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1 Introduction and statement of results

Super-Brownian motion with super-Brownian immigration (SBMSBI, for short) was consid-
ered by Hong and Li ([8]), see also [3]. As one kind of superprocess in random environment,
some interesting phenomena were revealed under the annealed probability law ( [6], [8]) and a
quenched CLT was obtained ([9]). For the quenched mean, a CLT (d > 3) and a LDP (d = 3)
were proved ([7]). In this paper, we will consider the moderate deviation for the quenched mean,
which fills in the gap between the CLT and LDP.

To state our results, we begin by recalling the SBMSBI model (we refer to [2] and [12] for a
general introduction to the theory of superprocesses). Let C'(IR?) denote the space of continuous
bounded functions on IR?. We fix a constant p > d and let ¢, () := (1 + |z[>)7P/2 for x € R%.
Let Cy(RY) = {f € C(R?) : sup|f(z )\/gi)p( x) < oo}. Let M,(IR?) be the space of Radon
measures f on IR? such that (u, f) := [ f(z)u(dr) < oo for all f € Cp(IR?). We endow M, (IR?)
with the p-vague topology, that is, ur — 1f and only if (g, f) — (i, f) for all f € C,(IR?).
Then M, (IR?) is metrizable ([10]). We denote by A the Lebesgue measure on IR, and note that
A € M,(IR%).

Let Ss; denote the heat semigroup in IR?, that is, for t > s and f € C(IRY),

1 / e~ lv=a/2(-9) £ ()

o0 = ot = )72 e
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We write S; := So. Given pu € M,(IR?), a super-Brownian motion o = (o4, P,) is an M,(IRY)-
valued Markov process with pg = p and Laplace transform given by

E, eXp{_<Qt7f>} = exp{—<u,v(t, )>}7 I € C;(]Rd)a (1.1)

where v(-,-) is the unique mild solution of the evolution equation

. — LAu(t) — v
{o)Zzae® =0 12

and E,, denotes expectation with respect to P,.

Given a super-Brownian motion ¢ = (g, P,) as the “environment”, we will consider an-
other super-Brownian motion with the immigration rate controlled by the trajectory of o, the
(SBMSBI) X¢ = (X7, P§) with X§ = v, which is again an M,(IR?)-valued Markov process
whose quenched probability law is determined by

EJexp{—(X}, f)} = exp{— (v, v(t,")) — /O (05, 0(t —s,-))ds}. (1.3)

Again, FEf denotes expectations with respect to P?.

In the following we take = v = A, and write P2 (resp. P) for P{ (resp. Py). We also use E?
and E for the corresponding expectations. This model was considered in [8] and [6]-[9], see also
[3], where some interesting and new phenomena were revealed under the annealed probability
law:

sz/wamm

with expectation denoted by E.

Recall that a CLT for the quenched mean E¢(X?, f) has been proved in [7]. i.e., for the
centered functional F(o., T} f)

F(o.,T; f) i= aa(T) ' {E4(X3, f) —E(X{, )}, [ € Cf (IR, (1.4)
where
7O/ 3<d<5
ag(T) =< (logT)'/?, d=6 (1.5)
1, d>"T.

Theorem 1.1 ( Hong, 2005 ) Ford > 3, f € C;(]Rd), then as T — oo, F(o0.,T;f) = &(f)
in distribution under the law P, £(f) is determined by

Eexp{—0¢(f)} = exp{F(0,f)}, 0=>0
where CL2 (0 )2 s d<t
F0.0 = A s 235

Cy = (4m)~9/2 fol s2=U2ds for 3 < d < 5, Cg = (4m)~3; and ug(t,z) is the mild solution of
equation

ug(t,x) = 0tS: f(x) — /0 Sy_suz(s,-)(zx)ds.
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Remark 1.1(a) Note that when T large enough, E¢(X2. f) ~T(), f) + & by (1.4) and (1.5).
(b) A LDP for the quenched mean E2(X?, f) has been obtained for dimension d = 3 as well
([7] ), with norming a3(T) = T and speed b3(T) = T~'/2. By a further observation, we found
that an upper bound LDP for dimension d = 4 and a degenerate form (rate function be 0) for
dimensions d > 5 can be obtained with norming aq(7) = T and speed by(T) = T~ .

