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∃ε > 0, ∀z ∈ Λ and z 6= 0, (pz/pR) ≥ ε, µ-a.e. (1)Jxe�8{& ω, 1�h Z �8TÆE {Xn}n≥0 }A� X0 = 0 ��b_P
∀x ∈ Z, Pω(Xn+1 = x + z|Xn = x) := pz(T

xω).m�(3�� ΛN p Xn(ω)n≥0 � X0 = x v5+58#H6 P x
ω , &6 “quenched” _P�ylJl8 ∫

Ω Pωdµ(ω) &6 “annealed” _P� Ex
ω 2� P x

ω Jl8�Wj4� x = 0�Z��6 Pω u Eω .}����9��=Xks���GJx ω 8a6�>} f(T kω) %���6 T kf ~� f(k).A9��=Xt� R = 1, j~���G
ai = (p−i + · · · + p−L)/p1, 1 ≤ i ≤ L. (2)�hAJY^1d L × L (	����xZ8�[�o6j�*m�

M :=















a1 · · · aL−1 aL

1 · · · 0 0

. . . . . . . . . . . . . . . . . . .

0 · · · 1 0















.� M(k, l) = M(k) · · ·M(l), k ≥ l ∈ Z. � (ei)1≤i≤L 6 R
L 8�;�j~�t�

δ(0, k) :=







〈e1, M(k, 0)e1〉, if k ≥ 0,

1, if k = −1
(3)x γ(M, T ) � M jx (Ω,F , µ, T ) 8(18 Liapounov ���� R

L �/O 1-norm, �
‖x‖ =

L
∑

i=1

|xi|, l� x = (xi)1≤i≤n. j~�N C = {x ∈ R
L, xi > 0} u�ysZ8���

B = C ∩ {x ∈ R
L, ‖x‖ = 1}.�g6 L dN} M 8(	8(�8�s8��8{�F�Z
�8�d
���4

Brémont ([3]) �e+8sj��(	8P�=Xna}A�OS 1.1 (Brémont ([3])) e���(	 M ,

(i) ∀x ∈ B, µ-a.e.

γ(M, T ) = lim
n→∞

1

n
log ||M(n − 1, 0)x||.

(ii) /�5_8��IG V ∈ B u5_8���� λ �7 MV = λTV '?�g#_�8� M(n − 1, 0)V = (T n−1λ · · ·λ)T nV , q
γ(M, T ) =

∫

log(λ)dµ.

(iii) /�$� C > 0 �7 (“�” � RL �gU�)

1

C
M(L − 1, 0)e1 � M(L − 1, 0)V � CM(L − 1, 0)e1
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(iv) IG V _�8 (�a6 ω) � R
L 8��%b��/�$� δ > 0 �7 〈ei, V 〉 ≥ δ,

1 ≤ i ≤ L. .N�/�$� C > 0 �7� ∀k ≥ 0,

1

C
(T kλ · · ·T 0λ) ≤ δ(0, k) ≤ C(T kλ · · ·T 0λ).Jxs�(8 RWRE 8$SP�MPf��Brémont ([3]) *q�� e_P
%e+}A�8�5F 1.1 ��{&���qD*�}A�$O6�

(i) � E log λ < 0, � lim
n→∞

Xn(ω) = +∞, Pω-a.e., µ-a.e.

(ii) � E log λ > 0, � lim
n→∞

Xn(ω) = −∞, Pω-a.e., µ-a.e.

(iii) � E log λ = 0, � −∞ = lim inf
n→∞

Xn(ω) < lim sup
n→∞

Xn(ω) = +∞, Pω-a.e., µ-a.e.

