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Abstract

We derive a quenched moderate deviations principle for a class of random walk in random envi-
ronment, where the environment is assumed to be stationary and ergodic. The approach is based
on hitting time decomposition. As a byproduct, we also get an explicit expression of the quenched

variance of 71, the first passage time of 1 by the walk.
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1. Introduction

Much attention has been focused on random walk in random environment (RWRE in short) in recent
years. In one dimensional case, Solomon(see [6]) has derived the law of large numbers for random walk
in ii.d. environment, which has been generalized later to the stationary and ergodic setting , referring
to Alili [1] and Zeitouni [7], where a central limit theorem has been got in different ways. And the large
deviations principle (LDP in short) for RWRE has been proved by Grevenet et al [5] and Comets et al [2].
The main purpose of our present paper is to derive the moderate deviations principle (MDP in short) for
RWRE in transient situation, whereas Comets and Popov (see [3]) considered the recurrent case (Sinai’s
walk).

Now we describe the model of interests to us. For any integer i € Z, denote the neighborhood of i
by N; := {i — 1,4,i + 1}. A probability measure w; on N; is denoted by a triple (w; ,w?,w;"), where
w;,w?,w;r > 0 and w; + w) + w;r = 1. Let M1(N;) be the collection of probability measures on N;
and equip Mj(V;) with the weak topology of probability measure, which makes it into a Polish space.
Further this induces a Polish structure on € := [],., Mi(N;). Let F be the Borel o-algebra on 2. Given

a probability measure P on F, a random environment w is an element of €2 distributed according to P.

We are now ready to define the class of random walks in random environment of interests to us. For

each w € ), we define the random walk in random environment w as the time-homogeneous Markov chain
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{X,,} taking values in Z" with transition probabilities

Wy, if j=i—1,
w? if j=1
Po(Xpi1=j| X,=1)= i '
(K1 =7 ) +, if =i+,
0, else.

For v € Z, we use P! to denote the law of {X,,} on (ZY,G), where G is the o-algebra generated by the
cylinder sets and PY(Xo = v) = 1. In this paper, we refer to PY(-) as the quenched law of the random
walk {X,,}. Note that for each G € G, the map w — PY(G) is F-measurable. Therefore we may define
the measure PV := P ® PY on (2 x ZN, F x G) from the relation

Pv(FxG)z/Pg(G)P(dw), FeF,Geg.
F

The marginal of PV on Z", denoted also by P” whenever no confusion occurs, is called the annealed law
of random walk {X,}.

We introduce the hitting times of the walk {X,,} which will serve us through out the paper. Let
T() = 0, and
T, = min{k : X}, = n}

with the usual convention that the minimum over an empty set is co. Set 79 = 0 and
Tn = Tn _Tn—la n 2 1.
Similarly, set
T_, =min{k: X; = —n}

and
Ton=T_p—T_p11, n>1,

the convention being that 74, = oo if T4, = co. For fixed w, whenever the walk is recurrent or transient
to the right, it is easy to see, by the Markov property, that {7,}>2, is an independent sequence under
the quenched law PY(-).

Let p; = Z; We introduce the following notations:
1 Iz—l
I
(=4) j
_ i L

i—1
11

[1e 1+
g(w) (T );

7=0
1
g(w) = _fgzg(W)P dw
T = T — Eg(Tk) = Tk —g(@kilu}).

In the rest of the paper {b(n)} is a sequence of numbers such that
_b(n) — 00, and _b(n) —0
vn n

as n — oo. We will derive the quenched moderate deviations for T;, and X,, in the following Section 2

and Section 3 respectively.



2. Quenched MDP for T,

Assumption (A)
(A1) P is stationary, ergodic and uniformly elliptic, that is, P(wg > €)P(wy > €) = 1, for some € > 0.
(A2) pmaz = sup[p : P(po > p) > 0)] € (0,1). O

Remark 2.1 1) It follows from (A1) that Ep(log po) is well defined. Then we have (see Zeitouni [6]
lemma 2.1.12) Epo(11) = Ep (S) and Epo(7—1) = Ep (F).