In this paper, we will prove a moderate deviation for the quenched mean E¢(X? f) in
dimensions 3 < d < 6, thus we give a complete picture about the limit behavior of the quenched
mean regarding to (a) and (b) in the remark 1.1.

For 3<d<6,fix f e C’;“(Rd) satisfying (A, f) = 1 and let

W(T) == ag(T) ' E4(X], f) — B(XZ, )], (1.6)
and

A(T, 0) := by(T) ' log E exp[0bg(T)W (T)], (1.7)
where the norming a4(7") and the speed by(T") satisfy the following conditions,
(1)) (T) d(T)~ = 1a(T) — 0,
(2) ba(T) = aa(T) - 1a(T) — o0, s
(3) ag(T)~2 - ba(T) = ba(T)~" - 1y(T)? = { gongl, ssdsv (1.8)

in addition,
(4) ford=3,aq(T) -T~' =14(T) - T? = 0.

Theorem 1.2 For 3 < d < 6, define Cyq = (4m)~4? fol s2=42ds for 3 < d <5, Co = (4m)73;
and I(x) = 4%1 . The law of W under P admit the LDP with speed function by(T) and rate
function I1(x), i.e., for any U C O is open and C is closed, then

lim inf by(T) M log P{W(T) € U} > — inf I(x),

limsup bg(T) * log P{W(T) € C} < — 11%[( x).
T—o0 Tre

0

Remark 1.2 As an example, one can choose the norming a4(7") and the speed by(7T) satisfying
the condition (1.8) as following

(1)d =3, az(T) = T b3(T) = T/?>72% o € (0,1/4),

(2)d =4, ay(T) =T by(T) = T2, a € (0,1/2), (L.9)
(3)d =5, as(T) = TY/?= bs(T) = T'/?72 o € (0,1/4), '
(4)d =6, ag(T) = (log T)' =, b6(T) = (log T)' 7>*,c € (0,1/2).

Note that when « takes the right endpoint value, the correspond norming ay(7") is the same
as (1.5) for the central limit theorem. On the other hand, when a being 0, the left endpoint
value, the corresponding norming a4(7") and speed by(T) are just those for the LDP in dimension
d = 3,4. The limit property in Theorem 1.2 reveals the behavior between CLT and LDP, which
is the so called moderate deviation. Interesting phenomena happened for d = 5,6 : the LDP is
degenerate, but we still get the moderate deviation as stated above.



2 Proof of Theorem 1.2

Let fr := lq(T)f, where l4(T) = by(T) - ag(T)~! is as in (1.8). The mild solution of equation
(1.2) is

vp(t,x) = Sifr(x / Si_svr(s, )} (x)ds, t>0 f¢c C’;(Rd). (2.1)
From equation (1.3) it is easy to get the quenched mean of (X%, fr),

T
BH(XE. fr) = O\ fr) + [ Con S fir)ds. (29)

which is the functional of the process o = (g, P) and is determined by the Laplace functional
(see Iscoe ([10])), for 6 <0,

Eexp{0E*(X{, fr)} = exp{0(X, fr) + (A ur(t, )}, (2.3)

where up(t,z;0) is the mild solution of the following evolution equation,

ur(t) = Aup(t) + ub(t) + 0Si fr 0<t<T 54
wr(0) = 0, (24)

i.e.,
up(t,z) = 0tSy fr(x / Si_ suT (x)ds, 0<t<T. (2.5)

