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Abstract

We construct a class of discontinuous superprocesses with dependent spatial motion and
general branching mechanism. The process arises as the weak limit of critical interacting-
branching particle systems where the spatial motions of the particles are not independent.
The main work is to solve the martingale problem. When we turn to the uniqueness of
the process, we generalize the localization method introduced by [D.W. Stroock, Diffusion
processes associated with Lévy generators, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete,
32(1975) 209-244] to the measure-valued context. As for existence, we use particle system
approximation and a perturbation method. This work generalizes the model introduced
in [D.A. Dawson, Z. Li, H. Wang, Superprocesses with dependent spatial motion and gen-
eral branching densities, Electron. J. Probab. 6(2001), no.25, 33 pp. (electronic)] where
quadratic branching mechanism was considered. We also investigate some properties of the
process.
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1 Introduction

Notation: For reader’s convenience, we introduce here our main notation. Let R denote the
one-point compactification of R. Let R” denote the n-fold Cartesian product of R. Let M (R)
denote the space of finite measure endowed with topological of weak convergence. We denote by
A" the Lebesgue measure on R™. Given a topological space F, let B(E) denote borel o-algebra
on E. Let B(F) denote the set of bounded measurable functions on E and let C'(F) denote
its subset comprising of bounded continuous functions. Let C’(R") be the space of continuous
functions on R™ which vanish at infinity and let C2°(R™) be functions with compact support and
bounded continuous derivatives of any order. Let C?(R™) denote the set of functions in C'(R™)
which is twice continuously differential functions with bounded derivatives up to the second
order. Let C2?(R™) denote the set of functions in C?(R") with compact support. Let C?(R™)
be the subset of C?(R"™) of functions that together with their derivatives up to the second order
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vanish at infinity.
Let R
C3(R™) = {f +c:ccRand f € C*(R")}

and
CAR™) = {f : f € CJ®") and (1 + o)D" f(z) € C(R"), a = 1,2},

n

where D'f = " |0f/0z;| and D?f = z 0% f /0x;0x ;|. We use the superscript “+” to denote
i=1 i,j=1

the subsets of non-negative elements of the function spaces, and “++” is used to denote the

subsets of non-negative elements bounded away from zero, e.g., B(R™)*, C(R")**. Let f* denote
the first order partial differential derivatives of the function f(z1,--- ,x,) with respect to x; and
let f¥ denote the second order partial differential derivatives of the function f(z1,--- ,z,) with
respect to x; and x;. We denote by C ([0,00), E) the space of continuous paths taking values
in E. Let D([0,00), E) denote the Skorokhod space of cadlag paths taking values in E. For
f € C(R) and p € M(R) we shall write (f, u) for [ fdpu.

A class of superprocesses with dependent spatial motion (SDSM) over the real line R were
introduced and constructed in [I8], [9]. A generalization of the model was then given in [H]. We
first briefly describe the model constructed in H]. Suppose that ¢ € C%(R) and h € C(R) is
square-integrable. Let

/ h(y — z)h(y)dy, (1.1)

and a(z) = c¢(z)? + p(0) for z € R. We assume in addition that p € C%(R) and |c| is bounded
away from zero. Let o be a nonnegative function in C?(R) and can be extended continuously
to R. Given a finite measure  on R, the SDSM with parameters (a, p,o) and initial state p is
the unique solution of the (£, u)-martingale problem, where

LF(u) = AF() + BF (u), (1.2)
1 d? §F(u)
AF() = 5 [ ale) g 5 E utaa)
1 d>  6°F(u)
= T — dr) u(dy), 1.3
5 /R Pl amy)“( Ju(dy) (13)
1 2F
= / o(x 5 (d:n), (1.4)
"2 )
for some bounded continuous functions F'(u) on ( ) The variational derivative is defined by
oF 1
W _ Y LRt rs) - P, weR, (15)

op(x) w0t T

if the limit exists and 62F(u)/du(x)du(y) is defined in the same way with F replaced by
(0F/op(y)) on the right hand side. Clearly, the SDSM reduces to a usual critical Dawson-
Watanabe superprocess if hA(-) = 0 (see [2]). A general SDSM arises as the weak limit of
critical interacting-branching particle systems. In contrast to the usual branching particle sys-
tem, the spatial motions of the particles in the interacting-branching particle system are mot
independent. The spatial motions of the particles can be described as follows. Suppose that
{W(t,x) : = € R;t > 0} is space-time white noise based on Lebesgue measure, the common



noise, and {B;(t) : t > 0,9 = 1,2,--- } is a family of independent standard Brownian motions,
the individual noises, which are independent of {W (¢, z) : x € R}. The migration of a particle
in the approximating system with label ¢ is defined by the stochastic equations

dzi(t) = c(x;(t))dB;(t) —I—/ h(y — z;(t))W(dt,dy), t>0, i=1,2,---, (1.6)
R
where W (dt, dy) denotes the time-space stochastic integral relative to {IWW;(B)}. For each integer

m > 1, {(z1(t), -+ ,zm(t)) : t > 0} is an m-dimensional diffusion process which is generated by
the differential operator

am -—lia(m)ﬁ—i—l f: (x._x.)i (1.7)
L2 og 2558 z‘;éjp L Owiday .

In particular, {x;(¢t) : ¢ > 0} is a one-dimensional diffusion process with generator G :=
(a(x)/2)A. Because of the exchangeability, a diffusion process generated by G™ can be regarded
as an interacting particle system or a measure-valued process. Heuristically, a(-) represents the
speed of the particles and p(-) describes the interaction between them. The diffusion process
generated by A arises as the high density limit of a sequence of interacting particle systems
described by (CH); see Wang [I8, [[9] and Dawson et al []. There are at least two different
ways to look at the SDSM. One is as a superprocess in random environment and the other as
an extension of models of the motion of the mass by stochastic flows (see [I3]). Some other
related models were introduced and studied in Skoulakis and Adler [I5]. The SDSM possesses
properties very different from those of the usual Dawson-Watanabe superprocess. For example,
a Dawson-Watanabe superprocess in M (R) is usually absolutely continuous whereas the SDSM
with ¢(-) = 0 is purely atomic; see Konno and Shiga [T0] and [3, 20], respectively.

To best of our knowledge, in all of the work which considered the SDSM and related models
only continuous processes have been introduced and studied. In this paper, we construct a class
of discontinuous superprocesses with dependent spatial motion. A modification of the above
martingale problem is to replace operator B in (L2) by

2
BﬂMz%Ad@%%%Mw)

+/Ru(dx) /OOO <F(M+§5x) —F(p) - 5 ((x) 5) o dE). 1)

whose coefficients satisfy:
(i) o € C3R)",

(i) y(z,d€) is a kernel from R to (0,+00) such that sup[ 0+°° ENE2y(,dE)] < +o0,

(ili) [ & A Ey(x,dE) € CA(R) for each I' € B((0,00)).

A Markov process generated by L is a measure-valued branching process with branching mech-
anism given by
1 [e.9]
Woz) = 5o + [ (€ =14 2 (ade),
0
This process is naturally called a superprocess with dependent spatial motion (SDSM) with

parameters (a, p, ¥). This modification is related to the recent work of Dawson et al [, where



it was assumed that v(z,d{) = 0. Though our model is an extension of the model introduced
in Wang [I8, M9 and Dawson et al [E], the construction of our model differ from theirs. We
describe our approach to the construction of our model in the following.

The main work of this paper is to solve the (£, u)-martingale problem. As for uniqueness,
following the idea of Stroock [I6] a localization procedure is developed. Therefore, we do not
consider the (£, u)-martingale problem directly. Instead, we will first solve the (£’, u)-martingale
problem, where

LIF () i= AF(s) + BF(p), (1.9)
A O N A () B o [T,
5= [ o) s [ wta) [ 5/{(3;)5% )
0F (u
+ [t [ (Pt 0 = Pl = 55 (o), (1.10)

and we make the convention that

l 00
[, = [
0 (0,) l [1,00)

for 0 < I < oo. We regard the (L', u)-martingale problem as the ‘killed” martingale problem.
We shall see that the Markov process associated with the ‘killed” martingale problem also arises
as high density limit of a sequence of interacting-branching particle system and it is an SDSM
with branching mechanism given by
1 9] l
Uo(z,2) := 50(3:)22 +/l Ey(x,dé)z +/0 (7% — 14 2&)y(x, d€).

It is easy to see from the branching mechanism that the process is a subcritical branching process
with all ‘big’ jumps such that the jump size is larger than [ been ‘killed’. We will use duality
method to show the uniqueness of the ‘killed’ martingale problem. We shall construct a dual
process and show its connection with the solutions of the ‘killed” martingale problem which gives
the uniqueness. When we establish the dual relationship, we point out that there exists a gap in
the proof of establishing the dual relationship in [4]; see Remark in Section 2 of this paper
for details. Then a localization argument is developed to show that if the (£, 1) martingale
problem is well-posed then uniqueness holds for the (£, u)-martingale problem. The argument
consists of three parts.

In the first part, we show that each solution of the (£, u)-martingale problem , say X, behaves
the same as the solution of the killed martingale problem until it has a ‘big jump’ whose jump
size is larger than [. Intuitively, one can think of the branching particle system as follows. In
the branching particle system corresponding to the (£, u)-martingale problem, if a particle dies
and it leaves behind a large number of offsprings, say more than 500, which always be regarded
as a ‘big jump’ event, we kill all its offsprings. Then we get a new branching particle system and
before the jump event happens the two systems are the same. The evolution of the new particle
system represents the behavior of the solution to the ‘killed’ martingale problem. It is clear that if
the original branching particle system is a critical system, the new particle system is a subcritical
branching system. Since the ‘killed” martingale problem is well-posed, X is uniquely determined
before it has a ‘big jump’. Next, we show that when a ‘big jump’ event happens, the jump size
is uniquely determined. This conclusion is not surprising either. Given a branching mechanism,



in a branching particle system, when a particle dies, the distribution of its offspring number
is uniquely determined by the position of the particle itself (we assume that the branching
mechanism is independent of time). Thus we can find a predictable representation for the jump
size. According to the argument in the first part, we see the jump size is uniquely determined. At
last, we can prove by induction that the distribution of X is uniquely determined, since after the
first ‘big jump’ event happens, X also behaves the same as the solution of the ‘killed” martingale
problem until the second ‘big jump’ event happens. Before we use the localization procedure, we
follow an argument taken from El-Karoui and Roelly-Coppoletta [ to decompose each solution
of the (£, u)-martingale problem into a continuous part and a purely discontinuous part. We
will use this argument again when we show the existence of solutions to the (£, u)-martingale
problem; see next two paragraphs.