2) Under assumption (A) it follows from the definition of S that P-a.s. S < e '(1+ 32, pl o) =
(e(1 = pmaz)) ™t Therefore Ep (S) < oo. Then we have (see Zeitouni [6], theorem 2.1.9) P°-a.s.,

lim & = ! =
n—co n  Ep(S)

3) If we use a new condition “(B2) pmin := infp : P(po < p) > 0)] > 17 instead of (A2), then an

argument similar to above yields that PY-a.s.,
Xn 1

A = T (F)

= ’INJP.

O

We mention here that the rate functions of the MDP for both the hitting time and the walk are related
to the second moment of 7. Hence we calculate the quenched second moment of 71 in the following
proposition, but for the continuity consideration of our article, whose proof will be given as an appendix

of the paper.

Proposition 2.1 Denote

A(w) =: 14 p—1) + p—1)P(—2) + P(=1)P(=2)P(—3) + - - (1)
and w(o 1 w(o 2 w? 5
B(w) = oF . TPEn T PPy (2)
(=1 (-2) (—3)
Then
0/~2 0 9 2wl wl Wl
Ey(77) = Vy(W)=(po+pp) (2A(w) + B (w))” + —F (1 4 w_+) + (2A(w) + B(W))Pow—_,_
0 0 o
0 k ,
+ Z ( P(—i) < (p(_k_l) +p?_,€_1)) (2A(9*(k+1)w) + B(@*(kJrl)w))
k=0 1=0
w wo w
ey e o)
“(—k-1) “(—k-1) W

It follows from proposition 2.1 and assumption (A) that

Cpman 241\ 1 1 241\ 1
EO(72) < O+ —Pma Ghere O = 2 <+7€> + —(1+ —) + <+7€> y
1—pmam 1+pmam €



Therefore Vp(ri) := Ep(E%(7%)) < oo. This enables us to define a finite function G(\,u) := Au —

)‘72 Vp(71). Denote

72

I z) =sup G\, 2) = ———. 3
P Aelzg *2) 2Vp(11) ®)
Similarly when Vp(7_1) := Ep(E%(72,)) < oo, we define
2
el Ep——— 1

Theorem 2.1 Suppose that assumption (A) holds. Then

(a) for P-almost all environment w, the random variables {ﬁ(Tn — E%(T,))} satisfy a LDP with speed
@ and a convex good rate function 15 (x), where I5(x) is given in (3);

(b) furthermore, if the functional equation,

f=Ffob=g, (5)

has a bounded solution, then for P-almost all environment w, the random variables {ﬁ(Tn—nvlgl)}

b(n)?

also satisfy a LDP with speed

and good rate function I5%(z);

(c) if we use condition (B2) instead of (A2), then (a) and (b) hold with T_,, instead of T, , —vp instead
of vp, and convex good rate function I in (4) instead of I

Note that theorem 2.1 is actually a moderate deviations principle since the speed can vary without
changing the rate function. The main tool we use to prove the theorem is Gértner-Ellis theorem. Before

proving the theorem, we give the following lemmas for preparation.
Lemma 2.1 I;%(x) is a convex good rate function and I;%(0) = 0.

Proof. It is immediate from the expression of I5,%(z) in (3). O

Lemma 2.2 Under assumption (A) there exist a Aeriy > 0 and a number Mp < oo such that P-a.s.
EO(er™) < Mp for all X < Aerit-

Proof. For the proof of the lemma, see Comets et al [2], lemma 4. O

Lemma 2.3 For A € R and w € §) define

An(Nw) = b(Z)Q log E° (e%(Tn*EB(Tn)))'

Suppose that assumption (A) holds. Then P-a.s.,
2

lim A,(\,w) = %Vp(’?’l) =:A(N).

n—oo



Proof. Fix A € R. Recall that 7,7 > 1 are independent under the quenched probability PY(-). We have
that P-a.s.,

An()‘uw) ].Og Eg (GW(T"_ES’(T”)))

"
b(n)?
n n Ab(n) ~ n Ab(n) ~
— 1 EO( nn): 1 EO( < )
TOE ogi];[1 o (e b(n)ong o (e
n—1
n Ab(n) 0
= — log E9. (e n (Tl*Eeiw(Tl))),
52 log Ej,
b(n)* =

