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1 Introduction

A number of large and moderate deviation principles (LDPs and MDPs) for superprocesses
with and without immigration have been established in recent years. Particularly, Iscoe and Lee
(1993) and Lee (1993) obtained LDPs for occupation times of super Brownian motions. Deuschel
and Rosen (1998) proved an accurate LDP for the occupation times weighted by a testing
function with zero average, improving the results of Lee and Remillard (1995). Schied (1996)
proved LDPs of Freidlin-Wentzell type for rescaled super-Brownian motions, and Schied (1997)
derived MDPs and used the result to establish a Strassen-type law of the iterated logarithm.
Hong (2002, 2003) proved LDPs and MDPs for super-Brownian motion with randomly controlled
immigration. LDPs and MDPs for a super-Brownian motion with uniform immigration were
obtained in Zhang (2004a, b). Most of those results and their variants concentrate on super
Brownian motions and related processes. On the other hand, Fleischmann and Kaj (1994)
proved a LDP for rescaled superprocesses with a good convex rate functional on the measure
state space. They considered a general underlying spatial motion and characterized the rate
functional in terms of solutions of an explosive reaction-diffusion equation.

In this paper, we study the asymptotics of the occupation times of a subcritical branching
superprocess with immigration. We shall consider a general underlying motion and prove a
LDP and a MDP. The proofs of those results are easier than the corresponding results for other
models.
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2 Immigration superprocesses

Let b > 0 be a fixed constant and (P;);>0 a conservative Borel right semigroup on a Lusin
topological space E. Let B(FE)" denote the set of bounded non-negative Borel functions on
E. Then for each f € B(E)™", there is a unique locally bounded solution V;f to the evolution
equation

V@) = Pf@) = [ P+ Wil =0 (2.1)

Let M(E) be the space of finite Borel measures on E endowed with the topology of weak
convergence. Write (i, f) = [ fdp for f € B(E)" and p € M(E). For any A\ € M(E),

t
/ e~ N QM p, dv) = exp{ — (Vi f) _/ A, st>ds}, feB(E)*, (2.2)
M(E) 0

defines the transition semigroup (Q7):i>0 of a diffusion process in M(FE), which is the so-called
immigration superprocess; see, e.g., [8, 11].

Let X = (2,G,G, Xy, Qﬁ) be a diffusion realization of (QQ)QO and define the occupation
time process {Y; : t > 0} by

t
Vif) = [ (s, feBE) (23)
0
A characterization of this process is given by
t
Qexp(-(r i) =ew{ — o - [pash senmn @
where U, f is the solution of
t t
V(@)= [ Pf@ids = [ PP 4000 @)ds,  t=0. (25)
0 0
Observe that (2.5) is equivalent to
t t
Uif@) = [ Prp@ds— [ P00 @0ds t=0, (2.
0 0
where P? = ¢ P,. For notational convenience, we write
o5} t
G f(z) = / Pl f(z)ds and GYf(z) = / PP f(x)ds. (2.7)
0 0
In view of (2.4) we have the canonical representation
V(@)= e f)+ [ (=MD Lwdv),  f € BB, (28)
M(E)°

where l;(z) € M(F) and (1 A (v,1))Li(x,dv) is a finite measure on M(E)° := M(E) \ {0}.

We first show the following central limit theorem.



Theorem 2.1 Assume A € M(E) is an invariant measure of (P,);>o. Fix f € B(E)" and let

St(f) = \/1T [<YT,f> - /OTQ,G’s’f)dS]- (2.9)

Then as T — oo, the distribution of Sp(f) under Qf; converges as T — oo to the Gaussian
distribution with mean zero and variance 2b=1(\, (G®f)?).

Proof. Write fr = T~Y2f. By (2.4) and (2.6) it is not hard to show that

Q) exp{—Sr(/f)}

T
Qﬁexp{ — (Y7, fr) +/0 <A,GZfT>ds}
T T
= exp{—<N7UTfT>—/ (A,Usz>ds—|—/ <)\,G2fT>ds}
0 0

T s
= e { = uUrs) - [ as [P (@ |
0 0
From (2.6) it is easy to see that

(b, Urfr) < T7Y%(u, G5 f) — 0

as T — oo. By similar estimates one finds that

[as [ o ([ 2 dngeas) T o
/OT ds /O <A,P§’r [G?fT /0 Pfs[(Usz)2]ds: >dr —0.