When we turn to the existence we also first consider the existence of the ‘killed” martingale
problem. Although the solution of the ‘killed’ martingale problem is also an SDSM which arises
as high density limit of a sequence of interacting-branching particle systems, in order to deduce
the martingale formula the techniques developed in Wang [I8, [T9] and Dawson et al [] can
not be used directly because of the third item in the branching mechanism ¥y. We will use
the martingale decomposition and special semi-martingale’s representation to get the desired
result. Our approach is stimulated by El-Karoui and Roelly-Coppoletta [7], who considered the
martingale problem of the usual Dawson-Watanabe superprocess. We briefly describe the main
idea in next paragraph.

First, a sequence of subcritical branching particle systems is constructed. Let X = (X¢)i>0
denote a limit of the particle systems. Then we derive the special semi-martingale property of
{exp{— (¢, X;)} : t > 0} with ¢ bounded away from zero by using particle system approximation,
and obtain a representation for this semi-martingale. This approach is different from that of
[, where log-laplace equation was used to deduce the semi-martingale property. Next, we
consider an integer-valued random measure N(ds,dv) = > . o liax,2019(sax,)(ds, dv) and by
an approximation procedure we can show

Mi(6) 1= (6.0~ (0.X0) — 5 [ o' Xas+ [ast [ enagex

is square-integrable martingale which can be decompose into a continuous martingale {Mf(¢) :
t > 0} and a purely discontinuous martingale {MZ(¢) : t > 0}. We have

_ 1 ta 1 s c d o ! S > .
(6.0) = (6.0 + 5 [ (a0 X)ds + Mz0) + 170 - [ ast [ atdpo X))

and M d((b) can be represented as a stochastic integral with respect to the corresponding mar-
tingale measure of N(ds,dv). This argument is also different from the argument of [7], where
according to the semi-martingale property of {exp{—(¢, X:)} : ¢ > 0} only semi-martingale
property of {(¢, X;) : t > 0} with ¢ bounded away from zero was derived. By the martingale
decomposition ([LIZ) we can obtain another representation for semi-martingale {exp{— (¢, X;)} :
t > 0}. By identifying two representations for {exp{—(¢, X;)} : ¢ > 0} mentioned above, we
know the explicit form of the quadratic variation process of {Mf(¢) : t > 0} and the compen-
sator of the random measure N (ds,dv). Then we can deduce X satisfies the martingale formula
for the (L', u)-martingale problem. At last by a perturbation method we show the existence of
the (£, p)-martingale problem.

The remainder of the paper is organized as follows. In Section 2, we first introduce the ‘killed’
martingale problem and define a dual process and investigate its connection to the solutions of



the ‘killed” martingale problem which gives the uniqueness of the ‘killed” martingale problem.
Then we deduce that the uniqueness holds for the (£, ;1)-martingale problem. In Section 3, we
first give a formulation of the system of branching particles with dependent spatial motion and
obtain the existence of the solution of the ‘killed’ martingale problem by taking high density
limit of particle systems. Then a perturbation argument is used to show the existence of the
(L, p)-martingale problem. We compute the first and second order moment formulas of the
process in Section 4.

Remark 1.1 By Theorem 8.2.5 of [)], the closure of {(f,G™f): f € C2(R™)} which we still
denote by G™ is single-valued and generates a Feller semigroup (P;")i>0 on C’(Rm) Note that
this semigroup is given by a transition function and can therefore be extended to all of B(R™).
We also have that (1,0) is in the bp-closure of G™.

2 Uniqueness

2.1 Killed martingale problem

In this section, we first introduce the killed martingale problem for the SDSM and show the
uniqueness holds for the killed martingale problem.

Definition 2.1 Let D(‘C) = Uzzo {F(:u) = f(<¢17:u>7 Ty <¢m7:u>)7 f € Og(Rm)7 {qbl} C Cg(R)J’_}
For € M(R) and an M(R)-valued cadlag process {X; : t > 0}, we say X is a solution of the
(L, p)-martingale problem if Xo = p and

F(X,) — F(Xo) — /Ot LF(X,)ds, t>0, (2.1)

is a local martingale for each F € D(L) and for 1 > 1, we say X is a solution of the (L', u)-
martingale problem if Xo = u and

F(X}) — F(Xo) — /0 t L'F(X,)ds, t>0, (2.2)

is a local martingale for each F € D(L).

Let Do(L) = Up_o{f{P1, 1)+ (Dms 1)), [ € C’g(Rm), {¢;} € C*(R)**+}. Note that for
F(p) € Do(L£) UD(L),

AF(r) = 33 F(r - 6 ad! )
j=1
43 3 LI bt [ oo =)o) o), (23
ij=1
BE(u) = % DI S 1) (0 Dit 1)

i,j=1



n /R i) [ T (b1 )+ €1(2), (Dot} + Ebm(a))

m

i=1
and
BFG) = 5 30 [0 a0 s (om0 (o6i05. 1)
i,j=1

- [ utde) [ ex(@d) Y 5 (i ) (o)

=1

l
+ /R (dz) /0 (b1, 1) + E01(@), - (S 1) + Em(2))

m

- f(<¢1y :u>7 T <¢m, ,u>) - éz fl(<¢17 :u>v B <¢ma /L>)¢Z(l‘)}7($v df)(25)

i=1

Thus for every F' € Dy(L), both LF and L'F are bounded functions on M (R).

Remark 2.1 Let h € C*(R™) satisfy I,y < h < 1p2) and hi(z) = h(z/k) € C2(R™).
Then for each ¢ € C*(R)™, it can be approzimated by {phy} C C2(R)T in such a way that
not only ¢ but its derivatives up to second order are approvimated boundedly and pointwise.
Therefore when X is a solution of (L, u)-martingale problem (or (L', u)-martingale problem),
@) (or Z3A)) is a martingale for F € Dy(L). On the other hand, for every ¢ € C?(R)*,
we can approzimate ¢ by {¢ + 1/n} C CAR)™ C C*(R)*" in the same way. Thus if 1)
(or (Z2A)) is a martingale for every F € Dy(L), it is a local martingale for every F € D(L).
We shall see that any solution of the (L', p)-martingale problem has bounded moment of any

order. Thus if X is a solution of the (L', u)-martingale problem, (Z2A) is a martingale for every
F eDy(L)UD(L).

We shall see that the Markov process associated with (£, 1)-martingale problem is a subcritical
measure-valued branching process with branching mechanism given by

o) l
Uo(z,2) = %a(az)z2 +/l Ey(z,dé)z +/0 (7% — 14 2&)y(x, d€).

For i > 2, let 0; := sup,[ f(f &y (z, d€)]. We first show that each solution of the (£', y)-martingale
problem has bounded moment of any order.

Lemma 2.1 Suppose that Q,, is a probability measure on D([0,+o00), M(R)) such that under

Q) wo = p a.s. and {w; : t > 0} is a solution of the (L', ju)-martingale problem. Then for
n>1,t > 0 we have

Qu{{L.n)"} < oat/2+ (1" + Cin.) [ QUL
+C2(n,0,’y)/0 Q;{<1,ws>"—1}ds+cg(n,fy)/o Q{(Lws)"}ds,  (26)

where C1(n,~), Co(n,o,7v) and C3(n,~y) are constants which depend on n, o and .



Proof. Let n > 1 be fixed. For any k > 1, take fi, € C2(R) such that fi(2) = 2" for 0 < z < k
and |f1(2)] < nz""1, fl(z) < n?2"72 for all z > k. Let Fy(u) = fr((1,1)). Then AFy(u) = 0
and

BEG0 = 5o ~ [ ntda) [ €L mnte.de)
l
+ [ o) [ U010+ = £({1.10) =~ €A1 ) )
3ol supl [ a(o gt )
l
+ [ o) [ GG, + 976 . de)

IN

Then we deduce that

B/Fk(u) < Cl(n77)<1vu> + C2(n707 ’Y)<17N>n_1 + nsgp[/loo S’Y(x?df)]<lau>na

29(n—3)V0

where Cy(n,0,7) = n?||o||/2 + Jo2n and

n22n=3V0q /9 n > 2,
Cl(nafy): {0 " n—=1

We have used the Taylor’s expansion and elementary inequality
(¢4 d)P < 26-DV0(B @By, for all B,¢,d > 0.