Actually, (2.3)—(2.5) are just the Laplace transformation for # <0 (in which —0 < 6, —u < u),
the key step here is to extend them to some 6 > 0, such that we can get the limit of Ay(7,6) for
f in a neighborhood of zero as T' — oo. In what follows, we will firstly to prove the existence
and smoothness of the solution of equation (2.4) for # in a neighborhood of zero by means of
series expansion which was used in Hong [6]. Although the proof below can be got by modifying
those in [6] almost word by word, we prefer to give the details here because the difference of
the constant c4(7") makes us to obtain a full LDP for W(T') (whereas only a local LDP being
proved in [6]). Secondly we extend the Laplace expression (2.3) to 6 in a neighborhood of zero.
For any functions g(t,), h(t,-) € Cp(R%), ¥t > 0, p > 1, we define the convolution

g(t,x) « h(t,z) = / Sslg ) - h(t —s,-)](z)ds. (2.6)
Let
gt fﬂ) =g(t, 96)
{ glt,x) ™ = Y01 g(t, x)™* « g(t, ) =R, (2.7)

and {B,,n > 1} is a sequence of positive numbers determined by

{ By =D, =1 (2.8)

By =721 BtBu_,
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see Dynkin [5] or Wang [13]. Let us recall an estimation which is useful in our proof, for any

f € Cf(RY),
Sif <e(AAt™Y?). (2.9)
where ¢ = max{(27)~%2,||f||} is a positive constant.
Lemma 2.1. Let 3 < d <6 and Fr(t,x) = tS; fr(x), then
Fr(t,x)*™ < Bycg(T)" - tS, fr(x) (2.10)
where cg(T) = c-14(T), for 4 < d < 6; c3(T) = 2¢ - 13(T)T/2.

Proof. We will prove (2.10) by induction in n. It is trivial for n = 1. When n = 2, from the
definition we have

Fr(t,z)? = /OSS[(t—S)St_SfT]z(x)ds

< et [T A9 ds - 5if
0
= D) 10 fr(a)

as desired, where we use (2.9) at the second step. If (2.10) is true for all £ < n, by (2.7) and
(2.8) we get

n—1
Pr(t,z)™ < Y Brea(T)" ' Sy fr(x) * Bu_pea(T)" 1S, fr(x)
1

= Bncd(T)”_2 . FT(t, l’)*Q

< Buca(T)"' - S, fr(@),
and then the proof is complete by induction.  [.
Lemma 2.2. Let 3 < d <6, |0 < ﬁ(T)’ then the equation (2.5) admits an unique mild
solution up(t,x;0), moreover it is analytic in 0| < ﬁ(T) and
where Cq(T,0) = (2¢4(T)) "' [1 — (1 — 4ea(T)|6]) /).
Proof. We can rewrite equation (2.5) by convolution as

up(t,x;0) = 0Fp(t,x) + up(t,z;0) x up(t, x; 0). (2.12)

Then one gets the solution of (2.12)

[e.e]

urp(t,z;0) =Y Pp(t,z)™"0" (2.13)

n=1

by Dynkin [5] ( see also Wang [13] ) once the convergence of the series on the right hand is
proved, where Frp(t,z) is given in Lemma 2.1. By Lemma 2.1, the series is dominated by

ur(t,2;0)] < Buca(T)" 6] - tSifr (). (2.14)

n=1



On the other hand, we know (see Dawson [1], also Dynkin [5] and Wang [13]) that the function
g(z) = 3[1 — (1 — 42)'/2] can be expanded as a power series

1 1/2)
g(z) = 5[1— — 42)Y ZB 2"

when |z| < 1/4, where B,, is given in (2.8). So the series (2.13) is absolutely convergence for
6] < ﬁ(T)’ and from (2.14) we get

lup(t, 2;0)] < (2cq(T)) "ML — (1 — 4cg(T)|0)) 2] - tS, fr(z) := Cy(T, 0) - Sy fr(z),
as desired. [.
As a consequence of Lemma 2.2, we can extend (2.3) to 0] < ﬁ(T) by properties of Laplace
transform of probability measure on [0,00) (cf. [14]). Note that c4(T ) — 0 by the condition