Then, using the (P;)¢>o-invariance of A\ we have easily

and

T s T s
b 2 _ b b 2
| s [P = [ as [P G+ o)
— 0TI (GY)?)
as T' — oo. Combining the above gives
Tlgréo Qﬁ exp{—S7(f)} = exp{db" () (Gf)*)},

so the theorem follows. O

3 Extension of the Laplace functional

In this section, we shall give an extension for the characterization of the Laplace transform of
the immigration superprocess. This is realized by a power series expansion of the solution of
(2.6) following a similar argument used in Hong [5, 6]. For f € B(E)" and 6 € IR define

vt z;0f) = (), 0f) + /M(E)o(ewﬁ —1)Ly(z,dv), t>0,z€E (3.1)



with values in (—o0,00]. In view of (2.4) and (2.8) we have

@ exp {011, 11} = exp {tusote 507 + [ s 5000 |

For any functions g(¢,-) and h(t,-) € B(E)*t, we define the convolution

olt,z) * h(t,z) = /0 PP [g(s, h(s, ) (x)ds.

Define the sequence of positive numbers {B,, : n > 1} by B; = Bs =1 and
n—1
Bn=>_ BpBn_.
k=1

Let g*1(t,z) = g(t,x) and

see [3, 14].
Lemma 3.1 Fix f € B(E) and write F(t,z) = GYf(z). Then
|[F(t,2)™] < Bab' ™[I ||"-

Proof. By the definition it is immediate that

t
F(t,2)] < /0 || |lds = b1 £].

If (3.6) is true for all k& < n, we have
n—1 ¢
Ft)™| < 3 [ e IR, s
k=1"0
n—1

< Y BeBu b S
k=1
= Bab' S|

Then the result follows by induction.

Lemma 3.2 When |0| < b*/4| |, the equation

u(t, z;0) = 9/0 PP f(z)dr —|—/ Pblu(t — s,-;0)%](z)ds,

0

admits an unique solution u(t, z;6) = uy(t,x;0). Moreover, uy(t,x;0) is analytic in § and

b _ _
Jup(t, 23 0)| < 5[ — (1 —4b 217116112 < 2671 fle.

(3.2)

(3.6)

(3.7)

(3.8)



Proof. In terms of the convolution defined by (3.3), we can rewrite (3.7) as
u(t,z;0) = OF (t,x) + u(t, z; 0) x u(t, x; 0). (3.9)

As observed in [3, 14], a formal solution of (3.9) is given by the series

o0

u(t,z;0) = F(t,x)™0". (3.10)
n=1
By Lemma 3.1 we have
oo o0
Do F ()T <Y Bab T f]M e
n=1 n=1

It is elementary to see that
= 1
> Bu"=g1-(1-42)Y, Jo] <1/4
n=1

Then (3.10) is absolutely convergence when || < b?/4]| f||. Consequently, the series really defines
a function u(t, z; @) which solves (3.9) and is analytic in 6. The estimates in (3.8) are immediate.
.

Lemma 3.3 If f(-) =1, for || < b?/4 we have

20(1 — e %)
(b+7) = (b—v)e"’

ui(t, z;0) = rek, (3.11)

where v = v/b? — 46.

Proof. From (3.10) we see that wuy(t;0) := ui(t,-;0) is actually independent of x € E. Then
(3.7) implies that

d
S (t0) = w 0)? — buy (t;6) + 0. (3.12)
Solving this differential equation gives (3.11). O

Theorem 3.1 For 0 < b?/4]f||, we have
up(t,z;0) =v(t,z;0f), t>0,z€E. (3.13)

Proof. From (2.6) and the representations (2.8) and (3.1) we see that wv(t,x;0f) satisfies
(3.7). Then (3.13) holds for —b?/4|f|| < 6 < 0. By Lemma 3.2, us(t,z;60) is analytic in
0 € (—b2/4|f|l,b%/4]|f]l). In view of (3.2), we also have (3.13) for 0 < 6 < b?/4|/f|| by the
property of Laplace transforms; see, e.g., [15]. O



4 A large deviation principle

Assume A\ € M(FE) is an invariant measure of (FP):>0. We shall establish a long time large
deviation principle for the occupation time of the immigration superprocess. Let f € B(E)* be
fixed and let v(t,z;6f) and wu(t, z;6) be respectively given by (3.1) and (3.7).