Note that Fy € Do(L). Thus
Filen) — Fulen) — [ £Fi(is, 120
is a martingale. We get
QUuiul{1.e)) < Al +Cun) [ Qultt s
#Can) [ QL™ s + Cafmnr) [ Qullt s,

where C3(n, ) = nsup, [ [, &y(x, d€)]. Now inequality (EZ8) follows from Fatou’s Lemma. [

Observe that, if Fy, f(u) = (f, ™) for f € C*(R™), then

APg) = 5 [ al@) oo ) o, o)

m i=1
/ Z _:EJ f](:plv 7$m)lum(d$17"' 7d$m)
1,j=1,i#j
= Fnamp(n), (2.7)
and
1 & _
B'Finp(n) = 3 > / Uiif (w1, s )™ (d, - dign 1)
ij=1,ig /R



_;/m/l v, dE) F(z1, - o)™ (A1, ), 28)

m—a-+1

:E:(pih”'iaf(xlv""ahn—a+&)ﬁﬂn_a+l(d$1,"',dlhn—a+1)
{a}

where {a} = {1 <i; <iy < -+ <i, <m}. U;; denotes the operator from B(R™) to B(R™™1!)
defined by

qIijf(gjlv to ,ﬂﬁ‘m_l) = 0($m—1)f($17 o Tm—1, 0 s Tm—1, " 7$m—2)7 (29)
where x,,,_1 is in the places of the ith and the jth variables of f on the right hand side and
®;, ... ;, denotes the operator from B(R™) to B(R™~%*!) defined by

l
(I)zl, ,iaf(:El’ t 7$m—a+1) = f($17 s Tm—atls s Tm—at1, " 7xm—a) / éa'y(xm—a—l—l, d&),
0

(2.10)
where x,,_,11 is in the places of the i1th, isth, ---, i,th variables of f on the right hand side.
For x = (x1, -+ ,am) € R™, let b(x) = D7, [ &v(ai, d). Tt follows that

E/Fm,f(u) = m,Gmf(M) - Fm,bf(:u')
1 m m
+5 > P, i)+ DD Focaren, . £ 1) (2.11)

i.j=1,i#j a=2 {a}

Lemma 2.2 Suppose that Q' is a probability measure on D([0,+00), M(R)) such that under Q'
{w : t >0} is a solution of the (L', u)-martingale problem. Then

F(w) — F(wo) — /Ot L'F(ws)ds, t >0, (2.12)

under Q' is a martingale for each F(u) = Fp, r(u) = (f, ™) with f € C*(R™).

Proof. For any k£ > 1, take fi € Cg(Rm) such that for 0 < a;zz <k, 1<i<m,

m

fo(@r,-+ om) = [ 2+
For {¢;} C C*(R)™, let Fy(p) = fr({d1, 1), (dm, ). Then limyoo Fy(p) = Fr,p(u) for
all € M(R) and if for every 1 <i <m, 0 < (¢;, u)? + 12||¢i]|> < k, we have
L'Fy(p) = L' Fy, (1)
Introduce a sequence stopping times
73, := inf{t > 0, there exists i € {1,---m} such that (¢;,w:)? + 1?||¢5||* > k} A E.
Then 7, — 00 as k — oo. Suppose that {H;}7"; C C(M(R)) and 0 <t} < --- < t,, <tpt1. By

Lemma P and the dominated convergence theorem we deduce that

Q [Fon st ) = Fogtin) = [ o stas] [[ 1)



— lim Q/{ [F(wtnyy) — Frolwr,) — /t:”“ L' Fy(ws)ds] ﬁH (wti)}

k—o00 il
tnt1 tn+1 n
—I—klim Q'{ [/ L' Fi(ws)1{7,<syds — / E'Fmvf(ws)l{mgs}ds] HH(WtZ)}
—00 tn tn

i=1
= 0.

That is under Q'
t
Fyn £ (wt) — Fn_s (o) — / L Py f(ws)ds, ¢ >0,
0

is a martingale for f = [[%, ¢; with {¢;} C C?*(R)™"(and therefore {¢;} C C?*(R)). Since
f € C?(R) can be approximated by polynomials in such a way that not only f but its derivatives
up to second order are approximated uniformly on compact sets, by an approximating procedure
EI2) is a martingale for F(u) = (f,u™) with f € C?(R™) (see [B], p.501). By Remark
[CT (1, 0) is in the bp-closure of G™. In fact, let h € C?(R™) satisfy 11 < h < 1poyg)
and hi(z) = h(z/k) € C*R™). Then for f € C*(R™), we can approximate (f,G™f) by
{fhi,G™ fhy}. According to (I1]) and Lemma BTl we see the desired result follows by another
approximating procedure. ]

Let G} :== G™ —b. By Theorem 5.11 of [5], there exists a diffusion process on C(R™) generated
by G" |c2@m) (and therefore Gi* |42 (Rm)). Its transition density ¢"(¢,x,y) is the fundamental
solution of the equation

ou m
5 =G (2.13)
The semigroup corresponding to the operator G} is defined by

17 f(e) = [ 4" (b2, f(0)dy (214)
for f € C(R™) and can therefore be extended to all of B(R™). According to 0.24.A, of [A], for

feCR™)
%I_I)% qm(t7m7y)f(y)dy - f(x) (m € Rm)?
where the convergence is uniform on every bounded subset. On the other hand, (7}"):>0 is

strong Feller, i.e., for f € B(R™) and t > 0, T f € C(R™). In fact, according to 1° of the proof
of Theorem 5.11 of [5], T/"f € C?(R™) satisfies equation [ZI3). Hence for f € C?(R™)

) — @) w@) —f@) 1 [,
; = : :Z/o Gylus(z)ds.

Therefore
TP ()~ f ()

150 t :Gb f($)7

where the convergence is bounded and pointwise. Let C?Z” denote the weak generator of (7;");>o.
Thus C%(R™) belong to the domain of G§* and Ty*C%(R™) C C%R™). Also, égL‘CZ(Rm) =
Gy'lc2mmy- Let p™(t, x,y) denote the transition density corresponding to the semigroup (P{™)i>0-
According to 6° of the proof of Theorem 5.11 of [H], we see for all ¢t > 0, z € R™, A € B(R™),

/pm(t,w,y)dyz/qm(t,x,y)dy-
A A



Therefore, for f € B(R™)™",

B f(x) = T f(x).
Next, we define a dual process and reveal its connection to the solutions of the (£', u)-martingale
problem.

Let {M; : t > 0} be a nonnegative integer-valued cadlag Markov process. For i > j, the
transition intensities {g;;} defined by

Zi?s]‘_%’j Zf Jj=1
Liti—1) + ;) if  j=i—1

qij = 2
7
. i<
<j—1> if 1<j<i—2

and ¢;; = 0 for ¢ < j. Let 79 = 0 and 7y, = 00, and let {7, : 1 <k < My — 1} be the sequence
of jump times of {M; : t > 0}. That is 4 = inf{t > 0: My # My}, - , 7 = inf{t > 71 : M} #
M‘Fk71}’

Let {T'x : 1 < k < My — 1} be a sequence of random operators which are conditionally indepen-
dent given {M; : t > 0} and satisfy

P{Ty = Wy M(r—) = 1. M(n) =1 -1} = 5 1<i#j<l,

1

-1y
1

-1

1

l )

a
where W;; and ®;, ... ;, are defined by () and [ZTI0) respectively. Let B denote the topological
union of {B(R™):m =1,2,---} endowed with pointwise convergence on each B(R™). Then

P{Fk:q)i17i2|M(Tk—):l,M(Tk):l—l}: 1§i1<i2§l,

and for a > 3,

P{Fk :(I)il,---,ia’M(Tk_) :l,M(Tk) :l—a+1} = 1<ip <o <y <,

M,
Y, =M e oy T

t—Ty Th—Tk—1 T2—T1

DAYy, 7 <t<mepr, 0<k<My—1,  (215)

defines a Markov process {Y; : ¢t > 0} taking values from B. Clearly, {(M;,Y;) : ¢t > 0} is also a
Markov process. Let E:ﬂf denote the expectation given My = m and Yy = f € B(R™).

Theorem 2.1 Suppose that {X; : t > 0} is a cadlag M (R)-valued process. If {X; :t > 0} is a
solution of the (L', w)-martingale problem and assume that {X; : t > 0} and {(M,Y:) : t > 0}
are defined on the same probability space and independent of each other, then

g ¢ Ms Ms —1
E(f, X™) = En;’jf[<1g,th> exp { / (2Ms ¢ % — M, — 1)ds}] (2.16)
0
for anyt >0, f € B(R™) and integer m > 1.
Proof. In this proof we set F,,(m, f) = Fy, (1) = (f,1™). By Lemma Tl we have that for

each m > 1, E[(1, X;)™] is a locally bounded function of ¢ > 0. Then by martingale inequality
we have that E[supy<,<;(1, X5)™] is a locally bounded function of ¢ > 0.



By the definition of Y and elementary properties of M, we know that {(M;,Y;) : t > 0} has
weak generator L£* given by

m

LFm f) = B, G +5 D2 [Fulm = 1,%0) = Fu(m, /)
i j=1,i#j

+> > [Fu(m —k+ 1, .., f) — Fu(m, f)] (2.17)

k=2 \{1<ii<--<ip<m}

with f € C2(R™). In view of ([ZII]) we have

1
L2 Fy(m, f) = £ Fp g1) = (27 + Gmlm = 1) = m — D (m, f). (2.18)
Then it is easy to verify that the inequalities in Theorem 4.4.11 of [6] are satisfied. Then the
desired conclusion follows from Corollary 4.4.13 of [G]. O

Remark 2.2 We point out that there exists a gap in the proof of establishing the dual relation-
ship of [4]. There it was assumed o is a bounded measurable function and v = 0. When they
established the dual relationship, they used a relationship which is similar to (ZI8). Howewver,
note that (ZI8) makes sense if f € D(G}') and Y, need not always take values in D(G}") if
we only assume that o is a bounded measurable function and G™ is elliptic. If we assume that
o€ C(%(R) and G™ is uniformly elliptic, then the argument there can be applied to establish the
dual relationship there. If c = 0, G™ need not always be uniformly elliptic. Our methods cannot
be applied to obtain the uniqueness of the corresponding martingale problem. Dawson and Li
[3] constructed SDSM from one-dimensional excursion when ¢ =0 and y(x,d§) = 0. From the
construction there, an important property of the SDSM was revealed. That is when ¢ = 0, the
process always lives in the space of purely atomic measures. We can also follow the idea there
to construct discontinuous SDSM.

Theorem 2.2 Suppose that for each p € M(R) there is a probability measure Q), on D([0,00), M (R))
such that Q) {(1,w;)™} is locally bounded in t > 0 for every m > 1 and such that {w; : t > 0}
under Q) is a solution of the (L', u)-martingale problem. Then Q' :={Q), : p € M(R)} defines

a Markov process with transition semigroup (Q})i>0 given by

/ (f,v™) Qu(p, dv) = [(1@,,%) exp { / t <2MS L MOL Yy 1) ds}]
M(R) ’ 0 2

(2.19)
for f € B(R™).

