
A complex version of Theorem 2.5.18 on p. 142

We first prove the followingProposition: Let X be a normed
linear space, and M be any subset of X , x0 ∈ X , then
x0 ∈ co(M) if and only if for any f ∈ X ∗ and any α ∈ R,
if for any x ∈ M , Ref (x) ≤ α, then Ref (x0) ≤ α.

Proof: “ ⇒ ”. Suppose x0 ∈ co(M), then there exists a sequence

{yn} ⊂ co(M) such that yn → x0. Let yn =
∑kn

l=1 λ
(n)
l ξ

(n)
l , where

ξ
(n)
l ∈ M ,

∑kn
l=1 λ

(n)
l = 1 and 0 ≤ λ

(n)
l ≤ 1. Then

f (yn)= f

(
kn∑
l=1

λ
(n)
l ξ

(n)
l

)

=

kn∑
l=1

λ
(n)
l f

(
ξ
(n)
l

)
=

kn∑
l=1

λ
(n)
l Ref

(
ξ
(n)
l

)
+i

kn∑
l=1

λ
(n)
l Imf

(
ξ
(n)
l

)
.

For any f ∈ X ∗ and any α ∈ R, if Ref (x) ≤ α for any x ∈ M ,
then

Ref (x0) = lim
n→∞

Ref (yn) = lim
n→∞

kn∑
l=1

λ
(n)
l Ref

(
ξ
(n)
l

)
≤ α.

“ ⇐ ”. For any f ∈ X ∗ and any α ∈ R, if for any x ∈ M ,
Ref (x) ≤ α, then Ref (x0) ≤ α. We now show that x0 ∈ co(M).

If x0 /∈ co(M), we first regard X as a real linear normed space
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and by Corollary 2.4.16 on p. 117, we then have that there exists
g ∈ X ∗, α ∈ R, such that

g(x) < α < g(x0),∀x ∈ co(M).

Let f (x) = g(x) − ig(ix), then f (ix) = g(ix) − ig(−x) =
i(g(x)− ig(ix)) = if (x). In other words, f is complex linear, and
for all x ∈ X ,

|f(x)| =
√

g(x)2 + g(ix)2≤
√

∥g∥2∥x∥2 + ∥g∥2∥ix∥2
=
√
2∥g∥∥x∥.

Thus f ∈ X ∗, that is, f is a bounded linear functional on the
complex linear space X , and for any x ∈ M , Ref (x) = g(x) < α,
but, Ref (x0) = g(x0) > α which contracts toRef (x0) ≤ α. Thus

x0 ∈ co(M), and we complete the proof of the proposition.

We now verify that Theorem 2.5.18 (Mazur) also
holds for complex B∗ space:
Let M , co({xn}n∈N). Then M is a closed convex set in X . To

show x0 ∈ M , by the proposition above, it suffices to show that
for any f ∈ X ∗, and any α ∈ R, if for any n ∈ N, Ref (xn) ≤ α,
then Ref (x0) ≤ α. In fact, since xn ⇀ x0, so f (xn) → f (x0)
as n → ∞. Therefore, Ref (xn) → Ref (x0), which implies that
Ref (x0) ≤ α. Thus we have x0 ∈ M and complete the proof.
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