2 6G 1.1 4I_jNJ k ≥ −1 8rN� Brémont ([3]) � (3) �j~H δ(0, k) 8�h�6H�m+VQ�=XT℄[1 δ(0, k) 8�h�. k ≥ −1 [16
d
�����=X�[�8j�_���k��1d.+ δ(0, k), k ≥ −1, ����?3� k u k+1 F>��8?'�.�dk>+P�w#v8�=X1
 δ(0, k) 8�h. k ≥ −1 [16
d
��}A�
δ(0, k) :=















〈e1, M(k, 0)e1〉, if k ≥ 0,

1, if k = −1

〈e1, M(−1, k + 1)−1e1〉, if k ≤ −2,

(4)�g6 L dN} M−1 8(	8(�*sZ
�8{���q=X1d764 k ≤ −2� δ(0, k) 8_JP��OS 2.1 (i) 4 −L ≤ k ≤ −2 ��
δ(0, k) = 0.

(ii) 4 k < −L ��
1

C
(T kλ−1 · · ·T−1λ−1) ≤ δ(0, k) ≤ C(T kλ−1 · · ·T−1λ−1).h (i) *q�3��=X1d76 M−1 8N��





















0 1 0 · · · 0

0 0 1 · · · 0

. . . . . . . . . . . . . . . .

0 0 0 · · · 1

∗ ∗ · · · ∗





















l� * �1x 0 8��
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



















0 0 1 · · · 0

. . . . . . . . . . . . . . . .

0 0 0 · · · 1

∗ ∗ · · · ∗

∗ ∗ · · · ∗





















l� * �1x 0 8��i-�4 −L ≤ k ≤ −2 �� |k| dN} M−1 8(	8(�8)��8{�%:x 0, �
δ(0, k) = 0.

(ii) �g64 k < −L �� δ(0, k) > 0. i6 MV = λTV , �h V ′ := TV , � M−1V ′ =

λ−1T−1V ′. �Xm V 5&} V ′, � M−1V = λ−1T−1V . 7�x℄$ 1.1 �2y (M, T ) 8P�_\�=X^1d76jx (M−1, T−1) 8_JP��.N
1

C
(T kλ−1 · · ·T−1λ−1) ≤ δ(0, k) ≤ C(T kλ−1 · · ·T−1λ−1).AZ�dj81!� Atkinson [2], �m5�[$SPrN�`F 2.1 � (Ω,F , µ, T ) �d�;8D��-� φ ∈ L1(µ). }p ∫

φdµ = 0, � µ-a.e./� ni(ω) → +∞, �7
ni(ω)−1

∑

k=0

φ(T kω) → 0, i → +∞.

2.1 ;e>Q2nJx ∀ {& ω ∈ Ω, =X�h
f(x, ω) :=























−

x−1
∑

z=−1

δ(0, z), x ≥ −1,

−2
∑

z=x

δ(0, z), x ≤ −2,}��4 s < r �� s
∑

r

= 0. vx=XsAJ�℄�R���$SP�MP�[�o!j�*m�OS 2.2 J{ge�8{& ω ∈ Ω, f(Xn, ω) jx#H Pω �_d+�l� Xn �p ω-�8��qD�h 6�[ f(Xn, ω) �d+��℄�[
Eω [f(Xn+1, ω)|Fn] = f(Xn, ω).pxTÆPu�nP�"T℄�[

Ef(x,ω)
ω [f(X1, ω)] = f(x, ω).��

p1(x)f(x + 1, ω) +
L

∑

j=1

p−j(x)f(x − j, ω) = f(x, ω), (5)
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p1(x)[f(x + 1, ω) − f(x, ω)] +

L
∑

j=1

p−j(x)[f(x − j, ω) − f(x, ω)] = 0, (6)*q2~ f 8�hu�38��� (6) :�x
p1(x)δ(0, x) = (p−1(x) + · · · + p−L(x))δ(0, x − 1) + · · ·

+(p−L+1(n) + p−L(x))δ(0, x − L + 1) + p−L(x)δ(0, x − L).px (2) �8�h��T℄�[
δ(0, x) = a1(x)δ(0, x − 1) + · · · + aL(x)δ(0, x − L). (7)AZ=X5�[ (7):

a) 4 x > −1 ��
(a1) �B/O x = n ≥ L ��

δ(0, n) = 〈e1, M(n, 0)e1〉

= 〈e1, M(n)M(n − 1, 0)e1〉

= 〈e1,



































a1(n) 0 · · · 0

1 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0















+





















0 a2(n) · · · 0

0 0 · · · 0

0 1 · · · 0

. . . . . . . . . . . .