In the remainder of the proof of this lemma, we write 71 — Egiw(ﬁ) as 71 for simplicity. We also mention

that 7 differs from 7; which is 71 — E%(71) by definition. Then we have

o ()

Ab(n)

A\

b(") ™) < Mp, for n large enough. Therefore

such that

Since lim,, g =0, lemma 2.2 implies that P-a.s. E,(e

for any i € Z, and n large enough there exists some &; € (0,

" - Ab
g, (M) = Ef, (14 2 >ﬁ
n

A3b(n)3 . exbn) -
)2 + 6(3) 7_’?6 " Tl)

)
“b(n
2n
b (e

)\2b(n)2 B /\3b Ab(n) _
1 () S (),
Lemma 2.2 enables us to find a uniform bound Mp of Ej, (|7‘-1|3ekcz”'t \*1|). Define
n—1 )
- n A2b(n)? A3 Mpb(n)?
A w) = — S og (14 223 o (-2) A
(A w) b(n)2 ; Og( t 5 o2 fiw + 6n3

and .
no— A?b(n)? o\ AMpb(n)?
0 = s 3 oe (14 58 () - ).
Then for n large enough we have

A, (A w) <A, (N w) <AL\ w). (6)
Next we show that both A, (\,w) and A,,(\,w) converge to A;Vp(n) for P-a.s. w as n — oo. In fact,

_ 2

An()\,w)—%Vp(ﬁ) n(\,w ——ZEGZ —’—F’—ZE@Z —2—)\—2VP(7'1)’

Since Birkhoft’s ergodic theorem implies that P-a.s., }% Z?:_Ol Egiw(ﬂ?))‘; — —Vp T } — 0 asn — oo,
it is sufficient to show that P-a.s.,
1= A2
Ra(hw) = = Y B 5 | —o. (7)
i=0



To see this,

17171 0 ) )\2
w) — o ZEem(ﬂ)g

—1 2
( ) 2 ANb(n)® = Nwmr AN o
;0 ’ ( Eer (71) + 613 MP) 9 Eyi, (1)
2b(n 3b
writing A 2722) EY.(72) + Ab(n ) Mp as S(\, 0'w, n)

n—1
! —2 i [ S
< E Z ’/\2 Eglw(%lz)(k)g(l + S(A, sz, n))S(k,lem) — 1)’
1=0

—_

n—1
23D
RSP0

n 6n
i=0

Mplog(1 + SO, 0w, n)) 507 (8)

Since (1 +z)= < e for all 2 > 0, then the second term in the right-hand side of (8) is less than or equal
23 b(n)
to

Mp log e which is independent of w and converges to 0 as n — 0o.

To estimate the first term of the right-hand side of (8), note that
1 n—1 )\2 0 ) . 1
y Z ’7E9iw(7‘1)(10g(1 + SO\, fiw, n)) S0 — 1)\

Z—Z X B (78) (1= o (1 + S, 0, m)) T )

using the fact (1 + %)% <e<(l1+ %)%“ forall z >0

| AN

i i +1 i i
— Z Eew (log (1+ S\, 0'w,n))5007em ™ —log (1+ S(A,0'w,n))sComem )

:_Z Eel (72)log (1 + S(\, O'w,n)) < Z Eel )S(\, 0w, n)

3
:_Z Mo (A;’Q ng(fané’i) Mp),

which converges to 0 P-a.s. by Birkhoff’s ergodic theorem. Therefore (7) is proved. A similar proof
yields that P-a.s.,

ZEGZ —’—>O

which together with (7) and (6) implies that P-a.s.,

lim A,(\w) = %zvp(n) = A(N). 9)

n—oo

We emphasize that the P-null set in (9) may depend on A. To deal with this, let £; be the set of w such
that (9) holds for all rational A. Clearly P(Q;) = 1. For any A\ € R™, there exist rational sequences {s;}
and {/;} such that s; converges to A increasingly and I; converges to A decreasingly.
Then for w € Qy,

lim A, (s, w) <liminf A, (A, w) < limsup A,(\,w) < lim A, (l;,w).