Proof. Let Q}(y,-) denote the distribution of w; under Q),. By Theorem Tl we obtain &T9).
We first consider the case that o(z) = o¢ for a constant op and ~y(x,d§) = 4(d€) such that
[ 4(d€) = 0. In this case, {(1,w;) : ¢ > 0} is a critical continuous state branching process with
generator £ given by

!
2/@) = gowf"(@) e [ (Fo+6) = fla) =) 3(d8) (220)
for f € C*(R). By Kawazu and Watanabe [I1] we deduce that

/ Qi dv) = eI, 1> 0, 0> 0,
M(R)



where p(t, \) is the solution of

and R(\) is given as follows:

1

l
R(N) = —00\ - /0 (7€ — 1+ AE)(de).

Then for each f € B(R)" the power series

— 1
> ] /M(R) (. )" Qi dv)A™ (2.21)
m=0 ’

has a positive radius of convergence. By this and Theorem 30.1 of [I], it is easy to show that
Q}(v,-) is the unique probability measure on M (R) satisfying ([ZI9). Now the result follows from
Theorem 4.4.2 of [6]. For general case, let o9 = ||o|| and f@"(z1, -+ ,2m) = f(z1) - f(Tm).
We can find a measure §(d¢) on (0,+00) such that for every k > 2

1 l !
Cy = supl | €aw.de) + [ ertmae) < [ €09 <o

and [ 4(d¢) = 0. In fact, since I > 1, we can let 5(d€) = (k;+1)Cy1(g)(€)dE, where d€ denotes
the Lebesgue measure and k; = min{k > 2:1¥/(k + 1) > 1}. We obtain that for each k > 2

1 1
ky(z,d * [ &k3(de).
Sl:ip[/o EMy(z, dE)] < /0 §4(d¢)
By ZI9) and IH) we have

/ o)™ Qs dv) < BT, o [<Yt,qu> exp { / t <2Ms (MO gy 1) dsH
M(R) mimf 0 2

for f € B(R)". Then the power series ([ZZ]]) also has a positive radius of convergence and the
desired result follows as in previous case. ]

Remark 2.3 From [ZI1l), we may regard the Markov process associated with (L', j)-martingale
problem as a measure-valued branching process with branching mechanism given by

!
Uy (z,2) := %a(az)z2 +/0 (7% — 1+ 2&)7y(x, df).

and its spatial motion is a diffusion process gemerated by

1 o R 9? N[
52@(@)@—%5 Z P(wi—xj)W—Z/l §y(zi, d§)
i=1 i ij=1,i#] v i=1

which represents ‘G™-diffusion killed at a rate Y ;" floo Ev(x;,dE)’; see Rogers and Williams
[Z4] and references therein for more details of ‘Markov process with killing’.



2.2 Uniqueness for (£, u)-martingale problem

In this section, we will consider a localization procedure suggested by Stroock [I6] to show that
the uniqueness for the (£, p)-martingale problem follows from the uniqueness of the (£, pu)-
martingale problem. Although some arguments in this subsection are similar to those of [ and
[16], we shall give the details for the convenience of the reader. We assume that the for each
w € M(R), (L', u)-martingale problem is well-posed. The existence for the (£’, u)-martingale
problem will be revealed in Section 3. Let Q' denote the Markovian system defined in Theorem
Let Qf , = Q'(-|lws = p). Then Qj , is also a Markovian system starting from (s, ) whose
transition semigroup is the same with Q'.

Let {w; : t > 0} denote the coordinate process of D([0,00), M(R)). Let Q = D([0,00), M(R)).
Set F; = o{ws : 0 < s < t}, and take F! = o{ws : t < s}.

Definition 2.2 For € M(R), we say a probability measure Qs ,, on (Q,F®) is a solution of
the (L, p)-martingale problem if Qg ,(ws = p) =1 and

F(w) — F(p) — /t LF(wy)du, t>s, (2.22)

is a local martingale for each F € D(L).

In the following we will write Q,, instead of Qo , and write F instead of F°. Let S(R) denote
the space of finite signed Borel measures on R endowed with the o-algebra generated by the
mappings p — (f,p) for all f € C(R). Let S(R)° = S(R) \ {0} and M (R)° = M(R) \ {0}. The
following theorem is analogous to Théoréem 7 of [7].

Theorem 2.3 Suppose that a probability measure Q, on (2, F) is a solution of the (L, p)-
martingale problem. Define an optional random measure N (ds,dv) on [0,00) x S(R)° by

N(d&’, dl/) = Z 1{Aws¢0}5(s,Aws)(d87 dl/),
s>0

where Aws = ws — ws— € S(R). Let N(ds,dv) denote the predictable compensator of N(ds,dv
and let N(ds,dv) denote the corresponding martingale measure under Q,. Then N(ds,dv) =
dsK (ws, dv) with K(u,dv) given by

/M(R)O F(v)K(p, dv) Z/Ru(dx)/o F(£6,)(x, dE),
and for ¢ € C%(R)7,
1 ! //
Mi(0) = (bn) = (0u0) =5 [ oo s, 120, .

18 a martingale and we also have that

My(¢) = M (¢) + M (¢),

where M (¢) under Q,, is a continuous martingale with quadratic variation process given by

t
0

(M(6)) = / (02, ws)ds + /0 s /R (h(z — ) ws)2dz, (2.24)



and

/ v /M(R (6, V)N (ds, dv) (2.25)

is a purely discontinuous martingale under Q.

Proof. Some arguments in the proof of this theorem are similar to those of Theorem 6.1.3 of
[2]. The proof will be divided into 4 steps.

Step 1. Since e~{»") € Dy(L) for ¢ € C2(R)TH

t
Wi(@) im0 = [ e ftag o) 4 5 [ (bl = )0 wn)Pds + (B(0),wa)lds, £20,
0 R
(2.26)
is a Q,-martingale with ¢ € C*(R)™ ", where U(¢) := U(z, (z)). Therefore, {W;(¢)} is a local
martingale for ¢ € C?(R)*. Let

Zt(¢) = exp{—(gb, OJt>},

1

()= e { — (6.0 + [ [0 = 5 [ (e =)0 — (900, 0)] s

and
Yi(6) = exp { / [ )~ 2 /R Bz = ) wa)?dz — <w<¢>,ws>]ds}.

By integration by parts,

/y B)AW(

/ Y o[ - %<a¢”,ws> + % /<h(z - ')¢,7w8>2d’z + <\I’(¢),ws>]d8

R

is a Q-local martingale. We also have
Zi(6) = Y, N (¢) Hi(9),
and, again by integration by parts,

+ Hy_(¢)dY; ' (9)

(ad” wi_) + % / (h(z — )¢, wi_)2dz + <\I/(¢),wt_>]dt. (2.27)
R

Then {Z;(¢) : t > 0} is a special semi-martingale with ¢ € C?(R)" (see Definitions 1.4.21 of
[9])-

Step 2. By the same argument as in the proof of Lemma BTl we have that

Qu (1) < (1,41) + Ci(0,7) /0 Quws(1)]ds,



where Cy(0,7) := |lo|| + 2sup, [ &y(x, dE) + sup, fol 2y(z,d¢). By Gronwall’s inequality

Qulwi(1)] < (1, et @t (2.28)

For any k > 1, take f € CZ(R) such that fx(z) = x for |z < k and |f(z)| < 1 for all z € R.
We see for each ¢ € C2(R)*T,

T fil(6.)) = (6.p) and Jim Lfi((6, ) = 5 (a6, p).

Since fr({(¢,p)) € Do(L), by Z2]) and dominated convergence theorem an approximation
argument shows that for ¢ € C?(R)*+

() = (0o + 5 [ {ad" ) ds + M)

where {M;(¢) : t > 0} is a martingale. For ¢ € C?(R)*, we have {M;(¢ + ¢)} are martingales
for £ > 0. By letting ¢ — 0, [ZZ]]) ensures that

1 t
Mi(6) = () = (00) = 5 [ (a6 ds, ¢20,

is a martingale for ¢ € C?(R)*. By Corollary 2.2.38 of [, {M;(¢)} admits a unique represen-
tation

My(¢) = M (¢) + M (¢),

where {M{(¢)} is a continuous local martingale with quadratic variation process {Cy(¢)} and

t+
d = 1% V S, av .
i@ = [ [ Vs (229)

is a purely discontinuous local martingale. Moreover, {(¢,w;)} is a semimartingale. An appli-
cation of It6’s formula for semimartingale (see Theorem 1.4.57 of [9]) yields

AZ(8) = 2 (8)[-dU6) + 5dCK(6) + / (7@ — 1+ (6, »))N(dt, dv)]
S(R)°
+d(loc.mart.), (2.30)

where Uy (¢) = 3 fot (ag",ws)ds is of locally bounded variation. Note that

0 < Ze—(d) (e =14 (g,v)) < C([(8, )| A (1))

for some constant C' > 0. According to Theorem 1.4.47 of [, >° ({9, Awy))? < co. Thus the
first term in (EZ30) has finite variation over each finite interval [0,t]. Since {Z;(¢)} is a special
semimartingale, Proposition 1.4.23 of [d] implies that

/ ’ / Zo (6)(e®Y) — 1 1 (6, 1)) N(ds, dv)
0o Jsmye

is of locally integrable variation. Thus it is locally integrable. According to Proposition 2.1.28

of [9],

t+ ~
/ / Z (@)€Y — 1+ (¢, v))N (ds, dv)
0 Jsm®ye



iy

/H/ e~ _ 1 4 (¢, v))N(ds, dv)
/t+/ e~ 11 (6,0))N (ds. dv)

is a purely discontinuous local martingale. Therefore,

A(0) = Zi(@)[-dUNG) + 5dCi(@)+ [ (O~ 14 (6,0)) N (dh, o)
S(R)®
+d(loc.mart.). (2.31)