0 0 · · · 0





















+ · · · +















0 0 · · · aL(n)

0 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0



































·M(n − 1, 0)e1〉

= a1(n)δ(0, n − 1) + 〈e1,





















0 a2(n) · · · 0

0 0 · · · 0

0 1 · · · 0

. . . . . . . . . . . .

0 0 · · · 0





















M(n − 1) · M(n − 2, 0)e1〉 (8)

+ · · · + 〈e1,















0 0 · · · aL(n)

0 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0















· M(n − 1, 0)e1〉

= a1(n)δ(0, n − 1) + 〈e1,





















a2(n) 0 · · · 0

0 0 · · · 0

1 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0





















M(n − 2, 0)e1〉 (9)
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+ · · · + 〈e1,















0 0 · · · aL(n)

0 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0















· M(n − 1, 0)e1〉 (10)

= · · · · · ·

= a1(n)δ(0, n − 1) + a2(n)δ(0, n − 2) + · · · + aL(n)δ(0, n − L). (11)�" (11) �pxJ (8) �8(	BV#Ou((	 M ~�x768���BV8"*

 ai /6��(	)��88��
(a2) 4 −1 < x = n < L ��px℄$ 2.1.(i), ^1dm7�x�Z8VQ�[ (7).

b) 4 x ≤ −2 �� x ∈ Z.
817 δ(0, x) 8N��
δ(0, x) = 〈e1, (M−1 · · ·Mx+1)

−1e1〉

= 〈e1, MxMx−1 · · ·Mx−L(M−1 · · ·Mx−L)−1e1〉 (12)

δ(0, x − 1) = 〈e1, (M−1 · · ·Mx)−1e1〉

= 〈e1, Mx−1 · · ·Mx−L(M−1 · · ·Mx−L)−1e1〉 (13)

...

δ(0, x − L) = 〈e1, (M−1 · · ·Mx−L+1)
−1e1〉

= 〈e1, Mx−L(M−1 · · ·Mx−L)−1e1〉. (14)��=X^1H (a) ���m8VQ_\Z� δ(0, x) #N76 (7), >}
δ(0, x) = 〈e1, Mx · Mx−1 · · ·Mx−L(M−1 · · ·Mx−L)−1e1〉

= 〈e1,



































a1(x) 0 · · · 0

1 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0















+





















0 a2(x) · · · 0

0 0 · · · 0

0 1 · · · 0

. . . . . . . . . . . .

0 0 · · · 0





















+ · · · +















0 0 · · · aL(x)

0 0 · · · 0

. . . . . . . . . . . .

0 0 · · · 0



































·Mx−1 · · ·Mx−L(M−1 · · ·Mx−L)−1e1〉

...

= a1(x)δ(0, x − 1) + a2(x)δ(0, x − 2) + · · · + aL(x)δ(0, x − L).

c) 4 x = −1 ���T℄�g6 δ(0,−1 − L) = 〈e1, M(−1,−L)−1e1〉 = 1
aL(−1) . �1�[ (7).