n—oo n—oo n—oo n—oo



It follows that )

. 12
%Vp(n) <liminf A, (A, w) < limsup A, (A, w) < Ele(Tl).
Let i — oo. We conclude that

)\2
lim A,(\,w) = EVp(ﬁ), for w e Q4.

n—oo
We can deal with A € R™ in the same way to complete the proof of the lemma. O

Proof of Theorem 2.1
We only give the proof of part (a) and part (b) of the theorem. Part (c) can be proved similarly by
space reversal. Owning to lemma 2.1 and lemma 2.3, the proof of part (a) is just a simple application of

Gértner-Ellis theorem. We now prove part (b). Note that,

n n

T —nvp! =3 (1 — ES(m)) + > _(ES(m) — v, ).

i=1 i=1

Let v := >0 (BY (1) —v, ') = E;:Ol G(0*w). But by assumption, (5) has a bounded solution f. Hence
vy can be written as

Vo = f(W) = fo0"(w).

This implies in particular, that for all w, |v¥| < M for some constant M > 0. If we denote

]\"(Avw) = i IOgEB (e%(ﬂﬁnv;l)),

b(n)?
then
Tim A(Aw) = lim #ngg (B2 )
_ nlingo(%)zlogEg <e*”fﬁzyl<n_E3(m)eW>
= nli_}n;()#logEg (e*bﬁ")Z?:l(n—Eg(n))). o)

Lemma 2.3 and (10) imply that

lim A,(\) =A(\) P-a.s.,

n—oo

for any A\ € R where A(\) = )‘—;Vp (11) by definition. Another application of Géarter-Ellis theorem yields
part (b) of the theorem. Then the theorem is proved. O

3. Quenched MDP for X,

Since a quenched MDP is proved for the sequence {7}, we can derive a quenched MDP for the walk
{X,} itself. In the present section, let b(n) = n” particularly, where 8 € (1,1).

Theorem 3.1 Assume that assumption (A) holds and that (5) has a bounded solution. Define
1% (x) 26-1y7q ( —(ﬁ+1)) a? d I (2) z’
x) i =v —Xv = =, an L)'= ——=m 57
P P P P ’UISDVP(Tl) P —’U?DVP(T_l)

where 3 € (5,1). Then for any A € B(R), P-a.s.,



—I}(A%) < liminf b log P° (M c A)

n—oo 7’L2ﬁ71 nﬁ
. 1 o [ Xn —nvp 0
< hfl_,solipWIOgP“’ (T € A) < -Ip(A),

where for G € B(R), G° denotes the interior of G, G denotes the closure of G and I}(G) = inf,eq I (2);
moreover if we use (B2) instead of (A2), the same result holds with Op instead of vp, and I%(x) instead

of I} (x).

Proof. We deal with only the first part. The second part can be proved by space reversal. Throughout,
|2] denotes the largest integer smaller than or equal to x. As a beginning, we prove the upper tail for
the upper bound. Note that there is nothing to prove for v < 0. Fix u > 0. For n large enough we have
that,

P <Xn ;BHU_P > ”) = P (Xu 2 n’utnvp) < P (Tnsutnop) < 1)

_ po T\ nButnvp] — Lnﬁu—i-m;pjv;l n— Lnﬁu—i—m)pJU;l
“ ([nfu + nvp])? ~ (InPutnwp))?

o [ Tinsutnvp) — Lnﬁu—i-m;pjv;l - —(nPu — 1)1)131
- v ([nPu+ nvp|)P ~ (nPu+nvp+1)8 )7

Taking logarithm, we have from theorem 2.1 that, P-a.s.,

. 1 o [ Xn —nup
11£s;p W 10g Pw <T Z 'LL>

T\ nbusnop| — Pu+ St —(nBq — -1
S limsup ; log Pu.o) I_ Pud PJ LTL u TLUPJUP S (n u 1)’UP
n—oo MZA-1 ([nPu+ nvp|)s (nPu+ nup + 1)P
B 28-1 1
< limsup ([n"u + nvp))
T ([Pt nwp]
0 Tl_nﬁu—i-nvpj - L?’Lﬁu + nvpjvgl _(nﬁu _ 1)1};1
x log P, <
([nPu +nvp])? (nPu—+nup + 1)8
< — 26-1 i 7,4 — q
=" zgfiig(ﬁ+1) IP (JJ) mllzlg IP(JJ),

which completes the proof of the upper tail for the upper bound. We next derive the lower bound in a
similar way. To do this, we claim first, for any v € R and 0 < n < §, that,

