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Abstract

We derive a new proof of a recurrence and transience criteria for a class of random walks in random
environment with bounded jumps, where the environment is assumed to be stationary and ergodic.
Martingale convergence method is used in this paper, comparing the original one (Brémont (2002))

by the method of computing the exit probability.
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1. Introduction

Random walks in random environment (RWRE, for short) have attracted much intention in recent
years, we refer for example Zeitouni ([9], 2004) or Sznitman ([8], 2004) as a general introduction. In one
dimension, many results have been obtained, especially for the recurrence and transience criteria. Solomon
([7], 1975) has derived the recurrence and transience criterion for random walks in i.i.d environment with
nearest jump, and has been generalized later to the case that the environment is stationary and ergodic,
referring, for example, to Alili ([1],1999) and Zeitouni [9]. Key ([6], 1975) proved a recurrence criterion
for random walks in i.i.d environment with bounded jump, involving the Rth and (R + 1)th Lyapunov
exponents with respect to a random matrix M of dimension (R+ L) X (R+ L) built with the environment.
In ([3]), Brémont (2002) proved a recurrence criterion for RWRE with bounded jump ( one nearest step to
the right) only involving the largest Lyapunov exponent with respect to a random matrix M of dimension
L x L by the method of computing the exit probability. In this note, we will give a new proof for the
Brémont’s recurrence criterion by martingale convergence method, which is stimulated by Sznitman ([8],
2002) in the case of nearest jump. The key step is to construct a martingale, we get it intuitively from

the point of view “resistor” of the electric networks.
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We introduce the model briefly at first, and we adapt the notation as in Brémont ([3]). Let (2, F, i, T)
be an invertible dynamical system, that is, a probability space (€2, F, u) with an invertible transformation
T, measurable as well as its inverse and preserving . We suppose that T is ergodic with respect to pu.

The space € is interpreted as the space of environments.

Let L > 1 and R > 1 be two fixed integers and introduce the set of consecutive integers A =
{=L,---, R} which will be the set of possible jumps of the random walks. Let (p,).ca be a collection of

positive random variables on (2, F) satisfying »__, p.(w) = 1, p-a.e., and an ellipticity condition:

Je>0,VzeAand z#0, (p./pr) > &, p— ae. (1)

For a fixed medium w, let {X,,},>0 be the Markov chain on Z defined by Xy = 0 and the transition
probabilities

VeeZ, P,(Xpi1=2x+z2|X,=2):=p,(T"w).

Let P® be the measure induced by X, (w),>o with Xo = x on the space of jumps AN | called the
“quenched” probability, in contrast to the “annealed” probability fQ P,du(w). E* denote the expectation
under the probability P*, and write P, (respectively E,,) when x = 0.

We present a few conventions. In the rest of the paper the dependence on w will always be implicit.
Any expression of the form f(7T*w) will simply be denoted by T* f or f(k).

In what follows, we will restrict R = 1. For 1 < i < L, introduce the quantities
a; = (p—i+-+p-r)/p1- (2)

We define the following invertible nonnegative random matrices of size L x L that will play a central
role in this paper:

ai ar—1 ar
1

Mo 0 0
0 1 0

For k > 1 € Z, denote M (k,l) = M(k)--- M(l), recall that M (k) = T*M. We write (e;)1<;<z, for the
canonical basis of R”. And introduce the notation:
e1, M(k,0)eq), if k>0,
o oz 4 (61 M0 / )
1, if k=—1
Let v(M, T) be the largest Liapounov exponents of M with respect to (€, F, u, T'). Consider R” with its
canonical basis and l-norm, that is, ||z| = ZZ'L:1 |z;|, for = (2;)1<i<n. Introduce the cone C = {z €
RE x; > 0} and its intersection with the sphere: B = C'N {z € RE, ||z|| = 1}.

We note that the product of L matrices of the same form as M has strictly positive entries. Many

properties of nonnegative matrices were stated in Brémont ([3]), we summarize it as following

Proposition 1.1 (Brémont ([3]))



NI € -a.e.
(iNz € B,
1
(M, T) = lim —log||M(n—1,0)z||.
n—oo N

(i) There is a unique random vector V in B and a unique scalar map A such that MV = XTV.
Moreover M(n —1,0)V = (T" tX---\)T"V, and

101.7) = [ log(N)d

(iii) There exists a constant C > 0 such that (“X” for the partial order on R*)

1
GM(L = 1.00er < M(L =10V 2 CM(L ~1,0)ex

(iv) The vector V is strictly in the interior of the positive cone of R uniformly on w; that is,there
exists a constant 6 > 0 such that {e;, V') > § for 1 <i < L. Consequently, there exists a constant C > 0

such that, for all k >0,
1
a(T’“A < TON) < 65(0,k) < C(TFX---TON)
O

A recurrence and transience criterion for the RWRE with bounded jumps has been proved in Brémont

([3]) by computing the exit probability.