Step 3. Since Zi(¢) is a special semimartingale we can identify the predictable components
of locally integrable variation in the two decompositions ([Z27)) and 3T]) to get that

2 2
= Zt—(¢)[_dUt(¢)+%dCt(¢)+ / (e7 (V) —1 4 (¢, v))N(dt, dv)).
S(R)°

2 (@)t o) + 5 [ (=)o) + (W(0), )

Then
L, 1
s 2<a¢ w)+ g / (h(z — )6 05 2z + (W (9), ws)]ds
= Ui6) + 5Cuo / / ~0) 1 4 (6, 1)) N (ds, dv). (2.32)

According to (ZZ8)) and ZZJ), we can deduce that Cy(6¢) = 02C;(¢) with § > 0. Replacing ¢
by 0¢ with 6 > 0 in ([Z32), we have

—9/ (ag”, wsds—i-—// (z — )¢, ws) dzds+—/ (0¢?, ws)d

/ds/ws dx/ ~y(z,d€) (e —0go(@) _ 1+ 08p(x))

_ oue) + ct // (=00 _ 1 4 0(, v)) N (ds, dv). (2.33)
We conclude that
= t S zZ — - /w 2 y4 t g 2 w S
= [as [ = a0tz 4 [ oot (2.34)
and
// 1+ 0, )N (ds, dv)
S(R)°

/ ds/ws (dx) / (z,d&)(e” £(02,09) — 14 &(02,00)),

where 6 > 0 and ¢ € C?(R)". That is, under Q,, the jump measure N has compensator

N(ds,dv) = dsw,(dz)y(z, dE) - d¢s, (dv), v e M(R). (2.35)



In particular this implies that the jumps of w are Qg -a.s. in M(R), i.e. positive measures.
Observe that for {¢;}2_; C C?(R)T, Mf(p1 + ¢2) = Mf(p1) + Mf(¢p2). According to ([Z34),

1

(M(h1), M(a))e = 5/0 /R2 p(z — y) oy (2) by (y)ws (do)ws (dy)ds

+% /0 /R2 pla — )¢5 ()P (y)ws(da)ws (dy)ds

t
+/ (0h102,ws)ds. (2.36)
0

Step 4. Let Ji(o,v) = (¢, V)1 {1,y>1y and Ja(p,v) = (¢,v)111,)<1)- First, one can check

that
[/ /Jl ¢, v)N (ds du)}<oo and Qu[/ /J2 6, 0)2N (ds, dv)| < oo

for ¢ € C?(R)*. Then following the argument in Section 2.3 of [I2] we obtain the martingale
property of M d((b). By Proposition 2.1.28 and Theorem 2.1.33 of [] we can deduce that

/ v /M(R (6, 0)N (ds, dv) / a / N(ds, dv)
/ /M(R (60N (ds, dv), >0,

/t+/ N(ds,dv), t>0,

is a square-integrable martingale with quadratlc variation process given by

/ / N(ds, dv));, = / /M(R 2 (6, 02N (ds, du).

M (¢) = My(¢) — M ().

The fact that both M%(¢) and M(¢) above are martingales yields the martingale property of
M¢(¢). We are done. O

is a martingale and

Recall that

Lemma 2.3 Let Q, be a probability measure on (Q,F) such that it is a solution of the (L, p)-

martingale problem. Then
Qu[ sup (1, ws)] < oo.
0<s<t

Proof. According to Theorem and Step 4 in its proof, we have

(Liwe) = (1, u) + My(1 / / (1,v)N (ds, dv)
M(R)°

is a martingale and we obtain

Q| s (1| < (i + Q| sup (01| +@u | sup | [ [ 1) ¥ as.av)

0<s<t 0<s<t 0<s<t



vQu g [ [ vt )
+Qu[osglil;t/o /Jl(l,u)N(ds,dy)}

< () +1QUC] 424 Quf s [ [ [ )W (as, ]
+2sup/ooév (x, d€) /tQu (L wa)ds
<, u>+2+4H0H/ Q| 1ws>1ds+4sup/ €2+ (x, de) / Qul(1,w4)ds

“2smp / (e, d) /0 Qul{1, wa)ds
< (1, 1) 4 24 Co(o, 7)1, pt,

where Cs(0,7) := 4|o|| + 2sup, [[°&y(z, d€) + 4sup, fol £2v(x,d¢) and the second and the
third inequalities follow from Doob’s inequality and the elementary inequality |z| < z? +1. We
complete the proof. O

In accordance with the notation used in Theorem 3] set

t+
tL =W — / / V- 1{(17,,>21}N(d8,d1/).
0o JM®)e
By Theorem B3,
t t+
(6, X[) = (¢, ) +/0 (ag”,ws)ds + M (¢ / / V)1 <y N(ds, dv)
t+
/ / 1{ 1 V>>[}N(d8 dl/) (237)

Thus if F(u) = f((é1, 1), , (Om, p)) € D(L), then by Itd’s formula

I = F(XtL) + %Z/o ds Rws(ala:) /loo y(x,dg)fi((¢17X£>7... =<¢n,XSL>)§¢i(w)
=1
- %Z [ 100 X0 (00 X0)) (0] w5}
B % > / FIUOL XD (bny XN AME (1), ME(65))s
ij=1"0
t l
- / dS/ws(dw)/ y(@, d{f (61, X37) +E01(@), -+, (bn, X7} + £ ()
0 R 0 -
— FUSL XY (0, XEY) = €D il@) f1(pr, XE), o (b XEN)}
i=1

is a local martingale under Q.

Let 7t = inf{t > 0: (L,w;) > 1+ (1, W)} AT and 72 = inf{t > 0 : [(1,w;) — (1, w;_)| > 1}. Set
7 =71 A 72. The following lemma gives another martingale characterization for X%.



Lemma 2.4 Let P, be a probability measure on (2, F) such that P,(wo = p) = 1. Then

1) = e { 0. Xk + [l - [ (e =izl

_ /Otmds/Rws(dx) iwf(ﬁ(l’h(%d@

_ /OW ds/Rws(dx) /Ol(e_5¢>(m) _1+§¢(x))fy(x,d§)} (2.38)

is a P,-martingale for every ¢ € C*(R)™ if and only if {Iia+} is a P,-martingale for each
FeD(L).

Proof. The desired result follows from the formula of integration by parts and the same

argument as in the proof of Théorem 7 of [7]. O

The next two theorems are analogous to Theorem (3.1) and Theorem (3.3) of [T6].

Theorem 2.4 Given a probability measure P on (Q, F) such that P(w(0) = pu) =1 and {I(t A
T):t >0} is a P-martingale. Define

o /
S =00 ® Q) xr )

and
P'(A) =P[S,(4)], AcF,

where S, is a measure on (Q,F) satisfying

_ /
Sw(Al N A2) =14 (W)Q{T(w)7xf(w)}(~’42)

for Ay € 0(Up<scr(w) Fs) and Az € FTW) . Define Fr_ = o{XL. :t>0}. Then P’ is also a
solution of (L', u)-martingale problem and P = Q;L on Fr_. In particular, we can take P = Q.

Proof. Let 0 < t; < ty and A € Fy,. Given w € €, for this proof only, let y(¢,w) denote the
position of w at time ¢ for convenient. Let F' € D(L). Then
P/[lAF(?Jtz)] - P[lAm{T>t2}F(XtL2)] + P[1Aﬂ{t1<TSt2}Q;—(w)7Xf/(w) [F(ytz)]]
+P[1{T§t1}Sw[1AF(yt2)]] =1+ 1+ Is.

By the martingale formula of Q’

to
I = P[lAm{t1<r§t2}F(XTL)] + P/[lAﬂ{t1<T§t2} E’F(yu)du],

and

to

L +1; = P[1A0{7>t1}F(XTL/\t2)] + P/[lAﬂ{t1<T<tz}/ L'F (yy)du]

TAt2
= PlLangro (X)) + PlLangron / LF () du]
1
[3)

+P/[1Aﬁ{r>t1} , E/F(yu)du]
TAt2



to
= P'[Lanpr>e 1 F(yn)] + P lanrsi) t L'F(yu)du),

1

where the second equality follows from that {I;», } is a martingale and the fact that F'(X}/)—1I; =
fg L'F(ws)ds for 7 > t. On the other hand,

to
I3 = P'[Langr<ey F o) + P langr<ey | £'F(yu)dul.
t1

Thus P’ solves the (L', u)-martingale problem. Then the desired conclusion follows from the
uniqueness of the (£’, u)-martingale problem. O

Theorem 2.5 Let M;(R) = {v: (1,v) >1}. There is a Fr_-measurable function 7' : Q — [0,T]
such that for T' € B(M;(R)),
T+ i t o
Q[ Ns DI = [ el [ s [ xhodo) [t i (239
0 0 0 R !

holds for any solution Q, to the (L, u)-martingale problem. In particular, Q,, is uniquely deter-
mined on Fr.

Proof. In accordance with the notation used in Theorem B3, we have

t+ t+ t
N(ds,T) = | N(ds,T)+ / N(ds,T), (2.40)
0 0 0

where N (ds,T) is determined by @3H). An application of Ito’s formula and integration by parts

shows that
t+

Ji = expla ; N(ds,T') — /0 (e —1)N(ds,T)]

is a Qg-martingale for all « € R. Combing ([Z37) and (ZZW) together and using It6’s formula
and integration by parts again we see I;(¢)J is a Q,-martingale for all ¢ € C*(R)™. By
Theorem Al and Lemma 7 I;(¢), J*, Q', Q. and F,_ satisfy the requirement of Theorem
(3.2) in [I6]. Hence, for any bounded stopping time ¢,

Q.| Fr] =1 (a.s5.,Qu). (2.41)

Since 7! is a stopping time and 7! < 7', we can find a measurable function f : (M (R))N — [0, T]]

and 0<t; < - <t, <--- <T such that

- = fwiy, - ,wh,y ).
Define
7—/ = f(lel{ATv"' 7Xt[;z/\7-7"')'
Note that 7' = 7/ if 7! < 72. On the other hand,
Qulr <tFr ] = 1 y(ThQuIr* > T Fr_] 4+ Qulr® < 7! A t|F_]

T+
= Loy (7)Qul - ; N(ds, My(R))|F+-]



(tAT)+
+Qu[/0 N(ds, Mi(R))|F_].