Lemma 4.1 For any v € E and 0 € IR, the limit u¢(z;0) := limy_oov(t,2;0f) exists in
(—o0, 00]. Moreover, ug(xz;0) is finite when 6 < b%/4]| f||.

Proof. As a special case of (3.2) we have

Qexp {0 [ 06 ds| = expinvtt 00 (1)

Then v(t,z;0f) is monotonous in ¢ > 0, so the limit us(x;6) := limy_c v(t,x;0f) exists. By
Theorem 3.1, for § < b%/4||f|| we have

2011111 —e™)
(O+7) = (b—y)e

where v = \/b% — 40| f||. As t — oo, ui(t,z; 0| f||) increases to (b — \/b> — 40| f||)/2. Then the

limit us(x;0) is finite when 6 < b%/4]| f||. O

0 <fo(t,z;0f)] = |up(t, z;0)] < ui(t, ;0| f) =

Lemma 4.2 For any € E and 0 € (—o0,b?/4||f|), we have us(x;0) = limy_co ug(t, z;0).
Moreover, us(z;0) is strictly convex in 6 € (—oo, b?/4| f|)-

Proof. By the proof of the last lemma we have

Qoo {0 " (X, fas| = exp{{u uylas0)) (12)

Clearly, the random variable fOOO<X s, f)ds under ng has an infinitely divisible distribution.
Then we have the canonical representation

o0
up(z;0) =1U(z)6 —|—/ (e + 1) L(z, du),
0

where [(z) > 0, and the Lévy measure L(z,du) is nontrivial. (Otherwise, (4.2) defines a degen-
erate distribution.) It follows that

d2 oo
ﬁujc(x; 0) = /0 e L(x, du),
which is finite and strictly positive when 6 < b*/4| f||. Thus u(x;6) is strictly convex in 6. O

Now we have the following large deviation principle for the occupation time of the immigra-
tion superprocess.



Theorem 4.1 Let f € B(E)" be fixed and note § = b?/4|f||. Then

(g3 0) > S50 (30) = 570, ).

For any open set U C (0,a) and any closed set L C (0,a), we have

lim inf 7~ log Qu{T ™" (Yr, f) € U} > — inf I(x),
and

11;11_§OlipT*1 log Qu{T~(Yr, f) € L} < — inf I(2),
where

I(z) = 212;[939 — (AN ug(+0))], 0<z<a.

(4.3)

(4.4)

(4.5)

(4.6)

Proof. By Lemma 4.1, (A, us(-;6)) is finite and strictly convex in 6 € (—o00,d). By Theorem 3.1
we have us(t, z;0) = v(t,x;0f). Recall that X is an invariant measure of (P;);>0. Then we may

differentiate both sides of a special form of (3.2) in 0 to see that

t t
d
@] [ pases {o [0 nash] = Lovuste o,
0 0
The above value is bounded below by
t d t
Q| [ exnis] = ginastes0) = [ pas
0 do 0
where the second equality follows by (3.7). Then (4.3) follows. For any 6 € IR we have

ANT,0) = T_llogQﬁexpw(YT,f)}
T
= 7 Qo) + [ ol 09hs]

It follows that limp_.o A(T,6) = (X, us(-;6)). Observe that

d
lim -~ ) = 0.
i d9<A,Uf(,9)> 0

Then for any = € (0,a) there is some 6, < ¢ such that

LOuglt 0 =
and hence
I(x) = supled — (A, uy(50))] = supfad — (A, g (:0)] = w6z — (A, uy(t,502))

PR
That is, I is well-defined in (0,a) by (4.6). Then the result follows from the G

Theorem; see, e.g., [1, p.44].

artner-Ellis
O



Remark If f =1, we have

1
ui(0) == tlim ui(t;-,0) = i[b — Vb2 —40]. (4.7)
Note that
d 1
"= g

as @ increases to 4762, Then the proof of Theorem 4.1 gives a full large deviation principle.
Moreover, from (4.6) and (4.7) it is not hard to get that