{n—nPn< T\nsusnvp) <0} C {nvp + nP(u—6) < X, <nP(u+68) +nup}. (11)
Indeed, note that,
{n - ”ﬁﬁ < Tl_nﬁu—i-n'upj < n} C {Xn 2 nﬁu +nvp — (n - T|_nﬁu+nvpj)}
c {X, >0 u+nvp — (n— (n—nn))}
C {Xn >nvp +0P(u—n)} C{Xn >nvp +n(u—9)},
and that,
{ X |n—nsy < nPu + nvp}
{X,, <nPu+nvp+n’n}
{X, <nPu+n)+nvpt C {X, <nP(u+6)+nvp}.

N

{n - ”ﬁﬁ < Tl_nﬁu—i-n'upj < n}



Then we finish to prove (11). Tt follows from (11) and theorem 2.1 that, P-a.s.,

X, —

)
n

1
> liminf —z—log P (n = nn < Tjusugnop) < 1)

n—oo

1
lim inf —=— log P? (u —0<
n?

A 261 )
= liminf ([n"u+ nvp))
n—o0 n28-1 (Lnﬁ’UJ—F nvPJ)Qg,l
XlOgPO n—nﬁn— \_nﬁu'i‘n’UPJ’Ul;l
) ([nPu+ nop])?

< Tinsutnop) — [nu+noplvp'  n— |nPu + nup |up?

< ([nPu+nvp|)P S T nPut non])?
> —vp! inf Jeg
2 —Up IG(*WJ;B*UUE?B+1),77“,1;(ﬁ+1)) P (),

where the last inequality follows from the lower bound of MDP for T),. Moreover, since n < § is arbitrary
and since I5%(+) is continuous, letting  — 0, we have that,

- : - —(B+1
i inf 15%x) — v 1I1§’q(—uup(ﬁJr )) = It (u).
IE(—nU;ﬁ—uU;(ﬁ+l),—uv;(ﬁ+1))

Therefore, P-a.s.,

1
hnrr_1)1£f 251 log P° (u —0<
which completes the proof of the lower bound.

Next, we prove the lower tail for the upper bound to complete the proof of the theorem. For this
purpose, we need some accurate estimation of P? l1r>1£ X < —i> . Following Alili[1], lemma 5.3, we give

this estimation in next lemma.

Lemma 3.1 For all w € Q, and all i € Z,

oo
(llgg X < —i) < P(—i+1)P(—it2)---PO ;pl'-'Pk—lpk'

O

Now, we are ready to prove the lower tail for the upper bound. Note that there is nothing to prove
for u > 0.

Fix u < 0. Let a := 3% . Note that for g € (% 1) we always have 25 — 1 < a < (3. Then, for n large
enough,

)

X, —
3(#§u) §P3(312n:X;§nﬁu+nvp)
n

IN

PY (TLnﬁu+nvp+nﬂJ > n) + PY (Ell >n: X <nfu+ nUP, T nbutnvptne] < n)
P?

IN

(Tl_nﬂu—i-n'up +no | > n)

+P° < inf Xi < nPu+nvp, Tinsuinoptna) < n>
I>T, 4 o
[nButnvp+ne]
0
< Pu_; (TLnBqunvarn"‘J > n)

ZH nPutnuvptne ]

+P? <l>T inf X, — [nPu+nvp +n®] < —|n%] + 1) . (12)



Since a < 3, the first probability in the right-hand side of (12) can be estimated by the MDP of T, as