(1.8), thus for any #, we can choose Ty large enough such that |0] < 3 (Tg) So (2.3) is valid for

any 6 as T' goes to infinity.
From (1 7), (2 3) and (2.5), and note that E(XZ, f) = N\ fr) + T\ fr), (A up(T,-)) =

OT (N, fr(x +f0 (A, uF(s,-))ds. For |0] < 4 (T) we have
A(T,0) :=by(T) *log E exp[0by(T)W(T)]
T
:bd(T)—l/O (s, ))ds. (2.15)

Lemma 2.3. Let 3 < d <6, for any 0 fixed,

T
Ay(T, f) :=bg(T)! /0 (N, (0tSy fr)?)dt. (2.16)
We have
Jim Ay(T, ) = Cab?(\, )2, (2.17)

where Cy = (4m)~4/? fol s2=/2ds for 3 < d < 5, Cg = (4m) 3
Proof. From (2.16)

T
AT, f) = bu(T) M 1a(T >92/< (15,12 dt

= by(T) Lig(T 92/ t2dt// (2t,y,2) f(y) f(2)dydz=.

When 3 < d <5,

Jim Ag(T.f) = lim by(T) Ya(T)?13~ d/292/ tht//zm —dj2o- () f(z)dydz
== Cd‘92<)‘7f>2



by dominated convergence theorem and condition (1.8). When d = 6,

Jim AyT, f) = Jim ba(T) (T 92/ t2dt// (2t,y, 2) f(y) f(z)dydz

= Jim ba(T) Hy(T)?6% log T / T3ds / / (4nT*)~3 —'ym f() f(z)dydz
= Cd9 <>\7f>

by dominated convergence theorem, where we have taken the transformation ¢ = 7% at the
second step. Completes the proof. [

Lemma 2.4. Let 3 < d < 6, for any 0 fixed,

T T
ca(T, f) = ba(T) ™ / O (014 fr)?)dt — / A (t, ) de| (2.18)
0 0
we have
Jim =4(T, f) = 0. (2.19)

Proof. From equation (2.5),
t ¢ 2
|0tS, fr(2))? — up(t,z)| < 2[|9|tSth(a:)/ Sy_su(s,-)(x)ds + U S_suA(s, ) (z)ds
= I+1I ' ’
Let C denotes a positive constant and it may be different values at different line. Recall the

useful inequality Sy f(x) < C(1 At=%2), by (2.11),

T T t
bd(T)lfo (N Ddt < 2|9\Cd(T,0)bd(T)1/0 <)\,[tSth]/0 Si_s(sSsfr)*ds)dt

T t

< C|9|Cy(T, G)bd(T)lld(T)Z%/ tON, (Stf)Q/ $2(1 /\s*d/2)ds)dt
0 0
T T

< C|0|Cd(T; Q)bd(T)_lld(T)?’/ t(l /\t_d/Q)dt / 82(1 A S_d/2)dt
0 0

RN 0’

by condition (1.8) and note that Cy(7,0) — 6 as T' — oco. Similar calculation can be done for
the second part I, we omit the details. Completes the proof. [

Proof of Theorem 1.2. By (2.15), Lemma 2.3 and Lemma 2.4, when 3 < d < 6 for any 6,

T
AT.0) = by(T)! /O (2 (s, ) ds
— O8N\ )2 = Ag(h), (2.20)

as T — oo, where Cy is given in Lemma 2.3. It is easy to get the Legendre transform of Ay(6),

ie., .
I(z) := sgp[@x —Aq(0)] = 1,



Thus the results followed from the general large deviation result Gdrtner — Ellis Theorem [ cf.
Dembo & Zeitouni [4] |. O
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