According to (ZZ1),

(tAT)+
Q[ NsD)F]

0
tAT

= Q[ N )7

/ Q;ﬂ>8\f | Kot [ et e enyds (2.42)

for any I" € B(M;(R)). Thus

Qulr <t[Fr-] = Lig(r <1—/ Qulr > s|Fr-] / s / (x7d€)1{£6x€Ml(R)}d3>
/ Qulr > s|Fr-] / sar( / Y, d§) 1 es, e, (r)}dS

and so . -
Qulr > t1F] = 100y (') cxp{ /0 s /R X, (dz) /l +(, dE)}.

Plugging this back into ([222)) and setting ¢t = T', we obtain (239).

Finally, since w, = XX + fOT+ J viga s N (ds,dv), we see that the distribution of w; under
Q,, given F,_ is uniquely determined, and, therefore Q, is uniquely determined on F. O

Lemma 2.5 Let Q,, be a solution of (L, u)-martingale problem. Given a finite stopping time
B, let Q. be a regular conditional probability distribution of Qu|Fg. Then there is an N € Fg
such that Qu(N) =0 and when w ¢ N

/ / VAw) /
Fwhyp) = Flely) = [ LF@)ds
B(w)
under Q,, is a martingale for F' € Dy(L). In particular, it is a local martingale for all F' € D(L).
Proof. The argument in this proof is exactly the same as that in Theorem 6.1.3 of [I7]. We

omit it here. O

Now, we come to our main theorem in this subsection.

Theorem 2.6 Suppose that for | > 1, the (L', p)-martingale problem is well-posed. Then
uniqueness hold for (L, pu)-martingale problem.

Proof. Suppose Q, is a solution of (£, s1)-martingale problem. Define fy = 0 and

Busr = (f{t > B+ |(Lwr) — (Lo )] 2 Lor (Lwr) — (Lwg,) > 1) A (B +1).

Then for each n > 1, 3, is a stopping time bounded by nl. By Lemma and Theorem ZH
we can prove by induction that Q,, is uniquely determined on Fg, for all n > 1. In order to get
the desired conclusion we only need to show that Q, (8, <t) — 0 as n — oo for each ¢t > 0.



Let 83 =0 and (2 = 0. Define

Bl =t > Bl (Lws) — (Lwg) > 1}

and

By =inf{t > B2 (Lw) — (Lw-) > 1}
It is easy to see that in order to get the desired conclusion it suffices to show that Q u(ﬁ,ll <t)—0
and Qu(ﬂ% <t) — 0 as n — oo. First, by Lemma 3 we can deduce that

lim Q, (B} <t) =0.
Then

Z Ly, aw)>y < Z (1, Aws) 111, Awy)>1)

0<s<t 0<s<t

t+
= / / <1,I/>1{<1’V>21}N(d8,d1/).
0 M(R)°

But according to the Step 4 in the proof of Theorem B3],

t+
Qu[/ / (L)1t N(ds,dv)| < oo,
0 M(R)°

which yields that
lim Q, (32 <t)=0.

n—~0o0

3 Existence

3.1 Interacting-branching particle system

We first give a formulation of the interacting-branching particle system. Then we construct a
solution of the (£’ u)-martingale problem by using particle system approximation. We recall
that

am '—lia(az-)ﬁ—i—l zm: (x._x.)aiz
2 i—i " Ox} 2z'j:1 z‘;éjp b 00y

Suppose that Xy = (x1(t), -,z (t)) is a Markov process in R™ generated by G"™. By Lemma
2.3.2 of 2] we know that X; = (z1(¢), -,z (t)) is an exchangeable Feller process. Let N(R)
denote the space of integer-valued measures on R. For § > 0, let My(R) = {010 : 0 € N(R)}.
Let ¢ be the mapping from UY°_;R™ to My(R) defined by

m
Z&xi, m > 1.
i=1

By Proposition 2.3.3 of [2] we know that ((X;) is a Feller Markov process in My(R) with generator
Ay given by

C(xla"' 7xm) =

D=

2 2 2
AP = 5 [ a<x>%§i§gu<dw>+§ /R c@el) oo Mi;;;ggy>ax<dy>u<dx>




! & 8F(p)
i) /R2 p(z —y) drdy 5M(x)5ﬂ(y)ﬂ(d$)u(dy).

In particular, if

F(M):f(<¢1yl‘>7"' 7<¢n,:u>)v NGMG(R)y
for f € C?(R™) and {¢;} C C*(R), then

AF(n) = 337 7 (Gn e s (6n, ) fadl )
i=1

+% , FI(na ) (G ) (036 1)

ij=1

45 2 FIon e (0w [ pla = @) n(dnn(d). (33)

,j=1

Now we introduce a branching mechanism to the interacting particle system. Suppose that for
each z € R we have a discrete probability distribution p(x) = {p;(x) : ¢ = 0,1,---} such that
each p;(+) is a Borel measurable function on R. This serves as the distribution of the offspring

number produced by a particle that dies at site x € R. We assume that

i=1
and -
op(z) := Zi2p,~(x)
i=1

is bounded in z € R. For 0 < z <1, let
g(x, z) == Zpl(x)z’
i=0

Let T'p(p, dv) be the probability kernel on My(R) defined by

<Zl’j(f€)F (n+ (G —1)0""0,) ,u> ;
§=0

1
/MG(R) Fl)Tolu dv) = (L)

where 1 € Mp(R) is given by

For a constant A > 0, we define the bounded operator By on B(My(R) by

BMMO=MWAQMDAMQNW—FWMMMW)

(3.4)

(3.5)

(3.6)

(3.8)

For Ay generates a Markov process on My(R), then Ly := Ay + By also generates a Markov
process; see Problem 4.11.3 of [6]. By martingale inequality and Theorem 4.3.6 of [6], we obtain
that the corresponding Markov process has a modification with sample paths in D([0, c0), My (R)).
We shall call the process generated by Ly an interacting-branching particle system with para-

meter (a, p,7, A, p) and unit mass 1/6.



3.2 Particle system approximation

Recall that

l
0

Wo(xz,2) = %a(m)z2 + /loo Ey(x, dé)z +/ (e — 1+ 26)y(x, dE). (3.9)

According to the conditions (i) and (iii) on the o and v(z,df), Wo(z,¢(z)) € C(R) can be
extended continuously to R for ¢ € C3(R)™*. And, if

F(p) = f({¢1, 1), (bns ),  p€ M(R), (3.10)
for f € C?(R™) and {¢;} C C*(R), then

AF(r) = 53 F(br - (i) ad! )
j=1

D 1@ nan)) [ plo = 9000 drdy) (311

ij=1 k2
and

BEG) = 53 FI(00 e (oni)obi0s 1)

ij=1

- /R u(dz) /l £3(0d6) 321 (6101 o ()

l
+ /R (dz) /0 (b1, 1) + E01(@), - {nr i) + Edu(2))

n

- f(<¢1y :u>7 T <¢n, ,u>) - éz fl(<¢17 :u>v B <¢na /L>)¢Z($)}7(xa df)(3.12)
=1

Suppose {Xt(k) : t > 0} is a sequence of cddldg interacting-branching particle systems with
parameters (a, p, 7, )\k,p(k)) and unit mass 1/k and initial states X(]f = pur € Mp(R). We can

regard {Xt(k) .t > 0} as a process with state space M(R). Let 0}’; and gi be defined by (BH)
and (B0 respectively with p; replaced by pgk). Let

Y(z, 2) == kXg[gp (2,1 — 2/k) — (1 — z/k)], 0<z<kE. (3.13)
We have that £y (z,0+) = A1 — £ gy (z,1)] and diqu/}k(x,O—k) = Aok [k

Lemma 3.1 Suppose that the sequence {)\kalg/k‘} and {(1, ux)} are bounded. Then {Xt(k) it >
0} form a tight sequence in D(]0,+00), M(R)).

Proof. By [B3), it is easy to see that {(1,Xt(k)> : t > 0} is a supermartingale. By using
martingale inequality, one can check that {Xt(k) : t > 0} satisfies the compact containment

condition. Let Lj denote the generator of {Xt(k) :t > 0} and let F' be given by BI0) with
[ € C3(R™) and with each ¢; € CA(R)™. Then

t
Px®) - P(x{P) - /0 LoP(XM)ds, ¢ >0,



is a martingale and the desired tightness result follows from Theorem 3.9.4 of Ethier and Kurtz

I6]. 0

In the sequel of this subsection, we assume {¢;} C C3%(R). In this case, EI0), BII) and
@BIZ) can be extended to continuous functions on M(R). Let AF () and B F(p) be defined
respectively by the right hand side of the BII) and BI2) and let L' F(u) = AF () + B'F(p),

all defined as continuous functions on M (RR).

Lemma 3.2 Let Dy(L') be the totality of all functions of the form [EID) with f € C3(R™)
and with each ¢; € CZ(R)TT. Suppose that p, — p € M(R) as k — 400 and the sequence
{Acok/k} is bounded. If for each h > 0, ¢y(x,2) — Wo(x,2) uniformly on R x [0,h] and
Loy (,04) — LWo(2,0) uniformly on R as k — +o0, then for each F € Do(L'),

F(w) — Fwg) — /0 t L'F(ws)ds, t>0, (3.14)

is a martingale under any limit point Q,, of the distributions of{Xt(k) it >0}, where {wy : t >0}
denotes the coordinate process of D([0,00), M(R)).