. 1
lim sup 251 log P° (TLnﬁu-i-nvp-i-no‘j > n)

n—oo

1
< limsup —=— T log P°

n—oo

([nPu+ nvp +n|)P

—(nPu+n®+1)vp!
~ (nPu+nvp +n> +1)8

<Ttn5u+nvp+naj - Lnﬁu + nvp + n"JUEl

6 a[\26—1
Slimsup(tn u+nvp +n%]) 1
n— 00 n2ﬁ—1 (Lnﬁu+nvp +nO‘J)25—1
clog PO [ Tnutnvr tney = [n7ut nop + nJup! _—(Putn® 4 1op!
gLy, (\_nﬁu—F?’L’UP'i"rLaJ)ﬁ - (nﬁu—i-nvp—f—na_,_l)ﬁ
_ 261 . rag N e _
o wZ—iﬁg(ﬁHl) Ip%() ;I%EIP(ZC) P-a.s.. (13)

We now turn to estimate the second probability in the right-hand side of (12).

= Lnﬁu+nuP+nO‘j

& (w inf  X;—[n%u+nvp +n) < —[n] + 1)
0 ) N
~ Priranpnon, ([ < L)1),
Denote ¢ := ¢(n) = [nu + nvp +n®]. Then it follows from lemma 3.1 that, P-a.s.,

0 . « _ p0 : «
Pasurnpron (B %0 S -n*) 1) = P, (g e 1) +1)

< P(— | 4+24¢) P(— e | +et1)-+-P(04c) Z P(14¢)P(2+c) +P(k+c)

k=1

-1 pL"O‘J
< — _rmar
pmam Z pmam 1 _ pmam

Therefore P-a.s.,
lim SUP 557 — log P? inf X, — [nPu+nvp +n] < —|n] +1
n—00 2T hutnopina)
P

1
<limsup ——— 251 log P° LBty pn ] (inf X; < —|n*] + 1)

00 1>0

1 Phva e
< limsup 251 log = lim 51 log pmaz
n—oo 1 — pmaac n—oo M
e (14)

where the last equality holds because that 0 < 26 —1 < @ and 0 < pya. < 1. Then it follows(see Dembo
and Zeitouni[4] lemma 1.2.15) from (12), (13) and (14) that P-a.s.,

1 X,
hmsup — log P) (ﬂ < u) < max{— ir<1f I (x), —oc0} = — inf T} (),
Vs r<u

n—oo B z<u

which completes the proof of the lower tail for the upper bound. Therefore, the theorem is proved. 0O

We can strengthen the result of theorem 3.1 due to the strict convexity and continuity of the rate
function I} (x). We state it in the next corollary.

10



Corollary 3.1 Assume that the conditions of theorem 3.1 hold. Then for any u € R, we have that P-a.s.,

. 1 o [ Xn —nup . q
Jim o5 log <T < U> = —;ggfp(x),

and

Y

n— oo n2ﬁ—1 TLB r>u

1 X, —
lim ——-— log P° <ﬂ u> = — inf I} (2).

Appendix A. On the second moment of T}

Let us fix an environment w. Our aim is to calculate E° (%12) , the variance of the first passage time 77,
given the environment w.
For i < 0, denote
Ni:=#{k € [0,T1) : X = i},

Uy =#{kel0,Th): X =1, X1 =1—1}

and
Zi i =#{ke[0,T1) : X =i, Xgy1 = i}.
Moreover set U; = 1. Then it is easy to see that N; = U; + U;41 + Z;, and
T :ZNi :ZUi+Ui+l+Zi: 1+22Ui+zi-

<0 <0 <0

If we denote W = 7, 2U; + Z;, then E (77) = EQ((W — ES(W | Uy = 1))2) =: V9(W). Therefore,

we need only to calculate the variance of W.

Indeed, {(U;, Z;)}i<1 with initial value (Uy, Z1) = (1,0) forms a special two-type branching process in
random environment with branching mechanisms

k
P (Ui, Zi) = (m, k) |Uir = 1) = <m+ )(w;)m(w?)kwj, i <0, mk>0.
m

Note that in this branching model, only type-1 particles can give birth to the next generation. Any
particle of type-2 has no offspring. It is an easy task to find the marginal distributions of U; and Z;. In

fact we have

w, mo oyt
PAU = mlUisr =1) = (=) ==
w( m| +1 ) w; +WZ+ w; +wz+
and . )
C kW
PZi=KUm =1 = (57 %) = ior
U= kU = 1) = (o) s
Therefore
EQ(Ui | Uiga,- - - Ug) = piUis1,
0
W
Eg(ZZ | Ui-‘rlu T UO) = Ld_quH_l. (15)
Also by some easy calculations we have
W0
EJ(UiZi|Uipq = 1) = 2p;—%, (16)
W

K2
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and
0 0 w? W?
Vi (UilUipr = 1) = pi(1 + pi), Vi, (Zi|Uip1 = 1) = oF (1 + w—+> (17)

To prove proposition, we give the following lemma.