2

I(z) = E(:c —b 1\, 1)), x> 0. (4.8)

5 A moderate deviation principle

Assume A € M(FE) is an invariant measure of (P;);>0. Let ¢(T') be such that ¢(T') — oo and
Te(T) ! — oo as T — oo. Fix f € B(E)* and let

_ 1 T b
Z0(f) = [<YT,f> - <A,Gsf>ds]. (5.1)

Then we have the following

Theorem 5.1 For any open set U C IR and closed set L C IR,

liTnLioréfc(T)_l logQu{Zr(f) €U} > — inf I(x), (5.2)
and
1i;rlf£pc(T)*1 logQu{Zr(f) e L} < — inf I(z), (5.3)
where
I(z) = m. (5.4)
Proof. For 6 € IR let
A(T,0) = o(T) " log Q, exp{0c(T) Z1(f)}. (5.5)
We shall prove
A(T,0) — A(B) := b (), (G f)*)62. (5.6)

as T'— oo. It is easy to show that I(x) is the Legendre transform of A(#), that is,

I(z) = Sg}g[@x —A(0)].



Consequently, once (5.6) is proved, the theorem is an application of the Gartner-Ellis Theorem;
see, e.g., [1, p.44]. To establish (5.6), let [(T) = \/T/c(T) and let ur(t,-;0) be the solution of
(3.7) with f replaced by fr := f/I(T). When |6] < b21(T)/4||f]|,

AT, 0) = c(T) X p, up(T, - 6)) / ds/ (A, PY_ [up(r, - 0)%])dr, (5.7)

By Lemma 3.2 we get
ur(t, z;0) < 267101(T) 71| f]]. (5.8)
It then follows that
L= o(T) Hpyur(T, 5 0)) < 207 10e(T) " H(T) ™, DIIF] — 0

as T'— oo. On the other hand,

I = / ds/ (A, Pb L 0)2)dr
= c(T)l/ ds/ A, Py g (r, -5 0)%)dr
- /dr/TT O\ ur(r, - 0)%)ds

T
= le U r— 1 e TN\ up(r, - 0))dr.
= ble(T) /0<A £(r,0))dr — b 'e(T) /O A ur(r, - 0)°)d

Let I, and I denote respectively the absolute values of the first and the second terms on the
right hand side. By (5.8),

T
Iy < 4b~%6°¢(T) " U(T) ">\, )| f]? / e "I dr — 0
0

as T' — oo. By ’'Hospital’s rule,

T r 2
/A — — b
I, = b le(T) 1/0 <>\,02[/0 PSdes} >dr
T
= ) D) [ (Gl P
0
T
= T [ G
0
BT (GY)?)

as T'— oo. In view of (3.7),

2

up(r,x;0)? = 02[/ P fr(x) ] + {/OTP;)[UT(T—S,';Q)z]((E)dS
+29/0 ngT(x)ds/O Plur(r — s, 0)%](x)ds.



It follows that

T
I, — I < bt 1 <)\ 92</ Pbf Tds> >dr
0
T
< bt 1 < ( Pb [ur(r — s, 7G)Q]ds) >d7“
0
T
+ 2071 0e(T) ! < /beT ds/ PPlurp(r 9)2](x)ds>dr
0
T T
< 16b504e(T) (T 0, 1 I / < / e_bsds) dr
0 0
T r
+ 807 103c(T) 1 (T) 3\, 1)\fH3/ </ ebSds)dr
0 0
T r 2
< 1620 2e(T) (N, 1Y|| FII* / ( / eb8d3> dr
0 0
T r
+ 867433 2¢(T) 2 (N, 1) || £ / < / ebsds>dr
0 0
— 0.
Combining the above gives (5.6). O

The above theorem is frequently referred to as the moderate deviation principle. Roughly
speaking, the central limit theorem proved in Section 2 corresponds to the extremal case ¢(T) =
1, and the large deviation principle established in Section 4 corresponds to the case ¢(T) = T.
In this sense, the moderate deviation principle fills up the gap between the central limit theorem
and the large deviation principle.
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