Theorem 1.1 (Brémont ([3])) The asymptotic behavior of random walks is the following:
(i) If Elog <0, then lim X, (w) =400, P,-a.c., p-a.e.
(ii) If ElogA >0, then lim X, (w) = —o0, P,-a.e., p-a.e.

n—oo

(iii) If Elog A =0, then —oo = liminf X, (w) < limsup X, (w) = +o0, P,-a.e., u-a.e.

n—oo

2. Alternative proof of Theorem 1.1

Brémont ([3]) introduced 6(0, k) in (3) for £ > —1. To formulate the martingale, we will first extend the
definition of §(0,%) in (3) from k > —1 to the whole line, this is the key step in our proof. Intuitively,
5(0, k) is the “resistor” between k and k + 1 in the electric networks for & > —1, from this point of view

it is natural to extend §(0, k) to the whole line as following,

<€1, .Z\4(l€,0)61>7 Zf k > 0,
5(0,k) := 1, if k=-1 (4)
<61a M(_17k+1)_161>a Zf k< -2,

We note that the product of L matrices of the same form as M ! has strictly positive entries. Thus

we can prove some properties of 6(0, k) for k < —2.

Proposition 2.1 (i) For —L <k < -2,
0(0,k)=0
(i) Fork < —L,
1

O(T’fx1 TIN50,k < C(TRATY TN



PROOF. (i) By simple calculation we can get the form of M1 :

0 0 - 0
0 1 - 0
................ where * is positive.
0 0O 1
* %k *

0 0 1 0
000 --- 1 where * is positive.
* * * *
* * * *

Then we can get that the top left corner of the product of |k| matrices of the same form as M ~! should
always be 0 when —L < k < —2, that is (0, k) = 0.

(ii) At first note that for &k < —L, 6(0,k) > 0. Since MV = ATV, let V' = TV, so we have
M=V = X1T71V'. Replace V' by V, that is, M~V = A~'T~'V. We can then obtain some
properties for (M ~1,7~1) as in Proposition 1.1 for (M, T) . Then we can get

é(T’“)\‘l L TTINTY) <6(0,k) < C(TEATE-TTINTY. O

Next lemma was proved in Atkinson [2], which will be used in proving the recurrent situation.

Lemma 2.1 Let (Q,F, u,T) be an ergodic dynamical system and ¢ € L*(p). If [ ¢ dp =0, then p-a.e.

n;(w)—1
I ni(w) — +o0, Z H(T*w) — 0 as i — +oo.
k=0

2.1 Construction of a proper martingale

Stimulated by Sznitman ([8]) in the case of nearest jump. For V environment w € Q, we define

- mil 6(07Z)a Zf z > -1,
flaw)=q 5
Z (5(072’)7 ’Lf xz S _27

By convention Y > = 0 when s < 7. Then we have the following conclusion which will play an important

role when we prove the recurrence and transience property of RWRE.

Proposition 2.2 For any fized environment w € Q, f(X,,w) is a martingale under P,,, where X,, is the

random walk determined by w.

PROOF. To prove f(X,,w) is a martingale, i.e., E,[f(Xnt1,w)|-Fn] = f(Xn,w). Tt suffices to prove
EL@) [f(X1,w)] = f(z,w) because of the Markov property and homogeneous. That is,



pu(@)f(e+Lw)+ Y poj@)f(z —j,w) = f(z,w) ()
j=1
which is
L
pi(@)[f(z+1,0) - Z f(@ = jw) = f(z,w)] =0, (6)
by the definition of f and a simple calculation, (6) is equivalent to

p1(@)0(0,2) = (p-1(x)+- - ~+p-r(2))0(0, 2=1)++ -+ (p—r+1(n)+p-r(2))5(0,2—L+1)+p_r(2)5(0,2—L)
By the definition in (2), it suffice to prove

5(0,2) = a1 (2)3(0,x — 1) + -~ + az (2)5(0, 2 — L). (7)
proof of (7): a) For z > —1,

(al) we can first consider x = n > L,

5(0,n) = (e1,M(n,0)ey)
= (e1,M(n)M(n—1,0)e7)
0 az(n) 0
ai(n) 0 0 0 20 0 ar(n)
1 0 0 0
= (e +]lo 1 0|+ +
0 0 o) | e 0 0 0
0 0 - 0
M(n—l,O)eﬁ
0 (12(71) 0
0 0 0
= a1(n)0(0,n—1)+{e1,| 0 1 0 | M(n—1)-M(n—2,0)er) (8)
OO .......... 0
0 ar(n)
RN IR IR
0 0 0
az(n) 0 0
0O 0 --- 0
= a1(n)0(0,n —1) + (eq, 1 0 -~ 0 | M(n-—2,0)e) (9)
00 ........ O
0 -+ ap(n)
botten | DY M= 1,00 (10)
0 0 0
= a1(n)0(0,n — 1)+ az2(n)é(0,n—2)+---+ar(n)d(0,n — L). (11)



Conclusion (11) is due to the multiplying operations of matrices as the form of M, which can drag a;
to the left top corner position.
(a2) If —1 <z =n < L, then we can also prove (7) similarly as the above because of (i) in Proposition
2.1.
b) For z < -2, z €Z.