2.2 5F 1.1 2hL
(i) 4 E log λ < 0 ��J&i18 x > 0, f(x, ω) jx x �Y�8�

f(x, ω) = −

x−1
∑

z=−1

δ(0, z) ≥ −C
(

x−1
∑

z=0

T zλ · · ·T 0λ + 1
)

= −C
(

x−1
∑

z=0

e

zP
i=0

log T iλ

+ 1
)

= −C
(

x−1
∑

z=0

ez(E log λ+o(1)) + 1
)

, (15)
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µ-a.s. ω, l� “≥” px℄$ 1.1, �" (15) �px Birkhoff’s �;�8�4 E log λ < 0, x → +∞ ��i6 (15) �8UJ��C8�� f �sA�8�`W� ∃sD8 K(ω) > 0, �7 µ-a.s. ω,

lim
x→+∞

f(x, ω) = −K(ω).,\<� µ-a.s. ω,

lim
x→−∞

f(x, ω) = lim
x→−∞

−2
∑

z=x

δ(0, z)

≥ lim
x→−∞

1

C
(
−2
∑

z=x

T zλ−1 · · ·T−1λ−1)

= lim
x→−∞

1

C
(

−2
∑

z=x

e
P

z

i=1
log T−iλ−1

)

= lim
x→−∞

1

C

−2
∑

z=x

e−|z|(E log λ+o(1)) (16)

= +∞. (17)p℄$ 2.2 1�� f(Xn, ω) jx#H Pω �d+�)+�C�8� f(Xn, ω), Pω-a.e. �C6_dsD�D�wpx f(x, ω) 8C��0�� Xn ��/�_d�D (^1
� ∞),

n → +∞, Pω-a.e., µ-a.e. =X1I� Xn → +∞, Pω-a.e., µ-a.e. ([��� Xn → −∞, Pω-

a.e., µ-a.e., �y (17) VL�� Xn → sD�D� Pω-a.e., µ-a.e., �y (1) VL).

(ii) 4 E log λ > 0 ��7�x (i) �"R1�[�R�
(iii) 4 E log λ = 0 ��

lim
x→+∞

f(x, ω) = − lim
x→+∞

x−1
∑

z=−1

δ(0, z)

≤ −
1

C
lim

x→+∞

x−1
∑

z=0

T zλ · · ·T λT 0λ

= −
1

C
lim

x→+∞

x−1
∑

z=0

e
P

z

i=0
log T iλ,l� “≤” �px℄$ 1.1. p E log λ = 0, )j8 2.1, µ a.e. ∃ z(i) → +∞, �7

z(i)
∑

i=1

log T iλ → 0, as i → +∞..N� lim
x→+∞

f(x, ω) = −∞, µ-a.e.. ,\<� lim
x→−∞

f(x, ω) = ∞, µ-a.e..J ∀A ≥ 0, �h
T := inf{k ≥ 0, Xk ≥ A} and S := inf{k ≥ 0, Xk ≤ −A}.i f(Xn∧T , ω) �+�)+�C�8� Pω-a.e.,

f(Xn∧T , ω) → sD�D, n → ∞.



8 � W ? 8 W Æ Vol.30A} (i) �8"R�17� Pω-a.e., Xn∧T → sD�D� n → ∞. � T = +∞, �� Xn → sD�D��/�&i18 n, �7 pj(n)|j∈Λ = o, �y (1) VL�i- T < +∞. ,\<�
S < +∞. x�� Pω(T < +∞ and S < +∞) = 1, µ-a.e. x A → +∞, 17

−∞ = lim inf
n→∞

Xn(ω) < lim sup
n→∞

Xn(ω) = +∞, Pω-a.e., µ-a.e./ D W Y
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Alternative Proof for the Recurrence and Transience of Random

Walks in Random Environment with Bounded Jumps

Wang Shidong Hong Wenming
(School of Mathematical Sciences & Laboratory of Mathematics and Complex Systems,

Beijing Normal University, Beijing 100875)

Abstract: We derive a new proof of a recurrence and transience criteria for a class of random

walks in random environment with bounded jumps, where the environment is assumed to be

stationary and ergodic. Martingale convergence method is used in this paper, comparing the

original one (Brémont (2002)) by the method of computing the exit probability.
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