Lemma 3.2 For any fized w € 2, denote
U—n =U_, — EB(U—n | U—n+1)7
Zon=70_p—E%NZ | U_pi1).

Then we have that,

o0

W — ES(W | Uy) = Z( (240 "w) + B0~ w))+2,n).

Proof. If we denote W_,, =Y 72 (2U_j + Z_}), we have for n > 0
W+ Z =Wy =W_p1 = Eg(W—n -W_na | U—n7 Z—n)

Then

o0

W —ESW | Ur, Z1) =Y (BES Wy | Usn, Zon)) = ES(We | Uonit, Z—ni1)) -
n=0

With A(w) and B(w) as in (1) and (2), it follows from (15) that

EQW_ | U p, Z ) =2U_n(1 + p(—n—1) + Pmn-1)P(=n—2) + ) + Zn

woi - wo w? o
+U_»n ( (Jrn D + P(—n-1)"F i P(—n—1)P(—n—2) ( Ay )
w w w
(—n—1) (—n—2) (—n—3)

=2U_,A(0""w)+U_,B0™"w)+ Z_,

and that
)
ESW_n | Usnir, Zong1) = 2U—ni1p(—n)(1 + pcn—1) + Pcn—1)P(—n—2) + ) + U7n+1w+
(=n)
0 0 0
w —n—1 w —n—2 w —n—3
+U_n+lp(fn) ( (Jr ) +p(,n,1) (Jr ) —|—p(7n71)p(7n72) (Jr ) + .- )
(=n-1) “(n-2) “(-n-3)
‘*’?w)
=2U_py1p(—n) A0 "w) + U_pp(—) B(07"w) + U_pn 11 T
(=n)
Then

W—ESW | U, Z1) = Y (ES(Wen | U—ny Zop) = ES(Wen | U—pi1, Z-nt1))
n=0

= > (2400"w)+ B(0"w)) (U-n — ES(U— | U-ps1))

n=0
oo

+ Y (Zw—BYZ 0| U-ny1)).

n=0

Therefore the lemma is proved.
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Now we come to the proof of proposition 2.1. Note that
VAW) = ES(W = ESOW | 0)*) = V2 (Zo+ Uy (2A(w) + Bw)))
+E° < <Z ( (2A4(0"w) + B(6"w)) + Zln) | UO,Z0>>
+2E9 (ES ((_ Zo+Up (2A(w) + B)))
X Z( (24(6~"w) + B(6~"w)) +Z,n) | UO,ZO)).

It is easy to see that the third term in the right-hand side of last equation is zero. Therefore

VOW) = V2 (Zo+ T (24(w) + B(w)))

+E? <UOV£ (i (ﬁ,n (2A(07"w) + B0 "w)) + Z,n) | Uy = 1))

n=1
(.()0 (.()0 (.()0
= (po+ £3) (2AW) + B (@) + =% (1422 ) + (24(w) + B@))po—2 + oV, (W), (18)
0 0 0

where the last equality follows from (15),(16) and (17). Then it follows by induction from (18) that

- LA.)O (.()0 (.()0
ES(7) = VEW) = (oo + pd) QAW) + B @) + =2 (14 L) + 24(w) + B(w))po =
Wo Wo Wo
0o k 2
s (Hp( Z)<( e+ ) (4G540 56 )
k=0 \ i=0
(UO (UO (UO
(—k=1) (—k=1) —(k —(k (—k=1)
+= (1+w+ )+ (2A(9 1) + B(O <+1>w)) T ))
(—k—1) (—k—1) k-1
which proves proposition 2.1. O
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