We can rewrite (0, z) as the following,

6(0,2) = (el,(M,l-nMwH)_leﬁ
= e, MMy My p(Moy - Myp) 'er) (12)
50,z —1) {e1,(M_y--- M) ter)
= (€1, My_y -+ My_,(M_y---My_1) "e) (13)
0(0,z — L) = <el,(M,1-~-Mm,L+1)_1el>
= (e1, My, (M_y - My_p) "er). (14)

Then we can also decompose §(0,x) by the same procedures as in a) to get (7), for example,

5(0,z) = (1, My - My_y - My, (M_y--- M, 1) "e1)
0 ax(z) --- O
ar(z) 0 0 0 2(()) 0 0 0 ar,(x)
0 0 0 0 0
- (e1, +1o0 1 0|+ +
0 0 o) | o 0 0 0
0 0 0

My_y - My (M_y---My_1) teq)

= a1(z)0(0,x — 1) 4+ a2(z)6(0,x — 2) + - - - + ar(x)d(0,z — L).

c) For z = —1, we need only to note that §(0, —1 — L) = (e1, M(=1,-L) 'e1) = ;. Thus (7) is
proved. O

2.2 Proof of Theorem 1.1

PROOF. (i)When ElogA < 0. For large x > 0, f(x,w) is nonincreasing in z,

flew) = -3 60.2)

z=-—1

Y

z—1
—C()_ T TN +1)
z=0

z—1

= _C(Z eXizologT'A 1)

z=0
z—1

_ _C(Z ez(Elog)\-ﬁ-o(l)) + 1)’ (15)
z=0

i — a.s.w, where the inequality is due to Proposition 1.1 and (15) is due to Birkhoff’s ergodic theorem.
The series converge as © — 400 when Elog A < 0, then f is lower-bounded. Thus, 3 finite K(w) > 0,



such that y — a.s.w,
lim f(z,w)=—-K(w).

r——+00

Similarly, 4 — a.s.w,

—2
lim f(z,w) = lim Zé((),z)

Z=T

z 1 —1y—1
zEmOOCZT/\ LTI

_ Si logT ™At
= Jm G Z ) )

Y]

= lim Z e —|z|(Elog A+o(1)) (16)
T——00 po
= —+oo. (17)

With Proposition 2.2, we know f(X,,,w) is a martingale under P,,. By martingale convergence theorem,
we have f(X,,w) converges to a finite limit, P,-a.e., thus X,, must has a limit (maybe c0), as n — 400,
P,-a.e., p-a.e, because of the explicit expression of f(z,w). We can conclude that X,, — 400, P,-
a.e., p-a.e. (If X,, » —o0, P,-a.e., u-a.e., it contradicts (17). If X,, — a finite limit, P,-a.e., u-a.e., it
contradicts (1)).

(ii) Analogously we obtain the conclusion as the discussion in (i) when Elog A > 0.
(iii) When ElogA =0,

z—1
1 = — 1 5(0
Jm fww) = = lm 5 00.2)

IN

— lim ZTz STATON

wHJroo

1 rz—1 )
= - lim E e izo o8 T2

Tr——+00

z=0
where the inequality is due to Proposition 1.1. Since Elog A = 0, by Lemma 2.1, g a.e. 3 2(i) — 400, s.t.

z(1)
ZlogTi)\ — 0, as i — 400
i=1

Hence lim f(z,w)= —o0, p-a.e.. Similarly, lim f(z,w)= oo, p-a.e..
T—+00 T——00

For VA > 0, Let

T =inf{k >0, X} > A} and S = inf{k > 0, X}, < —A}.

Since f(Xn,aT,w) is a martingale, by martingale convergence theorem, P,-a.e.,

f(zpaT,w) — a finite limit, as n — oo.



As discussed in (i), we get X a7 — a finite limit, P,-a.e. as n — oo. If T = 400, that is, x,, — a finite
limit. So 3 large n, s.t. p;(n)|jea = o, which contradicts (1). Hence T' < +oc0. Similarly, S < 4o0. That
is, P,(T < 400 and S < 4+00) = 1, p-a.e. Letting A — 400, one gets

—oo = liminf X, (w) < limsup X, (w) = 400, P, —a.e., p—a.e. O

n—oo n—oo
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