Proof. By passing to a subsequence if it is necessary, we may assume that the distribution of
{Xt(k) ¢ > 0} on D([0,+00), M(R)) converges to Q. Using Skorokhod’s representation, we
may assume that the processes {Xt(k) :t > 0} are defined on the same probability space and
the sequence converges almost surely to a cadlag process {X; : t > 0} with distribution Q,, on
D([0,00), M(R)) ([6], p.102). Let K(X) = {t >0:P{X;, = X;_} = 1}. By Lemma 3.7.7 of 6],
the complement of the set K(X) is at most countable and by Proposition 3.5.2 of [@], for each
t € K(X) we have a.s. limg_,, Xt(k) = X;. Our proof will be divided into 3 steps.

Step 1. We shall show that

Mi(0) 1= (00— (0.X0) — 5 [ a0 X+ [ds [ Xutaopoto) [ rtmae). 20
1

(3.15)
is a square-integrable martingale with ¢ € C’g(R). First, Fatou’s Lemma tells us E(1, X;) <
lign infE(l,Xt(k)>. On the other hand, for u; € My (R) we can get that

— 00

kA px(1)

d
11(1) <E¢k($, 0+)op(x), pg)-

1
£k<¢nuk> = §<a¢//,ﬂk> -
Then for t € K(X)

E(l,X,) < ligninfE<1,Xt(k)> < liminf B(1, XMy < (1, Xo) (3.16)

—00 k—oo

and a.s.
Al 1 " o
kllnoloﬁk(¢,X§k)> = L'(6, X1) = 5(ad”, Xi) - /]R X, (dz)¢(z) /l &y(z, d€).

Suppose that {H;}?, ¢ C(M(R)) and {ti}m C K(X) with 0 <t; <--- <t, < t,11. Then

n

B{[(0 X100~ 0. %) - [ 20, X0ds) [] i)}

i=1



zl

= E{<¢,th+1>f[lHi<Xti>}—E{<¢,th>ﬁlHi<Xti>}
_ /tt E{{'(6, Xs>£{Hi(Xti)}d3
= lim B{(¢,X{),) [T} - Jlim B{(, X;") [T}
1 1
- lim :H E{L(¢, X)) lj Hy(x™M)}ds
= Jim B0, X2 — 0.3 - [ cuto, X L)

= 0.

Since {X; : t > 0} is right continuous, the equality

n

E{[(¢, X, ) — (. X1,) — /t "2 X s [[H:(x)} =0

i=1
holds without the restriction {t;}7*' ¢ K(X). That is ([IH) is a martingale. Observe that if
F(u) = f((1, 1)) with f € C3(R), then ApF (1) = 0 and BaF () is equal to

O A (1, )]

20(1, 1) (G = D f (L) + &), ) (3.17)

Jj=1

for some constant 0 < &; < (j — 1)/6. This follows from Taylor’s expansion. Recall that the
sequence {Azok /k} and {(1, uy)} are bounded. By the same argument as in the proof of Lemma
21 we have
sup E(1, X¥)? < 0.
k

It follows from the Fatou’s Lemma that E(1, X;)? ia a locally bounded function of t > 0. Thus
(BID) is a square-integrable martingale.

Step 2. We shall show that under Q,,

exp{—(,wr)} — exp{—(d,w0)} — /0 £ exp{(é,wa)}ds, £ >0, (3.18)

is a martingale for ¢ € C3(R)™. Let uy, € Mg(R) is given by

(1,p1)
>
i=1

k

| =

ke =

Note that

A exp{—(9,1x)} = —5 exp{—{6,m) Had", ) + o exp{— (6, i) H(es . )

pepl=@un)} [ o - pd@d@mdemd) (319
R2



and

By exp{—(¢, ,Uk>}

_ kX (K /\Mk < Z ) — ij qwk Nk>

eXp{—<¢,uk>}<k ({; Zpy i@ 1)],uk>
)

(kA pe(1
(1)

Since for each h > 0, ¥y(x,z) — Yo(z,z) uniformly on R x [0, k], we conclude for t € K(X)

a.s. limy—,co Ly exp{—(¢, Xt(k)>} = L' exp{—(¢, X;)} boundedly by BIH), ETd), @20) and the
definition of £’. By the same argument as in Step 1 we can get that (BIF]) is a martingale. That

is

= exp{—(9, ,uk>}< )1/1 (x,k — ke_¢($)/k)e¢(x)/k,uk>. (3.20)

t
Wi(0) s= e 30 — [0 X+ 5 [ (e =)0, X%+ (00(0). X, 12 0,

(3.21)
is a martingale with ¢ € C3(R)™", where Uy(¢) := Uo(x, ¢(z)). Then {exp{—(¢, X;)} : t > 0}
is a special semi-martingale with ¢ € CA(R)*™.

Step 3. Let S (R) denote the space of finite signed Borel measures onAR endov&led with the
o-algebra generated by the mappings p+— (1, ) for all f € C(R). Let S(R)° = S(R) \ {0}. We
define the optional random measure N (ds,dv) on [0,00) x S(R)° by

N(ds,dv) = 1iax,2010(s.ax.) (ds, dv),
s>0

where AXy = Xs— X € S(R). Let N(ds,dv) denote the predictable compensator of N (ds, dv)
and let N(ds,dv) denote the corresponding measure. By the same argument as in the proof of
Theorem 3, we can obtain that for ¢ € C3(R)

(6, X)) = (6, 1) + /0 (" Xayds + ME(0) / a / N(ds, dv)

- /0 s /R X, (d2)o(x) /l (e, de), (3.22)

where M{(¢) is a continuous local martingale. We also conclude that the jump measure of the
process X has compensator

N(ds,dl/):dsXs(dx)1{0<§<l}7(x,d£)- d¢s, (dv), v e M(R)\ {0}, (3.23)
and for {¢;}7_, C C3(R)™ T,
(Me(61), M) = - / / plx — )6 ()65 (4) X (d) X, (dy)ds
//R v — y)0h(r)6h () X (d2) X, (dy)ds
/0<U¢1¢27 s)ds. (3.24)



Let f € CZ(R") and {¢;}1, C CA(R)™". By BZ), BZ3), BZ) and Ito’s formula, we obtain
f(<¢17 Xt>7 T <¢n7 Xt>)

= F((61, X0, (fns Xo)) z / (1, Xa)s-+ , (6ny Xo))(ag, Xo)ds
! Z / P61, Xoby o (s Xa))AME(02), ME(67)):
5,j=1

——Z/ ds [ X.(do) / (2, d)F ({91, X}, (6 Xo) ()
/ds/X dx/ (@, dE){F (61, Xo) + E1(2), -+, (b, Xa) + En(2))
- f(<¢17Xs>7 ¢n7 s §Z¢z ¢17 >7 7<¢n7XS>)}

+(loc.mart.).

Hence t
F(X;) — F(Xo) - / FF(X,)ds, 30,
0

is a local martingale for each F' € Do(ﬁ’) Since f € CZ(R") and ¢; € C3(R)™", both F and
L'F are bounded functions on M (R). Thus @I4) is martingale. We complete the proof. O

Lemma 3.3 Let Do(L') be as in Lemma XA Then for each p € M(R), there is a probability
measure Q,, on D([0,00), M(R)) under which (3-14) is a martingale for each F' € Dy(L').

Proof. We only need to construct a sequence ¢y (z,z) such that for each h > 0, ¢ (z,2) —
Uy(x, z) uniformly on R x [0, k], and %1#;@(:17,04—) — d%\lfo(x,O) uniformly on R as k — +4o0.
Moreover, {j—;wk(az, 0+)} should be a bounded sequence.

Let Uy(z,2) = 20()22 + fol(e_zﬁ — 1+ 2&)~y(z,d§). We first define the sequences

[
ALk = 1+ Kllo]| + sup / E(1 - e M)y (e, de)
x 0

and (o, k(1 — )
x, —2z
g, ) = = 4 @R =2))

kX1 &
It is easy to check that g; x(z,1) =1 and
dTL
d—nglk(w 2)>0, z€R, 0<2<1,

for all integer n > 0. Consequently, g; x(x,-) is a probability generating function. Let vy ;(x, 2)
be defined by EI3) with (Ax, gx) replaced by (A1 k,91%). Then

Uy p(z,2) = ¥yi(z,2) for 0 <z <k
Let b(z) := [ &y(z,d€). Suppose |[b]| > 0. Set

g2(@,2) = 2+ [[Bl T'b(2) (1 — 2).



Then g2 ;(x,-) is a probability generating function. Let Ay, = [|b|| and let 95 1 (x, 2) be defined
by BI3)) with (g, gx) replaced by (A2, g2.%). Then we have

Yo k(7 2) = b()z.

Finally we let A\ = A + Ao, and g, = )\,;1()\1,/1‘69171C + A2 %92%)- Then the sequence vy, defined
by BI3)) is equal to ¢ i, + 12, which satisfies the required conditions obviously. O

Theorem 3.1 Let {w; : t > 0} denote the coordinate process of D([0,00), M(R)). Then for
each p € M(R) there is a probability measure Q, on D([0,00), M(R)) such that {w; : t > 0}
under Q,, is a solution of the (L', p)-martingale problem.

Proof. For each yu € M(R), let Q,, be the probability measure on D([0,00), M (R)) provided by
Lemma B2l We claim that for any 17" > 0

Qu{wi({0}) =0 for all t € [0,7]} = 1.
Consequently, Q,, is supported by D([0,00), M(R)). In fact, for any ¢ € CA(R)™, by Step 1 in
the proof of Lemma B2,

Mi(0) 1= (o)~ (o) = 5 [ oo s+ [ ds [[ntantote) [~ ewde), 020, 329

is a cadlag square-integrable martingale with quadratic variation process given by

t [ t
(M(¢)>t:/0 <(a+/0 527(.,d§))¢2,w5>ds+/0 ds/Rm(z_.)d,wsde.

For k > 1, let
exp{— ). it [2] > &,
bi(z) = [2[>—k2 .
0, if |z] < k.

