
p1(i = 1) +pryny (i — 1) + - + prpr—1)(i — 1)’

P(2) (Z) = Q(Z) : Pj)_l[(—oo,z' - 1)7 Z] ’

P(r+r-1)(i — 1)
p1(i = 1) +prpny (i — 1) + -+ pppp-y(i — 1)

pry(@) = q(i) Py (—o0,i—1),1]

Now we are ready to give the theorem about U(i).

Theorem 5.1 Assume X, — oo, P-a.s.. Then (U(z)) . is an inhomogeneous multitype
Z_

branching process in R1FT2TT1 with immigration

: . p1(0)
U(l) =ey, with probability ,
@ 1 —p@y(0) = — p(r)(0)
. . P(r+1)(0)
U(1) = eq, with probability ,
1=pay(0) =+ = pr)(0)

P(r+r-1)(0)
1 —py(0) = = pr)(0)’
p2(0)
L —pay(0) = - = pr)(0)’

U(l) =egr, with probability

U(l) =ery1, with probability

p(1+2+---+R)(0)

U(l) = egy3y...tr, with probability

L —pa)(0) = = pr)(0)’

. . pr(0)
U(l)=e 1R, with probability ,
=iy T p0 O -~ o )

and the following offspring distribution:

Po(U(0) = (un,-++ yum,0,+++,0),U(1) = ea|lU(1)] = 1)

w ), .
= ¢ uil g ) Py (0) -+ pgy (0)p1(0),

PW(U(O) = (ur, - up, 1,0, ,0),U(1) = 62(\(](1)\ - 1)

(w4 +un)! )
= al PO P (OPRen (0),
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(R+R-1)th
PM<U(0):(’LL1,"',UR,0"',0, 1 70770)7U(1)26R‘|U(1)|:1>

(w4 ur)! )
- uy! - up! p(11) 0)---p 1% (0)p(R+R—1) (0),

Po(U(0) = (ur, -+ g, 0,0+ ,0),U(1) = epga [lU(1)] = 1)
(w1 + -+ ur)!

T g P(1)(0) -~ p(g) (0)p2(0),

Po(U(0) = (w1, ur, 0, ,0,1),U(1) = eayar | [U ()] = 1)

(U1+"'—|—UR)!u u
Tl ug P (0) -+ iy (012441 (0),

PW(U(O) — (w1, yug,0,---,0),U(1) = el+2+...+R(yU(1)y _ 1)
(U1+"'—|—UR)! u

T u! g P(1)(0) -~ p (0)pr(0).

Furthermore, for i <0, the offspring mean matriz of the (—i + 1)-th generation is:

N(i) = (N1(i) Na),

where
P(1) (%) o P(R) (%)
N T—py(®)——p(r) () T=py(@)——p(r)(?)
Ni(i) = : : : ;
p(1) (1) o P(r) (1)
T—py(®)——p(r) () T=py(@)——p(r)(?) (1424+-+R)xR
and
Z1,R—1 Z1,R—2 e 21
Ip_1 ZR-1,R—2 '+ ZR-11
Z1,R—1 Z1,R—2 e 21
o Zr-2r-1 Ir—2 -+ Zp-21
2= | Z1r—1 Z1,R—2 e 21 ’
Z1,R—1 Z1,R—2 R 1
Z1,R—1 Z1,R—2 e Z1a

) (14244 R)x (1424 +R—1)

in which Zy, , is the zero matriz of dimension m xn, and I,, is the identity matriz of dimension
m x m.

Remark Following the ideas in section [2, Theorem [5.1] can be proved analogously. We omit the
details.
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