One can check that {¢x} C C3(R) such that limj, o ¢r(z) = 1, limpy o dr(z) = 0 and
or(-) — 1ggy(-) boundedly and pointwise. ||#},|[ — 0 and [[¢}|| — 0 as k — oo. Let op =

o+ fé €25(-,d€). By Theorem 1.6.10 of [§], we have
Qu{ sup [Mi(or) — Mi(¢5)|*}
0<t<T

T T
'2 w S S zZ — - - /- w 2 2.
< 4 /0 Qu {{(o0(5 — ;)% ws)}ds + 4 /0 d /R Qu{(h(z — )6, — ¢)), ws)?}d

By dominated convergence theorem, Q{supg<;<r |M¢(dr) — Mi(¢;))|*} — 0 as k, j — 0. There-
fore, there exists M? = (M?);>¢ such that for every ¢ > 0,

Qu{|M:(¢r) — MY} — 0

and

sup |M,(¢r) — M2| — 0 in probabilty
0<s<t

as k — oo. We obtain M? has cadlag path. By Lemma 2.1.2 of |, M 9 is a square-integrable
martingale with zero mean. It follows from (B2H]) that

0= wy t Swe h ,
M = wi({0}) + /0 dsws({0}) /l £1(0, de)



is a cadlag square-integrable martingale with zero mean. Thus Q,(w¢({0})) = 0. Then the
claim follows from the right continuity of {w;({0}) : ¢ > 0}. We have

F(w) — F(wy) — /Ot L'F(ws)ds, t>0,

is martingale for F' € Dy(L'). Thus by Remark EZI], it is a local martingale for F € D(£). [

Combining Theorem and Theorem Bl we get that the (L', u)-martingale problem is well-
posed. The following theorem will show that the existence of solutions to (L, p)-martingale
problem.

Theorem 3.2 For each ji € M(R) there is a probability measure Q,, on (Q,F) such that Q,, is
a solution of the (L, u)-martingale problem.

Proof. Let A\, (1) = 1y y<ny [ (dz) [ y(z,d¢) and define a transition function on M(R) x
B(M(R)) by

Iy, dv) = du(dv), [ w(dz) [ ~(x,dE) =0,
Ho e (f p(dz) [~y (2, dE)) "t p(da)y (@, d€)b,ses, (dv),  otherwise.

Define B,, on B(M(R)) by

BuF () = An(p) / (F(v) — F(u)T (g dv) = Ly ey / (dz) /l (Pt €8,)— F )y (e, ).

Since the (£', p)-martingale problem is well-posed, there exists a semigroup (Q});>0 on B(M(R))
with transition function given by ([I9) and full generator denoted by L. We can follow from
Problem 4.11.3 of [6] to conclude that there exists a Markov process denoted by X" = {X}* : t >
0} whose transition semigroup has full generator given by L{, 4+ B,. In the following we assume
that X[ = p a.s.. Thus (L{,+ By, p)-martingale problem is well-posed. Since L'+ B,, C L{,+ B,
X" is also a solution of (L' + B, p)-martingale problem. Let U, := {u € M(R) : (1,u) <
n}. According to Theorem 4.3.6 of [6], there is a modification of X™ with sample path in
D([0,00), M(R)). Set

i=inf{t >0:(1,X") >nor (1, X*) >n}
and X" = X" n. Then X" is a solution of the stopped martingale problem for (L£,U,) and

by Theorem 4.6.1 of [d], X" is the unique solution of the stopped martingale problem for
(Ly+ B, oy, Uy). Put

7 =inf{t > 0:(1,X") > kor (1, X" ) > k}.

For k < n, X'TKT]? is a solution of the stopped martingale problem for (L{,+ By, d,,, Ux) and hence

has the same distribution as X*. On the other hand, since X" is a solution of the stopped
martingale problem for (£, U,), it follows from Lemma that

supE sup (1, X") < oo.
n 0<s<t

Thus for each ¢t > 0,
lim P{r" <t} =0.
n—oo



For any k, m > 1, let Y* Y™ be two D([0,00), M(RR))-valued random variables such that they
have same distributions with X* and X™ respectively and Y*(t) = Y™ (¢) for t < 7%™. Thus
the Skorohod distance between Y* and Y™ is less than e~ ™""". By Corollary 3.1.6 of 6], we
conclude that there exist a process X such that X™ = X°°. Let

¢ =inf{t > 0: (1, X°) >nor (1,X°) > n}.

Since the distribution of X,’Zﬂln does not depend on m > n, X - has the same distribution

with X™. Therefore,
P{r° <t} =P{r" <t}

and for each F' € D(L)
tAT,
FXED ) - / LF(X)ds
0
is a martingale for each n. We see X is a solution of the (£, u)-martingale problem. O

Combining Theorem and Theorem B2, we have that the (£, u)-martingale problem is well-
posed. Thus we complete the construction of SDSM with general branching mechanism.The
next theorem gives another martingale characterization of SDSM which is a direct consequence
of Theorem and Itd’s formula.

Theorem 3.3 Let {w; : t > 0} denote the coordinate process of D([0,00), M(R)). Then a
probability measure @, on D([0,00), M(R)) is a solution of (L, u)-martingale problem if and
only if for pw € M(R ) and ¢ € C2R)*, {(¢p,w;)} is a semimartingale which has canonical
decomposition given by

t t+ _
(o) = () + / (ad" wy)ds + ME(d) + / /M(R (6.0) L1y <1y N (ds, dv)

/t+/ (0, ) 11a,)>13 N (ds, dv) / ds/ws (dx) / &y (x, d&)o(x)(3.26)

where {Mf(¢p) : t > 0} is a continuous local martingale with quadratic variation process given by

(Me(8)): = /O (02 ws)ds + /0 s /R (h(z — ) ws)2dz, (3.27)

and

N(dS, dl/) = Z 1{Aws#0}5(s,Aws)(ds7 dl/)

s>0

is an optional random measure on [0, 00) x M (R)°, where Aw; = ws—ws_ € M(R) and N(ds, dv)
denotes t@e corresponding martingale measure. The predictable compensator of N(ds,dv) is
given by N(ds,dv) = dsK (ws,dv), where K(u,dv) is determined by

/M(R)O F(w)K(p,dv) = /Ru(dx)/o F(£8,)y(, dE)
for F € B(M(R)).



4 Moment formulas, mean and spatial covariance measures

In this section, we construct a dual process for SDSM and investigate some properties of SDSM.
In accordance with the notation used in Subsection 2.2, we can define a function-valued Markov
process by

M-
FkP k—1

Tk —Tk—1

v/ = P

tTk

Tp1 - PEL T PMOY, o<t <y, 0<k<My—1.  (41)

T2—T1

Let X = {X; :t > 0} be an SDSM which is the unique solution of the martingale problem for L.
If for m > 2, sup, [fooo EMy(z,d€)] < oo, then by the same argument as in the proof of Lemma
1 and martingale inequality, we have that

E sup (1,ws)™ < o0.
0<s<t

Then it follows from the same argument of Theorem BTl that

R I e R A I

for any t > 0 and f € B(R™).

Skoulakis and Adler [IH] computed moments as a limit of moments for the particle picture;
see Section 3 of [[5]. Stimulated by [I5], in this section, we compute moments via the dual
relationship [2). In fact, by the construction @) of {Y} : ¢ > 0} we have

E); [<Y2’7th> exp{/ot(2MS + w — M, — 1)ds}}
= (Ptmf N ™)
+_ Z / e LU, P f [(Yt o M eXP{/t ’ (2Ms 4 % — M, — 1)ds}|du
77217] 1i#]
+Z <{§;/ e kA1, i P (Vi w11
X exp{/ot_u(QMS + % — M, — 1)ds}] du), (4.3)

where {a} = {1 < i3 < iy < -+ < iy < m}. We remark that if inf,cg |e(x)] > € > 0, the
semigroup (P;™)¢~¢ is uniformly elliptic and has density p}*(z,y) satisfying

pit(z,y) < const - gl}(x,y), t>0,z,y € R™,

where g;"(z,y) denotes the transition density of the m-dimensional standard Brownian motion
(see Theorem 0.5 of []). In the following we always assume that sup,[[ £2y(z,d€)] < oc.

Theorem 4.1 Suppose that (2, Xy, Q) is a realization of the SDSM with parameters (a,p, ¥)
with inf, |c(x)] > € > 0. Let f € B(R) and t > 0. Then we have the first moment formula for
X as follows:

E((f, X1)) //f y)pe(x,y)dyp(dz), (4.4)
and V0 < s <t, f € B(R) and g € B(R), we have the second order moment formula

E((f, Xs)(g,X1))



= N Pi—sg, Xs)
/ / (y1) </ )pt-s(yz,Z)d2> P22, y; y1, y2)dyrdyzp(dy) p(dz)

)
dy /R2 dy1dyaps—u (T, y)o (Y)P5 (Y, y5 Y1, y2)

/
/ d wu(dz) /
Fon) / picslim, 222
/ du /Rdy/Rz dy1dy2ps—u(,Yy) (/OOO 627(y,d£)> Pa(y, i y1, 2)
Flan) ( [ or-stm )iz (15)

Proof. () is a direct conclusion of ([3)). Using ) and Markov property of X we have
E((f, Xs)(9,X:)) = E((f, Xs)(Pi—sg, Xs)). Then I) is also a direct conclusion of E3). O

Following [I5], we define two deterministic measures as follows:
1. The mean measure m; defined on B(R) by
mi(A) = E(X(A)).
2. The spatial measure s; defined on B(R x R) by
st(Ay x Ag) = E(Xy(A1) X (Ag)).
By Theorem BTl we have following proposition.

Proposition 4.1 For allt > 0 the measures m; and s; have densities with respect to Lebesque
measure,denoted by m(t;y) and s(t;y1,y2), respectively. We have that

m(ty) = /R pr(a ) de)

for all y € R and

sy, ye) = /R2p Y, 2391, y2) p(dy) p(dz)

/ ds/ (dy) /dza ps 2,291, Y2)Pi—s (Y, 2)
+/ ds/,u dy) /dz/ fz’y (z,d¢ ps(zaz;ylayQ)pt—S(yaz) (4.6)
0 R R 0

for all y1,y2 € R.
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